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Explaining microscopic origin of BH entropy
is a great success of string theory
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\
I
- 'f” 9sq < 1 9sq>1

."}) /(' -’“ ¢ (s e

p..
“/ {q@'}}\) {a:}

Strominger-Vafa '96 Bekenstein-Hawking '74
\/ class AH
dmicro(Q) = VI SBIH (Q> = W = T 419293
Pl

log dmicro(q) = S]CB%ISS(Q) T

The microstates of a susy BH are captured
by a susy index in the microscopic theory

* |dentify the states of the microscopic theory with the
same charges as that of the BH.

* Calculate supersymmetric index Tr(—1)¥ at weak
coupling. Index protected, flow to strong coupling.



The microstates of a susy BH are captured The microstates of a susy BH are captured

by a susy index in the microscopic theory by a susy index in the microscopic theory

* |dentify the states of the microscopic theory with the * |dentify the states of the microscopic theory with the
same charges as that of the BH. same charges as that of the BH.

» Calculate supersymmetric index Tr(—1)% at weak * Calculate supersymmetric index Tr(—1)¥ at weak
coupling. Index protected, flow to strong coupling. coupling. Index protected, flow to strong coupling.

* Does the susy BH contribute to the gravitational functional * Does the susy BH contribute to the gravitational functional
integral? Subtle question and needs a regulator. integral? Subtle question and needs a regulator.

[Sen '09; Dabholkar, Gomes, S.M., Sen ’10] [Sen '09; Dabholkar, Gomes, S.M., Sen '10]

* BHs in flat space, AdS;, AdS,

[Benini, Zaffaroni ’15; + Hristov ’16]
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A puzzle: “The most general index in SCFT4 A puzzle: “The most general index in SCFT4
does not have exponential growth of states” does not have exponential growth of states”

time time
N =4 SU(N)SYM | N =4 SU(N)SYM
3 . BHin AdSs x S° 3 . BH in AdS; x S°
on S° X time on S” x time
Ag 5 T = Tr(—1)Fe?mima Ag 9
Spg = — = O(N Spg = — = O(N
MGy ) logZ = O(1) BT 4Gy (V%)

[Gutowski, Reall '04] [Kinney, Maldacena, Minwalla, Raju ’05] [Gutowski, Reall '04]



The N=4 superconformal index is a large-N
matrix integral

Romelsberger 05 ]

I(7) = Try _1)Fe—B{Q,§}+2ninqi

phys (

7 = (71, T2,...) : Chemical potentials/Coupling constants

I(7) = / (DU exp(ni:; % F(n?) tr U tr(UT)n)
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The N=4 superconformal index is a large-N
matrix integral

Romelsberger 05 ]

I(7) = Try _1)Fe—B{Q,§}+2ninqi

phys (

7 = (71, T2,...) : Chemical potentials/Coupling constants

I(7) = / [D(ijp(f:l % F(n?) tr U tr(UT)n)

Unitary Single-letter
matrix index.

[Kinney, Maldacena, Minwalla, Raju '05;

The N=4 superconformal index is a large-N

1Y 1 [Kinney, Maldacena, Minwalla, Raju '05;
matrix integral e

I(7) = Try _1)Fe—B{Q,§}+2ﬂ'inqi

phys (

7 = (71, T2,...) : Chemical potentials/Coupling constants

I(7) = / (DU exp(g:l % F(n) tr U™ tr(UT)n)

Unitary Single-letter
matrix index.

* Purely two-particle interaction among eigenvalues.



recent progress along three threads: recent progress along three threads:

* Gravitational thermodynamic analysis
[Cabo-Bizet, Cassani, Martelli, S.M. 1810.]



recent progress along three threads:

* Gravitational thermodynamic analysis
[Cabo-Bizet, Cassani, Martelli, S.M. 1810.]

 Cardy-like limit = infinite charge limit of matrix model
(BHs much larger than AdS scale)

[Choi, Kim, Kim 1810; Kim, Kim, Song 1904;

Cabo-Bizet, Cassani, Martelli, S.M. 1904]

recent progress along three threads:

* Gravitational thermodynamic analysis
[Cabo-Bizet, Cassani, Martelli, S.M. 1810.]

* Cardy-like limit = infinite charge limit of matrix model

(BHs much larger than AdS scale)

[Choi, Kim, Kim 1810; Kim, Kim, Song 1904;
Cabo-Bizet, Cassani, Martelli, S.M. 1904]

* Bethe-ansatz-type approach at large N.
(Different contour integral representation of 7)
[Benini, Milan 1811, 1812.]



Aim of talk: direct analysis of matrix model
for finite charges at Iarge N [Cabo-Bizet, S.M. 1909.]

Relate to recent progress along three threads:

* Gravitational thermodynamic analysis
[Cabo-Bizet, Cassani, Martelli, S.M. 1810.]

 Cardy-like limit = infinite charge limit of matrix model

(BHs much larger than AdS scale)

[Choi, Kim, Kim 1810; Kim, Kim, Song 1904;
Cabo-Bizet, Cassani, Martelli, S.M. 1904]

* Bethe-ansatz-type approach at large N.

(Different contour integral representation of 7')
[Benini, Milan 1811, 1812.]
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Susy BHs in AdS5 are labelled by charge

and two angular momenta

IIB on AdS; x S° <= N = 4 SYM

Charges of BPS SO4)  (J1,J2)
states/BH SU4)r (Q1,Q2,Q3)

Minimal AdSs sugra (guv, Ay)

IIB on AdSs x M° <= N\ — 1 SCFT on S°

50(4) (J1>J2) (wl,wz)
U(l)R Q )
Charges Chemical potentials




The entropy of these BHs can be recast as
an extremization (of SCFT Casimir energy)

[Hosseini, Hristov, Zaffaroni 1705.]

Seu(J1,J2,Q) = —exty o, (I(w1,ws, ) —wid1 —wado — Q)
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Has the form of supersymmetric Casimir energy of SCFT.

[Assel, Cassani, Martelli 1405.]
[ + di Pietro, Komargodski,
Lorentzen 1503.]



The entropy of these BHs can be recast as Is there a physical principle that leads to
an extremization (of SCFT Casimir energy) this extremization problem?

[Hosseini, Hristov, Zaffaroni 1705.]

BH thermodynamics

Seu(J1,J2,Q) = —exty o, (I(w1,ws, ) —wid1 —wado — Q) Temperature = surface gravity 3

o R2 3 Chemical potential
TtAds _# for angular momentum

271G wiw
12 Chemical potential -
under the constraint /w1 +wy —2¢p = 27 for electric charge

/ (For N'=4SYM ¢° = ©1 ¢2¢3)

Has the form of supersymmetric Casimir energy of SCFT.

[Assel, Cassani, Martelli 1405.]
[” + di Pietro, Komargodski,
Lorentzen 1503.]

= angular velocity 212

where [ =

gauge field value &




Is there a physical principle that leads to

this extremization problem?

BH thermodynamics

Temperature = surface gravity 3
Chemical potential
for angular momentum

Chemical potential -
for electric charge

= angular velocity 212

gauge field value &

Susy BHvalues: 3 —o0, Qi =1, & =

3
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Is there a physical principle that leads to

this extremization problem?

BH thermodynamics

Temperature = surface gravity 3
Chemical potential
for angular momentum

Chemical potential -
for electric charge

= angular velocity 212

gauge field value &

Susy BHvalues: (B — o0, Q2 =1 & =

* Frozen: nothing left to vary!

3
2



Is there a physical principle that leads to Four-parameter family of (non-susy) BH
this extremization problem? solutions of minimal sugra

BH thermodynamics

2 2 8
Temperature = surface gravity /3 L=(R+1297)+1 = sFA*F+ 52 FANFAA

Chemical potential
for angular momentum

Chemical potential -

* BH parameters: (a,b,m, q)
[Gutowski, Reall, '04] [Chong, Cvetic, Lu, Pope, '05; Kunduri, Lucietti, Reall, ’06]

= angular velocity 212

: gauge field value &
for electric charge

% 3
SusyBHvalues: 8 —o0, 1, =1, @ = 5

* Frozen: nothing left to vary!

* Wrong relation! 1+ Q7 + Q5 — 20" = 0




Four-parameter family of (non-susy) BH
solutions of minimal sugra

L=(R+12¢*)x1 —2FA«xF+ 2FAFAA

* BH parameters: (a,b,m, q)
[Gutowski, Reall, '04] [Chong, Cvetic, Lu, Pope, '05; Kunduri, Lucietti, Reall, '06]

* Measure charges (E, Jy, J2, @) at infinity

* Measure chemical potentials 2, 5(a, b, m, q), ®(a,b, m,q)

Charges, potentials, and on-shell action
obey Quantum Statistical Relation (QSR)

[Gibbons, Hawking '77]

e Calculate regularized on-shell action I(a, b, m, q)

On-shell action diverges because of the infinite Vol(AdS)

Holographic renormalization / Background subtraction
[Papadimitrou, Skenderis '05 ] [Chen, Lu, Pope '05 ; Kunduri, Lucietti '05]



Charges, potentials, and on-shell action There is a three-parameter supersymmetric

obey Quantum Statistical Relation (QSR) family of solutions BPS BH
[Gibbons, Hawking '77] /
_ _ e Supersymmetry # extremality ®
e Calculate regularized on-shell action I(a,b,m,q) m Extremal
f— - T+ _> T*
On-shell action diverges because of the infinite Vol(AdS) =1 +a+b (8 = o0)
Holographic renormalization / Background subtraction Susy

[Papadimitrou, Skenderis "05 ] [Chen, Lu, Pope '05 ; Kunduri, Lucietti '05]

I = BE — Sy — B J1 — B J; — BRQ




There is a three-parameter supersymmetric There is a three-parameter supersymmetric

family of solutions BPS BH family of solutions BPS BH
e Supersymmetry # extremality ./ e Supersymmetry # extremality ./
m Extremal m Extremal
g=— ?'_1_—)?'* gQ=———— T—{—_)‘r*
Susy Susy

* The supersymmetric Euclidean solutions are complex * The supersymmetric Euclidean solutions are complex
and the Lorentzian solutions are not physical (CTCs) and the Lorentzian solutions are not physical (CTCs)
away from the extremal limit. away from the extremal limit.

* Supersymmetric chemical potentials obey the constraint
B(l+02 4+ Q2 —2®) = 27i



The sub-leading fluctuations of chemical
potentials are the interesting variables

Extremal limit of §l1.2(a,b,m) = Q7 5 =1
susy potentials: ®(a,b,m) — &* = =

DO QO

Subleading wi2 = B({lh,2 — 0 ,)
fluctuations: @ = B(®— d*)

as B — o0

They obey the constraint w; +ws — 2¢ = 2mi

2m @3

On-shell action: I=
2793G5 wiws

QSR: [ =-S8pg—wiJ1 —waJ2—pQ

We thus reach a new way to describe
AdS5 susy BH thermodynamics

* Go away from extremality, but preserve manifest susy.
Keep first-order fluctuations.

/ [cf. Silva ’06]
®

A

Extremal

Susy

* Infinite number of limits. Only one is supersymmetric
through the process.
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Euclidean theory

* Cigar-like geometry with ~ , _ 27 ©°

on-shell action - 27¢3G5 wiwy

R-symmetry
background
Wilson line

* Global regularity of ~

T : wy +we — 2 = 2mi
Killing spinor



This has a simple interpretation in the How does the dual matrix model capture

Euclidean theory the growth of states of the black hole?
* Cigar-like geometry with 27 ©° Today: w1 = wp = 27T | 7€ H
on-shell action 27g3G5 wiwsy 4
I(r) = /[DU] exp( Z — f(nT)tr U™ tr (UT)”)
R-symmetry 1
background
Wilson line

* Global regularity of p w1 +wy — 2 = 2ri
Killing spinor : ’ v

* On-shell action reproduces BH entropy functional,
topology explains constraint.




How does the dual matrix model capture
the growth of states of the black hole?

Today: w1 = wy = 27T | 7 cH

I(r) = / [DU] exp< 2 % f(nt)tr U™ tr(UT)“>

Eigenvalues {¢*™“i},_;

Soln

: matrix integral has complex saddles

[Cabo-Bizet, ALE. 1909.]



Soln: matrix integral has complex saddles
[Cabo-Bizet, AL.2. 1909.]

Family of saddles labelled by lattice points (m,n)
mtT+n € 41+ 7 ged(m,n) = 1

Soln: matrix integral has complex saddles

with macroscopic entropy [Cabo-Bizet, AL2. 1909.]

Family of saddles labelled by lattice points (m, n)
mr+n € Zr+27  ged(m,n) =1

S0,1) = entropy of pure AdS; = O(1)
S(1,0) = entropy of AdSs BH = O(N?)



Lemma: Periodic eigenvalue distributions Lemma: Periodic eigenvalue distributions

are saddle points of periodic potentials are saddle points of periodic potentials
N N

Oy S(u) = g, S(w) =0, S = Y V(uy) 8, S(w) = 8z,S(w) =0, S = > V(uy)
V(=2) = V(2) VetT) = Vi) V(=2) = V(2) VetT) = Vi)

1. Uniform distribution along [0,T] w = ~ T +uo
is a solution of the variational equations.

P
.
o
o
.
o
.
o
.
Ry



Lemma: Periodic eigenvalue distributions
are saddle points of periodic potentials

7 =

Ou,S(u) = 0g,S(u) =0,

1,j=1

Viz+T) = V(z)

N
Sw) = Y Viuy)

1. Uniform distribution along [0,T] u = ~ T+ us
is a solution of the variational equations.

2. Action of this distribution = average value of V

) - N2/01d:cV(:cT)

.....
o Yo

*
g o
------

o
.
o
o
.
.
Ry
o
.
.

The potential of our index is quasi-periodic
under lattice translations

N
I(T) — 77(7_>2N/[DQ] H Fe(uij +2T;T, T)X
i#j=1 N 1
X igl Fe(uij + 5(27' +1);7, 7')3

o0 1 — C—Qﬂ'iz CQTriU(j—l—l) CQﬂ'iT(k—‘rl)

Le (Z; g, T) - H 1 — e2miz @27ioj p2miTk
J,k=0

[Felder-Varchenko '99; Spiridonov '10; Spiridonov-Varatnov 12 ]



The potential of our index is quasi-periodic How to make quasi-elliptic functions elliptic
under lattice translations e

fo(zr) = 1= JJO -0 O —a"¢ Lattice L7+ Z
N n=1 . [Jacobi] 7
I(r) = n(r)*N / (Du] ] Telusj +2757,7)% bo(z) = Bo(z +1) = —€>"=y(z +7) E
i#j=1 N 1 \ 1
X i]:_[l Fe (uij + 5(27 + 1)? T, T) q= 627ri7'
»J C — eZﬂ'iz
) 1 — 27z 027Ti0(j+1) 027Ti7'(k+1) 2= 2 4+ T2
Fe(z; g, T) - ']];_[O 1 — e27iz @27ioj g27iTk
37 ) —

[Felder-Varchenko '99; Spiridonov ’10; Spiridonov-Varatnov '12 ]

Lo(2;7,7) = Te(z + 1;7,7) = O(2;7) *Te(z + 7;7,7)




How to make quasi-elliptic functions elliptic How to make quasi-elliptic functions elliptic

fo(zir) = 1= O JJO - a0 -g"¢ attice Zr 2 fo(zr) = 1= JJO -0 O —a"¢ Lattice L7+ Z
n=1 . [Jacobi] 7 n=1 . [Jacobi] 7
o(z) = fo(=+1) = —c*"* (= +7) { / Oo(2) = Oolz+1) = —c2% 0y (z +7) E
1 1
Construct , Construct .
1R 1 q= e2miT i 1 q= e2miT
P(z;7) := 2222 05(2;7)  Bya)=a?—z+> _ oz P(z;7) == 2% 0y(57)  Ba(w) =~ + - _ 2z
6 (=e 6 (=ce
Z = 21+ Tk 1 z2 =21+ T29

1. ¢ 2 P(z;7) = 6p(2;7) when 29 =0



How to make quasi-elliptic functions elliptic How to make quasi-elliptic functions elliptic

fo(zir) = 1= O JJO - a0 -g"¢ attice Zr 2 fo(zr) = 1= JJO -0 O —a"¢ Lattice L7+ Z
n=1 . [Jacobi] 7 n=1 . [Jacobi] 7
Oo(2) = Oo(z+1) = —e*™* (2 +7) f / Oo(z) = Oo(z+1) = —e*™ (2 +T) E
1 1
Construct = Construct _ 2mir
P(z71) = qEBQ(ZZ)QO(z;T) Bg(m):x2—x+% ¢ = & P(z;7) = q%Bz(zz)Go(Z‘;T) Bg(x):m2—:v+é z:e%iz

Z = 21+ Tk z2 =21+ T29

1. q*ﬁP(z;T) = 0p(z;7) when 20 =0 1. qil_lQP(Z;T) = 0o(z;7) when 29 =0

2. |P(2)] is elliptic 2. |P(2)| is elliptic 3. |P(2)| is modular!



How to make quasi-elliptic functions elliptic

bo(z7) = 1-¢O) [ -¢"0 (1

n=1

90(2) = 90(Z+ 1) = _627riz 00(Z+T)

—q"¢h)

Lattice Zr + Z

T

Ay

Construct
P(z;7) = q%BQ(ZZ)QO(z;T)

1
By(z) =2 —z+ =

6

1. q*ﬁP(z;T) = 0p(z;7) when 20 =0

2.|P(2)| is elliptic 3. |P(2)| is modular!

1
q= 627r1'r
C — 627r1z

Z = 21+ Tk

s—1 271

—log |P(z;7)| = lim T

2.

m,ne’
(m,n)#(0,0)

627ri(nz2 —mz1)

|mT + nl|?s

[Kronecker’s second limit formula]

The elliptic gamma function can be
deformed to an elliptic function

1

Construct Q(z;7) = ¢3

Bs3(z2)— 122 B2(22)

P(z; 1)

Le(z+71;7,7)



The elliptic gamma function can be The elliptic gamma function can be

deformed to an elliptic function deformed to an elliptic function
1 1 P(z;7) 1 1 P(z; 1)
. _ 333(2’2) 22232(22) . — 3B3(22) 22282(32)
Construct Q(#;7) = ¢ REEE— Construct Q(z;7) = ¢ Tz +7:7.7)
1. Q(z;7) = Le(z+7;7,7)"1 when 2z, =0 1. Q(z;7) = I'e(z +7;7,7)"1 when 2z, =0

2. |Q(2)] is elliptic == Elliptic dilogarithm  [S.Bloch- D.Wigner '78]



The elliptic gamma function can be
deformed to an elliptic function

: _ 3 Bs(z2)—$22B2(22) P(ZQT)ZQ
Construct Q(z;7) = ¢ Ep

1. Q(z;7) = Le(z+7;7,7)"1 when 2z, =0

2. |Q(z)] is elliptic == Elliptic dilogarithm  [S.Bloch- D.Wigner '78]

s [reloG )|t = ren |

formula

2 e27ri(n22—mz1)

e~ (m7 + n)(mT + n)?

(m,n)#(0,0)
[Ramakrishnan ’86] [Zagier '90] [Duke-Imamoglu '07] [Pasol-Zudilin ’18]

The elliptic gamma function can be
deformed to an elliptic function

: _ ,5B3(z2)—$22Ba(22) P(Z§T)22
Construct Q(z;7) = ¢ PR

1. Q(z;7) = I'e(z +7;7,7)"1 when 2z, =0

2. |Q(2)] is elliptic == Elliptic dilogarithm  [S.Bloch- D.Wigner '78]

3. | 108]Q(2i~2)| - log Q)| = F(aim)

2 627”

(m7 + n)(mT + n)?

Bloch
formula

m,neZ

(m,n);é(0,0)
[Ramakrishnan ’86] [Zagier '90] [Duke-Imamoglu '07] [Pasol-Zudilin ’18]




The elliptic gamma function can be
deformed to an elliptic function

: _ 3 Bs(z2)—$22B2(22) P(ZQT)Z2
Construct Q(z;7) = ¢ Ep

1. Q(z;7) = Le(z+7;7,7)"1 when 2z, =0

2. |Q(z)] is elliptic == Elliptic dilogarithm  [S.Bloch- D.Wigner '78]

z 1
3. | log|@(Zi—)| (sl 7l = Fzsm) | 5
formula
i 627”

(m7 + n)(mT + n)?

m,neZ

(m,n)#(0,0)
[Ramakrishnan ’86] [Zagier '90] [Duke-Imamoglu '07] [Pasol-Zudilin ’18]

We can thus extend the SYM action to an
elliptic function (the elliptic SYM action)

1 8
S(u) = —2N log(q_1/24 n(r)) — ENTFiT + ﬁﬂ'h‘]\ﬂ

+ZlogQ(uij +7') +3210gQ(uij - %T_I_ %)

i#] @]

—ZlogP(uij +7)+ ZlogP(uij — 3T+ 3)
i7J @]




We can thus extend the SYM action to an We can thus extend the SYM action to an

elliptic function (the elliptic SYM action) elliptic function (the elliptic SYM action)
—1/24 1 . 8 . o —1/24 1 . 8 . o
S(u) = —2Nlog(q n(r)) — 6N7r17' + 2—7717]\7 S(u) = —2Nlog(q n(r)) — ENTFIT + ﬁﬂ'lTN
+Zlog@(uij +7)+ BZlogQ(uij — %7’ + %) +ZlogQ(uij +7)+ SZlogQ(uij — %T + %)
i#j 2] i#] ]
— ZlogP(uij +7)+ ZlogP(uij — 37+ 3) —ZlogP(uij +7)+ ZlogP(uij — 3T+ 3)
i 0] i "
* \Well-defined on the torus => saddles labelled by * \Well-defined on the torus => saddles labelled by
(m,n) mr+n € Zr+7Z (m,n) mr+n € Zr+7Z

* Action calculated as the integral along a given
direction — use double Fourier expansion!



The action of the (m,n) saddle is a simple

rational function of 7

Re Ser(m,n; 1) =

2 2
— N T
27 2

~—

characters mod 3.| X0
X1

. o 1
The two Dirichlet = =

ERE!
0 1

2
1
-1

(m7) +n)
X1
n|

_|_

|mT + n|?

(m +n)

3xo(m + n))

The action of the (m,n) saddle is a simple
rational function of 7

Re Segr(m, n; 1)

The two Dirichlet |-

characters mod 3.

(m7; +n)

2
= Vi (s T )
1
o 1 2 +—|mT D 3xo0(m + n)>
xo |0 1 1

1|0 1 =1

Full action:

Set(m,n;7) =

N27i (2(m7 +n) + x1(m + n))3

27Tm (mT +n)?




The action of the (m,n) saddle is a simple The action of the (m,n) saddle is a simple

rational function of 7 rational function of 7
. 2 5 (m7) +n) ' 2 5 (m7; +n)
Re Ser(m,n; 1) = EN ™ To (—4 + m x1(m+mn) Re Ser(m,n; 1) = ﬁN T —4 + m x1(m+n)
+ ! 3xo(m + )> P 3xo(m + ))
S . T g oXxolm T mn = —=3xo(m+n
The two Dirichlet | Xl ” 1 2 [ +nf? The two Dirichlet | 050 1 2 |mT + nl?
characters mod 3.| xo |0 1 1 characters mod 3. Xo |0 1 1
x1 [0 1 -1 X1 |0 3 =1
3 3
N27i (2(mT +n) + x1(m +n)) N27i (2(m7 +n) + x1(m +n))
ion: | Sesr(m, n;7) = ion: | Ser(m,n;7) =
Full action: | Sea(m,n;7) = o= (mr 1 )2 Full action: | Sex(m, n;7) = Z-— (3 n)?

. N27i (2r+1)° = the on-shell sugra . Nmi (27 41)° = the on-shell sugra
In part|CU|ar, Seff(L 077—) DY 72 action of AdS5 BH In partICl'“ar; Seff(la 0; T) Y @ action of AdS5 BH




Phase structure: black hole dominates in a Phase structure: new phases appear near

region surrounding - =0 rational points

[Cabo-Bizet, S.M. 1909.] [Cabo-Bizet, S.M. 1909.]
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The Cardy-like limit is simply the limit of The Cardy-like limit is simply the limit of
the (1,0) configuration shrinking to origin the (1,0) configuration shrinking to origin

As the BH charges — o0, integral dominated by 7 — 0 As the BH charges — 00, integral dominated by 7 — 0

71 71
log Q(z;7) 33;33({21}) log P(z;7) " —732({21})

Action in Cardy-like limit
() = 712 (g7 (B (i) + 35s({wnss + 31)

T—0 372
+2 (Balf{waes)) = Ba({mrss + 31)

%]




The Cardy-like limit is simply the limit of
the (1,0) configuration shrinking to origin

As the BH charges — o0, integral dominated by 7 — 0

o2 Q(57) — 25 B((m))  logP(aim) — T By({=1))

Action in Cardy-like limit

S(u) — FiZ(#(B?; ({u4;}) +3Bs({ury; + %}))

“ +2 (Bal{n) = Ba({unis + 1))

The Cardy-like limit is simply the limit of
the (1,0) configuration shrinking to origin

As the BH charges — 00, integral dominated by 7 — 0

71 71
log Q(z;7) 337—233({21}) log P(z;7) " —732({21})

e Clarifies Cardy-limit calculations in [Cabo-Bizet, Cassani, Martelli,
S.M. 1904.] (and possibly in related papers)

Action in Cardy-like limit

() = 712 (g7 (B (i) + 35s({wnss + 31)

7—0 — \ 372
' +2 (Balfun}) — Bl + ) )

* Clarifies Cardy-limit calculations in [Cabo-Bizet, Cassani, Martelli,
S.M. 1904.] (and possibly in related papers)

* Sequence of Cardy-like limits corresponding to (m,n) saddles!



The entropy of the (1,0) saddle is found by The entropy of the (1,0) saddle is found by

extremizing in 7 and imposing reality extremizing in 7 and imposing reality
[Cabo-Bizet, Cassani, Martelli, S.M. 1810.] [Cabo-Bizet, S.M. 1909.] [Cabo-Bizet, Cassani, Martelli, S.M. 1810.] [Cabo-Bizet, S.M. 1909.]
eSpu(@: ) — /dT exp(&(7)). eS8 (@) — /dT exp(&(7)),
E(T) = =Sen(1,0;7) — 27i7(2J 4+ Q) — 7iQ E(T) = =Serr(1,0;7) — 27iT(2J + Q) — 7iQ
. s
Soln: P(5-8mn) =0 Pla) = (-24a) - (7 +2)’




The entropy of the (1,0) saddle is found by

extremizing in 7 and imposing reality

[Cabo-Bizet, Cassani, Martelli, S.M. 1810.] [Cabo-Bizet, S.M. 1909.]

eSpu(@ ) — /dT exp(E(T)),
E(T) = =Sen(1,0;7) —27i7(2J + Q) — 7 Q

2

Soln: P(lSBH) =0 Plz) = (_%H)?’_ o

21

(7 +2)°

Reality: Im(Spy) = Im(J) = Im(Q) =0

The entropy of the (1,0) saddle is found by

extremizing in 7 and imposing reality

[Cabo-Bizet, Cassani, Martelli, S.M. 1810.] [Cabo-Bizet, S.M. 1909.]

eSu(Q,J) /dT GXP(S(T))7

E(T) = =Sen(1,0;7) — 2mi7(2J + Q) — 7w Q
i Q 3 2 5
Soln: P(%SBH) =0 P({L‘) = (—§+x> — T(J_‘_x)

Reality: Im(Spy) =Im(J) =Im(Q) =0

Imposes relation between (Q,J)

Spi = m/3Q2 — 4N2]

>
[S. Kim, K.-M. Lee '06]




The BH solution exists on a 1d curve in the BH solution v/is SYM phase space
T=- plane [Cabo-Bizet, S.M. 1909.]

0.6

L BH

0.5 ;
entropy [

04Ff
0.3f

RealBH _—
solution

Q* o _]\/v2 (27’1+1) (107’1 —].) J* - N2 (2T1+].)2 (77’1 —1)

727’12 4327’13




BH solution v/s SYM phase space Outlook and Questions
[Cabo-Bizet, S.M. 1909.]

* Complex saddles of matrix model important.
BHs, many other phases (what are they in gravity?)

Similar story for (m,n) saddles! What are they in gravity?

Question: do the (m,n) solns tesselate the SYM phase space?
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Outlook and Questions

* Complex saddles of matrix model important.
BHs, many other phases (what are they in gravity?)

* Importance of lattice A = Z7 + Z and torus C/A,

Role of modular symmetry: 7 'vs 772

* Elliptic deformation of SYM action — Q-exact term?

* Deeper role of number theory? Relation to L-functions/
Mahler measure/ Algebraic K-theory.




“‘May | be excused for saying with
banality that the forest hides the
trees, for those who think that they
disengage themselves from
atomistics by the consideration of
differential equations.”

More detalils

— L. Boltzmann, 1905, Populére Schriften



The R-symmetry Wilson line has a subtle The R-symmetry Wilson line has a subtle

effect on the Hamiltonian SCFT index... effect on the Hamiltonian SCFT index...
[Cabo-Bizet, Cassani, Martelli, M. 1810, 1904.] [Cabo-Bizet, Cassani, Martelli, M. 1810, 1904.]

I(O’,T;?’Lo) _ T\I_thys eﬂi(no+l)F e—,B{Q,Q}+27TiUJ1—|—27riTJ2+<pQ




The R-symmetry Wilson line has a subtle The R-symmetry Wilson line has a subtle

effect on the Hamiltonian SCFT index... effect on the Hamiltonian SCFT index...
[Cabo-Bizet, Cassani, Martelli, M. 1810, 1904.] [Cabo-Bizet, Cassani, Martelli, M. 1810, 1904.]
I(U,T;no) = Try, ‘eﬂi(n0+1)Fe—,B{Q,@}+27riaJ1+27riTJ2—|—<pQ I(U,T;no) = Tty , ‘eﬂi(no—‘-l)F e—B{Q,§}+2wiaJ1+2ﬂi7—J2+<pQ
Use constraint and spin-statistics ¢2™7(/1+25) — | = Use constraint and spin-statistics ¢2™"(/1+25) — | =

I(O’,T;no) = I(U _ nOaT;O)

Z(0,7:0) = Truy,, (~1)Fe (@0} 2riel 4@y 2nir(t4Q)




... with interesting consequences ... with interesting consequences

Z-(0-77-;710) = I<U - nOaT;O) I(O‘,T;?’Lo) = I(U — n077_;0)

\ \

1. Field theory index with any value of n¢ is protected.




... with interesting consequences Four-parameter family of (non-susy) BH
solutions of minimal sugra

Z(o,m3n0) = Z(0 — 19, 7;0) L=(R+12¢*)%1 —2FAxF+ SFAFAA
‘  BH parameters: (a,b,m, q)
[Gutowski, Reall, '04] [Chong, Cvetic, Lu, Pope, '05; Kunduri, Lucietti, Reall, ’06]

1. Field theory index with any value of n¢ is protected.

2. no only affects the phase of the degeneracies of states

Z(o,T;m0) = Z d(nl,ng;no)e%i(anler?)

ni,n2

|d(n1,n2;n0)| = |d(n1,n2;0)]




Four-parameter family of (non-susy) BH We thus reach a new way to describe
solutions of minimal sugra AdS5 susy BH thermodynamics

L=(R+12¢*)x1 —2FAxF+EFAFAA _ /
( g’) 3 27 * Go away from extremality [cf. Silva 06]
. . o Keep first-order fluctuations. i
[Gutowski, Reall, '04] [Chong, Cvetic, Lu, Pope, '05; Kunduri, Lucietti, Reall, ’06]

Susy

* Killing horizon generated by Killing vector

0 0 0
V—a—l—Qla_QS‘FQQ%

Angular velocities at horizon

* Electrostatic potential at horizon

&=V A, V- A




We thus reach a new way to describe We thus reach a new way to describe

AdS5 susy BH thermodynamics AdS5 susy BH thermodynamics
* Go away from extremality [cf. Silva’06] / * Go away from extremality [cf. Silva’06] /
but preserve manifest susy. Extremal but preserve manifest susy. ? Extremal
Keep first-order fluctuations. Keep first-order fluctuations. i
Susy Susy
* Quantum statistical relation in new variables: * Quantum statistical relation in new variables:
I = BE — Sgg — B J1 — B J2 — BOQ I = BE — Spg — B J1 — BQ2J2 — BRQ

=B(E—-Q1J1 —Q3J; —®* Q) — Spu —wi1J1 —wads — 0 Q



We thus reach a new way to describe We thus reach a new way to describe

AdS5 susy BH thermodynamics AdS5 susy BH thermodynamics
* Go away from extremality [cf. Silva’06] / * Go away from extremality [cf. Silva’06] /
but preserve manifest susy. Extremal but preserve manifest susy. ? Extremal
Keep first-order fluctuations. Keep first-order fluctuations. i
Susy Susy
* Quantum statistical relation in new variables: * Quantum statistical relation in new variables:
I = BE — Sy — B J1 — B Jy — BPQ
= BE — Q1J1 — Q52 — 2" QD— Sy —wi1J1 —wado — 9 Q

P [ = —Spy —wiJ1 —wad2a —pQ




Zaas(wi,wy) = e~ 2wzl containg exponential
growth of states.

Zpgs(wi,w2) = Zscrr(wi,ws)

\ Calculate in

presence of i s, 1810
Wilson line
e

Zscrr = € 7 Igcrr

\/whwz —f(wl,CUQ) = IAdS(wl,WQ)

Zaas(wi,wy) = e~ a31e2) containg exponential
growth of states.

[Cabo-Bizet, Cassani,

Zpgs(wi,we) = Zscpr(wr,ws)
l Calculate in
Zscrr = € 7 Isopr

N WhW2  _F(w,wy) = Iags(wi,ws)

[Cabo-Bizet, Cassani,
presence of /i s M. 1810

Wilson line

- Suggests Cardy-like formula and
associated modular symmetry



