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Scope of This Tutorial

« The tutorial covers the properties of brute-force
nearest neighbors (and kernels), along with their
connection to underlying densities and the
iInformation they contain.

— Plug-in vs. non-plug-in nonparametric methods

— Effect of geometrical properties of underlying
density function

— Nearest neighbors and information theory

« The tutorial does not cover topics such as fast

searching methods or approximate nearest
neighbors.
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Nearest Neighbor Model

« Similar data share similar properties
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Why do people avoid using nearest neighbors?

« Accuracy drops seriously in high-dimensional spaces

— Due to diverse properties being compared
between data points, in contrast to the simple
linear methods that compare only a single aspect.

VW, T

—

™~

« Papers on nearest neighbor algorithms are often not
accepted (unless they are strongly biased on theory
contribution).
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lomaso Poggia, Jacob
Androas, Eran Malach, Santosh
Vempala, Brian Cheang

Tomaso Poggio: one could try to explore the nonparametric way to learn..
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Which set of functions to choose?
[Tomaso Poggio, 1990]

A function that minimizes the objective
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Which set of functions to choose?
[Tomaso Poggio, 1990]

)\ Z[yz Xz ]G(X Xz)

Green’s function

N
>~ i) X v
i—1 Ve Ve

- Investigate other models having this function in their
model set! Nearest neighbor methods, kernel methods, ...
- A particular mixture of Gaussian 1s an example of

Green’s function
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Nearest Neighbor Rule for Prediction

* Nearest neighbor classification -

Abstrac!—The nearest neighbor decision rule assigns te an un-
<lassified sample point the classification of the nearest of a set of
previously classified points. This rule is independent of the under-
Iving joint distribution on the sample points and their classifications,
and hence the probability of error R of such a rule must be at leasi
s great as the Bayes probability of error R*—the minimum prob-

p2 x ability of error over all decision rules taking underlying probability
struscture inte account. However, in a large sample analysis, we will
d show in the M-category case that R* < R < R*(2 — MR*/(M—1)),
where these bounds are the tightest possible, for all suitably smooth
| underlying distributions. Thus for any number of categories, the
X p2 x probability of ervor of the nearest neighbor rule is bounded above
by twice the Bayes probability of error. In this sense, it may be said
that half the classification information in an infinite sample set is

contained in the nearest neighbor.

* * 1. IxrrODUCTION
< 2 R 1 —_ R ‘N THE CLASSIFICATION problem there are two
extremes of knowledge which the statistician may

possess. Kither he may have complete statistical
T f knowledge of the underlying jeint distribution of the

€E1—_NN — /
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Minimum possible classification error
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Abstract—Let R* denote the Bayes risk (minimum expected loss)
for the problem of estimating ® ¢ ®, given an observed random vari-
able x, joint probability distribution F(x,0), and loss function L, Consi-
der the problem in which the only knowledge of F is that which canbe

lnfen'ed. imm samples (x.,l)n).(! ;0'),-- +(xn05), where the (x;,0,)'s are
1 N N d identi ding to F. Let the nearest

ighb is of the 0 iated with an observation
T x be defined to be the parameter 0, associated with the nearest

neighbor x,' to x. Let R be the large sample risk of the nearest
neighbor rule.

It will be shown, for a wide range of probability distributions, that
* * * R < 2R* for metric loss functions and R = 2R* for squared-error
Mlnll l Iul I | pOSSlble mean Square error loss functions. A simple estimator using the nearest k neighbors
yields R= R*(1 + 1/k) in the squared-error loss case. In this sense,
it can be said that at least half the information in the infinite training

set is contained in the nearest neighbor.
This paper is an extension of earlier workl!l from the problem of
classification by the nearest neighbor rule to that of estimation.
However, the unbounded loss functions in the estimation problem

I ':Manu!('rlpt received August 12, 1066; revised June™30, 1067.
This work was supported under USAF Contract AF dﬂ(l‘ﬂﬂ)l.’vﬁ

The author is with the Dept. of Elec. Engrg., Stanford University,
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Nearest Neighbor Pattern Classification

1967

MEMBER, IEER, avn P. E. HART, MEMBER, 1RED

abservation x and the true category & or he may have
no knowledge of the underlying distribution except that
which ean be inferred from samples. Tn the first extreme,
a standard Bayes analysis will yield an optimal decision
procedure and the eorresponding minimum (Bayes) prob-
ability of error of classification B* In {he other extreme,
a decision to classify  into category 8 s allowed to depend
only on a collection of % ecorrectly classified samples
(r, 8,), (it 823, < -+, (2, 8.), and the decision procedure
is by no means clear. is problem is in the domain of
nonparametric statisties and no optimal classification
procedure exists with respect to all underlying statisties.
If it is assumed that the classified samples (z;, 8,) are
independently identically distributed according to the dis-
tribution of (z, #), eertain heuristic arguments may be
made about good decigion procedures. For example, it is
reasonable to assume that observations which are close
together (in some appropriate metrie) will have the same
classification, or at least will have almoest the same
posterior probability distributions on their respective
classifications, Thus to elassify the unknown sample @
we may wish to weight the evidence of the nearby z.'s
most heavily. Perhaps the simplest nonparametric decision
procedure of this form is the nearest neighbor (NN) rule,
which elassifies & in the eategory of its nearest neighbor.

Surrdeinehr i will ha chawn that in tha lares camnla

i N eare St n e I g h bor reg reSS I O n Estimation by the Nearest Neighbor Rule
THOMAS M. COVER, wrsmen, 1eee 1968

introduce additional problems concerning the convergence of the
unconditional risk. Thus some work i is devoteﬂ to the investigation
of natural diti on the 1 ion assuring the
desired convergence.

I. INTRODUCTION

ET (z, 8) and (z,, 0,), (zs, 03), -+ , (z., 6.) be a

I collection of n + 1 independent identically dis-
tributed random variables taking values in X X 9,

where the observation space X is a metric space with
metric p, and © is an abstract parameter space. The
nearest neighbor (NN) estimate of 8 on the basis of the
knowledge of z and the representative samples (z;, 6,),
(2, B3), =+ , (za 0,) is defined to be 07, the parameter
associated with zf, the nearest neighbor to z. Thus
z! e {Ty, sy -+, T}, and p(zl, z) = min p(z;, z), where
the minimum is taken over ¢ = 1, 2, -+, n. (In case of
a tie, we arbitrarily let z, be the z; of lowest index.)
The first analysis of a decision rule of the nearest
neighbor type was made in a series of two papers by Fix
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Probability Density Estimator

« Loftsgaarden and Quesenberry (1965)

XENN

RD

V = ~d”
p(x)V =~ k/N
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Probability Density Estimator

(Modified)
« Loftsgaarden and Quesenberry (1965)
R k
p(x) = m

where  u(x) = Nvyd(x)”

~D/2
T (D21 1)
d(x) = |[xkNN — X]| p(x)V = k/N

— Converge In probability with
N,k — o0, k/N—0

Korea Institute for
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* Plug-in estimator

k k

PX) = YN = GdeoP) N

XENN
[RD

KL-divergence Estimator

L. F. Kozachenko, N. N. Leonenko (1987) Sample Estimate
of the Entropy of a Random Vector, Probl. Peredachi Inf.,
23:2,9-16

NMPOBJEMBI HEPEJAYN HHPOPMANMA
Tom XXIII 1987 Brn, 2

YN 621.391.1:549.27

0 CTATHCTHYECROI OITEHKE 9HTPOIIAHN CJIAYYAHHOIO
BEKRTOPA

Kozauenxo JI. @., JTeonenro H. H.

MopMyANPYIOTC YCAORIF ACHMITOTINCCROI HeCMEL@HHOCTH M COCTOR-
TeALHOCTH YIPOUWICHHON OUEHKH HUM3BECTHON SHTPOIHH CAYIailHOTO BEKTO-
pa adcoM0THO HCHPEPHIBHOre THOA, NMOCTPOCHNON Ha OCHOBAINHM HE3ABHoH-
MBIX HADTOMeHAIL

fyers B™ — m-Mepiioe eBKMLI0B0 TPOCTPAICTBO ¢ METPIKOH

hi
Il?
(i [E1 IR
p(z),x.) = {E(:‘L‘. —, )“} . rae
i=l
=z ..z ERT i=1, 2, a m=1. Pacemorpum wap v(y, r)=
={xCtR": p(x, y)<r} odnema
ey, r)|=r"c,(m), e (m)=a"?%T(m/2+1).
ITpepgnonomuy, aro eayuaitnsii serrop SER™ odmagaer anpaopi HeH3BeCT-

"ol 1oTHocTRI0 Bepoaruoctn f{x), xER™. Hawma szamaua coctout B ouenn-
panny mo uezapnenmeim nadmogennsm X, ..., Ny, N=2 perropa & surponnn
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Are most known methods plug-in?
¢ Plug-in po(x) = -
Ug-ln pc X) = VNC
® . Among k number of samples
k2 o within e-ball, we have k, samples
R S
. from class 1, and k, samples from
® ® % class 2.
@ ® e Re
® AN AN
p1(x%0) S p2(x0) N =N
k1 s ko
" Hanyang University 12 Kif\s Korea Institute for
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Information from Nearest Neighbors ()

O ; -
1—P
X = # of data inside e-ball O
P(X =Fk;N) = ( ]Z ) PF(1 — P)N
() (-8 v

KIHS Korea Institute for

@) Hanyang University 13 Advanced Study




X = # of data inside e-ball

pocmn = (1) (3) (%)

k; N B —k
P 3 1__
ey AHH“’“'W@ v) (%)
NI

lim — 1

N — o0 (N k)'Nk

O

KIHS Korea Institute for

Hanyang University 14 Advanced Study




X = # of data inside e-ball

o= (2) (3 (-5

wn, P =RN) = Jm g

Note: lim (1 + ﬁ) — %
X

r—0o0

O

KIHS Korea Institute for
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X = # of data inside e-ball

/8 k 5 N—k
e (DG
N k
\\I \
—k
Jm (1-5) -
0
O
- P

@} Hanyang University
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X = # of data inside e-ball

= (1)) 0-8)
fim P(X = k) = i - L (8 (17—8?

N — 00 ( N—oo kNN — k)!' N N N
\ \

4
I o * ™
— /B—k 6_6
k! Poisson distribution with parameter [3
B=E[X]=NP °
- Average number of data
within e-sphere
O

KIHS Korea Institute for
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* Density of k-NN distances

[1] Karl W. Pettis et al. (1979) An intrinsic
dimensionality estimator from near-neighbor
iInformation, TPAMI 1(1), pp.25-37

[2] Hertz, P. (1909) Uber den gegenseitigen
durchschnittlichen Abstand von Punkten, die mit
bekannter mittlerer Dichte im Raume angeordnet
sind. Math. Ann. 67, pp.387-398

55 Ry : . Korea Institute for
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Distance to the k-th nearest neighbor

N\
P(e < dp < e+ Ae)

_ N k=171 _ p\N—(k—1)
= ( A )P (1—P)

(a7

- ( kjyl ) (p(x)7e”)F (1 = p(x)ye?)V - V= e

x (N — (k— 1)) p(x)yDeP 1 Ae S

AP =p(x)AV | AV = v(e + Ae)P — veP

:)@—FD*}/GD_lAe—I—...—QK/é

= DveP 1 Ac

Hanyang University 19
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N

u = N~veP, du = DN~ePde

) (p(X)’YED)k_l(l —p(X)’yeD)N_(k_l)

(k — 1)) p(x)yDe” 1 Ae

X (N —

N N—-k+1
o= (450 ) ()
u k-1 u
_ 1 — _
< [pe)<] 1P
du
XP(X)W
N N—-k+1Y) N!
(k—1)< 1 >_(N—k+1)!(k—1)!(N_k+1)
B N B N (N N
Nk k-1)! (N —k)&! ( k ) |
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Ple <dp < e+ Ae) = ( k]lfl ) (p(x)yeD)k_l(l —p(X)WED)N—(k—l)

X (N = (k — 1)) p(x)yDe” " Ae
u= N~ve’, du = DN~veP1de O

p(u)du = (gj)k

L Px) (1 —p(X)ﬁ)N—M—l N

plu; k, N) = ( JZ ) k -p(?;f):u’f—l (1 —p(x)%>N—k+1

Finite-sample density of NN distances

KIHS Korea Institute for
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N! k (x)Fy P! (1 _p(x)%>N (1 —P(X)N

— 1i
Nooo (N — k) NFP

KI''s Korea Institute for
Advanced Study




Inference

« Two conditional density functions

(kg > kl)
)\k2—k1

(ks — ki

P(up, |ug, ) =

=» Gamma function with constant &, — k¢

p(ulﬁ |uk2) —

= k2 =2,k =1: Uniform density function

) exp (—)\(uk2 - Ukl)) (ng - Ukl)

gnum,,‘,& ) .
@) Hanyang University 23
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Exercises - Non-Plug-in

 Estimate A from u

k
F)(\k) exp (—Aug) (uk)k_1

> A = k/ug
« Maximum Likelihood . =p.(x))

pug|A) =

Given di forclass1, da for class 2
p1 = arg HiaXp(dlk’P\l) p2 = arg Ifiaxp(dzkfpm)
1 2

Eguivalent
ﬁ1 2 Dy 7 — Majoritykvoti;li rulle with

Noh, Y.K., Park, F.C., and Lee, D.D. (2012) Diffusion Decision Making for Adaptive k-Nearest Neighbor Classification, Advances
in Neural Information Processing Systems 25 (NeurIPS 2012)

Kil's Korea Institute for
Advanced Study
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Bayesian Criterion 1 - Non-Plug-in

* Apply prior for A:

p(A) = bexp (—bA)

 Poisson distribution:

uM)* exp(—u _ D ]
p(k|A) = () o (zud) u = N~e” fore-ball

) With k, and k, NNs of class 1 and class 2 within a sphere.

Ny
1 ki+ ko +1
P(M > Molky. ko) = E: L2
m=0
«»‘ Hanyang University 26 KI''s Korea Institute for
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Bayesian Criterion 2 - Non-Plug-in

* Apply prior for A:

p(A) = bexp (—bA)

N
With w; and u, of k-th NN of class 1 and class 2
P()\l > )\2|”LL1, UQ)

2%+ 10 (ur + b)(up + )P
; m (u1 + ug + 2b)2F+1

: Probability of less and equal to &k heads
out of 2k+1 number of tosses of a biased coin

m=

Kil's Korea Institute for
Advanced Study
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When density is not constant

Au)

k-th nearest neighbor appears at u,

plug) = (/i\(fkl))! exp ( /0 b A(u)du) - ( /0 b A(u)du)

Hanyang University 28
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Try the estimation of entropy - Plug-in

« Shannon Entropy Estimation

H(X) = - / p(5) log p(x)dx

Plug-in ﬁ(X)V — k/N @ D
~ k k

P\X) = 577 = V = 4d?
%) VN  (vd(x)P)-N PV = /N

AN

H(X) = log(N) — log(k) + 1= > logd(x:)”

kifls Korea Institute for
B~ Advanced Study
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Estimation of the Entropy

« Shannon Entropy Estimation

[D. Lombardi and S. Pant, Phys. Rev. E, 2016]
[A. Kraskov, H. Stogbauer, and P. Grassberger, Phys. Rev. E, 2004]

H(X) = - / p(x) log p(x)dx

N
H(X) = $(N) = p(k) +1og(3) + 5 D log d(x:)”

D

( “ T+ D/2), @b(t):F(t)“ldI;l—f))

el e e -~

[ L ilogﬁ(xi) — — [ p(x)logp(x)dx + Bias 77

\ N3 I
Where 1s this bias from?

Korea Institute for
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Historical Remarks of Making Plug-in Estimators

[N. Leonenko, L. Pronzato, &V. Savani, Annals of Statistics, 2008]
[B. Poczos and J. Schneider, AISTATS, 2011]

Shannon entropy

. 1 : .
X) = —— Z log p(x;) — (k) Plug-1n and correction

— - / ) log p(x)dx

Rény1 and Tsallis entropies

~ 1 (k) N _
Hy(X) = NT(+1—q) Z (P(xi))" ™ Plug-in and correction

[Moon, K. & Hero, A., NeurIPS 2014] considers the
:> general f~-divergence plug-in estimator

Korea Institute for
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Historical Remarks of Making Plug-in Estimators

« Kullback-Leibler Divergence

— Zlogp x;) — log g(x;) = / ) log <Z(—>}3) dx

« Tsallis-alpha Divergence

1 1 ['(k)? qx)\ °
o1 (NF(ka+1)F(k+a1 Z(ﬁ(xz > —1>

1=1

= (f (%)1 ;(X)dX1>

v

N—"

KI''s Korea Institute for
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(One) Nearest Neighbor Classification
[Cover, T., 1968]

1 (& p(x)q(x)
— 1(d, > d o dx
N, ; (dp > dq) p(x) + q(x)
0.92;

i == Target

T =& Plug-In

0.9 ql‘ﬁ —a- CQ%’CI’ ‘

0.88 "\
3 Q‘
0.86}  |:-.~ K
s - g
el ;;aéé,i/ True f-divergence
[Cover, T., 1968]
0.82}
I -
; D RGO | T~ Plug-in estimator
'“ﬁ]l] 1000 10000
# data
(b) Nonparametric estimator performance _
[Noh, Y.-K. Ph.D. thesis, 2011]

kifls Korea Institute for
B~ Advanced Study
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Finite k matters

u = myd?
D(Xrom Yin) = 10 S o(ux) o)) —
P
EAT
A [ 0607 (q X)) ix |
|
Necessary condition:
B [6(u(x), 0(x); )] = f (fj—j)

PUAS Korea Institute for

S50 . .
.‘ Hanyang University 34 Advanced Study



Bias and Variance in High Dimensions

 Bias? Variance? Which of them matters?

. D

B a R

N D>1
. rs
| ]
ol
k-NN: Bias matters because all nearest neighbors are far

from x.

Kernel methods: Use a large bandwidth to deal with bias because
there 1s no data around x!

TR . . : :
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Dependency on the Bias (Nadaraya-Watson)

h: bandwidth

Bias Variance

4
f(h) =h Cl‘l‘NhDCQ
. [ D-Cy\ P
he =N +4<4‘C1)

200 400 600 800
Dimsensionality

Aim f(h.) = Ch

Reducing the variance is not important in a high dimensional
space once the bias has been minimized and the bandwidth
selection has been followed.

KIHS Korea Institute for

Hanyang University 36 Advanced Study




Biased Estimators

Nearest neighbor classification

—>/ dx
‘l‘pz

/EdN I PIV2py+piv? (V2p1+V2py)]dx
4D p1+p2 P2TPayV P1—P1P2 P1 P2

Nadaraya-Watson regression

E [j(x) - Elylx]] — 42 (VT“’;)(Z;E@‘X] n WEQ[?/'X]) +o(ht)

KL-divergence estimation

Naod
Z log NQdQD — —/pl log@dx
X1 107 P1 , )
1 _2 V*py _2 Vi
b [ 3 T2 a5 T22)
2D~ (N1p1) . (Nap2) Do
»,‘; Hanyang University 37 K|l\s Korea Institute for
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Biased Estimators

Reduce bias
— find a coordinate transform z = L(x)x that minimizes the
bias

/EdN d?ﬂx (PIVZp2+p5V2p1—p1p2(Vip1+V3ps)|dx
4D Pl +P2 2 b !

o (Vp(x)VE[y|x] = VZE[y|x] 4
h ( ) + 5 ) + o(h*)

KI''s Korea Institute for
Advanced Study
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Metric Invariance

z=1I1"x
..... pe(x)dx = p.(z)dz
\‘: q
pC(X) ) — pC(Z/? pc(x) :pc(z) d_z — pc(z) ’L‘
p1(X)pa(x) p1(z)p2(z)
E - dx = d
a / p(x) +p2(x) ) pi(e) ¥ pa(z)
39 K|l\s Korea Institute for

Advanced Study



> n -
1 DDD> . > b [ class 1
. P - class 2
0.8 D%& l& >
0.6D -.D - - o> A .
s P e >
0.4’ . D - DD D .
0.2 DE > . "
> P
0’ ‘ g . " 5 ‘ » [>'-
0 0.5 1

0.8
0.6/
0.4
0.2

> > clas1
>
P P v ’
D ||
> . " > .
| [ D
>
> > b a >
> . P
> i}
> > .
L . ">
0 0.5 1

*‘,‘num,,‘,;l . .
g@@j Hanyang University
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Kernel Density Estimation for Ratio

1 Ny 1 N1+ No
pi(x) = N D alxj)ka(x,x;) | Pa(x) = N, > alx))kn(x,x;)
=1 j=N;+1

Ex) For posterior

. . P1 (X) p1(x)
Interested in using ) Ply=1x)= P9 ml
P2 p1(x) + p2(x) g;gg +1

p— e

P (XU) Use weight
i}] (XO) function on |
| data ]
! (x) | I
— p2(x)

Me Korea Institute for
41 Kljs Advanced Study




Another Conceptual Motivation

 RKHS representation

_ _ M Korea Institute for
3 A= LA
&) Hanyang University 42 KIZ> Advanced Study




Use Means in RKHS as Prototypes

 RKHS representation

x x 2 P(x)

/\
R 00 X
X e @

@
1 & 1
p1(x) —p2(x) = o(x) T {E Do) -5 ), oxi)
i=1
— gb(x)—r {m1 — m2} N, - N, A
Hanyang University 43 KIW‘S Korea Institute for
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Change the Prototypes to Reduce Bias

RKHS

KIHS Korea Institute for

Hanyang University 44 Korea Institute



Change the Prototypes to Reduce Bias

KIHS Korea Institute for
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Quick Summary

with fixed ¢

 Functionals
methods wit

— Must NOT
— Find an a

using
N fixeo
- Use

* Functionals using kernel density estimation
with fixed h, and k-nearest neighbor methods

— Use plug-in method and treat the BIAS!

K-nearest neighbor
K

nlug-in method

ppropriate non-plug-in method
and treat the bias too.

gax) Hanyang University

Mc Korea Institute for
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Summary

« Nearest neighbor distance is useful
iInformation.

« Bias (not variance) is the property that should
be tackled in high-dimensional space.

* Nearest neighbors are nontrivial.

My work, partly included 1n this tutorial, was jointly conducted with
Daniel D. Lee, Masashi Sugiyama, Sangwoong Yoon, Iljung Kim,
and many others.

Kil's Korea Institute for
Advanced Study
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THANK YOU

Yung-Kyun Noh
nohyung@hanyang.ac.kr

{@a) Hanyang University
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