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First version of Brunn-Minkowski, BM 1:

Theorem
Let A0 and A1 be two convex bodies in Rn and let for 0 ≤ t ≤ 1

At = tA1 + (1− t)A0 = {ta1 + (1− t)a0; a1 ∈ A1, a0 ∈ A0}.

Then the volumes of At satisfy

|At |1/n ≥ t |A1|1/n + (1− t)|A0|1/n.

In other words,
t → |At |1/n

is a concave function of t.
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Lyusternik’s generalization

The Brunn-Minkowski theorem holds for general compact A0 and A1, not
necessarily convex.

We will get back to that in a while, but so far we stick to the convex case.
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Second version of Brunn-Minkowski, BM 2:

Theorem
Let A be a convex body in Rn+1 and let

At = {x ∈ Rn; (t , x) ∈ A}

Then t → log |At | is a concave function of t.

t → |At |1/n is also concave, but the two versions are ’equivalent’ because
of homogeneity of Lebesgue measure.
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A version of Brunn-Minkowski for functions

Theorem
Prékopa’s theorem Let φ(t , x) be convex on Rn+m = Rm

t × Rn
x . Define

φ̃(t) on Rm by

e−φ̃(t) =

∫
Rn

e−φ(t ,x)dx .

Then φ̃ is convex.

1. Not an easy consequence of Hölder’s inequality!

2. It is important that φ is convex with respect to all variables.

3. This implies the (second version of) Brunn-Minkowski.
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Proof 1: Via the Brascamp-Lieb inequality.

Theorem
Brascamp-Lieb, -72
Let φ be a smooth strictly convex function on R, such that∫

R
e−φdx <∞.

Let f be a continuous function on R. Then there is a solution to the
equation

u′ = f

with ∫
R

u2e−φdx ≤
∫
R

f 2

φ′′
e−φdx .
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This is a complex version of Hörmander’s estimate
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∆φ
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The Brascamp-Lieb theorem can be proved in much the same way as
Hörmander’s theorem, but their direct proof is very pretty:

φ must have a minimum; say at zero. Then φ′(0) = 0 to order 1, by strict
convexity. Assume first that u(0) = 0. Then

u(x) = k(x)φ′(x).

Then

u′ = k ′φ′ + kφ′′; (u′)2 = (k ′)2(φ′)2 + 2kk ′φ′φ′′ + k2(φ′′)2.

Hence ∫
R

(u′)2/φ′′e−φdx ≥
∫
R

(2kk ′φ′ + k2φ′′)e−φdx
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∫
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(u − u(0))2e−φdx ≥
∫
R

(u − û)2e−φdx .

Equality holds if and only if k ′ = 0, i. e. u = cφ′.
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Proof of Prékopa:

We may assume m = 1, and n = 1. A direct computation gives

φ̃′′ =

∫
(φ̈− (φ̇− ˆ̇φ)2)e−φdx∫

e−φdx
.

By Brascamp-Lieb

φ̃′′ ≥
∫

(φ̈− (φ̇′)2/φ′′)e−φdx∫
e−φdx

.

But

φ̈− (φ̇′)2/φ′′ =
φ′′φ̈− (φ̇′)2

φ′′
≥ 0.

Notice how convexity with respect to all variables comes in!
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Prékopa-Leindler theorem

Theorem
Let φ0 and φ1 be functions on Rn, not necessarily convex. Take 0 < t < 1
and let φt be a third function satisfying

φt(tx1 + (1− t)x0) ≤ tφ1(x1) + (1− t)φ0(x0),

for all x0 and x1.

Then

log
∫

e−φt dx ≥ t log
∫

e−φ1dx + (1− t) log
∫

e−φ0dx

This is stronger than Prékopa’s theorem.

It implies Lyusternik’s generalization of the Brunn-Minkowski theorem.
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In the proof one may easily reduce to the case when∫
e−φ0dx =

∫
e−φ1dx = 1.

We will introduce convexity into the problem by solving Monge-Ampère
equations. If ψ is smooth and convex on Rn,

MA(ψ) = det(ψjk ).

If ψ is smooth and convex, we let x → ∂ψ(x) be the gradient map from
Rn to Rn. We will use
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Yau’s theorem, real version

Theorem
Let e−φ be a smooth positive function on Rn of total integral 1. Let C be
a convex body of volume 1. Then there is a convex function ψ such that

MA(ψ) = e−φ,

and the image of the gradient map R(∂ψ) equals C.

1. This is very easy when n = 1, which is really all we need.

2. Note that the change of variables y = ∂ψ(x) shows that∫
R(∂ψ)

dy =

∫
Rn

MA(ψ)(x)dx .

This explains why the volume of C has to be one.
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The Legendre transform

If ψ is convex on Rn, its Legendre transform is

ψ̂(y) = sup
x

y · x − ψ(x).

The sup is attained where y = ∂ψ(x). If ψ is smooth and strictly convex,
R(∂ψ) is the interior of the set where ψ̂ is finite. The Legendre transform
is involutive; taking it twice we get back the original function.

This means that
ψ(x) = sup

y∈R(∂ψ)

(x · y − ψ̂(y).



The Legendre transform

If ψ is convex on Rn, its Legendre transform is

ψ̂(y) = sup
x

y · x − ψ(x).

The sup is attained where y = ∂ψ(x). If ψ is smooth and strictly convex,
R(∂ψ) is the interior of the set where ψ̂ is finite. The Legendre transform
is involutive; taking it twice we get back the original function.

This means that
ψ(x) = sup

y∈R(∂ψ)

(x · y − ψ̂(y).



The Legendre transform

If ψ is convex on Rn, its Legendre transform is

ψ̂(y) = sup
x

y · x − ψ(x).

The sup is attained where y = ∂ψ(x).

If ψ is smooth and strictly convex,
R(∂ψ) is the interior of the set where ψ̂ is finite. The Legendre transform
is involutive; taking it twice we get back the original function.

This means that
ψ(x) = sup

y∈R(∂ψ)

(x · y − ψ̂(y).



The Legendre transform

If ψ is convex on Rn, its Legendre transform is

ψ̂(y) = sup
x

y · x − ψ(x).

The sup is attained where y = ∂ψ(x). If ψ is smooth and strictly convex,
R(∂ψ) is the interior of the set where ψ̂ is finite.

The Legendre transform
is involutive; taking it twice we get back the original function.

This means that
ψ(x) = sup

y∈R(∂ψ)

(x · y − ψ̂(y).



The Legendre transform

If ψ is convex on Rn, its Legendre transform is

ψ̂(y) = sup
x

y · x − ψ(x).

The sup is attained where y = ∂ψ(x). If ψ is smooth and strictly convex,
R(∂ψ) is the interior of the set where ψ̂ is finite. The Legendre transform
is involutive; taking it twice we get back the original function.

This means that
ψ(x) = sup

y∈R(∂ψ)

(x · y − ψ̂(y).



The Legendre transform

If ψ is convex on Rn, its Legendre transform is

ψ̂(y) = sup
x

y · x − ψ(x).

The sup is attained where y = ∂ψ(x). If ψ is smooth and strictly convex,
R(∂ψ) is the interior of the set where ψ̂ is finite. The Legendre transform
is involutive; taking it twice we get back the original function.

This means that
ψ(x) = sup

y∈R(∂ψ)

(x · y − ψ̂(y).



The gradient map

So
ψ̂(y) + ψ(x) ≥ x · y ,

with equality when y = ∂ψ(x).

Or, x = ∂ψ̂(y).

Hence x → ∂ψ(x) = y(x) is the inverse to y → ∂ψ̂(y) = x(y)!

Hence MA(ψ)(x)MA(ψ̂)(y) = 1 at corresponding points.
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Proof of Prékopa-Leindler

We use ’the real Yau’s theorem’ on φ0 and φ1 and get two convex
functions ψ0, ψ1, with R(∂ψj) = C, such that

MA(ψj) = e−φj .

Take Legendre transforms and get ψ̂j defined in C. For 0 < s < 1 we
interpolate

ψ̂s = sψ̂1 + (1− s)ψ̂0.

This defines ψs as
ψs(x) = sup

y
(x · y − ψ̂s).

It is convex in (s, x) since the RHS is affine in (s, x). (!)
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Recall
ψs(x) = x · ys(x)− ψ̂s(ys(x)), ys(x) = ∂ψs(x).

Choose x = xs(y) = s∂ψ̂1(y) + (1− s)∂ψ̂0(y) where y is fixed.

This is a line and
ψs(xs(y)) = xs(y) · y − ψ̂s(y)

is linear along each such line.

Moreover and more importantly

log MA(ψs(xs(y)) = − log MA(ψ̂s(y))

is convex along those lines.
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So, if
xs(y) = sx1(y) + (1− s)x0(y),

then
log MA(ψs(xs))

is convex in s.

By hypothesis

φt(xt) ≤ tφ1(x1)+(1−t)φ0(x0) = −t log MA(ψ1)(x1)−(1−t) log MA(ψ0)(x0).

Hence
φt(xt) ≤ − log MA(ψt)(xt).
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Therefore
e−φt ≥ MA(ψt)

Integrating we get∫
e−φt dx ≥

∫
MA(ψt)dx =

∫
C

dy = 1,

and we are done.
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Convexity of entropy

Theorem

Let ψs, 0 < s < 1, be a curve of convex functions on Rn, such that ψ̂s is
linear in s (a geodesic in the space of convex functions). Assume
R(∂ψs) = C where C is a convex body of volume 1. Then MA(ψs)dx are
probability measures and their entropy∫

Rn
log(MA(ψs))MA(ψs)dx

is a convex function of s.

Given what we have done this follows easily from∫
Rn

log(MA(ψs))MA(ψs)dx = −
∫

C
log(MA(ψ̂s))dy .

The complex version of this is the convexity of the Mabuchi K-energy.



Convexity of entropy

Theorem

Let ψs, 0 < s < 1, be a curve of convex functions on Rn, such that ψ̂s is
linear in s (a geodesic in the space of convex functions). Assume
R(∂ψs) = C where C is a convex body of volume 1.

Then MA(ψs)dx are
probability measures and their entropy∫

Rn
log(MA(ψs))MA(ψs)dx

is a convex function of s.

Given what we have done this follows easily from∫
Rn

log(MA(ψs))MA(ψs)dx = −
∫

C
log(MA(ψ̂s))dy .

The complex version of this is the convexity of the Mabuchi K-energy.



Convexity of entropy

Theorem

Let ψs, 0 < s < 1, be a curve of convex functions on Rn, such that ψ̂s is
linear in s (a geodesic in the space of convex functions). Assume
R(∂ψs) = C where C is a convex body of volume 1. Then MA(ψs)dx are
probability measures and their entropy∫

Rn
log(MA(ψs))MA(ψs)dx

is a convex function of s.

Given what we have done this follows easily from∫
Rn

log(MA(ψs))MA(ψs)dx = −
∫

C
log(MA(ψ̂s))dy .

The complex version of this is the convexity of the Mabuchi K-energy.



Convexity of entropy

Theorem

Let ψs, 0 < s < 1, be a curve of convex functions on Rn, such that ψ̂s is
linear in s (a geodesic in the space of convex functions). Assume
R(∂ψs) = C where C is a convex body of volume 1. Then MA(ψs)dx are
probability measures and their entropy∫

Rn
log(MA(ψs))MA(ψs)dx

is a convex function of s.

Given what we have done this follows easily from∫
Rn

log(MA(ψs))MA(ψs)dx = −
∫

C
log(MA(ψ̂s))dy .

The complex version of this is the convexity of the Mabuchi K-energy.



Convexity of entropy

Theorem

Let ψs, 0 < s < 1, be a curve of convex functions on Rn, such that ψ̂s is
linear in s (a geodesic in the space of convex functions). Assume
R(∂ψs) = C where C is a convex body of volume 1. Then MA(ψs)dx are
probability measures and their entropy∫

Rn
log(MA(ψs))MA(ψs)dx

is a convex function of s.

Given what we have done this follows easily from∫
Rn

log(MA(ψs))MA(ψs)dx = −
∫

C
log(MA(ψ̂s))dy .

The complex version of this is the convexity of the Mabuchi K-energy.


