INVOLUTIVITY OF CONSTRAINED PFAFF EQUATIONS

CHONG-KYU HAN

Introduction

In this lecture series we shall discuss the involutivity and integrability of exterior
differential equations of the form (p,#) = 0, for a non-degenerate system of smooth
functions p and a linearly independent set of 1-forms 6. In particular, we present tech-
niques of finding additional constraints from the torsion tensor so that the resulting
constrained Pfaffian system is closed. We do not prove any of our propositions and the-
orems but leave them as exercises. In fact, under the non-degeneracy assumption (1.6)
most of the algebraic expressions are simply the dual arguments of obvious geometric
facts. We present some open problems that arise from the geometry of complex, almost
complex and Hamiltonian structures, control theory and quasi-linear partial differential
equations of first order.

1. EXTERIOR DIFFERENTIAL EQUATIONS

Let M be a smooth manifold of dimension n and Q*(M) be the exterior algebra of
smooth differential forms. For an ideal I < Q*(M)

(1.1) I=0

is called an exterior differential equation (or an exterior differential system), where the
problem is to find integral manifolds of desired dimensions. The notions of ideal and
integral manifold are defined in §2. For the concepts and notations that are not defined
in this paper we refer the readers to [1].

1.1. Pfaff equations (Pfaffian system). A Pfaff equation on a domain U < R is
(1.2) ay(z)dx' + -+ a,(x)dz™ =0, z=(z',...,2")eU.

The problem is to find a submanifold ¥* (an integral manifold of dimension k), 1 < k <
n — 1, on which (1.2) holds, where dz7 is the infinitesimal change in 27 along ¥*. Now
consider a system of Pfaff equations

(1.3) @l (x)det + -+ al (z)dz" =0, j=1,...,s.
Denoting the left-hand-side of (1.3) by 67 we rewrite (1.3) as

(1.4) 0:=(0",...,0°) =0 (Pfaff equations).
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1.2. Constrained Pfaff equations. In this lecture series we discuss the involutivity
and integrability of exterior differential equations of type

(15) (p’e) = (Pl,~--,pd,91,...,98)=0,
—_— ———

p 0

where p’s are smooth (C'*) real-valued functions and #’s are 1-forms on a smooth man-
ifold M™. Our argument is local and stays in the C'“category assuming the following
non-degeneracy conditions:

(1.6) dp* A ndp®#0 and 0 A - A0 0,

Geometrically, (1.5) with the condition (1.6) corresponds in one-to-one manner to a
vector bundle

(1.7) V%, where X = {p=0},V = 6"
as in the following diagram:

V — TM

l l

> —> M

1%

)

vector bundle v — X

In particular, (p, dp) corresponds to the tangent bundle T'Y. Let Q* (M) be the exterior
algebra of differential forms of M with smooth coefficiens. By (p, #) we denote an ideal
of Q*(M) generated by p and 6. If p and 6 satisfy (1.6) we call (p, ) a regular ideal.

Consider the regular ideals (p, 8) and (p, ) that correspond to vector bundles V — N
and V — N, respectively. We define the inclusion (V — N) < (V — N) by

Nc N and Vmci}m, Ve N.
Proposition 1.1. (V — N) < (V — N) if and only if (p,0) > (5,6).

The problem of finding a submanifold on which (1.5) holds may be called a constrained
Pfaff equations. When solving the Pfaff equation without constraints

(1.8) 6) =0

we first compute the torsion df mod 6. If the torsion vanishes on p = 0 we impose the
constraint p to (1.8) and solve (1.5).

Problem 1.2. By weakening or dispensing with the conditions (1.6), generalize our
theory to fit to the cases with singularities and to the global problems.
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1.3. EDS and PDEs. An exterior differential system (EDS) is equivalent to a sys-
tem of partial differential equations (PDEs). Conversely, a system of partial differential

equations is equivalent to an EDS on a jet space. For example, given a second order
PDE for u(z,y)

(1.9) F(2,y, U, Usg, Uy, Uy, Ugy, Uyy) = 0,
where F' is a differentiable function in eight variables (x,y, u,p, q,r, s,t) where p = u,,
q = Uy, T = Upy, S = Uyy,, t = Uy,, with the assumption dF # 0. For any C? function
u(z,y), the 2-jet graph of u:
(1.10) (@,y, w2, y), ua (2, ), uy (T, ), e (2, Y), Uay (2, ), uyy (2, y))
is an integral manifold of dimension 2 of the Pfaffian system
6° .= du — pdx — qdy
(1.11) 6! .= dp — rdx — sdy
0% := dq — sdx — tdy,
on which
(1.12) dx A dy # 0 (independence condition).

Let M™ = R® be the submanifold defined by F' = 0. Then solving (1.9) is equivalent to
finding an integral manifold ¥? = M7 of the Pfaffian system

0:=(0°6',6%) =0
with the independence condition (1.12).

Given a system of PDEs (or equivalently an EDS), by 'prolongation’ we mean applying
to the system algebraic operations and d(differentiation) to obtain a new equations of
desired form.

Definition 1.3. A complete system of order k for an unknown function u(z), = =

(x1,...,2,), is an expression of all the partial derivatives of order k of u in terms of
lower order derivatives: for all multi-indices a with |a| = &
(1.13) 0“u = F*(x,0%u: |B| < k—1).

An over-determined PDE system is reduced generically to a complete system of a
certain order k, for some large k by prolongation. We may identify (1.13) with a Pfaffian
system in the (k — 1)st jet space. For example, for a complete system of second order
for u(x,y)

Fi(z,y,u, ug, uy)

Ugy
(1.14) Uy = Fo(2, Y, U, Uy, )
Uyy = F3(2,y, u, uy, uy)
consider 1-forms on the first jet space of u: {(z,y,u,p,q)}, where p = u, and ¢ = w,,
0° .= du—pdx—qdy
(1.15) 0! .= dp — Fy do — F» dy
6? .= dg — F, dx — F; dy.
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Solving (1.14) is equivalent to finding an integral manifold of (1.15).

2. INVOLUTIVITY AND FORMAL THEORY OF PDES

By ’formal theory’ we mean all the theories of PDEs other than the existence theory
of type I - IV down below. Formal theory includes change of variables, transforms,
prolongation, involutivity, symmetry and conservation laws and integration. As for the
methods of proof of the existence of solutions for PDEs, we classify them as follows;

type 0. direct construction by integration or by formal theory

type L. convergence of iteration of the Picard integral operator — fundamental theorem
of ODE — the Frobenius theorem on involutivity

type II. convergence of formal power series, Cauchy-Kowalevski theorem, in analytic
(C¥) category

type III. Hilbert space approach, functional analysis by norm estimates

type IV. other methods if there are any.

Proofs of any type other than type 0 appeared only around the end of the 19th
century or in the 20th century. In particular, the Hilbert space theory was developed
during the decade after 1903, when Fredholm spoke of his theory on integral equations.
Integrability means the existence of general solutions that can be proved by one of
the above methods. Involutivity is an algebraic concept. It is a necessary condition
for a system to be integrable. A system of PDEs is said to be in involution if all the
compatibility conditions are contained in the system. The notion of involutivity depends
on the integrability, that is, depends on the integrability types 0 - IV.

Example 2.1. wave equation: Consider the wave equation for u(x,y):
(2.1) Ugy — Uyy = 0
is transformed by the change of variables s = x +y, t = x — y to
ug = 0.

The general solution is

u=f(s)+g(t)

= [z +y)+g(z—y),

for any C? functions f and g. Therefore, a general solution depends on two functions
in one variable. (2.1) is involutive with the involutivity type 0.

Example 2.2. Complete system of first order: Consider a complete system of first
order for u(z,y)

22) {“ ey

uy (x,y,u).
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Differentiating the first equation of (2.2) with respect to y and substituting for wu,
the second equation, we obtain u,, = A, + A,B. Similarly, differentiating the second
equation with respect to z, we have u,, = B, + A,A. Equating these two we have the
compatibility condition

(2.3) A, +A,B =B, + B,A.

Thus (2.2) is not involutive. But the system (2.2)-(2.3) is involutive. To prove this
it suffices to prove the existence of general solution. As we have observed in §1 this
complete system is equivalent to a Pfaffian system in the O-th jet space {(z,y,u)}:

0 = du — uzdx — u,dy

2.4
(2:4) = du — A(x,y,u)dx — B(x,y,u)dy.

We compute the Frobenius condition, which we shall discuss again in §3: by applying d
to (2.4) and by that du = Adzx + Bdy, mod 6 we have

(2.5) df = EAZ” - B, +A,B— BUAZ dr A dy, mod 6.

T

The coefficient T is called the torsion of the Pfaffian system (). By (2.3) the torsion
is zero, and hence by the Frobenius theorem there is a unique integral manifold of
maximal dimension 2 at every point (x,y,u). Thus (2.2) is not involutive. But its first
prolongation (2.2)-(2.3) is involutive with the involutivity type I. The general solution
depends on three constants.

Example 2.3. Construction of solutions by path integral : For (2.2) we construct
the general solution by direct integration using the compatibility condition (2.3). If (2.2)
has a solution u on a neighborhood of (a,b), then u(z,y) would be obtained by the
integral

(2.6) u(z,y) = u(a,b) + f du,

v

where v is a curve connecting (a,b) and (z,y). Let 71 and 2 be such curves as in the
following figure.
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72 (x,v)

Y1

(a,b)

Exercise Show that the path integral (2.6) is independent of choice of path. Hence the
involutivity of (2.2)-(2.3) belongs to type 0 as well.

2.1. Frobenius involutivity. In the early 19th century, the problem of determining
the largest dimension of the integral manifold of (1.4) (Pfaff’s problem) has been actively
studied. Closely related to the Pfaff’s problem, a system of PDEs of first order

(2.7) Xjp=0, j=1,...,p,

where X; are smooth vector fields in a domain U < R" that are linearly independent
everywhere, has been studied in the mid-19th century. A function p that satisfies (2.7)
is called a first integral. There can be at most s := n — p functionally independent
first integrals. In 1840 F. Deahna [6] found that what we call today the Frobenius
integrability condition

(2.8) [D,D] c D,

where D is the distribution spanned by Xs, implies the existence of s := n—p (maximal
number) first integrals. It was A. Clebsch who gave a rigorous proof [4] (1866) to the
Deahna’s theorem. Now let

(2.9) 0:=(0,...,0°) =D+

be a system of 1-forms that annihilates D. G. Frobenius [7] (1877) introduced the
exterior differential operator d and restated the integrability condition (2.8) as

(2.10) d0* =0, mod (0),

which provided the development thereafter of geometry and topology with the new tool.
(2.10) is the involutivity of (1.8). There are several proofs for the Frobenius theorem. As
in a standard textbook [15] it is proved by using the fundamental theorem of ODE. It can
also be proved by constructing first integrals by integration. Therefore, the involutivity
(2.8), or equivalently, (2.10) may be classified as type 0, also as type 1. The general
solution depends on n constants.
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2.2. Cartan involutivity. This is an involutivity of type II. A system of PDEs or an
equivalent EDS is Cartan-involutive if it can be transformed into a finite number of
steps of initial value problems of Cauchy-Kowalevski type. An initial value problem of
the form

(0)*u = F(x,t,u, él0%u) - j <k, |a| +j <k,

(2.11) | .
(0 u(z,0) = ¢;(x), j=0,1,....k—1

is said to be of Cauchy-Kowalevski type. The Cauchy-Kowalevski theorem asserts that
if F and ¢; are analytic on a neighborhood of the origin z = 0,¢t = 0, (2.11) has a
unique analytic solution on a neighborhood of the origin. A Cartan-involutive system
with analytic data has a unique analytic solution locally, by the Cauchy-Kowalevski
theorem. Even in non-analytic categories, the Cartan-involutivity gives informations
on the ’arbitrariness’, or the degree of freedom, of solutions, that is, the number of
constants, the number of functions of how many variables, on which the general solution
depends.

2.3. Spencer’s formal integrability. This is an involutivity of type III. For over-
determined systems of linear partial differential equations, D. C. Spencer [13] studied
the formal integrability by means of homological algebra. The integrability is based on
the Hilbert space norm estimates by Kohn and Nirenberg [21]-[22].

2.4. Contributors to the theory of involutivity (involutiveness). The following
mathematicians have contributed to the theory of involutivity:

i) Pfaff — Deahna — Clebsch — Frobenius.

ii) Lie — Vessiot — Cartan — Ehresmann.

iii) Spencer — Kohn — Goldschmidst.

iv) Other mathematicians: Liouville, Jacobi, Poisson, Darboux, - - -

e Pfaff: Johann Friedrich Pfaff, 1765-1825, Holy Roman Empire, teacher of Gauss and
Mobius.

e Deahna: Heinrich Wilhelm Feodor Deahna, 1815-1844, German, published in Crelle’s
journal (1840, at the age of 25) what we call today 'the Frobenius theorem’. He was a
student at Gottingen, died at the age of 29.

e Clebsch: Rudolf Friedrich Alfred Clebsch, 1833-1872, German, algebraic geometry and
invariant theory, teacher of G. Frege and A. von Brill.

e Frobenius: Ferdinand Gerog Frobenius, 1849-1917, German, elliptic functions, differ-
ential equations, number theory, group theory, Géttingen, Berlin, student of Weierstrass,
Kummer, teacher of Fuchs, Landau, Schur.

e Lie: Sophus Lie, 1842-1899.
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e Vessiot: Ernest Vessiot, 1865-1952, French, Ecole Normale Supérieure.
e Cartan: Elie Cartan, 1869-1951.

e Spencer: Donald C. Spencer, 1912-2001.

2.5. Exterior differential systems and ideals. Let M be a smooth (C*) manifold
of dimension n. Let Q°(M) = C*(M) be the ring of smooth real-valued functions of M
and for each integer k = 1,...,n let (M) be the module over C*(M) of k-forms and
let Q*(M) = @, _, Q*(M) be the exterior algebra of smooth differential forms.

Definition 2.4. A subalgebra [ is an (algebraic) ideal if the following conditions hold;
) I AQ*(M)cl,
i) if Yo o € 1, ¢y € Q¥(M), then each ¢, € I (homogeneity condition).

Because of the homogeneity condition I is two-sided, that is,
Q" (M)A I c .
For ¢, € Q*(M) we write
¢=1 mod [
if and only if ¢ — ¢ € I.
An ideal I is said to be closed if
dl c I.

A submanifold 7 : ¥ <> M™ is said to be an integral manifold of an ideal I if i*I = 0.
Notice that i*I = 0 implies that i*(dI) = 0. A system of C® real-valued functions
pt, ..., p? are said to be non-degenerate if dp* A - A dp? # 0. Let 0 = (01,...,6°) be a
system of smooth 1-forms. By the rank of () at 2 € M we mean the dimension of the
linear span (#'(x),...,0%(x)) < TFM.

Definition 2.5. An ideal I is said to be regular if I is generated by a non-degenerate
system of real-valued functions p := (p',...,p?) and a finite set of smooth 1-forms
0 := (0',...,0°) of constant rank s. A regular ideal generated by p and 6 shall be
denoted by (p, ).

Remark 2.6. 1) Let (p,0) < Q*(M) be a regular ideal and w be a k-form for some
k=1,...,n. Then w e (p,0) if and only if w(Vi,..., V) =0, for any V;,...,Vj in the
same fibre V,, Vo € ¥ := {p = 0}.

1

2) If ¥ is the common zero locus of a non-degenerate p = (p',...,p%), the tangent

bundle TX corresponds to the ideal (p, dp).

Now coming back to (2.7) - (2.10), We have

Theorem 2.7. On M" let X,,...,X, be smooth independent vector fields and 0 =
(0',...,60%), s =m —p, be a system of smooth independent 1-forms that annihilate Xjs
as in (2.7) and (2.9). Then for a smooth real-valued function p with dp # 0 the following
are equivalent:
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(i) p is a first integral;
(i) X, g =1,...,p, is tangent to the level sets of p;
(iii) p satisfies

(2.12) dp € (0).

Definition 2.8. A set of real-valued functions p = (p', ..., p?) is a weak first integral
if

(2.13) Xjp=0onp=0, forallj=1,....p

or equivalently,

(2.14) dp € (p,0).

We fix notations now. On a smooth manifold M" let
(2.15) Xi,.., X,
be smooth vector fields that are linearly independent at every point and let
(2.16) D=<Xy,....X, >cTM
be the linear span of those p vector fields. As introduced previously let
(2.17) 0:=(0',...,0°), s+p=n,

be a system of 1-forms that annihilates D. Let us denote the ideal generated by (2.17) by
I. To be precise, we denote by I the module over C* (M) generated by (2.17), which is a
submodule of Q(M). By (I) we denote the linear span of (2.17), which is a subbundle
of T* M. Many authors mean by I any of these three concepts by abuse of notation. But
in this paper we will distinugish three different concepts, namely, an ideal of Q*(M), a
submodule of Q'(M) and a subbundle of T* M.

Definition 2.9. For the system of smooth vector fields (2.15) a submanifold ¥ is said
to be invariant if X is invariant under the flows of X;’s, that is, X;’s are tangent to X.

Theorem 2.10. Let p = (p',...,p%) be a non-degenerate set of real-valued functions.
Then p = 0 is invariant under (2.15) if and only if p is a weak first integral of (2.15).

2.6. Maximal involutive subsystem. Let 0, D and X;,..., X, be the same as in
(2.15)-(2.17). If D satisfies (2.8) then D is integrable by the Frobenius theorem. If (2.8)
does not hold we consider the problem of deciding the involutive subbundle of the
smallest rank that contains D as a subbundle. For each integer 7 = 0,1,2,..., let

DU+ . pl) 4 [D(j)’p(j)]’ DO . D

Under the assumption that DY) has constant rank for each j, let v be the first integer
such that

pW) — plr+l)
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Then this is the smallest integrable system that includes D and the number of the
functionally independent first integrals is

dimension of M™ — rank of D™,

Now we present a dual argument as in [8]. Given a system 6 = (6',...,6%) of inde-
pendent 1-forms, we denote by I the ideal generated by 6. Let d : I — Q*(M) be the
exterior differentiation and 7 : Q*(M) — Q*(M)/I be the projection. Then

(2.18) §=mod:1—O?/I,, where I ;=1 nQ*(M),

is a module homomorphism over C°(M). Let I < I be the kernel of 6. Then we have
the following exact sequence

0— IV —1-2d1/I, —> 0.

The ideal I® corresponding to the module IV is called the first derived system.
Inductively, assuming that I"~Y has constant rank, we construct the r-th derived system
by the exactness of

0 —> l(?“) _ 1(7’*1) N dl(rfl)/fér—l) 0,

where ]ér_l) = I0=D ~ Q%(M). We obtain eventually the smallest integer v such that
10+ = [ We call

(2.19) [=70 510 572 5. .. 5 =) 5 @)

the derived flag of I and v the derived length. Note that I®) is the largest involutive
subsystem of I. A basic observation in [8] is that a function p is a first integral if and
only if dp € I”). Assuming that each level I of (2.19) has constant rank let ¢ be
the rank of I®). Then by the Frobenius theorem there exist ¢ first integrals that are
functionally independent. If the rank of 7®) is non-zero, the Pfaffian system @ is said to
be of type v. If I™) has rank zero, the Pfaffian system (6) is said to be of infinite type.
The condition that 6 has type v is given as a system of non-linear partial differential
equations of order v + 1 for the coefficients of 6 (cf. [26]). The notion of the first integral
of (1) is naturally defined in the theory of derived flag as in [1] Chapter 1.

Exercise Show that D®*" = (I®) for each k = 0,1,--- , .

3. METHOD OF PROLONGATION TO A FROBENIUS-INVOLUTIVE SYSTEM

Given a system of PDEs, or an EDS, we transform the system to an equivalent system
of desired form by prolongation. Prolongation to an involutive system is one of the main
purposes of the formal theory. In this section we present some techniques of prolonga-
tion to Frobenius-involutive systems, which turn out to be useful for overdetermined
problems.

3.1. Construction of the derived system. Given a Pfaffian system I = (6) the
notions of derived system (2.19) and the involutive subsystem of maximal rank were
first introduced in [8]. In this subsection we present a method of construction of the
derived system so that we can determine the number of independent first integrals, where
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the first integrals are constructible. By choosing arbitrary 1-forms w := (w!, ..., wP), we

complete 0 := (0',...,0°) to a coframe (0,w) of M. For each a =1,...,s, let
do” = Z TGw' A w*, mod I,

1<j<k<p
or in terms of matrices
1 2
1 1 1 1 WA W
do T12 T13 e Tpfl,p wl AW
(3.1) = : . , mod I,
de® T, TS, --- T8
12 113 —1 -1
! p=Lp | | Pl A WP
—
e

where the superscripts in w’/ A w* are arranged in lexicographical order and the matrix

T of size s x (}) is called the torsion of the Pfaffian system (¢), which is the obstruction

to the integrability. To construct /™) suppose that
(3.2) ¢ = an(z)f” el
a=1

We see that d¢ = 0 is equivalent to

Z ao(z)df* =0, mod I.

a=1

Substituting (3.1) for df* we have

1 2
1 1 1 W AW
Ty, Ty - T,y 1 3
W AW
(3.3) (ay,--,as) | : : =0, modZ.
TS TS ... TS :
12 113 _1, 1
! p=Lp | | Pl A P

g

T

Since w’ A w* are independent (3.3) holds if and only if the column vector @(x) :=

(ay,--- ,a,)t is in the null space of T*. Our constant rank assumption for 7" implies
that the null space of T (x)" has constant dimension, say s;. Then we choose s; linealy
independent 1-forms ¢ := (¢',...,¢*') of the form (3.2), with (ay,...,a,)" in the null
space of T, to obtain a basis of /(. For the next step, we extend the system ¢ to a

coframe (¢!, ..., ¢, 7', ..., 7). The torsion matrix 7 for IV is obtained from
1 (1)1 (1)1 (1)1 7Tl A 7T2
d¢ T 12 T 13 "7 T p1—1,p1 al A
(3.4) o= : : , , mod I,
don o3, TO% O8]

(-

7
The torsion matrix 7™ has dimension s; x (p;). Then in the same way as in /M) we

obtain a basis of I®?), and by repeating the same to obtain /"), where v is the type of
the Pfaffian system (0).
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Example 3.1. On R’ = {(z,y, z,u,v)} let I be generated by 1-forms

0! = dz + ydu
0? = ydx + du
63 = e®dv.

Then with respect to the coframe (dx, dy, 0,62, 6%) we have

do* y
do* | = | —1|dr Andy, mod ().
do? 0

ps

Hence, IV is generated by
¢t =0+ y0* = yidr + dz + 2ydu
»* = 0° = e“dv.

Now take (dx,dy, du, ¢!, ¢?) as coframe. Then

dx A dy

1 _

[222] _ l 39 8 31 dr ndu|, mod (¢',0%).
dy A du

Thus 1 is generated by ¢? and the number of independent first integrals is 1. The
function p(z,y, z,u,v) = v is a first integral.

Notice that the generators of I} is obtained from the torsion of I, which is obtained
by differentiating I. Finding the generators of I*) is a "k-th prolongation’ of I.

3.2. Closedness of constrained Pfaffian systems. Coming back to the constrained
Pfaffian system (1.5) that satisfies (1.6), we shall present a method of prolongation of
(p,0) to a closed system (p,r,0) by inserting additional constraints r = (r!,r%...).
We shall also see that (p, ) is involutive if and only if it is closed. Our method of
prolongation to involutive system is based on the following theorems.

Theorem 3.2. For a constrained Pfaffian system (p,0) on M™ as given in (1.5) let
VY — ¥ be the associated vector bundle (1.7). Then

i) dpe (p,0) <V is tangent to 2.

ii) df € (p,0) < Torsion matriz T is identically zero on 3.

iii) If (p,0) is closed, then V is tangent to ¥ and integrable, and therefore, ¥ is foliated
by integral manifolds of maximal dimension p :=n — s.

i) is also equivalent to that ¥ is invariant under any set of vector fields Xy,..., X,
that generates V.

Let (p,0), p = (p',...,p%), 0 = (6%,...,0°) be a constrained Pfaffian system as in
(1.5). A submanifold i : S < M is an integral manifold of (1.5) if the following two
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conditions hold: firstly, S is a submanifold of X, that is, poi = 0, and secondly, i*6 = 0;
in a word, if

(3.5) i*(p,0) = 0.
For any ideal I < Q*(M), i*I = 0 implies that
i*(dI) = d(*I) = 0.
Therefore, (3.5) implies that on an integral submanifold S
dp e (p,0) and df € (p,0).

Theorem 3.3. (Generalized Frobenius theorem) If a constrained Pfaffian system I =
(p,0) as given in (1.5) is closed then the Pfaffian system restricted on p = 0 is Frobenius
integrable.

Recall that a constrained Pfaffian system (p, 6) is closed iff

dp e (p,0)

(3.6) do e (p,0).

Now let us consider the simplest case that d = s = 1. Let [1};] be the torsion of 6,
that is,

(3.7) Z Tirw’ A w*, mod 6.
1<j<k<p

The second equation of (3.6) implies

(3.8) Tji € (p), for each j,k with j < k,

which means that the torsion vanishes on p = 0. The first equation of (3.6) implies that
p = 0 is invariant. Therefore, p = 0 is an integral manifold of codimension 1.

Example 3.4. In R? = {(z,y, 2)} let 0 = 2?eY2dy + dz. Then

df = 2xe¥zdx A dy — 2*eVdy A dz
= 2xeYz dr A dy, mod 6.
=
T
Now the torsion vanishes on xz = 0. The constrained system (z,6) satisfies (3.6) and

therefore, z = 0 is an integral manifold. The other constrained systems (x,6) satisfies
the second equation but not the first of (3.6).

Theorem 3.5. For I = (p,0) with dI < I, we have
i) In cases 0 < d < s, p = 0 is invariant and the induced Pfaffian system is integrable.
it) In cases d = s, p = 0 is an integral nanifold.



14 C.-K. HAN

Now we turn to the general constrained system (p,#) with dp ¢ (p,6). Since any
integral manifold of (p,#) is also an integral manifold of (p,dp,0), we apply Theorem
3.3 to

(3.9) (p, dp, ).
Observe that the set of tangent vectors that are annihilated by (3.9) is
(3.10) (p,dp, ) ={T,2 "D, : reX}.

Since the first equation of (3.6) is already satisfied we check whether or not the second
equation

(3.11) do € (p,dp, 0)

holds.

Theorem 3.6. (Generalized Frobenius Theorem II) Given a constrained Pfaff equation
(1.5) that satisfies (1.6), suppose that (dp(z),0(x)) has constant rank s', s < s’ < s+d
for all x € ¥ and that

(3.12) df € (p,dp,0).

Then ¥ admits a foliation by integral manifolds of 6 of dimension n —d — s'.

In case that (3.12) does not hold, we find additional constraints r = (r,...,7°) so
that the torsion

(3.13) dfd mod (p,dp,8)
vanishes on {r = 0}. Then
(314) (pv Ty dp7 dT‘, 0)

is involutive by the generalized Frobenius theorem (Theorem 3.3).
Now we summarize our discussions as flowcharts of prolongations to the involutivity.
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Constrained Pfaff

dp< (p,0)7,

is {p=0} invariant?

15

equation (p,0)=0
prolongation
that is, doE (p,0)

‘?

L]

that is, does

torsion vanish on{p=0}?
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Further prolongations towards the involutivity (closedness):

Case 1: dp € (p,0) and df € (p,0) — no further prolongation and (p, 0) is closed.

Case 2: dp € (p,0) and df ¢ (p,0) — Find r such that T € (r), where T' :=
df mod (p, 0), is the torsion — prolongation and tell whether or not dr € (p,r,0)?

If yes, (p,7,0) is closed.

If no, start again with (p,r,6) = 0.

Case 3: dp ¢ (p,0) and df € (p,0) —> assuming (dp, ) has constant rank on {p = 0},
(p,r,0) is closed.

Case 4: dp ¢ (p,0) and df ¢ (p,0) — Compute the torsion df mod (p,6) and the
torsion vanishing set {r = 0} — prolongation (p,r, dp, dr,6) is involutive if we assume
(dp, dr,0) has constant rank on {p = r = 0}.
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When we start with a Pfaffian system without constraints:

Given a Pfaffian
equation (#)=0
without constraints

prolongation

no

Work with the
constrained system
(p,0).

yes

o (6)?

yes

(#) is closed.
We are done.

Find p such that
o< (p.0).

no such p

No solutions

17
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Example 3.7. In R* = {(z,y, z,u)} let 6 = zzdy + dz. Then
(3.15) d) =z dx Ady+x dz Andy=zdx Andy, mod(0).
Consider each of the following constraints:
i) Constraint z: We check whether the ideal (z, dz, ) is closed. From (3.15) we see that
df € (z). Hence z = 0 is an integral manifold of dimension 3.
ii) Constraint u: We check whether the ideal (u, du, ) is closed. Since
df mod (u,du,8) = zdz A dy # 0,
we need an additional constraint z. Now we ask whether the system with two constraints
(u, z,du,dz, 0)
is closed. It is closed. In fact, # = 0 on z = 0. Hence, u = z = 0 is an integral manifold

of dimension 2.

iii) Constraint p(z,y, z,u) = z + 1/2(2® + y* + u?). Then dp = dz + xdz + ydy + udu.
We check whether the ideal (p,dp, @) is closed. Then we have to see whether df is in
I := (p,dp,0). Since df € I if and only if z € (p), which occurs only when x =y = u = 0.
There is no integral manifold of positive dimension.

Example 3.8. In R® = {(z,y, z,u,v)} consider § = (0',6%), where
0! = 2%eVzdy + dz
0? = dv + zdu.
Then
(3.16) dot = 2xeYzdx A dy + v*eYdz A dy = 2xeYzdx A dy, mod ()
do* = dz A du = —2°€Yzdy A du, mod (6).

with respect to the coframe (dw, dy, du, 0, 0%) we restate (3.16) in matrices as

aot|  |2ze¥z 0 0 du n dy
21 =107 0 —s2evs dx A du | ,mod(0).
< L dy A du

"

e
Now consider a constrained Pfaff equation
(3.17) (v,0) = 0.
We see that
do* = 2xeYzdx A dy, mod (v, dv, 0", 6?)
do* = —z*eYzdy A du, mod (v,dv, 6", 6%).

Thus input another constraint z and see that the constrained system (v, z, 6) is closed.
In fact, on {v = 2z = 0} #' = 0 and 6% = dv, and hence {v = 2z = 0} is an integral
manifold of dimension 3.
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4. APPLICATIONS AND OPEN PROBLEMS

4.1. Boundary values for overdetermined PDE systems. For an overdetermined
system of PDEs the boundary values cannot be free. Let €2 be a domain smoothly
bounded by p = 0.

Problem 4.1. Find an algorithm for the equations for boundary values of overdeter-
mined systems. There are also global invariants. Find the local and global conditions
for the boundary values.

Problem 4.2. Given a system of first order PDEs; tell whether the boundary admits
a characteristic curve. Discuss the maximum principle and the propagation along the
boundary of the singularity of solutions.

4.2. Discontinuous solutions, global solutions. Consider the Cauchy problem for
a quasi-linear PDE of first order for u(z,t):

a(x,t, u)% + b(z,t, u)g—z = c(z,t,u)

u(z,0) = ¢(x).

Then p(z,t,u) = 0 is an implicit solution of (4.1) if and only if p is a generalized first
integral of the characteristic vector field

0 0 0
V=a§+b%+c%

that satisfies

Let 4o be the curve in R® = {(z,¢,u)} given by the initial data (z,0, ¢(z)). Then as in
the following figure the surface swept over by 7y as the curve 7y moves on the flow of
V. Then as an implicit function u(x,t) may be multiple-valued.



20 C.-K. HAN

i

R

o

characteristic flow

Problem 4.3. For the Cauchy problem (4.1) define the notions of global solution. Is
there any natural branchcut as in Burgers’ equation for discontinuous solutions?

Example 4.4. Consider a Cauchy problem for a quasi-linear PDE for u(z,t)

uuy = —t
u(z,0) =vV1—2%2 —e<z<e

In R® = {(z,t,u)} the characteristic vector field is

(4.2)

(0, u, —t).

Along the integral curve of this vector field dz : dt : du = 0 : u : (—t), thus by solving
the total differential equation
dr dt  du

0 u —t
we obtain first integrals

Pz, tu) =u? +1, PPz, t,u) = .

Now we find a first integral F'(p', p?) that vanishes on the initial curve (x,0,v/1 — z2).
Since p' = 1 — z? and p? = x on the initial curve, we see that p' + (p?)? = 1. Thus

F(p',p*) =p' + (p*)* =1 =0,
that is,
(4.3) W+ttt —1=0

is the solution. Observe that even though the Cauchy datum is given on a small interval
—e < x < € the solution is global. Notice that the global solution (4.3) is a double-valued
function.
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4.3. Integrability of Hamiltonian systems. Let (M?" w, H) be a Hamiltonian sys-
tem on M?" with a symplectic form w. A first integral is a function p that satisfies
Xgp = 0, where Xy is the Hamiltonian vector field. We are concerned with the exis-
tence of a non-degenerate set of first integrals py, po, ..., that are mutually independent,
that is, {p;, pr} = 0. There can be at most n independent first integrals. When it attains
the maximal number of first integrals we say that the Hamiltonian system is completely
integrable. Even locally the existence of independent first integrals is not trivial. In the
cases of n = 1 and that of n = 2 are completely integrable locally.

Problem 4.5. For the cases n > 3 find the conditions on H for the existence of first
integrals. Determine the number of independent first integrals.

4.4. Affine control systems. Given an affine control system

y = h(z)
where f and ¢; are smooth(C®) vector fields on an open subset U < R™ and h is a

smooth real-valued function on U. A smooth distribution D is a controlled invariant
distribution if the following conditions hold:

i) L 7D < D, that is, for any section X of D, the Lie derivative L zX is a section of D,
ii) LD < D, for each j = 1,...,k,

iii) D < (dh)~1(0),

iv) D is integrable, that is, [D, D] < D.

Problem 4.6. Given an affine control system (4.4) determine the existence of an in-
variant distribution.

4.5. Almost complex structures. On an open neighborhood M < C” of the origin
consider a system of smooth complex-valued functions a” vanishing at the origin. Let

(4.5) 0% = dz* + Z agdiﬂ, for each a = 1,...,n.
B=1
Then there is a unique almost complex structure J with respect to which 0 := (6, ..., 0")

are (1,0)-forms. Consider the complexified exterior algebra

QL(M) = éé@fg(M), where QF(M) =T (C®Q*(M)).

k=0

A complex-valued function f is said to be holomorphic if
(4.6) df € (0) Cauchy-Riemann equations.
We express the torsion of (6) with respect to the coframe

(4.7) 0,0) :=(0,....0m 0", ....0™):



22 C.-K. HAN

ENCE
do' T112 T113 T Tn—l,n gl A gs
(4.8) = e . ,  mod (6).
do" Tan T1nS e Tnn—l,n én—l./\ én
‘7C

The n x () matrix 7 is the torsion of (6). The torsion 7 measures the non-integrability
of J: Analogously to the Frobenius theorem for real 1-forms the Newlander-Nirenberg
theorem [28] asserts that if 7 has rank zero, that is, all the entries of T are zeros,
then the almost complex structure J is integrable, that is, there exist n independent
holomorphic functions.

Exercise The Nijenhuis tensor N is a (2, 1)-type tensor defined by
NX,)Y):=[X, Y|+ JJX, Y]+ J[X,JY]| - [JX,JY], VX, Yel(TM).
Show that

where

Zhyeeis Zony 2y ooy Zn
are basis of the complexified tangent bundle T (M) which is dual to (4.7). In [26] the
derived system of (4.5) has been constructed and the problem of determining the number
of independent holomorphic functions has been studied. This is a complex analogue of
§3.1. The existence of integrable submanifolds of dimension p, (p < n), has been studied
in [27].

Problem 4.7. Does S° admit an integrable almost complex structure?

This is a prominent long-standing problem. It is known that the spheres S* &k > 1,
and S?" n > 4, cannot admit an almost complex structure (Borel-Serre 1951). Any
almost complex structure on a real 2-dimensional manifold is integrable, hence S? admits
a complex structure. A natural almost complex structure on S° is that induced from its
embedding into the space of octonions, which is not integrable. G. Etesi [25] claims he
proved the affirmative answer.

Problem 4.8. Given an almost complex structure (M?",.J) can you tell whether there
exists a J-invariant submanifold?

The first non-trivial case is that of n = 3 and J-invariant submanifolds of real codi-
mension 2. Let

0 < 0
o A ) -
L;:= 82j+;_1aj<z’z)8z’\’ j=1,2,3
be (1, 0)-vectors that are dual to (4.5). Then the problem is equivalent to the existence
of real-valued functions u and v that satisfy

L0 ou 3/\76u ov 3M,5U
(4:9) 7t Q05 | | Gt ke g ) < e,
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for each j, k = 1,2,3. The complex conjugate of (4.9) can be written as

(4.10) ou A v € (u,v).

4.6. CR geometry of real hypersurfaces. On a neighborhood of the origin of

C"" = {(z1,..., 20, w)}

z

consider a real-valued function p(z, z, w,w) with p, # 0. Let § = /—10p be a 1-form
of type (1,0).

Exercise Show that 0 is a real 1-form on the real hypersurface p = 0.

For a basis of the complexified tangent bundle of the real hypersurface p = 0 we take
le,...,dZn,dgl,...,dfn,e

and express the torsion

(4.11) df = +/—1 Z Tjrdz; A dzp, mod (6,dp), (Levi-form)

J,k=1

where [Tjx] is hermitian. The existence of integral manifolds and invariant manifolds
has been studied in [33] extrinsically and locally and in [24] intrinsically and globally.

REFERENCES
1. R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt and P. A. Griffiths, Fz-

terior differential systems, Mathematical Sciences Research Institute Publications,
vol. 18, Springer-Verlag, New-York, 1991.

2. R. B. Gardner, Invariants of Pfaffian systems, Trans. Amer. Math. Soc. 126 (1967),
514-533

3. E. Cartan, Sur certaines expressions différentielles et le probléme de Pfaff, Ann. Sci.
de I’E. N. S. (3) 16 (1899), 239-332

4. A. Clebsch, Uber die simultane Integration linearer partieller Differentialgleichun-
gen, J. Reine und Angew. Math. (Crelle) 65 (1866) 257268

5. E.A. Coddington and N. Levinson, Theory of ordinary differential equations,
McGraw-Hill, New York, NY, 1955

6. F. Deahna, Uber die Bedingungen der Integrabilitit linearer Differentialgleichungen
erster Ordnung zwischen einer beliebigen Anzahl Verdnderlicher Grossen, J. Reine
und Angew. Math. 20 (1840) 340-349

7. G. Frobenius, Uber das Pfaffsche probleme J. Reine und Angew. Math. 82 , (1877)
230-315

8. R. Gardner, Invariants of Pfaffian systems Trans. Amer. Math. Soc. 126 (1967),
514-533

9. C.-K. Han, Generalization of the Frobenius theorem on involutivity , J. Korean Math.
Soc. 46 (2009), no. 5, 1087-1103



24

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

C.-K. HAN

C.-K. Han, Foliations associated with Pfaffian systems, Bull. Korean Math. Soc. 46
(2009), no. 5, 931-940

C.-K. Han, Overdetermined PDE systems of generic type, Seoul Nat. U. Research
Institute of Math. Lecture Notes Series 53, 2007

T. Hawkins, Frobenius, Cartan, and the problem of Pfaff, Arch. Hist. Exact Sci. 59
(2005) 381-436

D. C. Spencer, Ouerdetermined systems of linear partial differential equations, Bull.
Amer. Math. Soc.k 75-2 (1969), 179-239

O. Stormark, Lie’s structural approach to PDE systems, Cambridge U. Press, 2000
F. Warner, Foundations of differentialble manifolds and Lie groups, Scott, Foresman
and Co., Glenview, Illinois, 1971

PDEs and complex analysis

L. C. Evans, Partial differential equations Graduate series in mathematics 19, 2nd
Ed., Amer. Math. Soc. 2010

G. B. Folland and J. J. Kohn, The Neumann problem for the Cauchy-Riemann
complex, Princeton U. Press, Princeton, NJ, 1972

C.-K. Han and J.-D. Park, Several Complex Variables, with introduction to bounded
symmetric domains and over-determined PDE systems of first order (Korean),
Kyungmoon Publ., Seoul, 2016

L. Hormander, An introduction to complex analysis in several variables, North Hol-
land Publ., New York, 1973.

J. J. Kohn, Subellipticity of the 0-Neumann problem on pseudo-convex domains:
Sufficient conditions, Acta Math. 142 (1979), 79-122.

J. J. John and L. Nirenberg, Non-coercive boundary value problems, Comm. Pure
Appl. Math. 18 (1965), 443-492

J. J. Kohn and L. Nirenberg, An algebra of pseudo-differential operators, Comm.
Pure Appl. Math. 18 (1965), 269-305

S. G. Krantz, Geometric analysis and function spaces, CBMS Lecture 81, Amer.
Math. Soc., Providence, 1993

CR geometry, almost complex structures

Kuerak Chung and Chong-Kyu Han, Nullity of the Levi-form and the associated
subvarieties for pseudo-conver CR structures of hypersurface type, arXiv 1802.02294
G. Etesi, Complex structure on the siz dimensional sphere from a spontaneous sym-
metry breaking, arXiv:math/0505634

C.-K. Han and H. Kim, Holomorphic functions on almost complex manifolds, J.
Korean Math. Soc. 49 (2012), no. 2, 379-394

C.-K. Han and K.-H. Lee, Integrable submanifolds in almost complex manifolds, J.
Geom. Anal. 20 (2010), no. 1, 177-192

A. Newlander and L. Nirenberg, Complex analytic coordinates in almost complex
manifolds, Ann. of Math. 65 (1957), 391-404.

A. Nijenhuis and W. B. Woolf, Some integration problems in almost-complex and
complex manifolds, Ann. of Math. 77 (1963), 424-489



INVOLUTIVITY OF CONSTRAINED PFAFF EQUATIONS 25

Quasi-linear PDEs of first order

30. C.-K. Han and J.-D. Park, Partial integrability of almost complex structures and the
existence of solutions of quasilinear Cauchy-Riemann equations, Pacific J. Math.
265 (2013), no. 1, 59-84

31. C.-K. Han and J.-D. Park, Quasi-linear systems of PDE of first order with Cauchy
data of higher codimensions, J. Math. Anal. Appl. 430 (2015), no. 1, 390-402

32. C.-K. Han and J.-D. Park, Method of characteristics and first integrals for systems of
quasi-linear partial differential equations of first order, Sci. China Math. 58 (2015),
no. 8, 1665-1676

Geometric control theory

33. H. Ahn and C.-K. Han, Invariant submanifolds for systems of vector fields of con-
stant rank, Sci. China Math. 59 (2016), no. 7, 1417-1426

34. A. Agrachev and Y. Sachkov, Control theory from the geometric viewpoint, Ency-
clopaedia of Mathematical Sciences, Control Theory and Optimization, II, vol. 87,
Springer-Verlag, Berlin, 2004

35. C.-K. Han and H. Kim, Invariant submanifolds for affine control systems, arXiv
1801.00072

36. A. Isidori, Nonlinear control systems, Springer-Verlag, London, 1995

37. A. Isidori, A. J. Krener, C. Gori-Giorgi and S. Monaco, Nonlinear decoupling via
feedback: A differential geometric approach, IEEE Transactions on automatic control
AC-26 (1981), 331-345

38. V. Jurdjevic, Geometric control theory, Cambridge Studies in Advanced Mathemat-
ics, vol. 52, Cambridge University Press, Cambridge, 1997

39. H. Nijmeijer and A. J. van der Schaft, Nonlinear Dynamical Control Systems,
Springer-Verlag, New York-Heidelberg-Berlin, 1990

40. H. J. Sussmann, Orbits of families of vector fields and integrability of distributions,
Trans. Amer. Math. Soc. 180 (1973), 171-188

Classical Mechanics

41. V. 1. Arnold, Mathematical methods of classical mechanics, Graduate texts in math-
ematics 60, Springer-Verlag, New York, 1978

(C.-K. Han) DEPARTMENT OF MATHEMATICS, SEOUL NATIONAL UNIVERSITY, 1 GWANAK-RO,
GWANAK-GU, SEOUL 08826, REPUBLIC OF KOREA
E-mail address: ckhan@snu.ac.kr



