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Tntroduction  +o GKM  +heory
g4 Eéj,u?uaﬁan%‘ cohemologie s
° What (s A eqpﬁ\/aﬁah‘l’ mz
the H*(M) Thvariant of fvpalag.é of M
ve., i M2 N homeo morphic
then  H¥*(M) 2 H¥(N) Teom (algebra)
" equivariant : cohomologu,} Hz U\/\)
mvariant  of Rl
o * A
(G2 &) HE (MY 2 HE [N)
Defmiion Led G be @ opological group (or Lie 3raup),
Smooth
M be a JcopologT cal s pace Cor \£ Tnoanr)@grd)
G agde one MG E Mo MEY)
oy QR M Contr I 5 sk
(3} P tex) Yaem (e: tdenbity in G)
G 3,9 ) = @ (gh, %) g € G, YaemM,
d—e‘P 3 =
(M, ¢) = (N, 6) & £ M SN homeo( differ)
o o Gx M E—; .N‘
3 ORI Y
Gx N T N
E.g.) gl kg a2
5 = J({z,v) ¢ €Cx R | 21"+ r* = i}
S o T LR E T
ot [ 2, 1Y s P
rotation
g2
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1DEA of definition  of HT (M)

® Eoasiest case

ded Stabilt zer Subgroup
GCOM foe & Yaem, G, - 1966 ]g-x=x}
= {e}
> M-/G x 5[ the set @‘P r\a\\fl\ﬁ«}\-s} has a nice ?YoFeH"ﬁ,

Gly-=J 5| -g9¢ G}

Examgle M+ manifold, G : Compact  (ompected — Lie  group

A a  manifold
Eq) O g o s s NOT  free
(: ot N, s R
8 g o0 s ENIoh )
e R

Co-ngequen{’aéj when G @ M freely, H*(M/G)  has
"enough"  Tnformation .
© In Gereal, GO M may  NOT  free
H* (M/6)  does NOT hove ehough nformatton
Eq il 7 I = gl
BB [ER S e - HE (kY
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Borel's  1dea (4 ’59

—_rﬂf\_ [Milnor, 195¢] et & —be—a -l:npo\ogT(,a] group.
6 & Eq freely

Then 2a  ondrachble  Space EQ st

. Put = BGf§ dassifying  space

0 Hec G topological subﬁrou\f

~ H CEG Bedy oz EG/y = BH = BH/Y  (homotopy
@u’iv.)

Eq. bt Ez=IR b /A o‘u:lciH’mel.,éf [,ﬁeel)

B2 = RlE. = g

Fid-e-g | gt Fefea gl

@ § = ¢ =
20 E S\ = Soo . B g = @POD
(4hie Te  the finte- dimencio nal  version  of

the  well—known  Hopf fbeotion - 8% - €p' )
25 ® 6 =T" = (&Y e T TR A
, - GOX free, GOY then G O XxY free.
% o any GoM, Gd EGx M  fee
~ (EG xM)/ 6 =: EG %P Borel  conghruckion
(e,x)eq =(e-g, g'.x)
Definition [ Bovel, 19541  The  Gi- equivariant cohamology of M
s defined by [WE(M)| - HX(EExM).

Note H’:n( Pt} = 'H*( BT") = C€Lu, -, un] deg Ui =2
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lim [Macuda, 2008] (w0 7% (N

@ . General  properkies of H% (M) .
@) G o M free , 4hen

EG x M & EG = 3%}
Y
Mo
= HE (M} - = HE (EG M) = H¥ (/)
(Gererad  Anck
1 Bt Lty LY then
T &
c;: fber  bundle
X/ G )
@) EGxm . .M
T | fber  bundle
EG/G = BG

~ A ARG R (M)

~>  HE (M) e o H¥(BG) -algebra  structure .

N_o_“!f. £:(m,6) - (N, G—) {hot only 4 ¥in isom
. : bur olso  H*(Bg) -
~ U = (N) — H G(N\) :  algebra, Tsorr\orythm ;
mjec‘\’l‘@

T") : omoeth 7 torie  varieteg

—_— /

(MZT\J TT\) ~ (N?—n} Tn) ( l’m"é e%u_lVarTan{—!% Tsom . ag¢ var‘)

& HE (M7)x HE, (NZ)  veakly Teom. as HABT) -algebres
(‘ I'WE,a\ﬁl5 equiveniantly : ¢ M =N var.  Tsom wi-th

) automorphism ¥y @ T 9 $X. ¢ (+2) = v ¢ (=) Yy €T

- fing Tsom B HE () = HTF(M) with  an a[,[-t—orhur?b]'smbﬁ' M.)

i
Y TS ek P (uw) = 7¥w) B ((7F: pr(pT) D)
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Q How  can  we  descabe {compute H*&[N)g

22, GKM  panifolds We  consider R= ® o €

©® Assume & = T = (g9

Two  morphisms

a i () 5 hE(mT) mduced by  MT R

® HIm) =5 H* () nduced by ET x M 2>M
NG
BT

per{l& Thim We m% T-ackion on M s _S%VUTVVGWT_OD.“:\}:S ﬁ:’rmd
if H*f}[m) Te free  H* (B7)-module.

( actual  definition: Sqecdral  Sequence of +he Fbaton &

wllgFS@ . H(sT, HE (M) = H7F (BT M)
> HI(M) = H¥(m e H¥(BT)
¥*

= rank e oy HI(m) 2 rank H*(M).

Thm The 'FDHoanﬂ spaces are e%u_\\}oﬁant'lté formal .
Tk (M) & Hviar.
(eq. M. toric wanifolds,
M = G/p homogeneous  manifolds (P parabolic) . )
(2 M. sympleckic , T M Hamiltonian .
Tho (Boret) (Mm,T) - e%ulva-rTanﬂ'g format .
> 3% & njedve & Wm
H3 (M) @H*(BT)@ —7 H(M)

o an comorphicm

Q Whar s mli¥) HE (M) 2

(€
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Def M .

com Plex T-manifold ol

a  GKM  manifold  if
(T -

dTmG: =h .
M s

e%uivarTanJcl% formad
@ O <L }MT] < es

@ At every

—

{?M

pEM,

Clee) ® € (o) @

2 R

@& € (on, p)
ac - representadiong

n
5 d(Tf\’} =) e

?oﬁr wige

[Tnearl Y independent

E_WLI« @ = § X & M l dTm'R ('T- ) <1 } . equivoriant i~ skeleton
@ = M union of S
" ) ; teg*
EXGH’\E]& M= {p = ( a \O)/ C*

MT = J[4,0,01, [0,4,0], To,0 4}
® a  p= (100 (tyta) o D4, %,%) = [, [t [B6]
~ o M2 CL) @ k)
Ly Le(M 2 R — IR, (a0 b a;.
@ at p = [0,4,0] (t1,£2) » L Ho, 1, %] 4

—_—

(o, 3(,}9(7_) ~ ({7(0)1:7(1/ tj(")';

b= T}_ e M) (‘El,‘tz) - [.7(0,7(”7:7_1 = [1@1 1%y, “|:Z7(l_l

L o, 1, [0
C (“Lr) ® ¢ (—L,+-L,_)

$
<o
s
{te

(#1,£) o [ 2o, 2, 1]

I

[t o[£ |2, 1)
a  GKM  maniold .
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OD‘tj J
ts-gH -5 £5 B t &7
MT:{NB i w & By} =—G’3
eq | o o
j P: eR = (o[ O)B
g o )

Jo- sy &
B = [ty ® O)B
‘ESSH {5332_ {3

{ o} 0
e |
= 5£\‘t1§32; | ol g
LE1 €595 @351 l

Teld & C(-—L]-!—Ll) ® C(-L+k) @ (f(*f-z+1-3)

Bb Sl Com pu+a+Ton y (G/B ; T) s a GKM manifold |

Def  (MT):  GKM  manifold .
The GKM  greph U= (V,E,) s a labeled graph
() v=MT verfices
@ E < Ty e Mem | %o amodes S o MO
criented ¥ st ipg} < S}
() We lobel each edge (p,g) with  the  weight
A = A g of  he T-actfon  Cowesponding o

the embedded 5% 3 it
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Examtle
[Dloii:l

(0P T7)

bk 52[0’ X, h]}
L % Ty i T
(2

Loyt~ [oae]

3 [x, 4, cj}

-,
{(10[ i} 12:]}

\p ( M ,.T) s 6%&[1 varian+l Y ‘FDrma\ 5 th en e <

njedive .

Thm ( CTDWS"Zg— Ko¥witz - MacPherson ; 1998 )

(M,T) GKM  manifold
WE(My 2 { (%) e F@;MT W (BT) - Y] § -4, 'WP’_?TL ‘f}
= H*(r') “E}MP}\ Cohtmclcﬁgﬂ‘ " GkM condidion”
Bample @O CP'. te Tto, 2] = [oo, 2]
A I ' P
0,
L101 . Cfl—l}
1 1 0 L:
i | A REGT T L  E f)
N ag H* (BSs") —moedule .
o< { N ¢ tar oA
£ g Ll -3, Ll§-h, —hrafgeh }
AS H*(BT) 'h’lﬂdu\g ¥ Hfr((l:'Pl) ‘nas ge,nevmjcors
. L lj'?‘—— [Lr LL) L,
\ \ Ll (o] 0 0
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@ (Hled,T13)
Homework  Check  +he %Howinj elements saﬁsﬁj QKM  conditions .
| Tiaz Cizg 22183 Taz) a1y 299
123 i 1. 0] o s} o [l o
134 [\ L Lo-lg o o ) o
2193 | 1 o) Li-Lq o] 0 o
23| i Li-Lg Lba | (Lel)(Lrts) 0 2
311 ’ L Ly=ly L1y o (La-L3)(L I LS) o
3zl ‘ L ) bty | (L) (L-ts) | (el L) (L2 (o= 15) (LrLs )
Sl_‘:w | weE (‘;,3} forme o basis  fer Hi. (F_ﬂ {63)) ‘
P\e\\larﬁ”aﬁe
Eagil y oom‘?w!-e Cup  producks !
(Lirts)™
(LFLB)(LTLs
s Ciag * Lapg = ) (LFLS)(L'-LZ) :
Lozy + Caz.
o @]
o
C;: (LJ_LZ)(LI ‘Ls)('-z ‘LB) T3
K
HT(G/& —F H*(G/B) ~ Ol U Ohy = O + 0j,
Tw py OJN G\JBAI2 = O
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&3 Conoricdl ~ classes H*(Tﬂ).
o (M,T) GKM  manifold & Hamillonian  T—action
~r [ = (v, E,«) GKM  graph .
Note Fr  (p9) €E, we dso hove (%,p) €EE  and
Upg) = Fegp -
s Toke 5 sk, e (5) + 0 Ve ¢ E.
We only wnsider  4he edges e € E  with  o(g) >o
go— B
Write P <4 i T a divected edge (pq) € E°
~y  parbal order  on
sy 142, Guillepsin—Zava 220 1§ (M,a) & +the GKM graph
of o Homiltonian G- manifeld, dhen [ V,E®) T acwydic.
Examr!e

S

3= L-]*'I- QLZ’<

A

Kirwan

2= Feq ¥y o2

)

I_J_ef class oo s on  equivariant class Vp &HQ_?"(M)
S&‘H.fncﬁns
G vy = 1 (m%g5)
DD T e r
(i) Vplg) =o =5 5P
/\F = 4 {(‘L,;I’) € Eo}
Btj Canven-}l_on) H*(BT) = @[Li, . Ln—_l, deng = q
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Thm(KTrWﬂh, |qg‘f+) For a HamiltonTan T mani-fold 2 Kivwan  class Vp
for ol pe M. Moveover, {UPI pe M} forme  an H*(BT)~
module  basic  for Hi( M)
HOW@V'@r KTFW&H c’agggs are. NOT um‘é[uelg dr&%"&ﬂﬂ?hfld mn Sen@ra.,{,
Priusotely, ™  FU(C"), Kiwan bads Ts determined uniguely
We can check  +hat {Cw‘[ w &'@,‘5} e o Kiwan bagis.
Several  people  have  added different  conditions dhat would ensure
+hat +hie basis is  umgue, T.e., to be "Canom_c-o”g" assodated .
(n Gullemin — Tara (200@, 200 5)
Gkm Spaces , "ecb,uTvarfan+ Thom casses”
= 5 g PP
When W(py s smooth , Vp & [W CP]—,—-
(2) Goldin = Tolman (z009) Ny
_ h U L) = T
Hamildonian T~ Spaces I canonical  classes i ¥ e, & FNE
existence &  uniqueness are proved  under  the assumption
ot 3 T "Thdex  Thoreasing)
Example 3
y 2
P
2 index Tncreasfng
1 1 0 :
(@]
£

GKM 5Ta‘>}v of Hess [ S, ) = XO

permutohedral

var,

NOT Tndex Tnc,reasTn@ ,
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& Zara (2001) Non- Tndex  Tncreasing @€, " canonical classes”
(8)  Pobiniok — Sabatini (2ol %)
Symplectic  toric  monifold " canonical  classes”
_ < PP
® They povide  a  Kirwan  class  cow. 4o [L\} (F)]T
When 5 T  Tndex Tnecreasing, +hen T wincides  with
&7 class .
Pmk GkMm ‘H‘Iemﬂ can be aFP[TEd Eo e
o & Compact Copnected  Lie gmoup
o GKM VarTe‘Elg ( MY consiste  of ﬁm’-}el% many 8 )
T NOT necess,arilg Srhoo+h
©  equivariant Chow tings , equivariant aigelpm?c K-~ -Hve,orlé
©, Leb  us go back 4o dhe eXamPIE-
32)
Thie ic  the GKM gmfh o  +he smooth
312 K
234 projective  toric Uorr_etg\/ whose fan T
133 o ebtained bg Weyl  chambers of type Az
12z
There are +wo dreting Ksrwan classes
LZWL.?, O
Lfl‘% /\
- FL
¢ B b
L,-L; © A
s Lz‘lj i
C
2
angmead  class n Paki niak - Sabatint
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« W =&, ¢ HI(6r)
e HE(Gg) , w,v e W
5 ~ (woo*)(fu) e b B el )
———— - .
o H*(BT) = @[k, L4l
Eg. (5'9 me;) ( ng) = S, 0 ZZ'% ( S|' '37-)
= 5 Ty, (28y)
= 5 (Lr‘Lz.)
= Lz—LI .
Lz"Lj
In _FQC+J S‘ tg”} = = ("‘Ll+L2_) -C[;_a + t2}3
LZ'L} (™
¢
—LtL
Lty
ol o | Bt W W H¥(6/p)
Furthermore, W C' H*(6/B)  Hivial
Homeumrk @ H*(G/B) o= 31_®6 as W- re,Fresen-&a{:mm :
* 4
@H(Xg)é‘j]_ &V z
Rk ( Chang— Skjelbred | 1914)  (f  Lowms 7

%)
, T pd sk, 5 0 Gk
o —>Hy {38} i O /) S I 2 A

s exact
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