
Polar Order in Active Ising Model

Jae Dong Noh (University of Seoul) 

East Asia Joint Seminars on Statistical Physics 2025  (KIAS, Oct. 14-17 2025)



Motility-Induced Pinning in Flocking System with Discrete Symmetry

Chul-Ung Woo and Jae Dong Noh
Department of Physics, University of Seoul, Seoul 02504, Korea

(Received 15 March 2024; accepted 26 September 2024; published 28 October 2024)

We report a motility-induced pinning transition in the active Ising model for a self-propelled particle
system with discrete symmetry. This model was known to exhibit a liquid-gas type flocking phase
transition, but a recent study reveals that the polar order is metastable due to droplet excitation. Using
extensive Monte Carlo simulations, we demonstrate that, for an intermediate alignment interaction
strength, the steady state is characterized by traveling local domains, which renders the polar order short-
ranged in both space and time. We further demonstrate that interfaces between colliding domains become
pinned as the alignment interaction strength increases. A resonating back-and-forth motion of individual
self-propelled particles across interfaces is identified as a mechanism for the pinning. We present a
numerical phase diagram for the motility-induced pinning transition, and an approximate analytic theory
for the growth and shrink dynamics of pinned interfaces. Our results show that pinned interfaces grow to a
macroscopic size preventing the polar order in the regime where the particle diffusion rate is sufficiently
smaller than the self-propulsion rate. The growth behavior in the opposite regime and its implications on the
polar order remain unresolved and require further investigation.
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Introduction—Active matter, consisting of self-propelled
particles (SPPs), displays intriguing collective phenomena
[1,2]. SPPs, such as migrating cellular organisms [3–5],
swarming animals [6–11], synthetic materials [12–15], and
so on, convert internal or external energy into kinetic
motion. The self-propulsion distinguishes active matter
from thermal equilibrium systems. When SPPs interact
through local velocity alignment, they can exhibit long-
range polar order with broken continuous symmetry, even
in two dimensions [16,17]. This is in contrast to thermal
equilibrium systems, where the Mermin-Wagner theorem
prohibits such ordering [18]. Repulsive interactions among
SPPs can lead to a phase separation, whereas attractive
interactions would be necessary in thermal equilibrium
systems [19–22]. Active matter systems incorporating other
elements, such as discrete symmetry [23–30], multiple
species [31–33], and quenched disorder [34–37], have been
attracting growing interest.
The Vicsek model is a well-established model for the

flocking transition [16]. It comprises SPPs whose self-
propulsion direction is represented by a continuousXY spin
variable. Both a field-theoretic renormalization group study
[17,38] and extensive numerical simulations confirm that
the model indeed exhibits the long-range polar order [39–
45]. The active Ising model (AIM) is a discrete version of
the Vicsek model [24,25]. As a discrete model, it enables
large scale numerical simulations and facilitates an ana-
lytically tractable hydrodynamic theory [40,46,47]. The
system has been known to exhibit a liquid-gas type phase
transition between a disordered (gas) phase and a polar
ordered (liquid) phase. These phases are separated by a

coexistence phase where particles are phase separated into
gas and liquid regions. The liquid region forms a macro-
scopic band traveling over the gaseous background. The
liquid-gas transition picture has also been confirmed in the
Vicsek model with a modification that macrophase sepa-
ration is replaced with microphase separation in the
coexistence phase [48].
Recent studies have revealed the fragility of the long-

range polar order in active matter systems. In the Vicsek
model, a single pointlike obstacle or a finite counter-
propagating blob can disrupt the global polar order [49].
The AIM exhibits even greater fragility [50]. When the
system is prepared in an ordered state, droplets sponta-
neously nucleate and counterpropagate at a constant speed,
ultimately destroying the initial polar order. These findings
raise an interesting question: Does the long-range polar
order truly exist in the active matter systems with discrete
symmetry? If not, what would be the asymptotic phase?
This Letter addresses those questions specifically in the

context of the AIM. We demonstrate numerically that both
the ordered and the coexisting states in the liquid-gas
transition scenario ultimately evolve to a state consisting of
randomly oriented finite-size traveling droplets, rendering
the polar order short-ranged in both space and time.
Interestingly, we discover as the alignment interaction
strength increases further, the system undergoes a “motil-
ity-induced pinning” (MIP) transition instead of the
expected liquid-gas transition. In the pinned phase, inter-
faces between domains oriented in opposite directions
become immobile. Individual particles accumulate near
these interfaces and exhibit a back-and-forth resonating
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Active matter
Self-propelled particles can move by consuming energy. 
ex) cytoskeleton (actin, microtubule, …), unicellular organisms (bacteria), 
animals (fish schools, bird flocks, …), synthetic materials (Janus particles, 
robots, …)
Motility is a relevant parameter
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Continuous vs Discrete Symmetry

r0

θi(t + 1) = Arg∑
j∼i

eiθj(t) + πηi(t)
velocity alignment

ri(t + 1) = ri(t) + v0n(θi(t + 1))
self-propulsion

Vicsek model
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A simple model with a novel type of dynamics is introduced in order to investigate the emergence

of self-ordered motion in systems of particles with biologically motivated interaction. In our model
particles are driven with a constant absolute velocity and at each time step assume the average direction
of motion of the particles in their neighborhood with some random perturbation (g) added. We present
numerical evidence that this model results in a kinetic phase transition from no transport (zero average
velocity, ~v, ( = 0) to finite net transport through spontaneous symmetry breaking of the rotational
symmetry. The transition is continuous, since ~v, ~

is found to scale as (71, —g)t with p = 0.45.
PACS numbers: 87.10.+e, 64.60.—i

One of the most interesting aspects of many particle
systems is that they exhibit a complex cooperative behav-
ior during phase transition [1]. This remarkable feature
of equilibrium systems has been studied in great detail for
the last couple of decades leading to a deeper understand-
ing of processes which may take place in an assembly of
interacting particles. Concepts like scaling, universality,
and renormalization have resulted in a systematic picture
of a wide range of systems in physics [1,2].
Recently, there has been an increasing interest in the

rich behavior of systems which are far from equilibrium.
Processes such as aggregation, viscous fIows, or biologi-
cal pattern formation have been shown to involve scaling
of the related geometrical and dynamic quantities char-
acterizing these phenomena [3,4]. As a further similarity
with equilibrium systems, the existence of phase transition
type behavior has also been demonstrated in several inves-
tigations of growth processes [5—8]. These analogies with
the basic features of equilibrium systems have represented
a particularly important contribution to the understanding
of the complex behavior of nonequilibrium processes.
In this work we introduce a model with a novel type

of dynamics in order to investigate clustering, transport,
and phase transition in nonequilibrium systems where the
velocity of the particles is determined by a simple rule
and random fluctuations. The only rule of the model
is at each time step a given particle driven with a
constant absolute velocity assumes the average direction
of motion of the particles in its neighborhood of radius r
with some random perturbation added. We show using
simulations that, in spite of its simplicity, this model
results in a rich, realistic dynamics, including a kinetic
phase transition from no transport to finite net transport
through spontaneous symmetry breaking of the rotational
symmetry.
In this sense our model is a transport related, nonequi-

librium analog of the ferromagnetic type of models, with
the important difference that it is inherently dynamic: The

elementary event is the motion of a particle between two
time steps. Thus the analogy can be formulated as fol-
lows: The rule corresponding to the ferromagnetic inter-
action tending to align the spins in the same direction, in
the case of equilibrium models, is replaced by the rule of
aligning the direction of motion of particles in our model
of cooperative motion. The level of random perturbations
we apply are in analogy with the temperature.
Beyond the above aspects, the proposed model

is interesting because of possible applications in a
wide range of biological systems involving clus-
tering and migration. Biological subjects have the
tendency to move as other subjects do in their neigh-
borhood [9]. In addition to such trivial examples as
schools of fish, herds of quadrupeds, or Rocks of Hying
birds, our model can be applied to the less known phe-
nomena during bacterial colony growth [10]. There are
bacteria (e.g., a strain of Bacillus Subtilis) which exhibit
cooperative motion in order to survive under unfavorable
conditions. The present model, with some modifications,
is already capable of reproducing the main observed
features of the motion (collective rotation and llocking)
of bacteria [10]. Other biologically motivated, recent
theoretical investigations of clustering, aggregation, and
orientational order in systems with diffusing directed
objects have concentrated on the possible spatial patterns
arising from an integro-differential equation approach and
from cellular automata type models [11].
Furthermore, we expect that our model can be used

to interpret the results of experiments on clustering and
convection in a system of disks floating on air table
[12]. These experiments represent a physically motivated
possible application of the present model, since they
are being carried out in order to understand the How
of granular materials under specific conditions. We are
aware that two groups are working on developing models
similar to ours in order to interpret these air table
experiments [13].
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We consider an active Ising model in which spins both diffuse and align on lattice in one and two

dimensions. The diffusion is biased so that plus or minus spins hop preferably to the left or to the right,

which generates a flocking transition at low temperature and high density. We construct a coarse-grained

description of the model that predicts this transition to be a first-order liquid-gas transition in the

temperature-density ensemble, with a critical density sent to infinity. In this first-order phase transition,

the magnetization is proportional to the liquid fraction and thus varies continuously throughout the phase

diagram. Using microscopic simulations, we show that this theoretical prediction holds in 2D whereas the

fluctuations alter the transition in 1D, preventing, for instance, any spontaneous symmetry breaking.

DOI: 10.1103/PhysRevLett.111.078101 PACS numbers: 87.18.Gh, 05.65.+b, 45.70.Vn

Active matter systems are driven out of equilibrium by
the injection of energy at the single particle level [1–4].
This microscopic breakdown of detailed balance results
in a wide range of phenomena that have aroused the
interest of physicists, from bacterial ratchets [5–8] to
self-propelled clusters [9–11]. Furthermore, this rich
phenomenology is often captured by simple models. For
instance, simple flocking models account for the patterns
found in motility assays [12,13] while bacterial clustering
was successfully modeled using self-propelled rods [14].

Nevertheless, despite the successful description of many
experiments, a full understanding of the underlying mecha-
nisms sometimes remains elusive. For instance, even though
the flocking transition is a central feature of active matter,
it remains one of the most debated questions in the field.
In their seminal work, Vicsek and co-workers [15] showed
that self-propelled particles that align locally can exhibit a
transition to long-range order in 2D. Initially thought to be
continuous [15], this transition was later shown to be first
order using large scale simulations and a finite size scaling
akin to that of magnetic phase transitions [16]. Many works
were also devoted to nematic [17–19] or metric-free inter-
actions [20], the latter yielding a continuous transition [21].
Flocking models were also studied in 1D [22,23] where,
surprisingly, the transition was found to be critical.

Obtaining conclusive numerical evidence for flocking
models is notoriously difficult due to strong finite-size
effects and the lack of a theoretical framework to analyze
them. In parallel to numerical studies, much effort was thus
devoted to construct such an analytical description of the
flocking transition. While the Vicsek model (VM) is among
the simplest to simulate, it is one of the hardest to coarse
grain, being defined off lattice, in discrete time and involv-
ing manybody interactions. Many approaches were thus
either phenomenological [24–26] or focused on simpler
models [27], and progress is slower for the VM [28]. Lots
of effort was also devoted to the nematic case [29–31] or to
topologic interactions [30,32]. The existence of long-range

order in 2D for polar alignment was established [24] but
progress is difficult since the coarse-grained equations are
hard to solve. Most analytical studies were thus restricted
to the linear stability analysis of homogeneous solutions or
the simulation of continuous equations [25–27]. While non-
linear profiles for a model with nematic alignment could
be computed explicitly [30], closed analytical solutions
are still missing for polar models despite recent progress
[25,27,28]. All in all, despite the important progresses made
during the last few years, a unifying theoretical framework
of the flocking transition is still missing.
We present below a tentative step in this direction

through the introduction of a microscopic lattice model
with discrete symmetry, which is much simpler to study
numerically and analytically than traditional flocking mod-
els. By bridging micro and macro, we show the transition
of our model to amount to a standard liquid-gas transition
in the canonical ensemble with an infinite critical density.
This sheds new light on the finite-size scaling of the tran-
sition and predicts the order parameter to vary continuously
in the temperature-density plane, in the thermodynamic
limit. Furthermore, we show that there is no critical tran-
sition in 1D, where fluctuations strongly alter the transition.
We consider N particles carrying Ising spins s ! "1 on

a 1D lattice of L sites. Each particle hops at rateDð1þ s"Þ
and Dð1& s"Þ to its right and left neighboring site. (In
higher dimensions, the hopping rates are symmetric in all
but one directions.) There is no exclusion between particles
and we note n"i the numbers of" spins on site i so that the
local densities and magnetizations are given by !i ! nþi þ
n&i andmi ! nþi & n&i . The particles also align their spins:
on site i each spin s flips at rate expð&smi=T!iÞ where the
temperature T plays a role similar to the orientational noise
in the VM [16]. When D ! 0, the system thus amounts to
Ld independent fully connected Ising models. WhenD> 0
and " ! 0, three different configurations are typically
observed (see Fig. 1): at low temperature a uniform ordered
phase, at high temperature a uniform disordered phase,
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orientational noise, the system can be in two “pure” states:
a disordered gas or an ordered liquid, the latter leading to a
collective migration of all particles to the left or to the right.
When constraining the system’s density to lie between two
“spinodal lines,” no homogeneous phase can be observed and
the system phase separates, with an ordered traveling liquid
band coexisting with a disordered gas background. A key
difference with the usual equilibrium liquid-gas transition is
that liquid and gas have different symmetries; a supercritical
region is thus prohibited since one has to break a symmetry to
take the system from a gas to a liquid state, which explains the
atypical shape of the phase diagram.

In Sec. IV, we complement our numerical approach by
deriving a set of hydrodynamic equations for the dynamics
of the local density and magnetization fields. Interestingly,
a simple mean-field theory wrongly predicts a continuous
transition, failing to account for the phase-separated profiles. A
refined mean-field model, taking into account the fluctuations
of the density and magnetization fields, reproduces qualita-
tively the phenomenology of the AIM. In Sec. V, we use
the hydrodynamic equations to compute at large densities the
shape of the phase-separated profiles, the coexisting densities,
and the velocity of the liquid domain and account for the
finite-size scalings observed in the microscopic model. Finally,
we argue in Sec. VI in favor of the robustness of our results by
considering an off-lattice version of the model and different
boundary conditions.

II. DEFINITION OF THE MODEL

We consider N particles moving on a 2D lattice of Lx × Ly

sites with periodic boundary conditions. Each particle carries a
spin ±1 and there are no excluded volume interactions between
the particles: There thus can be an arbitrary number n±

i of
particles with spins ±1 on each site i ≡ (i1,i2). The local
densities and magnetizations are then defined as ρi = n+

i + n−
i

and mi = n+
i − n−

i . We consider a continuous-time Markov
process in which particles can both flip their spins and hop
to neighboring lattice sites at rates that depend on their spins
(see Fig. 1). The hopping and flipping rates, detailed in the
next subsections, are such that our model is endowed with
self-propulsion and interparticle alignment, hence consituting
a flocking model with discrete symmetry.

A. Alignment: Fully connected Ising models

A particle with spin s on site i flips its spin at rate

W (s → −s) = γ exp
(

−sβ
mi

ρi

)
, (1)

FIG. 1. (Color online) Sketch of the two possible actions and
their rates of occurrence. The ferromagnetic interaction between
particles is purely on site and particles diffuse freely. Beyond the
biased diffusion shown here, particles also hop symmetrically up or
down, with equal rates D in both directions.

where β = 1/T plays the role of an inverse temperature. These
rates satisfy detailed balance with respect to an equilibrium
distribution P ∝ exp[−βH ], where H is the sum over the
LxLy lattice sites of the Hamiltonians of fully connected Ising
models:

H = −
∑

sites i

1
2ρi

ρi∑

j=1

∑

k &=j

Si
j S

i
k = −

∑

sites i

[
m2

i

2ρi

− 1
2

]
. (2)

The first sum runs over the lattice site index i = (i1,i2) and the
next two over the particles j,k present on site i, and Si

j = ±1
is the value of spin j . (The factor 1/2 simply avoids double
counting.) The rate γ can always be absorbed in a change of
time unit so we take γ = 1, silently omitting it from now on.

This interaction is purely local: Particles only align with
other particles on the same site and, without particle hopping,
the model amounts to L2 independent fully connected Ising
models. The factor 1/ρi in W makes the Hamiltonian H
extensive with N and keeps the interaction rates bounded:
the rate W (s → −s) at which a particle of spin s flips its spin
varies between exp(−β) if all the other particles on the same
site have spins s to exp[β(1 − 2/ρi)] if they all have spins −s.

B. Self-propulsion: Biased diffusion

Particles also undergo free diffusion on the lattice, with a
left or right bias depending on the sign of their spins: A particle
with spin s hops with rate D(1 + sε) to its right, D(1 − sε)
to its left, and D in both the up and down directions. There is
thus a mean drift, which plays the role of self-propulsion, with
particles of spins ±1 moving along the horizontal axis with an
average velocity ±2Dε.

The model is designed to have the self-propulsion entering
in a minimal and tunable way through the parameter ε.
Importantly, the limit of vanishing self-propulsion ε → 0 is
well defined because the spins still diffuse on the lattice.
This dynamics should thus allow us to interpole continuously
between “totally self-propelled” (ε = 1), self-propelled (ε ∈
]0,1[), weakly self-propelled (ε ∼ 1/L), and purely diffusive
(ε = 0) particles.

This differs from the Vicsek model where the zero-velocity
limit corresponds to immobile particles undergoing an equi-
librium dynamics resembling that of the XY model, with a
quenched disorder on the bonds (only particles closer than a
fixed distance interact).

Let us note, however, that even when ε = 0 the model is
not at equilibrium, i.e., it does not satisfy detailed balance
with respect to any distribution. This is easily shown using
Kolmogorov’s criterion [27]. In Fig. 2, we exhibit a loop of four
configurations such that the products of the transition rates for
visiting the loop in one order, C1 → C2 → C3 → C4 → C1, and
the reverse order differ, whence a violation of detailed balance.
To make the ε = 0 limit an equilibrium dynamics, one strategy
could be to choose hopping rates satisfying detailed balance
with respect to the Hamiltonian H defined in Eq. (2), replacing
D by D exp(−β%H/2). The steady-state distribution would,
however, be factorized and not very interesting. An alternative
would be to further add nearest-neighbor interactions to (2) but
we have not followed this cumbersome path here. Actually, as
we show in Sec. III B, this microscopic irreversibility when
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orientational noise, the system can be in two “pure” states:
a disordered gas or an ordered liquid, the latter leading to a
collective migration of all particles to the left or to the right.
When constraining the system’s density to lie between two
“spinodal lines,” no homogeneous phase can be observed and
the system phase separates, with an ordered traveling liquid
band coexisting with a disordered gas background. A key
difference with the usual equilibrium liquid-gas transition is
that liquid and gas have different symmetries; a supercritical
region is thus prohibited since one has to break a symmetry to
take the system from a gas to a liquid state, which explains the
atypical shape of the phase diagram.

In Sec. IV, we complement our numerical approach by
deriving a set of hydrodynamic equations for the dynamics
of the local density and magnetization fields. Interestingly,
a simple mean-field theory wrongly predicts a continuous
transition, failing to account for the phase-separated profiles. A
refined mean-field model, taking into account the fluctuations
of the density and magnetization fields, reproduces qualita-
tively the phenomenology of the AIM. In Sec. V, we use
the hydrodynamic equations to compute at large densities the
shape of the phase-separated profiles, the coexisting densities,
and the velocity of the liquid domain and account for the
finite-size scalings observed in the microscopic model. Finally,
we argue in Sec. VI in favor of the robustness of our results by
considering an off-lattice version of the model and different
boundary conditions.

II. DEFINITION OF THE MODEL

We consider N particles moving on a 2D lattice of Lx × Ly

sites with periodic boundary conditions. Each particle carries a
spin ±1 and there are no excluded volume interactions between
the particles: There thus can be an arbitrary number n±

i of
particles with spins ±1 on each site i ≡ (i1,i2). The local
densities and magnetizations are then defined as ρi = n+

i + n−
i

and mi = n+
i − n−

i . We consider a continuous-time Markov
process in which particles can both flip their spins and hop
to neighboring lattice sites at rates that depend on their spins
(see Fig. 1). The hopping and flipping rates, detailed in the
next subsections, are such that our model is endowed with
self-propulsion and interparticle alignment, hence consituting
a flocking model with discrete symmetry.

A. Alignment: Fully connected Ising models

A particle with spin s on site i flips its spin at rate

W (s → −s) = γ exp
(

−sβ
mi

ρi

)
, (1)

FIG. 1. (Color online) Sketch of the two possible actions and
their rates of occurrence. The ferromagnetic interaction between
particles is purely on site and particles diffuse freely. Beyond the
biased diffusion shown here, particles also hop symmetrically up or
down, with equal rates D in both directions.

where β = 1/T plays the role of an inverse temperature. These
rates satisfy detailed balance with respect to an equilibrium
distribution P ∝ exp[−βH ], where H is the sum over the
LxLy lattice sites of the Hamiltonians of fully connected Ising
models:

H = −
∑

sites i

1
2ρi

ρi∑

j=1

∑

k &=j

Si
j S

i
k = −

∑

sites i

[
m2

i

2ρi

− 1
2

]
. (2)

The first sum runs over the lattice site index i = (i1,i2) and the
next two over the particles j,k present on site i, and Si

j = ±1
is the value of spin j . (The factor 1/2 simply avoids double
counting.) The rate γ can always be absorbed in a change of
time unit so we take γ = 1, silently omitting it from now on.

This interaction is purely local: Particles only align with
other particles on the same site and, without particle hopping,
the model amounts to L2 independent fully connected Ising
models. The factor 1/ρi in W makes the Hamiltonian H
extensive with N and keeps the interaction rates bounded:
the rate W (s → −s) at which a particle of spin s flips its spin
varies between exp(−β) if all the other particles on the same
site have spins s to exp[β(1 − 2/ρi)] if they all have spins −s.

B. Self-propulsion: Biased diffusion

Particles also undergo free diffusion on the lattice, with a
left or right bias depending on the sign of their spins: A particle
with spin s hops with rate D(1 + sε) to its right, D(1 − sε)
to its left, and D in both the up and down directions. There is
thus a mean drift, which plays the role of self-propulsion, with
particles of spins ±1 moving along the horizontal axis with an
average velocity ±2Dε.

The model is designed to have the self-propulsion entering
in a minimal and tunable way through the parameter ε.
Importantly, the limit of vanishing self-propulsion ε → 0 is
well defined because the spins still diffuse on the lattice.
This dynamics should thus allow us to interpole continuously
between “totally self-propelled” (ε = 1), self-propelled (ε ∈
]0,1[), weakly self-propelled (ε ∼ 1/L), and purely diffusive
(ε = 0) particles.

This differs from the Vicsek model where the zero-velocity
limit corresponds to immobile particles undergoing an equi-
librium dynamics resembling that of the XY model, with a
quenched disorder on the bonds (only particles closer than a
fixed distance interact).

Let us note, however, that even when ε = 0 the model is
not at equilibrium, i.e., it does not satisfy detailed balance
with respect to any distribution. This is easily shown using
Kolmogorov’s criterion [27]. In Fig. 2, we exhibit a loop of four
configurations such that the products of the transition rates for
visiting the loop in one order, C1 → C2 → C3 → C4 → C1, and
the reverse order differ, whence a violation of detailed balance.
To make the ε = 0 limit an equilibrium dynamics, one strategy
could be to choose hopping rates satisfying detailed balance
with respect to the Hamiltonian H defined in Eq. (2), replacing
D by D exp(−β%H/2). The steady-state distribution would,
however, be factorized and not very interesting. An alternative
would be to further add nearest-neighbor interactions to (2) but
we have not followed this cumbersome path here. Actually, as
we show in Sec. III B, this microscopic irreversibility when
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Liquid-Gas Transition

and phase-separated profiles in between, with narrow inter-
faces connecting ordered high density bands (!i ’ !h,
mi ’ mh ! 0) to disordered homogeneous backgrounds
(!i ’ !‘, mi ’ 0). These profiles are all long-lived in finite
systems even though their stability in the thermodynamic
limit depends on the number of spatial dimensions. Let us
now show how a simple theoretical framework can be
constructed to account for the phase diagram of Fig. 1.

Previous coarse-graining approaches often relied
on factorization approximation of kinetic equations
[27,29,33,34]. On a 1D lattice, this amounts to a mean-
field approximation: fðhn"i iÞ ¼ hfðn"i Þi, which may be
quantitatively wrong but often captures phase diagrams
exactly [35,36]. Introducing x ¼ i=L, v ¼ 2D"=L, ~D ¼
D=L2, and " ¼ T%1, the mean-field dynamics of the
coarse-grained fields !ðxÞ¼ h!ii andmðxÞ ¼ hmii is given,
in the large L limit, by

_! ¼ ~D@xx!% v@xm (1)

_m ¼ ~D@xxm% v@x!þ 2! sinh
"m

!
% 2m cosh

"m

!
: (2)

In higher dimensions @xx becomes a Laplacian !, and we
use this more general form hereafter.

Looking for the onset of a flocking transition, we
linearize the dynamics for m ' !, which yields [37]

_m ¼ ~D!m% v@x!þ 2mð"% 1Þ % #
m3

!2 (3)

where # ¼ "2½1% ð"=3Þ). The line " ¼ 1 separates the
linear stability regions of homogeneous ordered and dis-
ordered profiles while simulations of Eqs. (1) and (2) never
show stable phase-separated profiles [38]. The mean-field

approximation thus predicts a continuous transition from
m * ð1=LÞPimi ¼ 0 to m ¼ m0ð"Þ at "c ¼ 1, in contra-
diction with Fig. 1. As often [39,40], the mean-field ap-
proximation is only valid for ! ! 1; for finite densities we
thus expand the mean-field critical temperature to include
1=! corrections [41,42] and use"c * 1þ ðr=!Þ in Eq. (3):

_m ¼ ~D!m% v@x!þ 2m
!
"% 1% r

!

"
% #

m3

!2 : (4)

The phase diagram corresponding to Eqs. (1) and (4),
which form our refined mean-field model (RMFM), is
presented in the top-right corner of Fig. 1. When T < 1,
homogeneous disordered (resp. ordered) profiles are always
linearly stable at low enough density !0 < !1 (resp. high
enough density !0 > !2). Since !1 < !2, there is a finite
intermediate region [!1, !2] where neither homogeneous
profiles are stable. In this region, the system separates into
two homogeneous phases connected with sharp fronts: a
disordered region with low density !‘ < !1 and an ordered
region with high density !h > !2 and mh ! 0.
Propagating shocks can be computed analytically when

" is close to 1 by linearizing Eq. (4) around the density
!1 ¼ r=ð"% 1Þ at which the homogeneous disordered
profile becomes linearly unstable. We first solve Eq. (1),
by neglecting the diffusion term in a reference frame
moving at speed c, to get ! as a function of m:

!ðrÞ ¼ !‘ þ
v

c
mðrÞ: (5)

Equations (4) and (5) then yields for m

~D!mþc
!
1%v2

c2

"
@xmþ$

#
!l%!1þ

v

c
m
$
m%#

m3

!2
1

¼0

(6)

where $ ¼ 2r=!2
1. Looking for ascending (qþ > 0) and

descending (q% < 0) front solutions

mðrÞ ¼ mh

2
½1þ tanhðq"xÞ) (7)

one gets

c¼ v; q" ¼"mh

ffiffiffiffi
#

p
ffiffiffiffiffiffiffi
8 ~D

p
!1

; mh ¼
4r

3#
; !‘ ¼ !1%

4r

9#
:

(8)

Such solutions are consistent with our approximations since
½ð!% !1Þ=!1) ' 1 and ~D!! ' v@x! when " ! 1 [42].
In this regime, Eqs. (5)–(8) and simulations of the RMFM
yield the same profiles and band velocities. For larger ",
the ~D!! term makes fore and rear fronts asymmetric and
c > v: the flocks fly faster than the birds [42].
Since !‘, !h, andmh do not depend on !0, increasing the

density at fixed temperature only increases the width of
the high-density bands. In the thermodynamic limit, phase
separated profiles can be seen from !‘ to !h. One always
has !‘ < !1 < !2 < !h so that clusters and homogeneous
profiles are linearly stable when !0 2 ½!‘;!1) [ ½!2;!h).

FIG. 1 (color online). Top left: Phase diagram in 2D with
ordered liquid (L), disordered gas (G), and coexistence region
(Gþ L). The red and blue lines correspond to low and high
densities of phase separated profiles; they enclose the region
where such profiles can be seen.D ¼ 1, % ¼ 0:9, L ¼ 300, !0 ¼
N=L. Bottom: Snapshots of the different profiles averaged over
the transverse direction. Top right: Phase diagram predicted by
the RMFM. In addition to !h and !‘, black and green dashed
spinodal lines signal the loss of linear stability of the homoge-
neous profiles. D ¼ v ¼ r ¼ 1.
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We show that the flocking transition in the Vicsek model is best understood as a liquid-gas transition,
rather than an order-disorder one. The full phase separation observed in flocking models with Z2 rotational
symmetry is, however, replaced by a microphase separation leading to a smectic arrangement of traveling
ordered bands. Remarkably, continuous deterministic descriptions do not account for this difference, which
is only recovered at the fluctuating hydrodynamics level. Scalar and vectorial order parameters indeed
produce different types of number fluctuations, which we show to be essential in selecting the
inhomogeneous patterns. This highlights an unexpected role of fluctuations in the selection of flock shapes.
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Many of the phenomena heretofore only invoked to
illustrate the many facets of active matter are now being
investigated in careful experiments, and more and more
sophisticated models are built to account for them. For
flocking alone, by which we designate the collective motion
of active agents, spectacular results have been obtained on
both biological systems [1–9] and man-made self-propelled
particles [10–12]. Nevertheless, it is fair to say that the
current excitation about flocking takes place while our
understanding of the simplest situations remains unsatisfac-
tory. This is true even for idealized self-propelled particles
interacting only via local alignment rules, as epitomized
by the Vicsek model (VM) [13], which stands out for its
minimality and popularity. Twenty years after the introduc-
tion of this seminal model for the flocking transition and
despite the subsequent extensive literature [14],we still lack a
global understanding of the transition to collective motion.
It took a decade to show that the transition to collective

motion in the VM, initially thought to be critical [13], was
discontinuous [15]: upon increasing the density or reducing
the noise strength, high-density bands of spontaneously
aligned particles form suddenly [15] (Fig. 1). The homo-
geneous, ordered “Toner-Tu” phase [16] is only observed
after a second transition at significantly lower noise and/or
higher density [15]. Since then, hydrodynamic-level deter-
ministic descriptions have been established and shown
to support bandlike solutions [17–19], but it was recently
proved [20] that many such different solutions generically
coexist. In fact, the connection of these results to micro-
scopic models remains elusive. More generally, we lack
a unifying framework encompassing the two transitions
(between disordered and band phases, and between band
and Toner-Tu phases).
Such a global picture was recently proposed for the

active Ising model (AIM), where rotational invariance is

replaced by a discrete symmetry [21]: particles carrying
Ising spins diffuse in space with a constant-amplitude bias
along one arbitrarily fixed direction !ux, the sign being
given by the local magnetization (see Ref. [22] for a
detailed definition). The emergence of flocking in this
model is akin to a liquid-gas transition between an ordered
liquid and a disordered gas. Unlike the traveling bands of
the VM, inhomogeneous profiles in the AIM are fully
phase separated, with a single macroscopic liquid domain
traveling in the gas (Fig. 1). More generally, the symmetry
difference between the two models questions the relevance
of this framework for the VM.
In this Letter, we show that the flocking transition in the

Vicsek model is also best understood in terms of a liquid-
gas transition—rather than an order-disorder one—but with
microphase separation in the coexistence region. Contrary
to what was previously believed, we indeed show that the
dense ordered bands discovered in Ref. [15] for the VM are
arranged periodically in space, leading to an effectively
“smectic” phase. We define an appropriate “liquid fraction”

FIG. 1 (color online). Top: Microphase separation in the Vicsek
model. η ¼ 0.4, v0 ¼ 0.5, ρ1 ¼ 1.05 (left), ρ2 ¼ 1.93 (right).
Bottom: Phase separation in the active Ising model. D ¼ 1,
ε ¼ 0.9, β ¼ 1.9, ρ1 ¼ 2.35 (left), ρ2 ¼ 4.7 (right). System sizes
800 × 100. Red arrows indicate the direction of motion.
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AIM Ordered State is Metastable

confirmed by our 2D numerics, hence destroying long-
range order.
Active Ising model.—In the AIM [12,20–25], particles

carrying a spin s ¼ "1 move on a d-dimensional hyper-
cubic lattice. The self-propulsion of particles takes place
along the lattice vector ex, in a direction given by their
spins: particles at site i hop at rate v to the site iþ sex. In
addition they also hop with a rateD to any nearest-neighbor
site. Occupation is not restricted and we denote by n"i the
number of particles on site i with spin s ¼ "1. Particles
experience on-site ferromagnetic alignment by flipping
their spins with a rate ω0e−βsmi=ρi , where ρi ¼ nþi þ n−i
and mi ¼ nþi − n−i are the site density and magnetization.
In the absence of particle hopping, each site hosts an
equilibrium fully connected Ising model at temperature
T ¼ 1=β. We choose time and length units by fixing ω0 ¼
1 and the lattice spacing a ¼ 1. Previous work has reported
a phase diagram with three phases [12,20]: a disordered gas
phase and an ordered, flocking, liquid phase, separated by a
coexistence region where a macroscopic dense liquid
domain moves in the surrounding gas.
Figure 1 illustrates why and how the ordered phase is in

fact only metastable. (Here and in what follows, all our
numerical methods are detailed in Supplemental Material
[26].) Introducing a circular droplet of radius r and density
ρ0d ¼ 1.2ρo containing counterpropagating particles in an
ordered phase of density ρo, we observe that, for r large

enough, the droplet (red region) grows at the expense of the
ordered phase, leaving in its wake a dilute, disordered
cometlike structure (white region) [Figs. 1(a), 1(b), and
Supplemental Material, Movie 1 [26]). These different
regions are separated by domain walls that we characterize
later. For small r, the perturbation typically disappears and
the ordered phase is restored. The local density and
polarization, defined as pi ≡mi=ρi, in these three regions
are illustrated in Fig. 1(c), which shows their profile along
the central axis y ¼ 0. The maximal density ρd > ρo and
magnetization md take well-defined, finite limiting values
at late times. We note that the polarization inside the droplet
is constant and approximately opposite to that of the
ordered phase: pd ≃ −po.
Varying r allows us to estimate the radius rc beyond

which the initial droplet grows [28]. Repeating the pro-
cedure many times, we find that the probability that the
droplet reverses the ordered phase, that we denote by PrðrÞ,
increases sharply from near-0 to near-1 values when r is
increased and we define rc by PrðrcÞ ¼ 1

2. We find that
PrðrÞ becomes rapidly independent of the system size as
the latter is increased [Fig. 1(d)] and measure finite values
of rc at all parameter values probed in the ordered phase.
Remarkably, rc decreases weakly as T is decreased deeper
into the “ordered” phase [Fig. 1(e)]. This is markedly
different from what was reported for the Vicsek model [9]
where a perturbation reverses the ordered phase only in a
finite fraction of the phase diagram next to the coexistence
region, with rc diverging sharply as T is decreased. Note
that rc increases roughly linearly with D, consistently
with the intuition that diffusion suppresses perturbations
[Fig. 1(f)]. Finally, we found rc to diverge in the limit
v → 0 (see Fig. S2), therefore recovering at v ¼ 0 an
equilibrium like behavior where finite-size droplets shrink.
The above results indicate that rc can reach relatively

small values at smallD. At such parameters, we are actually
able to observe the spontaneous nucleation of a droplet
within the ordered phase (see Fig. S3 and Supplemental
Material, Movie 2 [26]). Repeated experiments allow us to
estimate τd, the mean time separating flow-reversing
nucleation events. We find that τd ∼ 1=L2 [Fig. 1(g)].
This is consistent with nucleation events resulting from
local fluctuations, which, together with the behavior of rc
shown in Fig. 1, leads us to conclude that the whole
flocking phase is metastable in the thermodynamic limit.
While the full statistical analysis is numerically too costly
to be reproduced in 3D, Supplemental Material, Movie 3
[26] shows the ballistic growth of a finite-size counter-
propagating droplet in 3D. In addition, a density cut
through the 3D droplet shows a magnetization profile that
is almost indistinguishable from that of the 2D droplet [26].
Hydrodynamic description.—Coarse-grained descrip-

tions have proven instrumental in establishing generic
results on the flocking transition [29–34]. To characterize
the mechanisms underpinning droplet growth and to test

FIG. 1. Simulations of the 2D AIM. (a),(b) Snapshots of the
magnetization field following the introduction in the ordered
phase of a counterpropagating droplet at x ¼ y ¼ t ¼ 0 (r ¼ 10,
ρ0d ¼ 5ρo), averaged over 100 runs. (c) Polarization (red) and
density (black) profiles at y ¼ 0 for the snapshot shown in (b).
(d) Reversal probability PrðrÞ for ρ0d ¼ 1.2ρo. The dotted line is a
fit to a hyperbolic tangent used to extract rc. (e),(f) Variations of
rc with T and D. (g) Average nucleation time τd in a system of
size L × L. Parameters: v ¼ 1; D ¼ 1 [except for (g) where
D ¼ 0.1]; ρo ¼ 10 (a)–(c), 5 (d)–(f), and 8 (g); β ¼ 2 [except for
(f)]; ðLx; LyÞ ¼ ð8000; 800Þ in (a)–(c) and (200, 100) in (e),(f).
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We study the stability of the ordered phase of flocking models with a scalar order parameter. Using both
the active Ising model and a hydrodynamic description, we show that droplets of particles moving in the
direction opposite to that of the ordered phase nucleate and grow. We characterize analytically this self-
similar growth and demonstrate that droplets spread ballistically in all directions. Our results imply that, in
the thermodynamic limit, discrete-symmetry flocks—and, by extension, continuous-symmetry flocks with
rotational anisotropy—are metastable in all dimensions.
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Spin waves are well known to prevent the emergence of
true long-range order in the two-dimensional (2D) equi-
librium XY model, as dictated by the Mermin-Wagner
theorem [1,2]. It was therefore a surprise when the Vicsek
model [3], which can be seen as an active version of the XY
model, was shown to possess a flocking phase with true
long-range polar order, “escaping” the theorem. In this
“Toner-Tu” phase [4,5], the model exhibits giant (scale-
free) density and order parameter fluctuations [4–8]. Since
long-range order survives spin waves, it seems reasonable
that, as in equilibrium, the ordered phase should also
survive stronger excitations. This may be part of the reason
why its robustness to nonperturbative fluctuations has long
remained unexplored.
Recently, however, numerical results in 2D have ques-

tioned the stability of the flocking phase. First, it has been
shown that, for large enough noise, a small obstacle or a
group of particles oriented against the flow can break order
in the Vicsek model by triggering a counterpropagating
front that grows and eventually reverses the global polarity
[9]. This happens in a finite fraction of the phase diagram
close to the disordered phase, hence shifting the flocking
phase to lower noise values. Second, constant-density
flocks have been shown to be metastable to the spontaneous
nucleation of aster-shaped defects [10]. These numerical
results question the stability of the 2D orientationally
ordered phases of active systems. So far, this question
has not been approached theoretically. Furthermore, higher
dimensions remain uncharted territory.
In another recent development, the Toner-Tu phase was

shown to be fragile to rotational anisotropy [11]. A field
with q-fold symmetry influencing particle orientations

destroys the scale-free nature of the ordered phase at large
scales, leading to Gaussian fluctuations and short-range
correlations. The ordered phase then displays a behavior
akin to that of the active Ising model (AIM), the active
counterpart to the Ising model [12]. Thanks to its discrete
symmetry, the AIM is more amenable to analytical treat-
ments [13], which made it instrumental for establishing the
transition to collective motion as a nonequilibrium liquid-
gas phase separation [12] (except in d ¼ 1 where the
ordered phase is, as in equilibrium, unstable [12,14–17]).
Equilibrium physics suggests that the discrete symmetry of
the AIM should make its ordered phase more robust to
fluctuations than that of the Vicsek model. Indeed, the
stability of the ordered phase of the equilibrium Ising
model against nucleation is guaranteed by Peierls’ argu-
ment in d > 1 [18,19], which essentially states that surface
tension makes any finite droplet of the minority phase
shrink.
In this Letter, we show that a very different scenario

takes place: the ordered phases of flocking models with a
scalar order parameter are metastable in any d ≥ 2. We
first consider numerical simulations of the AIM in 2D and
3D and demonstrate that a large enough—but finite—
droplet polarized oppositely to the surrounding ordered
background grows ballistically in all directions [see
Figs. 1(a)–1(c) for an illustration in 2D]. We then show
numerically (in 2D) and analytically (in d ≥ 2) that the
same scenario takes place in the relevant hydrodynamic
theory. We find that droplet growth is induced by the
ballistic propagation of its domain walls and characterize its
shape in any dimension d ≥ 2. In the asymptotic large size
and time limit, multiple droplets spontaneously nucleate, as
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Propagating droplets destroy long range polar order.

hydrodynamic equation for
density field 
and magnetization field 

ρ(r, t)
m(r, t)

small density gradient approx. 
∂2ρ/∂x2 ≃ 0

z
mo

md

at m ¼ md, the positive maximum of V, and ends—also
with a vanishing speed—at m ¼ mo < 0. Equation (3)
implies that md ¼ ðcf − vpoÞ=ðcf þ vpoÞmo, where po ¼
mo=ρo ∈ ½−1; 0&, so that ρd ¼ ðcf − vpoÞ=ðcf þ vpoÞρo.
(Note that this is consistent with the numerical observation
that ρd > ρo since po < 0.) Using the explicit expression of
F, one finds that ΔV ≡ VðmdÞ − VðmoÞ > 0 so that we
need a positive friction—and thus cf ≥ v—that dissipates
exactly the energy ΔV. By continuity, a solution with v <
cf < ∞ always exists as shown by considering the limiting
cases: for cf ¼ v, γðcÞ ¼ 0, the energy is conserved and the
particle overshoots to m ¼ −∞; for cf → ∞, the friction
diverges and the particle ends up trapped at the minimum
m ¼ 0. The value of cf can then be found, e.g., by
dichotomy.
In the low temperature regime considered here, Eqs. (1)

and (2) predict an empty comet with c' ¼∓ vpo. To
resolve the finite density ρc of the disordered comet
reported in Figs. 1(a) and 1(c), one needs to follow
[12,42] and include fluctuation-induced corrections to the
mean-field approximation by replacing F by F − αm=ρ in
Eq. (2), with α a constant. As shown in [26], this suffices to
characterize all interfaces, at the cost of introducing the
unknown constant α. The front speeds then differ from their
mean-field values by a correction of order ρc=ρo, which
is negligible in the large ρo regime considered here. In
Fig. 3(b), we compare the mean-field predictions of our
domain-wall theory for the front speeds to microscopic
simulations in the large ρo limit, where mean field is
expected to work well. Despite the crude approximate
solution of Eq. (3), the agreement is very good without any
fitting parameters. Importantly, our theory predicts that
cf > v > cþ so that the droplet grows in time. Similarly,
the comet spreads at a speed cþ − c− ¼ 2vjpoj. We note
that a more complex structure emerges as β decreases away
from the low-temperature limit studied here. In particular,
the density of the comet increases, eventually leading to its
polarization. This regime and the corresponding transition
will be detailed in a future publication [43].

We now use the mean-field Eqs. (1) and (2) to character-
ize the transverse droplet shape, which is constant at large
time under the ballistic scaling. The diffusion terms in
Eqs. (1) and (2) then decay as 1=t and can be neglected.
Using the radial symmetry of the droplet, Eq. (1) reduces to

ðx̂∂x̂ þ r̂∂r̂Þρ̂ ¼ v∂x̂m̂; ð6Þ

where ρ̂ and m̂ are the density and magnetization fields
expressed in the reduced coordinates x̂ and r̂ ¼ jr⊥=tj.
Our domain-wall theory predicts vanishing inter-

face widths under the ballistic scaling [44]. Therefore,
the droplet shape is entirely characterized by the curves
x̂'ðr̂Þ and x̂fðr̂Þ in the large-time limit. [See Fig. 2(a) for an
illustration in 2D, where r̂ ¼ jŷj.] The three interfaces can
be characterized using a similar method. First, we center the
profiles around an interface x̂iðr̂Þ by changing variables to
ðx̄; r̄Þ ¼ ½x̂ − x̂iðr̂Þ; r̂&. Using the chain rule and integrating
x̄ from −ϵ to ϵ then leads to

½x̂iðr̂Þ − r̂∂r̂x̂iðr̂Þ&Δρ̂ ¼ vΔm̂þOðϵÞ; ð7Þ

where Δρ̂ and Δm̂ are the density and magnetization
differences across the interface. In the comet, the magneti-
zation vanishes and the density is much smaller than ρo, so
that x̂−ðr̂Þ satisfies x̂− − r̂∂r̂x̂− ¼ vpo. Inside the droplet,
the ballistic scaling enforces F ¼ 0 at long times so that
m̂ðx̂; r̂Þ ¼ −poρ̂ðx̂; r̂Þ. For the comet-droplet interface,
Eq. (7) then leads to x̂þðr̂Þ − r̂∂r̂x̂þðr̂Þ ¼ −vpo. These
equations are readily solved by linear relations:

x̂'ðr̂Þ ¼∓ vpo þ a'r̂; ð8Þ

where a' are finite constants. (a' ¼ ∞ corresponds to
bands spanning the system.) The case a' ¼ 0 corresponds
to a degenerate droplet that does not spread in the trans-
verse directions, which is forbidden for D⊥ ≠ 0. Note that
finite a' correspond to the straight interfaces shown in
Figs. 1 and 2.
Finally, we consider the interface between the droplet

and the ordered phase. Since ρd diverges as ρo → ∞, the
density and magnetization jumps require a closer inspec-
tion. Inside the droplet, using m̂ ¼ −poρ̂, Eq. (6) can be
rewritten as

½ðx̂ − cþÞ∂x̂ þ r̂∂r̂&ρ̂ ¼ 0; ð9Þ

where we have used cþ ≃ −vpo. This implies that ρ̂ is a
function of r̂=ðx̂ − cþÞ so that, in the large-time limit,
isodensity surfaces are cones originating at ðx̂ ¼ cþ;
r̂ ¼ 0Þ. In particular, density and magnetization are con-
stant along r̂ ¼ 0, equal to ρd and md ¼ −poρd, respec-
tively. For small r̂, we thus expand the density profile as

ρ̂

!
r̂

x̂ − cþ

"
¼ ρd

#
1 −

k
2

!
r̂

x̂ − cþ

"
2
$
: ð10Þ

FIG. 3. (a) Potential VðmÞ entering the Newton mapping with
an illustration of the heterocline corresponding to the interface
between the droplet and the ordered phase. (b) Speeds of the three
interfaces as a function of β. Solid lines correspond to values
predicted by the Newton mapping. Symbols are measurements
from microscopic simulations with ðLx; LyÞ ¼ ð3000; 300Þ
and ordered phase density ρo ¼ 30. Parameters: D ¼ v ¼ 1.
(c) Comet front profiles aligned at r̂ ¼ 0 from 2D AIM
simulations at t ¼ 4800 and as predicted by Eq. (11).
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FIG. 3. (a) Snapshot taken at 107 MCS starting from a ran-
dom initial configuration at � = 5 (L = Lx = Ly = 4096) [50].
The normalized magnetization is color-coded as in Fig. 1. (b)
Total length of pinned interface segments along the y axis,
normalized by the system size L2, for different values of �
and L = 256 (dotted), 512 (dashed), 1024 (solid). (c) Survival
probability of an isolated droplet of radius r0 = 2, 4, · · · , 20
(from left to right) on a rectangular lattice of size 2048⇥ 256
at � = 5.0. The characteristic life time ⌧(r0), at which the
survival probability reaches 1/2 (dotted line), increases expo-
nentially with r0. Parameters: D = v = 1 and ⇢0 = 4.

nite domains drift randomly.
Motility-induced pinning – Numerical data shown in

Figs. 1 and 2 suggest that the AIM exhibits only a
crossover, not a sharp liquid-gas transition. The global
polar order is hindered by the droplet excitation [48]. We
will demonstrate, however, that these traveling droplets
cease to exist as the inverse temperature � increases fur-
ther, and the system undergoes a MIP transition. As �

increases, two distinct time scales emerge: one for spin
flips (fast process with rate ⇠ e

�) and the other for par-
ticle motion (slow process with rate 4D+v). This separa-
tion of time scales significantly impacts droplet dynamics.

Consider the limiting case � ! 1, where all parti-
cles on a site are in the same spin state. When a par-
ticle moves to a nonempty site, the particle’s spin in-
stantly aligns with the polarization at the target site.
Consider two local domains of opposite polarization, one
with positive magnetization on the left and another with
negative magnetization on the right, confronting each
other with a domain wall or an interface separating them.
Particles near the interface exhibit a back-and-forth os-
cillation: whenever a particle self-propels across the in-
terface, it flips its self-propulsion direction and returns,
and this process repeats. Consequently, the interface will
be pinned in space. In analogy to the resonance struc-
tures found in chemical bonds [51], this oscillating mo-
tion will be called resonance. When v = 0 (without self-
propulsion), the resonance disappears, and the interfaces
are never pinned. In 1D, a pinned interface becomes a
point defect, which is called an aster [52].

The MIP phenomenon persists for finite values of �, as
demonstrated in Fig. 3 (a). At � = 5, the system, starting
from a random initial state, reaches a steady state with
pinned interface segments. Figure 3 (a) also reveals a flux

(a) (e)

(b) (f)

(c) (g)

(d) (h)

FIG. 4. Snapshots taken at 5 ⇥ 103 MCS after starting from
a spanning domain wall (a-d) and a droplet of radius r0 =
50 (e-h). The particle density within the droplet is 5 times
higher than the background density. Panels cover a local area
of size 1024 ⇥ 256 of the entire 4096 ⇥ 1024 lattice. In (e-
h), both Monte Carlo simulation results (bottom half) and
the numerical solutions of the hydrodynamic equation (top
half), separated by dotted lines, are shown. The positions of
the droplet front at n ⇥ 103 MCSs (n = 1, 2, 3, 4) are also
indicated [50]. Simulation parameters are D = v = 1, ⇢0 = 4,
and varying � = 3.0, 3.5, 4.0, and 4.5 (top to bottom rows).
Dashed lines represent the initial domain boundaries.

of particles among pinned interface segments. Individual
particles exhibit both diffusive motion, at rate D, along
pinned interfaces and the resonant motion. Upon reach-
ing an edge, they leak out and flow until being captured
by another segment. The steady state thus consists of a
network of pinned interface segments where particle loss
and gain due to the leak current are balanced. This is a
unique feature of the system in dimensions higher than
1.

At � = 5, the line density lp of the pinned segments in
the steady state converges to a finite value as the system
size increases (see Fig. 3 (b)). In contrast, it decreases
at � = 3, where the system is supposed to be in an un-
pinned phase. The MIP transition is expected to occur
at a threshold value near � = 4.

Interface dynamics also provides an evidence for the
MIP transition. We study the time evolution of a span-
ning interface at x = Lx/2. It initially separates domains
of positive magnetization on the left and negative mag-
netization on the right. When � is small, droplets nu-
cleate at the interface and penetrate into the opposite
domains (see Figs. 4(a, b)). Consequently, the interface
width grows linearly with time. On the other hand, for
large values of �, the MIP occurs and the interface width
saturates to a finite value (see Figs. 4(c,d)).

An interface enclosing an isolated circular droplet ex-
hibits similar behaviors (see Fig. 4(e-h)). To pinpoint the
MIP transition point, we measure the traveling speed cf
of the front interface of the droplet. The speed, shown in
Fig. 5(a), exhibits a discontinuous jump to zero at the
critical value � = �c. The phase diagram in the D � 1/�
plane, based on the threshold values �c obtained from

interface droplet
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FIG. 5. (a) Speed of the front interface of a droplet. Re-
sults from the Monte Carlo simulations on a 4096 ⇥ 512
lattice (empty symbols) are compared with those from the
hydrodynamic equation (filled symbols). Data are shown for
D = 0.5 (square), 1.0 (circle), and 2.0 (triangle). (b) Phase
diagram. Transition points are determined from the Monte
Carlo simulations (empty symbols) and the hydrodynamic
equation (filled symbols). The Dashed line is a guide for the
eye. In all cases, v = 1 and ⇢0 = 4.

different diffusion rates D, is presented in Fig. 5(b).
In the pinned phase, an isolated droplet of radius r0

eventually evaporates due to the leak current in a charac-
teristic life time ⌧(r0). The life time seems to grow expo-
nentially with r0 (see Fig. 3(c)). We speculate that this
exponential growth, along with the network of leak cur-
rents, may be crucial for the MIP phase, which requires
further investigations.

MIP from hydrodynamic theory – The MIP transi-
tion is also captured by the hydrodynamic equation (1).
The space-discretized version exhibits both traveling and
pinned droplet solutions (see Fig. 4). The interface speed
from the hydrodynamic equation also shows a discontin-
uous jump at �c. The speed and the resulting phase dia-
gram are in a qualitative agreement with those obtained
from the microscopic model (see Fig. 5).

We note that the hydrodynamic theory of Ref. [48] pre-
dicts a traveling droplet solution only. We revisit the hy-
drodynamic theory to reconcile it with the phenomenon
of MIP. Consider a droplet of density ⇢d and magneti-
zation md = p⇢d > 0, whose front moves at a constant
speed cf on an ordered background characterized by par-
ticle density ⇢o and magnetization mo = �p⇢o < 0. The
polarization p > 0 is determined by p = tanh�p. Mass
conservation requires that cf = md+|mo|

md�|mo|pv = ⇢d+⇢o
⇢d�⇢o

pv.
Using a Newton mapping [53, 54] combined with a small
density gradient expansion ⇢ ' ⇢o+v[m�mo]/cf [48], the
hydrodynamic equation leads to a simplified description
for the magnetization m(z) along the symmetry axis of
a droplet:

Dx
d
2
m

dz2
= ��(cf)

dm

dz
� dV (m; cf)

dm
, (2)

where z = x � cft is the coordinate in the comoving
frame, �(cf) = cf �v

2
/cf, and V (m; cf) =

R
F (⇢o+v(m�

mo)/cf,m)dm [see Ref. [48] for detailed derivation]. Re-
garding m as a coordinate and z a time, this equation
describes a damped motion of a particle of mass Dx un-
der the inverted double-well potential V (m; cf). This po-
tential has two unstable fixed points at m = mo and md
with a potential difference �V ⌘ V (md; cf) � V (mo; cf).
The traveling droplet solution corresponds to the hete-
roclinic orbit connecting these two unstable fixed points.
The condition that the excess potential energy �V is
exactly dissipated by the damping term determines the
propagation speed cf self-consistently.

When � and cf are large, the self-consistent equation
admits an approximate solution. Due to mass conserva-
tion, we have �⇢ := ⇢d � ⇢o = 2vp⇢o/cf + O(c�2

f ) and
�|m| := md � |mo| = 2vp2⇢o/cf + O(c�2

f ). We can set
the polarization p = 1 neglecting an O(e�2�) correc-
tion. Keeping only the leading order term in the integral
�V =

Rmd
mo

Fdm, we obtain

�V =
6v⇢2o
�2cf

e
�
�
1 +O(��1

, c
�1
f )

�
. (3)

The energy dissipation Ed = 1
2

R1
�1 �|m0(z)|2dz is ap-

proximated as Ed ' �(md �mo)2/�z, where �z denotes
a time required for a transition from md to mo. When
|�m| ⌧ 1 with �m := m � mo, Eq. (2) becomes

Dx�m
00 ' ���m

0 + k�m (4)

with a stiffness constant k = � dF
dm

��
m=mo

' e
� . Assum-

ing �m ⇠ e
�z/⌧z with ⌧z > 0, we obtain

⌧z =
2Dx

� +
p

�2 + 4Dxk
. (5)

Therefore, the transition time is given by �z = a⌧z with
O(1) constant a. Equating the excess potential energy
and the energy dissipation, we finally obtain that

cf '
⇣
3av

p
Dx/2

⌘1/2
�
�1

e
�/4

. (6)

The exponential dependence is consistent with the nu-
merical solution of Eq. (2) (not shown here).

The growing density gradient, �⇢/�z ⇠ e
�/4, associ-

ated with the traveling droplet solution, makes the den-
sity gradient expansion worse and worse as � increases.
We will argue that the traveling droplet solution breaks
down beyond a threshold �c using the resonance mecha-
nism. We consider a simplified model consisting of only
two sites A and B, representing locations on the left and
right of the droplet’s front interface, respectively. During
a time interval ⌧f = e

�� , f+ = ⇢d(D + v)⌧f particles of
positive spin flow from A to B, while f� = ⇢o(D + v)⌧f
particles of negative spin from B to A. We choose a spe-
cific value ⌧f = e

�� so that spin flips are suppressed dur-
ing this time interval. The droplet can move forward only
if the invading particles (f+) outnumber the remaining
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Macroscopic Pinned Interfaces for Small D

from a random initial state from an ordered initial state



Dynamics of Pinned Interfaces
pi

nn
ed

 in
te

rf
ac

e

growth or shrink

⟷

0 5 10 15 20
l

10°7

10°5

10°3

10°1

W
(l

)

(a) Wg

Ws

0 10 20 30
l

(b)

0 10 20 30 40 50
l

(c)

101 103 105 107

t [MCS]

10°2

10°1

100

P
su

v.
(t

)

2 4 6 8

10

12(d)

101 103 105 107

t [MCS]

4 8 12 16
20

24

28(e)

101 103 105 107

t [MCS]

4 8

121620242832

36

40
(f)

D = 0.5, β = 5 D = 0.8, β = 5 D = 1.0, β = 5

✴ length dependent growth rate  

✴ length dependent shrink rate   

✴ growth dominates  for small   no polar order

✴ IF shrink dominates  restoring polar order? 

Wg(l) ∼ e−l / lg

Ws(l) ∼ e−l / ls

(lg > ls) D ⇒

(lg < ls) ⇒



Droplets and Pinned Interfaces 
in 3D AIM



MIIP in 3D AIM

propagating droplet

pinned interface

pinning-depinning



Dynamics of Droplets
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Phase Diagram 
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