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Introduction

Question (N. Sibony, private communication): Let φ ∈ Symp(R2n).
Is φ approximable in the sense of Carleman by elements of
Symphol(C2n) leaving R2n invariant?

Here φ ∈ Symp(R2n) means that φ∗ω0 = ω0 for the standard
symplectic form

ω0 =
n∑

j=1

dxj ∧ dxn+j

on R2n, and ψ ∈ Symphol(C2n) means the complex analogue.

Carleman approximation: For any continuous function ε(x) > 0 on
R2n there exists ψ such that ‖ψ(x)− φ(x)‖ < ε(x) for all x ∈ R2n.
(This is also called tangential approximation.)
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Some History - The complex plane

Theorem (Weierstrass (1885)):

Any continuous function on an
interval [a, b] ⊂ R is uniformly approximable by polynomials.

Theorem (Runge (1885)): If K ⊂ C is a compact set with C \ K
connected, then any function f ∈ O(K ) may be approximated on K
by polynomials.

Theorem (Carleman (1927)): For any continuous function f on
R ⊂ C and any continuous ε(x) > 0 there exists an entire function g
such that |g(x)− f (x)| < ε(x) for all x ∈ R.

More generally (Keldysh-Lavrent’ev (1939)): A closed subset X ⊂ C
is a Carleman set if and only if X has no interior, if P1 \ X is
connected, and C \ X is connected and locally connected at infinity.

There are also similar results allowing X to have interior due to
Arakeljan (1964) and Neresjan (1971/1972), and off course a vast
literature on polynomial and rational approximation on compact sets
due to Runge, Mergelyan, Vitushkin and others ...
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Some History - Several Complex Variables

Theorem (Scheinberg (1976), Sakai (1980)): We have that Rn ⊂ Cn

admits Carleman approximation.

Theorem (Alexander (1979)): A smooth unbounded curve in Cn

admits Carleman approximation. (Improved later by Gauthier and
Zeron to include locally rectifiable curves with trivial topology. )

Theorem (Wold, 2009): There exists a polynomially convex totally
real submanifold M ⊂ Cn such that M does not admit Carleman
approximation.

Theorem (Manne (1993), Manne-Wold-Øvrelid (2009),
Magnusson-Wold)(2016): A totally real submanifold M ⊂ Cn admits
Carleman approximaiton if and only if M is polynomially convex and
has bounded exhaustion hulls.

Chenoweth, Castro-Infantes (2018/19): Carleman approximation for
maps to Oka manifolds and for directed holomorphic curves.
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Holomorphic Embeddings - And The Main Result

Theorem (Buzzard-Forstnerič (1997)): Any proper smooth embedding
f : R→ C2 by be approximated in the sense of Carleman by proper
holomorphic embeddings g : C→ C2.

Theorem (Kutzschebauch-Wold, 2014): If M ⊂ Cn is sufficiently
similar to Rk with k < n, then any compactly supported embedding
φ : M → Cn by by approximated in the sense of Carleman by
holomorphic automorpisms of Cn.

Theorem (Wold-Deng, 2019): Let φ ∈ Symp(R2n), let ε(x) > 0 be a
continuous function on R2n, and fix a k ∈ N. Then there exists
ψ ∈ Symphol(C2n) such that

‖(φ− ψ)(x)‖k < ε(x)

for all x ∈ R2n, and ψ(R2n) = R2n.
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Co-adjoint Orbits

Let G be a Lie group with Lie algebra g ≈ TeG .

For an element g ∈ G we can consider the conjugate map

x 7→ gxg−1.

Since this map fixes e we get an induced linear map

Ad(g) : g→ g

called the adjoint action action of g on g.

The adjoint action of g induces an an action Ad∗ on g∗ defined by

〈Ad∗(g)ξ, v〉 := 〈ξ,Ad(g−1)(v)〉

which is called the co-adjoint action of g on g∗. Orbits of elements ξ
in g are called co-adjoint orbits and are denoted by Oξ.
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The adjoint action of g induces an an action Ad∗ on g∗ defined by

〈Ad∗(g)ξ, v〉 := 〈ξ,Ad(g−1)(v)〉

which is called the co-adjoint action of g on g∗. Orbits of elements ξ
in g are called co-adjoint orbits and are denoted by Oξ.
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Example - the Heisenberg group

Let G0 be the real Lie group consisting of matrices

g =

1 a c
0 1 b
0 0 1

 (1)

with a, b, c ∈ R
Then we may identify g0 with R3 and we get that

Ad∗(g)(x) = (x1 + b · x3, x2 − a · x3, x3).

We see that for a point x ∈ R3 with x3 6= 0 we get that the
co-adjoint orbit of x is an affine 2-space.

If we let G be the complex Lie group consisting of matrices as above
where we allow complex entries, we get that G0 ⊂ G is a closed
totally real subgroup, and g∗ = g0

∗ + ig0
∗.

So for a point ξ ∈ R3 we see that O0,ξ is a closed totally real
submanifold of the complex co-adjoint orbit Oξ ≈ C2.

Erlend Fornæss Wold (Universitetet i Oslo) Symplectic Carleman Approximation KIAS, October 21-25 2019 7 / 14



Example - the Heisenberg group

Let G0 be the real Lie group consisting of matrices

g =

1 a c
0 1 b
0 0 1

 (1)

with a, b, c ∈ R

Then we may identify g0 with R3 and we get that

Ad∗(g)(x) = (x1 + b · x3, x2 − a · x3, x3).

We see that for a point x ∈ R3 with x3 6= 0 we get that the
co-adjoint orbit of x is an affine 2-space.

If we let G be the complex Lie group consisting of matrices as above
where we allow complex entries, we get that G0 ⊂ G is a closed
totally real subgroup, and g∗ = g0

∗ + ig0
∗.

So for a point ξ ∈ R3 we see that O0,ξ is a closed totally real
submanifold of the complex co-adjoint orbit Oξ ≈ C2.

Erlend Fornæss Wold (Universitetet i Oslo) Symplectic Carleman Approximation KIAS, October 21-25 2019 7 / 14



Example - the Heisenberg group

Let G0 be the real Lie group consisting of matrices

g =

1 a c
0 1 b
0 0 1

 (1)

with a, b, c ∈ R
Then we may identify g0 with R3 and we get that

Ad∗(g)(x) = (x1 + b · x3, x2 − a · x3, x3).

We see that for a point x ∈ R3 with x3 6= 0 we get that the
co-adjoint orbit of x is an affine 2-space.

If we let G be the complex Lie group consisting of matrices as above
where we allow complex entries, we get that G0 ⊂ G is a closed
totally real subgroup, and g∗ = g0

∗ + ig0
∗.

So for a point ξ ∈ R3 we see that O0,ξ is a closed totally real
submanifold of the complex co-adjoint orbit Oξ ≈ C2.

Erlend Fornæss Wold (Universitetet i Oslo) Symplectic Carleman Approximation KIAS, October 21-25 2019 7 / 14



Example - the Heisenberg group

Let G0 be the real Lie group consisting of matrices

g =

1 a c
0 1 b
0 0 1

 (1)

with a, b, c ∈ R
Then we may identify g0 with R3 and we get that

Ad∗(g)(x) = (x1 + b · x3, x2 − a · x3, x3).

We see that for a point x ∈ R3 with x3 6= 0 we get that the
co-adjoint orbit of x is an affine 2-space.

If we let G be the complex Lie group consisting of matrices as above
where we allow complex entries, we get that G0 ⊂ G is a closed
totally real subgroup, and g∗ = g0

∗ + ig0
∗.

So for a point ξ ∈ R3 we see that O0,ξ is a closed totally real
submanifold of the complex co-adjoint orbit Oξ ≈ C2.

Erlend Fornæss Wold (Universitetet i Oslo) Symplectic Carleman Approximation KIAS, October 21-25 2019 7 / 14



Example - the Heisenberg group

Let G0 be the real Lie group consisting of matrices

g =

1 a c
0 1 b
0 0 1

 (1)

with a, b, c ∈ R
Then we may identify g0 with R3 and we get that

Ad∗(g)(x) = (x1 + b · x3, x2 − a · x3, x3).

We see that for a point x ∈ R3 with x3 6= 0 we get that the
co-adjoint orbit of x is an affine 2-space.

If we let G be the complex Lie group consisting of matrices as above
where we allow complex entries, we get that G0 ⊂ G is a closed
totally real subgroup, and g∗ = g0

∗ + ig0
∗.

So for a point ξ ∈ R3 we see that O0,ξ is a closed totally real
submanifold of the complex co-adjoint orbit Oξ ≈ C2.

Erlend Fornæss Wold (Universitetet i Oslo) Symplectic Carleman Approximation KIAS, October 21-25 2019 7 / 14



Example - the Heisenberg group

Let G0 be the real Lie group consisting of matrices

g =

1 a c
0 1 b
0 0 1

 (1)

with a, b, c ∈ R
Then we may identify g0 with R3 and we get that

Ad∗(g)(x) = (x1 + b · x3, x2 − a · x3, x3).

We see that for a point x ∈ R3 with x3 6= 0 we get that the
co-adjoint orbit of x is an affine 2-space.

If we let G be the complex Lie group consisting of matrices as above
where we allow complex entries, we get that G0 ⊂ G is a closed
totally real subgroup, and g∗ = g0

∗ + ig0
∗.

So for a point ξ ∈ R3 we see that O0,ξ is a closed totally real
submanifold of the complex co-adjoint orbit Oξ ≈ C2.

Erlend Fornæss Wold (Universitetet i Oslo) Symplectic Carleman Approximation KIAS, October 21-25 2019 7 / 14



Symplectic forms

If v ∈ g we may define a vector field on g∗ as follows:

exp(tv)
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Symplectic forms

If v ∈ g we may define a vector field on g∗ as follows:
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Symplectic forms

If v ∈ g we may define a vector field on g∗ as follows:

Xv (ξ) :=
d

dt
|t=0Ad

∗(exp(tv))(ξ) (ξ ∈ g∗)

Then Xv is a complete vector field on Oξ.
For two vector fields Xu and Xv we define the symplectic form ω by

ω(Xu(ξ),Xv (ξ)) := 〈ξ, [u, v ]〉.

Then the vector field Xv defined above is symplectic, meaning that

d(ιXvω) = 0.

On the other hand, recall that if f is a smooth function on Oξ there
is a symplectic vector field X on Oξ defined by

df = ιXω.
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Crucial Fact and the setup

Crucial fact:

each v ∈ g can be thought of as a smooth (linear)
function on Oξ, and the vector field X̃v induced by the equation
dv = ιX̃v

ω satisfies X̃v = Xv .

In particular we have that X̃v is a complete vector field on Oξ.
So we will consider the following setup:

CN = RN + iRN .
Z ⊂ CN is an analytic variety with Z = Z , and Z0 = Z ∩ RN is a
smooth closed subvariety of RN with dim(Z0) = dim(Z).
ω is a symplectic form on Z such that ω0 = ω|Z0 is a symplectic form
on Z0.
For each linear map v on CN we have that X̃v is a complete
holomorphic vector field on Z .
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Approximation on Compacts - The Andersén-Lempert
Theorem

We consider a smooth isotopy of symplectomorphisms φt on Z0.

Then φt is the flow of the time dependent vector field

Xt(φt(x))) =
d

dt
φt(x).

Approximating flows of time dependent vector fields X may be
reduced to approximating those of time independent ones, so we
consider a time independent symplectic vector field X on Z0.

The vector field X has a potential f , i.e., df = ιXω0. (Here we have
to assume that Z0 is simply connected.)

The potential f may be approximated by real holomorphic
polynomials P(z).
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Approximation on Compacts - The Andersén-Lempert
Theorem

P(z) =
∑N

j=1 aj · (Λj(z))mj with aj and Λj real.

By assumption each vector field XΛj
is complete.

Then Xj = X
Λ
mj
j

is complete.

So X is approximated by a sum X =
∑N

j=1 Xj of complete holomorpic
vector fields on Z and they leave Z0 invariant.

Then if φt denotes the flow of X and if φjt denotes the flow of Xj it is
standard that

lim
n→∞

(φNt/n ◦ ◦ ◦ φ
1
t/n)n = φt

uniformly on compacts as n→∞.
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