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Introduction Discovery of Grokking

Motivation

Objective:

12 = 6 = ? (mod p) (1)

1

Grokking phenomenon

Sudden generalization after long training
1Power, Alethea, et al. "Grokking: Generalization beyond over�tting on small algorithmic datasets." arXiv

preprint arXiv:2201.02177 (2022).
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Grokking?

Memorize? Generalize?

Should we train longer?
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Introduction Discovery of Grokking

Deep double descent

2

2Nakkiran, Preetum, et al. "Deep double descent: Where bigger models and more data hurt." Journal of
Statistical Mechanics: Theory and Experiment 2021.12 (2021): 124003.
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Deep double descent in iteration

Benign over�tting?

Is over�tting desirable?
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Possible explanation of Grokking

� � , , Korea Institute for Advanced Study Understanding and Acceleration Grokking Phenomenon 9 / 39



Introduction Possible explanation of Grokking

Explanation : large initialization and weight decay

Large initialization induces grokking.

Goldilocks zone: Optimal region.

3

3Liu, Ziming, Eric J. Michaud, and Max Tegmark. "Omnigrok: Grokking beyond algorithmic data." The
Eleventh International Conference on Learning Representations. 2022.
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Introduction Possible explanation of Grokking

Explanation : Slingshot mechanism

Unstable training of Adam optimizer is key.

� t = � t � 1 � � m̂ tp
v̂ t + �

4

4Thilak, Vimal, et al. "The slingshot mechanism: An empirical study of adaptive optimizers and the
grokking phenomenon." arXiv preprint arXiv:2206.04817 (2022).
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Understanding Grokking in modular arithmetic

Condition 1: delayed rising of test accuracy.

Condition 2: Perfect test accuracy (> 99%).
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Understanding Grokking in modular arithmetic Motivation

Target task: modular arithmetic

Setup:

Zp := f 0; 1; : : : ; p � 1g.

Rule of modular arithmetic:

Binary operation

x1 + x2 = z; if x1 + x2 = z (mod p);

x1 � x2 = z; if x1 � x2 = z (mod p);

n-ary operation

x1 + x2 + x3 = z; x1 � x2 � x3 = z:

A system of equations with unknowns
(

2 + A = 5

A + 4 = B
ask B and

(
1 + 2 = A

A + 3 = B
ask A:
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Motivation: Failure of GPT
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Understanding Grokking in modular arithmetic Motivation

Motivation: Failure on difficult arithmetic

Objective:

x1 + x2 + x3 = z (2)
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Understanding Grokking in modular arithmetic Motivation

Motivation : Learning Intrinsic Feature

Objective:

x1 + x2 = z (3)
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Understanding Grokking in modular arithmetic Motivation

PCA visualization of tokens and group structure

For p = 97, additive group and multiplicative group has an isomorphism Z97
�= C97,

Z�97
�= C96 with generators < 1 >;< 14 >.
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Kolmogorov-Arnold representation

Hilbert’s 13th problem:

x7 + ax3 + bx2 + cx+ 1 = 0; (4)

x(a; b; c) can be expressed as the composition of only two variables?

Kolmogorov and Arnold solve this problem in general form.

Theorem

Kolmogorov-Arnold representation theorem Let f be a multivariate continuous function.
Then f can be represented by sinlge-variable functions and addition:

f(x1; : : : ; xn) =

2n+1X
q=1

	q

 
nX
i=1

�q;i(xi)

!
(5)

In 1956, Kolmogorov: three variables for any continuous function

In 1957, Arnold: two variables

In 1957: Kolmogorov: only one variables.
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Kolmogorov-Arnold representation on binary operation

Theorem (Variants of Kolmogorov-Arnold representation)

For a closed interval K and any continuous function fn : K ! R, there exist

�fn : Kn ! R2n+1 and  fn : R2n+1 ! R;

fn(x1; : : : ; xn) =  fn (
nX
i=1

�i�fn (xi));

which indicates that the embedding dimension is 2n+ 1. In particular, for any binary
operation �, there exist

� : K ! R5 and  : R5 ! R;

x1 � x2 =  (

2X
i=1

�i�(xi));

which indicates that the embedding dimension is 5.
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Kolmogorov-Arnold representation and modular arithmetic

Permutation-invariant representation 5

Theorem (permutation-invariant representation)

For a closed interval K and any permutation-invariant continuous function fn : Kn ! R,
there exist

�fn : K ! Rn+1;  fn : Rn+1 ! R; fn(x1; : : : ; xn) =  fn (

nX
i=1

�fn (xi));

with embedding dimension of n+ 1. In particular, for any permutation-invariant binary
operation �, we have

�<G;�> : G! R3 and  <G;�> : R3 ! G

with the embedding dimension of 3

x1 � x2 =  <G;�>(
2X
i=1

�<G;�>(xi)):

5M. Zaheer, S. Kottur, S. Ravanbakhsh, B. Poczos, R. R. Salakhutdinov, A. J. Smola, Deep sets, Advances
in Neural Information Processing Sys- tems 30 (2017)
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Kolmogorov-Arnold representation and modular arithmetic

Cyclic group representation

modular addition (Z97
�= C97), multiplication (Z�97

�= C96) : cyclic group

Theorem (cyclic group representation)

If G is a �nite cyclic group, then there exist

�<G;�> : G! C� and  <G;�> : C� ! G

such that

x1 � � � � � xn =  <G;�>(

nX
i=1

log(�<G;�>(xi)))

=  <G;�>(

nX
i=1

�<G;�>(xi));

for any x1; : : : ; xn 2 G, where �<G;�>(�) := log(�<G;�>(�)) with common embedding
dimension of 2 that is independent of n.
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Kolmogorov-Arnold representation and modular arithmetic

Example: modular addition

Example (modular addition)

For a prime number p, let � be the modular addition in Zp defined as

x1 � x2 := x1 + x2 (mod p):

We can find the following KA representation with the embedding dimension of 2:

�(x) = exp(
2�ix

p
) 2 C� �= R2 n f0g; x 2 Zp;

 (z) =
p

2�i
T (z); z 2 C�;

where T : C! C is defined as T (a+ bi) = a+ ~b where a; b 2 R; b = ~b+ 2�mb for
~b 2 [0; 2�);mb 2 Z.

 (
nX
i=1

�(xi)) =  (
nX
i=1

log(�(xi)))

=
p

2�i
T
�2�ix1

p
+

2�ix2

p

�
= x1 + x2 (mod p):
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Acceleration of Grokking

Shared structures in KA representations for various operations

For an arithmetic operation� , we recall the KA representation given by

x1 � � � � � xn =  � (
nX

i =1

� i � � (x i )) ;

Decomposition of KA representation:

x1 � � � � � xn =  � (
nX

i =1

log � � (x i ))

= 	(�(�( x1 ; : : : ; x n ))) :

where

�( x1 ; : : : ; x n ) = [ � � (x1); : : : ; � � (xn )];

�( z1 ; : : : ; zn ) =
nX

i =1

log(zi );

	( z) =  � (z) 2 G
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Shared structures in KA representations for various operations
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Shared structures in KA representations for various operations
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Methodology : transfer learning
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Methodology : transfer learning
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