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Algebraic Geometry?

> Algebraic Geometry (AG) is a study on common zeroes of a
system of multivariate polynomial equations (— Algebraic
Variety).

fl(ml,...,ccm):0

fn (xla . '1wm) = 07
» Incase n = m = 1, — an origin of modern algebra. Abel’s
theorem and Galois theory ...

» In case of all f; having degree 1, — (undergraduate) Linear
Algebra



Examples
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In general, algebraic variety (i.e. the solutions set) is quite complicate,
but interesting. It’s a ubiquitous object in science and engineering.

/

Figure: Togliatti’s degree 5
surface

Figure: Barth’s degree 6 surface




Projective n-space, Affine cone and Projective variety
Let V be an (n + 1)-dimensional k-vector space (mainly, k = R or C).
PV := V \ {0} /non-zero scaling = {1-dim’l subspaces of V}
— PV is called ‘projective n-space’. Good (. cpt, Chow,...)

Let W = S?V* be the d-th symmetric power of V*. We can also think
of W as the space of homogeneous polynomial functions (or forms)
on V of degree d in n + 1 variables.

Foran F € W and any \ # 0 € k, F(\x) = A\?F(x), so the zero set of
F defines a ‘(affine) cone’ in V and also a ‘well-defined locus’ in PV.




Polynomial as a Point : Case of Quadrics

For instance, any nonzero real quadratic form Q(x) € S?V*
corresponds to a point in PS>V*.

Further, Q(x) = x” Ax for a real symmetric (n+ 1) x (n + 1)-matrix.

— Most important information on A (i.e. rank, spectral theorem) can
be understood geometrically!
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Figure: SVD of a matrix Figure: Tensor decomposition




Case of Higher degrees : Polynomial Waring Problem

Lagrange Four Square theorem : n = a + b*> + ¢* + d*
— Waring Problem in number theory.

Similarly, for any nonzero form F € S¢V* (corresponding to a point
in PS?V*), one can consider Polynomial Waring Problem as follows;

“Find an expression F = )qﬁ‘f 4+ 4 )\,ﬁf (¢;: linear form) !!”

— Note that 3 always such an expression for any F

— Finding an/all expression(s) : a Waring decomposition + Variety
of Sums of Powers (VSP)

— Find approximation of rank k : useful both in theory and
applications

— minimum r for F : Waring rank of F, ranky (F)

— rank for a general (i.e. random) F : Generic rank of (d, n)

— maximum among all F’s : Maximum rank of (d, n)

— etc etc...



Case of Higher degrees : Via Veronese map

There’s a way to consider this Waring problem in a geometric
manner: Use d-th Veronese embedding!

Let W = S9V be the d-th symmetric power of V (recall that we can
also think of W as the space of homogeneous polynomials of degree d
in n + 1 variables).

va 1 PV = PW,  vy([f]) = [¢9] (€€ V).

The image X = v4(PV) is called a Veronese variety. Then,

X = {d-th power of linear forms}
= {degree d-forms of Waring rank one}

= {rank one symmetric d-way tensors}

and we can interpret our Waring problem via k-secant plane to X.



X-rank

Similarly, for any variety X C PW (or equivalently, X C W, the affine
cone of X), we can consider the addition map

+:)A(><-~><)A(—>W,
F Wiy k) =V A vk

Then, for any nonzero v € W, we define ‘X-rank of v’ rankx(v) by the
function ranky : W\ {0} — N

rankx(v) ;= min{r | v =+, - ,v,), v € X} .

Note that rankyx (p) is well-defined for any p € X C PW, since
ranky (—) is invariant under scaling.



X-rank (cont’d)

» When X = {v; ® - - - ® vg}, that is Seg(V} x --- x V) in
PVi®--® V)

Theorem (Blekherman-Teitler, 2015) rank¥®* < 2 - rank$™" for any
irreducible, nondegenerate X C PW
Theorem (Buczynski-H.-Mella-Teitler, 2018)

ranky* < 2 - rank§" — 1 for X = Veronese, Segre, Grassmannian..
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X-rank (cont’d)

» When X = {v; ® - - - ® vg}, that is Seg(V} x --- x V) in
PVi®--® V)

» — (usual) tensor rank problem

» When X = {¢4} = v,4(PV) — Waring rank (or Symmetric tensor
rank) problem

» When X = {{1¢,--- {4} — Chow rank (or completely
decomposable rank)

> Whatever X you like...

Theorem (Blekherman-Teitler, 2015) rank¥®* < 2 - rank$™" for any
irreducible, nondegenerate X C PW
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Example (Binary case)

. xy = 1(x+y)* = }(x — y)? — rankc(xy) = rankg(xy) = 2
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Waring rank of Monomials

Today, we consider F = x;’x{" ... x%, the monomial case.

Example (Binary case)
1. xy= %(x +y)? — %(x —y)? — rankc (xy) = rankg (xy) = 2
2. xHy? = ﬁ(x +y)* + ﬁw(x +wy)* + ﬁwz(x +w?y)*
— rankc (x?y?) = 3
3. xH? = %(x—i—y)4 + %(x —y)* - éx“ — éy“ — rankg (x*y?) < 4
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Waring rank of Monomials

Example (Ternary)
C810x%y2 22 = (x +y + 2)° + (x + wy + w?2)® + (x + w?y + wz)®
+w(x +y+ wz)® +wx +wy +2)° + wlwx +y+2)°
+w?(x +y + w?2)® + w(x + WPy +2)° + wHWix +y +2)8

— rankc (x*y?z?) = 9



Waring rank of Monomials

Example (Ternary)

1. 810x%y222 = (x +y +2)° + (x + wy + w?2) + (x + w?y + wz)®
+w(x +y+ wz)® +wx +wy +2)° + wlwx +y+2)°
+w?(x 4+ y + w)® + W (x + Wy + 2)® + W (Wi +y + 2)°

— rankc (x*y?z?) = 9

2. 360x2y%z% = 48 +4y0 + 425 —2(x +y)® —2(x +2)¢ - 2(y + 2)°
—2(x—y)° = 2(x—2)° —2(y—2)°
+(x4+y+2)°+x+y—2°+x—y+2)°+ (—x+y+2)°

— rankg (x*y*z?) < 13



Waring rank of Monomials : Known results

Theorem (CCG and BBT, 2012)
For any monomial X;°X{" - - - X% (ag > a; > -+ > ap),

1 n
rankc (Xg' X" ... X;") = R H(ai +1).
" i=0
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Waring rank of Monomials : Known results

Theorem (CCG and BBT, 2012)
For any monomial X;°X{" - - - X% (ag > a; > -+ > ap),

1 n
ranke (XX ... X%) = p—— [J@+1).
n i=0

Theorem (Boij-Carlini-Geramita, 2011)
For a binary monomial x*y”, rankg (x*y") = a + b.

Theorem (Carlini-Kummer-Oneto-Ventura, 2017)
Forap > ay > --- > ay(ap > ay > -+ = ap),

n

H(a,- + ay).

=0

ranke (X" X' ... X;") < 5

Moreover, ranke = rankg if and only if a, = 1.



Waring rank of Monomials

Theorem (H. and Moon, 2021)
For a monomial X;°X{" . .. X with each a; > 0, it holds that

1 n n
rankg (XOX .. X%) < 2{ [M@+1)-]]ta- 1)} )

i=0 i=0

Further, the same result is true for rankg(Xg°X{" ... X3").

a=(3,3,3) (4.3.3) (4,4.3) (4.4.4) (5,5,5.5) (7,1,1,1,1) (10,9,8,7,6,5,4) (1,71,1,1,1,,)

UBgT 38 44 52 62 886 32902 8282766 8282766
UBckov 36 42 49 64 1000 38416 2162160 7529536
UBpm 28 34 41 49 520 12496 740880 908608

Table: Comparison of upper bounds for R-rank of monomials



Finding explicit decompositions

Theorem (H. and Moon, 2022)
Leta = (ag,ay, ... ,a,) € Z'ggl be a sequence of n + 1 nonnegative
integers with d = |a|. Then, it holds that

Dy XPX{' X = > Y Cansllaks)! @

ZaCACEa (k,s)eKy xSy

where
Da = (—1)‘23 2" ( ) HF a,
i€7Z,
and
Caks = (_l)lAl 2lAl D iga dirSi HF H Fi)

icA i¢A



Decompositions of XgX; X3

x4x3x2:7[;(x +X +x)9+;(x +X 7x)97;(x — X +X%)°
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2 e

which gives us a 1-dimensional family of a Waring decomposition of
X3X3X3 (i.e. for all 1 € k with 50407 (> — 1)? # 0) of
1(5-4-3-3-2-1) =27 summands.



Key algebraic tool: Apolar ideal

Letk = Ror C. Forany F € k[Xo, ..., X,|a,
L= {V € Kklxo, ..., %) : U(Do, - ,0,) 0 F =0}

which is a homogeneous ideal in k([xp, . . . , x,]. We call this F* the
apolar ideal of F.

Example

For a monomial F = X?Y2, F+ = (x3,y%).

J= (ax + by®) C F* gives the ranke = 3 and rankg > 3 (recall that
X2 = g 9) 4 el wy)? 4 e+ wiy)h.

J= (3 y xy}) C Ft glves the rankg = 4 (similarly,

2y = )+ -yt - et — Y



Key algebraic tool: Apolar ideal

Proposition (Apolarity Lemma)

Let F € S?V. There exist scalars \1, . .., \ in k such that

F=>3"_  NL¢ with L = cioXo + - - + cinXn (cij € k) if and only if
Iy C F- owhere X = {[cio: - :cinl, -, [cro: -+ & ¢a]} is a set of
reduced k-points in PV,

Difficulty : To find suitable X + To show that Ix is radical and
saturated.



Thanks for your attention.



