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Fluctuation-dissipation theorem

system

J = 𝖫 ⋅ F

Near equilibrium,

F ⊂ {ΔT, Δμ, ⋯}

(thermodynamic currents) ∝ (thermodynamic forces)

J ⊂ { ·E, ·N, ⋯}

(dissipative) response

system

𝖢 ⊂ {⟨⟨ ·N⟩⟩eq, ⟨⟨ ·E⟩⟩eq, ⟨⟨ ·N, ·E⟩⟩eq, ⋯} fluctuation

𝖢 = 2𝖫 : Fluctuation-Dissipation Theorem (FDT)



FDT for nonequilibrium states

(violation of FDT) ∝ (heat dissipation)

(FDT is still valid in a certain reference frame)

(FDT can be modified in a more general form)



TUR and R-TUR

J. M. Horowitz and T. R. Gingrich

[Nat. Phys. 16, 15 (2020)]
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Kinetic and entropic perturbations

dpi

dt
= ∑

j(≠i)
(Wij pj − Wjipi)

unique steady state
lim
t→∞

pi = πi

Wij = eBij+Fij/2, Wji = eBij−Fij/2

(Bij : symmetric, Fij : antisymmetric)

∂
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≡
1
2 (Wij

∂
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∂

∂Wji )
[2] entropic perturbation

∂⟨J⟩
∂Fij

≠ 0 in EQ

Bij = Bji
Ei

Ej

∂
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≡ Wij
∂

∂Wij
+ Wji

∂
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| fij |

EQ

∂Bij
⟨J⟩

NEQ

fij = − fji

[1] kinetic perturbation

cf.)
πeq

i

πeq
j

=
Wij

Wji
= e−β(Ej−Ei)



A little more detail
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⟨J⟩ ≡ lim
τ→∞

⟨J(τ)⟩ = ∑
i<j

Λij (Wijπj − Wjiπi)

𝒥ij

= ∑
i<j

Λij𝒥ij

⟨⟨J⟩⟩ ≡ lim
τ→∞

τVar{J(τ)}

J(τ) ≡
1
τ ∫

τ

0
dt∑

i≠j

Λij
·Nij(t)

t

Nij(t)i

j

2(
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What about finite observation times?
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From static to dynamic response

t

𝖶
⟨J⟩0

0

τ

𝖶′￼

⟨J(τ)⟩

Rθ(τ) = lim
Δθ→0

ΔJ(τ)
Δθ

Wij ↦ W′￼ij = Wij + (∂θWij)Δθ

⟨J⟩0 ↦ ⟨J(τ)⟩ = ⟨J⟩0 + ΔJ(τ)

where Δθ ∈ {ΔBij, ΔFij}

cf.) lim
τ→∞

Rθ(τ) = lim
Δθ→0

⟨J(∞)⟩ − ⟨J⟩0

Δθ
=

∂⟨J⟩
∂θ
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(∂θ⟨X⟩)2

Var{X}
≤ I(θ)

Cramér-Rao boundR-TUR



Fluctuation-response inequalities

∑
α,β

Rθα
(τ)[𝖨−1(τ)]θαθβ

Rθβ
(τ) ≤ Var{Θ(τ)}

path probability of a trajectory {s(t)}τ
t=0

where 𝖨θαθβ
(τ) = − ⟨∂θα

∂θβ
ln 𝒫[{s(t)}τ

t=0]⟩0general observable

θα ↦ Fij : 𝖨FijFi′￼j′￼
(τ) =

1
4

τδii′￼δjj′￼aij

∑
i<j

4R2
Fij

(τ)

τaij
≤ Var{Θ(τ)}

τ

θα ↦ Bij : 𝖨BijBi′￼j′￼
(τ) = τδii′￼δjj′￼aij

∑
i<j

R2
Bij

(τ)

τaij
≤ Var{Θ(τ)}

( = Wijπj + Wjiπi)



Response uncertainty relations

τVar{Θ(τ)} ≥ ∑
i<j

R2
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≥
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∑i<j aij
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Response Kinetic Uncertainty Relation (R-KUR)
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R-TUR for finite observation times

R-TUR

for infinite observation times

RBij
(τ)

RFij
(τ)

=
2𝒥ij

aij
for currents

∑
i<j

4R2
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∑
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aijR2
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(τ)

τ𝒥2
ij
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τ



Fluctuation-response relations

𝖢 = 2𝖫
fluctuation response

FDT

⟨⟨J⟩⟩ = ΛT ⋅ 𝖯T ⋅ 𝖳 ⋅ 𝖯
𝖢

⋅ Λ

∂Fe
⟨J⟩ =

1
2

[ 𝖳 ⋅ 𝖯
⏟

2𝖫

⋅ Λ]e
(e : edge)

where [𝖳]ee′￼= δee′￼ae

in equilibrium,

𝖳 ⋅ 𝖯 = 𝖯T ⋅ 𝖳 & 𝖯2 = 𝖯 𝖢 = 2𝖫
time-reversal symmetry projective property ∑

i<j

aij(∂Bij
⟨J⟩)2

𝒥2
ij

= ⟨⟨J⟩⟩

∂Bij
⟨J⟩

∂Fij
⟨J⟩

=
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aij

∑
i<j

4(∂Fij
⟨J⟩)2

aij
= ⟨⟨J⟩⟩

T. Aslyamov et al. [PRL 134, 157101 (2025)]



Quantum extension

·ρ(t) = − i[H, ρ(t)] +
K

∑
k=1

𝒟[Lθk
k ]ρ(t)

𝒟[L] ∙ ≡ L ∙ L† − {L†L, ∙ }/2

Lθk
k = eθk/2Lk

1

2 3

4

1

2 3

4

ρ(t)

∑
α,β

Rθα
(τ)[𝖨−1

Q (τ)]θαθβ
Rθβ

(τ) ≤ Var{Θ(τ)} ∑
k

R2
θk

(τ)
τak

≤ Var{Θ(τ)} where ak = tr[Lθk
k ρ(Lθk

k )†]
1

2 3

4

1

2 3

4

[1] no saturation at infinite observation times
[2] quantum R-TUR ?

R2
θk

(τ)
τ∑k ak

≤ Var{Θ(τ)} : R-KUR



Summary

∑
i<j

4R2
Fij

(τ)

τaij
≤ Var{Θ(τ)}∑

i<j

aijR2
Bij

(τ)

τ𝒥2
ij

≤ Var{J(τ)}

Fluctuation-Response Inequalities (FRIs)

long-time limit

Fluctuation-Response Relations (FRRs)

∑
i<j
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equilibrium limit 

𝖢 = 2𝖫
Fluctuation-Dissipation Theorem (FDT)
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Thank you for your attention!
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