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The Brunn-Minkowski theorem holds for general compact Ay and A+, not
necessarily convex.

We will get back to that in a while, but so far we stick to the convex case.
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Theorem
Let A be a convex body in R"" and let

A= {xeR"(t,x) e A}

Thent — log |A;| is a concave function of t.

v

t — |A;|'/"is also concave, but the two versions are equivalent’ because
of homogeneity of Lebesgue measure.
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A version of Brunn-Minkowski for functions

Theorem
Prékopa’s theorem Let ¢(t, x) be convex on R™™ = R{" x R. Define

o(t) onR™ by
o) _ / o960 gy

Then & is convex.

1. Not an easy consequence of Hélder’s inequality!
2. It is important that ¢ is convex with respect to all variables.

3. This implies the (second version of) Brunn-Minkowski.
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Proof 1: Via the Brascamp-Lieb inequality.

Theorem
Brascamp-Lieb, -72
Let ¢ be a smooth strictly convex function on R, such that

/ e %dx < oo.
R
Let f be a continuous function on R. Then there is a solution to the
equation
u=f
with

2
/uze¢dx§/f—ﬁe¢dx.
R ]R¢




In other words
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R
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In other words

\2
/(u — 0)2e %dx < / %e‘%x,
R R

Uz/ue‘¢dx//e‘¢dx.
R R

This is a complex version of Hormander’s estimate

Theorem

Hdérmander -65 B
There is a solution to Ou = f in C, such that

2
/C uRedA(z) < /C %e“%A(z).
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The Brascamp-Lieb theorem can be proved in much the same way as
Hérmander’s theorem, but their direct proof is very pretty:

¢ must have a minimum; say at zero. Then ¢'(0) = 0 to order 1, by strict
convexity. Assume first that u(0) = 0. Then

u(x) = K(x)¢'(x).
Then
U/ _ k/gb/ + k¢//; (U/)Z _ (k/)2(¢/)2 + 2kk/gb/¢” + k2(¢//)2'

Hence

/ (U)?/¢"e ?dx > / (2kk'¢' + k?¢")e~?dx
R R
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/(u’)2/¢”e‘¢’dx > /(2kk’¢’+k2¢”)e‘¢dx
R R

Now integrate by parts the first term in the right hand side:

2//_¢ 20 N2 o— . 2 —o
/R()/¢ dXZ/Rk(¢)e dx—/Rue dx.

This was assuming u(0) = 0; in general

/ (U)2) ¢ e~¢dx > / (U — u(0)2e~*dx > / (U— 0)2e%ax.

R

Equality holds if and only if K’ =0, i. e. u = c¢'.
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Proof of Prékopa:

We may assume m = 1, and n = 1. A direct computation gives

s SO (60— 0P)etx
[ e~¢dx '

By Brascamp-Lieb

= (& — (¢)2/d")e¢dx
¢ = [ e~¢dx '

But

. . "y (N2
b— ($)2/¢" = Mgb# > 0.

Notice how convexity with respect to all variables comes in!
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Theorem

Let ¢9 and ¢¢ be functions on R", not necessarily convex. Take 0 < t < 1
and let ¢; be a third function satisfying

ot(tx1 + (1 — 1)xo) < td1(xq) + (1 — ) do(X0),

for all x, and x1. Then

Iog/e‘¢'dx2 t‘Iog/e“’51 ax + (1 —1) Iog/e‘¢°dx

This is stronger than Prékopa’s theorem.

It implies Lyusternik’s generalization of the Brunn-Minkowski theorem.
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Yau’s theorem, real version

Let e=¢ be a smooth positive function on R" of total integral 1. Let C be
a convex body of volume 1. Then there is a convex function ) such that

MA(v) = 7%,

and the image of the gradient map R(0v)) equals C.

1. This is very easy when n = 1, which is really all we need.
2. Note that the change of variables y = 0¢(x) shows that

/ dy = MA()(x)dx.
R(9v)

Rn
This explains why the volume of C has to be one.
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The Legendre transform

If 1) is convex on R", its Legendre transform is

~

V(y) = SUpY - X — ¥(x).

The sup is attained where y = 9¢(x). If ¢ is smooth and strictly convex,
R(0v) is the interior of the set where ¢ is finite. The Legendre transform
is involutive; taking it twice we get back the original function.

This means that

Y(x) = sup (x-y—d(y).
yeR(9y)




The gradient map

So

DY) +9(x) = x-y,
with equality when y = 0y(x).




The gradient map

So

Yy +o(x) = x-y,
with equality when y = 94(x). Or, x = di(y).




The gradient map

So

~

P(y) +9(x) = x-y,
with equality when y = 94(x). Or, x = di(y).
Hence x — dy(x) = y(x) is the inverse to y — dy(y) = x(y)!




The gradient map

So

~

P(y) +9(x) = x-y,
with equality when y = 94(x). Or, x = di(y).
Hence x — dy(x) = y(x) is the inverse to y — dy(y) = x(y)!

Hence MA(v)(x)MA({)(y) = 1 at corresponding points.
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Proof of Prékopa-Leindler

We use ’'the real Yau’s theorem’ on ¢y and ¢4 and get two convex
functions vy, ¥4, with R(9v);) = C, such that

MA(;) = e .

Take Legendre transforms and get ¢; defined in C. For 0 < s < 1 we
interpolate

7725 = 51% +(1 - 5)120-
This defines 5 as A
2ps(x) = SL;p(X Y- 2bs)

It is convex in (s, x) since the RHS is affine in (s, x). (!)
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Recall A
,¢S(X) =X YS(X) - 1/JS(YS(X))> YS(X) = a¢S(X)-
Choose x = xs(y) = s9U1(y) + (1 — 8)do(y) where y s fixed.

This is a line and A
Vs(Xs(¥)) = xs(¥) - ¥ — ¥s(¥)
is linear along each such line.

Moreover and more importantly

log MA(1bs(xs(y)) = — log MA(s(y))

is convex along those lines.
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So, if
Xs(y) = sx1(y) + (1 — 8)%o(¥),
then
log MA(¢s(Xs))

iS convex in s.

By hypothesis
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So, if
xs(y) = sx1(y) + (1 — s)xo(¥),
then
log MA(vs(Xs))
is convex in s.

By hypothesis

61(xe) < 11 (x1)+(1—)o(X0) = —tlog MA(1) (x1)—(1—1) log MA(0) (Xo)-

Hence

ot(xt) < —log MA(¢)(Xt).




Therefore
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Therefore
e~ % > MA(vr)

Integrating we get

/e¢tdx2 /MA(@Dt)dx:/Cdy: 1

and we are done.
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Convexity of entropy

Theorem

Letvygs, 0 < s < 1, be a curve of convex functions on R", such that ;ZA)S is
linear in s (a geodesic in the space of convex functions). Assume
R(0vys) = C where C is a convex body of volume 1. Then MA(vs)dx are
probability measures and their entropy

| 1oa(MAGu)MAGs)ox

is a convex function of s.

Given what we have done this follows easily from

/n log(MA(4s))MA(¢)s)dx = —/C|09(MA($S))dy-

The complex version of this is the convexity of the Mabuchi K-energy.
S 1



