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Setup: Data driven discovery of dynamics

 Learning a dynamical system (strong form)
5(t) = F(2(t)), t >0, 2(0) = 2o
where F' is unknown.

* Goal: Approximate F' by a neural network Fyy using trajectory data

{(to,zg‘“)), (t1, 2(t1, 28)), ... . (tN,z(tN,zE}k)))} k=1,.. K

e Given NN parameter 6, generate trajectories from 2(t) = Fnn(2(%);0)
{(to, 287), (t1, 2en (01, 20)), -, (b, 2o (tn, 2N | B =1, K

e Loss functional
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Setup: Data driven discovery of dynamics

 Learning a dynamical system (strong form)
z(t) = F(z(t)), t > 0, 2(0) = zo

where F' is unknown.

e Loss functional
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* Challenge: Inaccuracy with noisy data

2w (ti, 207) = 2(ti1, 20”) + AtFan(2(tio1, 25, 6)



Setup: Data driven discovery of dynamics

 Learning a dynamical system (strong form)

F(z(t)), t >0, z(0) = 2z
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Setup: Data driven discovery of dynamics (weak form)

 Learning a dynamical system (weak form)
T T
| zo,0dt = [ Fe@s,0d =1,

where F' is unknown, @; is absolutely continuous test function.
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Setup: Data driven discovery of dynamics (weak form)

 Learning a dynamical system (weak form)

—/ zgésj(t)dtzf Flz(0)p;(t)dt, j=1,...,7
0 0

where F' is unknown, @; is an absolutely continuous test function.
* Goal: Approximate F' by a neural network I\ using trajectory data
{(to,287), (b1, 2(t1,28)), .. (tw, 2w, 207N | B =1, K

e Loss functional based on the discretization of

_ / (1), (t)dt — / Fan(2(0))e; (0)dt|, G =1,...,7
0 0

 Wishlist: Noise in Z averaged out with the integrations.
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 Learning a dynamical system (weak form)
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0 0

where F' is unknown, @; is an absolutely continuous test function.
* Goal: Approximate F' by a neural network I\ using trajectory data
{(to,287), (b1, 2(t1,28)), .. (tw, 2w, 207N | B =1, K

e Loss functional based on the discretization of

_ / (1), (t)dt — / Fan(2(0))e; (0)dt|, G =1,...,7
0 0

e Question: How do we model FyN?



Setup: Data driven discovery of dynamics (weak form)

 Learning a dynamical system (weak form)

—/ zgésj(t)dtzf Flz(0)p;(t)dt, j=1,...,7
0 0

where F' is unknown, @; is an absolutely continuous test function.
* Goal: Approximate F' by a neural network I\ using trajectory data
{(to,287), (b1, 2(t1,28)), .. (tw, 2w, 207N | B =1, K

e Loss functional based on the discretization of

_ / (1), (t)dt — / Fan(2(0))e; (0)dt|, G =1,...,7
0 0

e Question: How do we model FNN? Physics! (Thermodynamics)



GENERIC formalism (Strong form)

 The General Equation for Non-Equilibrium Reversible-Irreversible Coupling (GENERIC)
formalism (Ottinger HC. 2005)

z2(t) = L(z)VE(z) + M(2)VS(z)
subjectto (1) L(2)VS(z) =0 (2) M(2)VE(z)=0
(3) L=-L" (4) M is symmetric positive semidefinite

- E, S: R4 — R : Total energy and entropy of the system
- L: R? — R4%4: pojsson matrix, skew-symmetric,

- M:R? — R4%4: Friction matrix, symmetric and positive semi-definite

 AllfunctionsE, S, L and M are modeled by NNs (GFINNs, Zhang at al. 2022)
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GENERIC formalism (Strong form)

 The General Equation for Non-Equilibrium Reversible-Irreversible Coupling (GENERIC)
formalism (Ottinger HC. 2005)

z2(t) = L(z)VE(z) + M(2)VS(z)

subjectto| (1) L(2)VS(z) =0 (2) M(z)VE(z)=0

(3) L=—-L" (4) M is symmetric positive semidefinite

- E, S: R4 — R : Total energy and entropy of the system
- L: R? — R4%4: pojsson matrix, skew-symmetric,

- M:R? — R4%4: Friction matrix, symmetric and positive semi-definite

 Degeneracy conditions guarantee the first & second laws of thermodynamics
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GENERIC Formalism Informed Neural Networks (GFINNSs)

Zhang, Shin, karniadakis, Philosophical Transaction of the Royal Society A 380 (2229), 20210207

OSNN

GFINNs comprise of Exn(z), Sxn(2), Lnn(2), M~ (2) (1) Lnn 2 (2) =0
a) Satisfy degeneracy conditions (1)-(4) (2) Myn OENN (z) =0
b) Remain expressive enough (universal approximation) 0z

(3) Lnn = —Lyy
GFINN(z;0) = Lnn(2)VENN(2) + Mnn(2) VSN (2) (4) Myn is S.P.S.D

Input: z VSnN(Z) Skew-symmetric matrices Output: Lyn(2)
d 0 = O O
O—DO_p - Qs(z) -}@) : '

. . c Réxd . '
_ . I O - O
= Rdxd € RdXd
Q O Fully Connected

er € R? QQQ

- BI{J'N(Z) ——

00-C

€ IRH] € an (= R"L




GENERIC formalism (Weak form)

*  For some function @ smooth enough, we have
b

[ 2ot dt = [ LE)TEEDO® + MEO)TSEOWOE (%)

a

subjectto (1) L(2)VS(z) =0 (2) M(z)VE(z)=0

(3) L=—-L" (4) M is symmetric positive semidefinite

*  WGFINNs (Weak GFINNs): All functions E, S, L and M are modeled by NNs like
GFINNSs, butin the loss, the weak form () is used.

* Wishlist: Due to the averaging effect of integral, WGINNs handle noisy data better
than GFINNs.
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Test functions

1.0 - 1.0
0.8
0.8 0.8 -
0.6
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0.4
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0.2 1 - 0.2
0.0 i 0.0
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 oy " 02 s e o os 7800 7.825 7.850 7.875 7.900 7.925 7950 7.975

 For each subinterval [a,b], we consider the test function

C(t—a)?(b—1t)? t € |a,b,
0 otherwise,

(t) =

where (a,b) C t x t satisfies a < b and p,q > 1.



Two gas containers exchanging heat and volume
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- Goal: Given 80 training trajectories, predict trajectories with new initial conditions



Noise-free case: Losses and Prediction errors from 5 simulations

Training losses for GFINNs and WGFINNs
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Predictions with smallest losses

Noise-free case
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5%-noise case: Losses and Prediction errors from 5 simulations

Training losses for GFINNs and WGFINNs Prediction errors for GFINNs and WGFINNs
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Predictions with smallest losses
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10%-noise case: Losses and Prediction errors from 5 simulations
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Predictions with smallest losses

-NOISe CasSe

10%

[}
=
=
T
&)

0.75
0.50 -
0.25

WGFINNs o200



Thermoelastic double pendulum

SATIY

q; ) Do
p1| |- (Br+E2) | OE(x) dS(x)
1?2 B _%(El + Es) | b= ox + M) ox
S1 T1_1T2 —1
\$:) \ mrt-1 }
Figure 1. Model problem: a double thermoelastic pendulum. A]_ o ” ql || ) A]. ey ||q2 e q]_ “

r = (Q17q27p17p2781752) = Rlo

Position, momentum of ith mass, entropy of ith spring

- Goal: Given 80 training trajectories, predict trajectories with new initial conditions



Noise-free case: Losses and Prediction errors from 5 simulations
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Noise-free case: Predictions with smallest losses
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5%-noise case: Losses and Prediction errors from 5 simulations

Training losses for GFINNs and WGFINNSs Prediction errors for GFINNs and WGFINNs
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* Qverfitting issue should be resolved



5%-noise case: Predictions with smallest losses
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Conclusions

 We considered discovering underlying thermodynamics via GENERIC formalism using
trajectory data and NN model.

 Weak-from based loss functional is utilized to handle noisy data (WGFINNSs)

 Weak-from GFINNs outperforms GFINNs due to the effect of averaging out the noise

 Future works: Further enhancing the accuracy of the approximations



Thank you

Jun Sur Richard Park: junsurpark@kias.re.kr
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