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Scope of This Tutorial

• The tutorial covers the properties of brute-force 

nearest neighbors (and kernels), along with their 

connection to underlying densities and the 

information they contain.

– Plug-in vs. non-plug-in nonparametric methods

– Effect of geometrical properties of underlying 

density function

– Nearest neighbors and information theory

• The tutorial does not cover topics such as fast 

searching methods or approximate nearest 

neighbors.
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Nearest Neighbor Model

• Similar data share similar properties

3

: class 1

: class 2
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Why do people avoid using nearest neighbors?

• Accuracy drops seriously in high-dimensional spaces

– Due to diverse properties being compared 

between data points, in contrast to the simple 

linear methods that compare only a single aspect.

• Papers on nearest neighbor algorithms are often not 

accepted (unless they are strongly biased on theory 

contribution).
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Tomaso Poggio: one could try to explore the nonparametric way to learn..
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Which set of functions to choose?

• A function that minimizes the objective
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[Tomaso Poggio, 1990]
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Which set of functions to choose?

7

Green’s function

[Tomaso Poggio, 1990]

- Investigate other models having this function in their 

model set! Nearest neighbor methods, kernel methods, …
- A particular mixture of Gaussian is an example of 

Green’s function



Hanyang University
Korea Institute for 
Advanced Study

Nearest Neighbor Rule for Prediction

• Nearest neighbor classification

• Nearest neighbor regression
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1967

1968

Minimum possible classification error

Minimum possible mean square error
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Probability Density Estimator

• Loftsgaarden and Quesenberry (1965)
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Probability Density Estimator

• Loftsgaarden and Quesenberry (1965)

– Converge in probability with

10

where

d

x

(Modified) 
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KL-divergence Estimator

• Plug-in estimator
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d

L. F. Kozachenko, N. N. Leonenko (1987) Sample Estimate

of the Entropy of a Random Vector, Probl. Peredachi Inf., 

23:2, 9–16
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Are most known methods plug-in?

• Plug-in

12

Among k number of samples 

within ε–ball, we have k1 samples 

from class 1, and k2 samples from 

class 2.

k
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X = # of data inside ε-ball

ε
Information from Nearest Neighbors
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X = # of data inside ε-ball

ε
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X = # of data inside ε-ball

ε

= ?

Note:
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X = # of data inside ε-ball

ε

= 1
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X = # of data inside ε-ball

ε

Poisson distribution with parameter β

- Average number of data 

within ε-sphere
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• Density of k-NN distances

[1] Karl W. Pettis et al. (1979) An intrinsic 

dimensionality estimator from near-neighbor 

information, TPAMI 1(1), pp.25-37

[2] Hertz, P. (1909) Ü ber den gegenseitigen 

durchschnittlichen Abstand von Punkten, die mit 

bekannter mittlerer Dichte im Raume angeordnet 

sind. Math. Ann. 67, pp.387–398
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Distance to the k-th nearest neighbor

ε
Δε

,
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ε
Δε

=
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ε
Δε

Finite-sample density of NN distances
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,
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Inference

• Two conditional density functions

23

➔ Gamma function with constant 

➔       Uniform density function
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Exercises  - Non-Plug-in

• Estimate λ from u

24

for class 1 , for class 2Given

• Maximum Likelihood

Majority voting rule with

Equivalent

Noh, Y.K., Park, F.C., and Lee, D.D. (2012) Diffusion Decision Making for Adaptive k-Nearest Neighbor Classification, Advances 

in Neural Information Processing Systems 25 (NeurIPS 2012) 

→
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Bayesian Criterion 1 – Non-Plug-in

• Apply prior for λ:

• Poisson distribution:

26

0

With k1 and k2 NNs of class 1 and class 2 within a sphere.

for ε-ball
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Bayesian Criterion 2 – Non-Plug-in

• Apply prior for λ:

27

: Probability of less and equal to k heads 

  out of 2k+1 number of tosses of a biased coin

0

With     and       of k-th NN of class 1 and class 2
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When density is not constant

28

k-th nearest neighbor appears at uk 
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Try the estimation of entropy – Plug-in

• Shannon Entropy Estimation

29

dPlug-in 
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Estimation of the Entropy

• Shannon Entropy Estimation

30

[D. Lombardi and S. Pant, Phys. Rev. E, 2016]

[A. Kraskov, H. Stögbauer, and P. Grassberger, Phys. Rev. E, 2004]

,( )

Where is this bias from?
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Historical Remarks of Making Plug-in Estimators

31

Plug-in and correction

[N. Leonenko, L. Pronzato, &V. Savani, Annals of Statistics, 2008]

[B. Poczos and J. Schneider, AISTATS, 2011]

Plug-in and correction

Rényi and Tsallis entropies

Shannon entropy

[Moon, K. & Hero, A., NeurIPS 2014] considers the 

general f-divergence plug-in estimator
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Historical Remarks of Making Plug-in Estimators

• Kullback-Leibler Divergence

• Tsallis-alpha Divergence

32
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(One) Nearest Neighbor Classification

33

Cover

[Noh, Y.-K. Ph.D. thesis, 2011]

Plug-in estimator

[Cover, T., 1968]

True f-divergence

Nearest neighbor 

classification

[Cover, T., 1968]
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Finite k matters 

34

Necessary condition:
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Bias and Variance in High Dimensions

• Bias? Variance? Which of them matters?

35

Bias matters because all nearest neighbors are far 

from x.

Use a large bandwidth to deal with bias because 

there is no data around x!

k-NN:

Kernel methods:
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Dependency on the Bias (Nadaraya-Watson)

36

Reducing the variance is not important in a high dimensional 

space once the bias has been minimized and the bandwidth 

selection has been followed.

Bias Variance

h: bandwidth
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Biased Estimators

37

h2

µ
r>p(x)rE[yjx]

p(x)
+
r2E[yjx]

2

¶

+ o(h4)

Nearest neighbor classification

Nadaraya-Watson regression

KL-divergence estimation

E [by(x)¡ E[yjx]] !

+

+
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Biased Estimators

38

h2

µ
r>p(x)rE[yjx]

p(x)
+
r2E[yjx]

2

¶

+ o(h4)

Reduce bias 

– find a coordinate transform              that minimizes the 

bias
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Metric Invariance

39

pc(x) pc(z)
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Kernel Density Estimation for Ratio

41

Interested in using

,

Ex) For posterior
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Another Conceptual Motivation

• RKHS representation

42
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Use Means in RKHS as Prototypes

• RKHS representation

43
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Change the Prototypes to Reduce Bias

44

RKHS
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Change the Prototypes to Reduce Bias

45

RKHS
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Quick Summary

• Functionals using kernel density estimation 

with fixed h, and k-nearest neighbor methods 

with fixed ε 

– Use plug-in method and treat the BIAS!

• Functionals using k-nearest neighbor 

methods with fixed k

– Must NOT Use plug-in method

– Find an appropriate non-plug-in method 

and treat the bias too.

46



Hanyang University
Korea Institute for 
Advanced Study

Summary

• Nearest neighbor distance is useful 

information. 

• Bias (not variance) is the property that should 

be tackled in high-dimensional space.

• Nearest neighbors are nontrivial.

47

My work, partly included in this tutorial, was jointly conducted with

Daniel D. Lee, Masashi Sugiyama, Sangwoong Yoon, Iljung Kim, 

and many others.
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THANK YOU
Yung-Kyun Noh  

nohyung@hanyang.ac.kr
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