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1) Basics

® All rings/schemes are defined over a field K of characteristic 0. To
simplify notation we assume K is algebraically closed.

® A derivation 0 : A — A is an additive map satisfying

0 (ab) = ad (b) + 6 (a) b if the ring A is non-abelien.
® Maps are required to preserve all derivations unless otherwise stated.
® The partial case is indicated by A = {41, ..., On}.

e If M and N are A-A modules, so are M ®4 N and Homa (M, N) the
latter being MY ®4 N if M and N are locally free A-modules.

e If M is a A module, then Homa (M, M) is a A-A algebra.

® A A—Azumaya algebra is an Azumaya algebra equipped with A
derivations.
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Definitions (Magid and Juan 2008 - ordinary case)

We let
Azp (A) = {A/A is a A — A Azumaya algebra}

and introduce an equivalence relation ~ by defining A ~ I' if there are
faithful, locally free A modules E and F and an A — A algebra isomorphism

A ®p Endy (E) ~ 1 Qs Endy (F)

Definition

It is clear, of course, that 0 = [M,] € Bra (A) where M, has coordinate
wise differentiation for all 6 € A. We indicate this by (M,, d). There is
also a map p: Bra (A) — Br (A) that we wish to understand. We should
also note that any other A structure on A is given by adding

dy=A-()—()-A=|A, ] to the given A structure.
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(Barr — Knus,1971) Any Azumaya A algebra A possesses a A structure.

ldea of Proof Let {U,- = Spec (B;) £ Spec (A)} be an etale cover with
algebra isomorphisms a; : Aj := A ® B; — M, (B;) . For any

derivation 0 € A, let D; be the extension of 0 to A; using
the canonical extension of 0 to B; to act on each entry of
M, (B;) and then transferring it to A; using a;. On

Ajj = A ® B; ® B; we then have two derivations extending
0 and so they must differ by d).; := [Aj;, —] for some

Aij € Aj; which is unique if we require that tr (A;) = 0.
Since (D; — D;) + (Dj — Dy) = (Di — D),

[{A;;}] € H' (Azar, A) . But A, being affine, has vanishing
Zariski cohomology. Thus there are, possible after refining
our covering, elements A; € A; such that the derivations
D; + d). agree on Aj; as desired.
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When can there be a : (M, d +dy) — (M,, d)?

If Ais a local ring, @ must be conjugation by a unique unit u = (u;;) of
trace 0.Then d (umu™) = u(dm+ [A, m]) vt if and only if
uldu-m—m-utdu=A-m—m-A. So u must solve the differential
equation u~tdu = A. So, for instance, we could consider the polynomial
extension with det inverted, B = A[Uj] det (U;) ' . This becomes a A
extension by defining ¢ (U;) = (U - A); where U = (Uj).

Suppose B is a Galois extension with Z/n = (o) action and
C = @8_1L®’/ (b1 ®Ly1—F(l1®L,—1)) where f: L®" — Alis an
isomorphism. Then let A := B ® C with multiplication £-b =0 (b) - £.
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2) Differential Cohomology

The basic model for a A Azumaya algebra of rank n? is M, (A) with
coordinate wise differentiation which we indicate by (M,, d). Given A we
can use etale covers to make A |y, = M, (Oy.) but then we must also
solve a linear differential equation in order to find a basis {e;;} such that
0 (ej) = 0. This leads to the A-flat pretopology.

The A-flat pretopology is defined by coverings of Spec (A) given by

Cov (A)
| «; 1s a flat, A map
= (Spec (Bi) < Spec (A)) | locally of finite presentation with
< U; & (Spec (B;)) = Spec (A)

Coverings then are easily shown to include all isomorphisms, base
extension, and composites. We let X5 denote the scheme X with the
A-flat topology.
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Differential Cohomology

There are obvious morphisms of sites for X = Spec (A),

X, — Xp — Xer and

7T
Xpn — Xzar

since any etale extension of A is uniquely a A extension, any fppf A
morphism is a fppf morphism, and any Zariski open can be covered by
affine Zariski opens. Since etale and fppf cohomology with coefficients in a
smooth group scheme G (such as G,,) agree, we see that R't, (G) =0
for i > 0 and so

H' (Xp, T+G) = H' (Xet, G)

for all i. Similarly it is easy to see that for any coherent sheaf F,

H' (Xp, F) = H' (Xzar, F)
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Differential Cohomology

We use this to cohomologically characterize
Azp o (A) = {A € Azp (A) | rk (A) = n*} .

The example shows that any A € Azp , (A) is locally in the A—flat
topology isomorphic to (M,, d). Thus we need to understand

Autp ((M,, d)), the sheaf of A—automorphisms of (M,, d).

Autp ((M,,d)) C Aut (M,) = PG, consists of automorphisms that
preserve coefficient derivations. So, for instance,

Auta (M) (A) = PG, (A)* . Once we have identified Auts (M,) = PGI2,
we find that Aza , (A) = H! (Aa, PGI2) . Finally we get a
non-commutative central extension for the site Ap

1— G2 — GIY> — PGI® — 0

where the superscript A indicates the subsheaf of A constants which, by

taking limits over n, may be used to define an injection,
BI’A (A) — H2 (AA, G,%) :
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3) Smooth projective case

Andre introduced an alternate description of a A ring which we will now
use. So a A scheme is a pair (X, Qk) consisting of a scheme X, a locally
free, coherent sheaf Q1 and a differential map dx : Ox — Q}< That is
we have a commutative triangle
/s
dX/S / l (PXA

d
ox &% ol

. L. f :
where we also require P, to be surjective. A A map Y — X is then a

morphism of schemes such that * (Qk) — Q%/ with a commutative
square B

f* (Q%US) — Q%//5

£ (9x,) | by, | -
o) — o

This extends in an obvious manner to define A modules, etc.
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Smooth projective case

We can get a better understanding of the relationship between Br (A) and
Bra (A) by looking at the short exact sequence on Xj,

O—>GA—>G d—h>1QX—>O

where the superscript A indicates the subsheaf of A constants so that, for
instance, G2 (B) := (B*)*.

The various isomorphisms between Zariski, etale and A-flat cohomology
then show that on X4, we have a long exact sequence

['(X,Qx) — Picy(X) — Pic(X) — H' (Xzar, Q)
2

~ H? (XA, G,%) 5 H? (Xer, Go)

with i being surjective if X is regular. Note that in the affine case we have
H* (Azsr, Q) = 0 which shows that Bra (A) = H? (A, G5) = Br (A)
and, in the smooth, projective case we have Picy (X) = Pic® (X).
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Smooth projective case

Here the question is how to produce a connection on a sheaf of Azumaya
algebras A on a smooth, projective variety X.

L emma

Let x € H? (X, G,%) and suppose there is 71 : Y — X such that

S := n.Oy is a vector bundle with a connection, e.g. Y is a finite etale
covering of X, and 7t* (x) = 0. Then there is a sheaf of Azumaya algebras
N which is a twisted form of End (S) twisted by A constants that
represents x € Br (X) . In particular A comes with a connection

V:A—>A®Q}</K.
—

If Ais an abelian variety over K, then any element x € H? (Aet, i) is

split by A = A.
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Smooth projective case

Biswas conjectured in 2009 that finite etale quotients of abelian varieties
were those smooth, projective varieties X of dimension > 2 such that
J*(Tx) is semi-stable for j : C — X where C is any compact Riemann
surface. This was proved by Jahnke and Radloff in 2013 and so all

elements of Br (X) can be represented by sheaves of Azumaya algebras
with connections.

Another possibility is a conjecture of litaka that a smooth complex
projective variety X with a universal covering space biholomorphic to C”
admits a finite, etale cover by an abelian variety. If true such varieties
would also have Bry (X) mapping onto Br (X).

Caution: Biswas has outlined a proof that no sheaf of Azumaya algebras
on a complex K3 surface has a connection.
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Smooth projective case

General Requirement for a bundle E on a projective variety to have a
connection:

® ¢;(E) =0 forall /.

e A(E)=c (E)—S1c (E)* =0

e If E is a Hermitian-Einstein bundle (=Hermitian metric) then E must
be semi-stable.

Biswas, Bruzzo, Gurjar show that for all bundles E of rank r on a smooth
projective manifold X, j* (E) is semi-stable for all maps j : C — X from
any smooth, irreducible projective curve iff A (E) = 0 and E is semi-stable
for some H. (If 7t : Y — X is a finite, etale cover, then 7, Oy is
semi-stable since it is self dual and so the Harder-Narasimhan filtration can

only have a weight 0 piece.)
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Smooth projective case

One last remark using an old result of Sumihiro.

Let S be the Severi-Brauer variety associated to an Azumaya algebra /\ on
X, a projective smooth variety over K. Then there is a Y C S such that
Y is a finite, flat cover of X.

|dea of Proof S is a projective scheme over X and may be embedded in a
IP%. Sumihiro shows that in this setting there is an open set
of hyperplanes in the dual projective space that intersect
every fibre of 71 : S — X. Repeat this until the fibre
dimension of 77 is O.

Note:The argument in the Lemma then shows that A is a twisted form of
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Haboush at 75

Congratulations, Bill!
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