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O S=&. #3190 o2 F0f9 O|2& &5t TaIZHO LYy Fast
A4S 2745t 0A; St}

=2t

1. Definition of minimal surfaces, 1st variational formula

2. Examples and finding properties of minimal surfaces

3. minimal surfaces theory based on PDEs (maximum principle, convex hull
property, harmonicity of the coordinate functions, Bernstein theorem)

4. minimal surface theory based on complex analysis (Enneper-Weierstrass
representation theorem, reflection principles)

5. 2nd variational formula and stability

6. minimal surfaces in the 3-dim sphere
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Holonomy groups and hyperkaehler manifolds
in homogeneous varieties

The holonomy group of the Levi-Civita connection on a Riemannian manifold
is a Lie group given by parallel transport maps along loops based at a fixed
point, and is a global invariant which measures constant tensors on the manifold.
Interesting in various aspects are Riemannian manifolds with special holonomy
groups, which include Calabi-Yau, hyperkaehler, and quaternionic Kaehler
manifolds. However, it is extremely hard to construct manifolds with a specific
holonomy. For instance, there are no known examples of compact quaternionic
Kaehler manifold that are not symmetric spaces. I will explain Berger's
classification of holonomy groups and explore attractive problems involved in
special holonomy groups. The latter half of my talk will be devoted to
hyperkaehler manifolds given by zero loci of global sections of equivariant vector

bundles on homogeneous varieties.
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Toric mirror symmetry and beyond

Mirror symmetry of a toric manifold is now a well-studied subject, in which
one can see explicit constructions of the mirror space and mirror functors. I will
give a short survey on the toric mirror symmetry, mainly using simple examples,

and discuss more recent progresses if time permits.

=

st
Goldman symplectic structure
on space of surface group representations, and skein algebra

0|

22t Ol oAy

The moduli space of group homomorphisms from the fundamental group of a
surface into a Lie group G appears in many areas of mathematics and physics, like

Teichmuller theory and gauge theory. In 1980's Goldman constructed a natural
symplectic structure on this space, which I will review in this talk. On the other

hand, I will review the skein algebra of a surface, which appeared as an approach
to link invariants in 3d spaces. I will explain how Turaev showed that the skein
algebra can be viewed as a quantization of the above symplectic moduli space, in

case when G is SL(2,C). If time allows, I will discuss recent research problems
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Legendrians and constructible sheaves

This series of two lectures will introduce the microlocal study of constructible
sheaves and their interactions with Legendrian graphs. More precisely, we will
briefly review microlocal sheaf theory firstly introduced by Kashiwara and Schapira
in 1980's, and define an invariant for Legendrian graphs by using the microlocal
sheaf theory which is related with several questions in symplectic geometry.

ol

5 DS

J

On symplectic fillings of small Seifert 3-manifolds

One of the fundamental problems in symplectic 4-manifold topology is in
classifying symplectic fillings of certain 3-manifolds equipped with a natural
contact structure. If we get the classification result, then it is natural to ask that
Is there any surgery description of those fillings.

In this talk, we discuss classification of minimal symplectic fillings of small
Seifert 3-manifolds satisfying certain conditions. Furthermore, we demonstrate that
every minimal symplectic filing of small Seifert 3-manifolds satisfying the
conditions can be obtained by a sequence of rational blowdowns from the
minimal resolution. This is joint work with Jongil Park.
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Homogeneous dynamics and application
to the lattice counting problem

Homogeneous dynamics is to study dynamical properties-e.g. ergodicity,
equidistribution property-of orbits of a flow defined on the quotient space
of G/I] where G is a Lie gorup and I’ is a discrete subgroup, for
which  Vol(G/I) is finite. The most famous example is SL (R/SL (7),

which can be identified with the space of unit-covolume lattices of R".

Using this relation, we can apply homogeneous dynamics to a problems
in the geometry of numbers.

M=3] KAIST
Shape optimization problems for Steklov eigenvalue

1954A0] Weinstock2 £0{2l E2|& 72l planar simply connected set= first
Steklov eigenvalue?f 2|H7f &= df= disk¥ds EUH. o] S0 3 ZiHS0|
CHSH 7183t WHEOR ZYEHYCL O FAME HD ATHD U URIE
O] 0|2l = 79| ballZ boundk|= annular domaind|A{ 2] first eigenvalued| C{3t
shape optimization problem&& A7l5tl O] ZAiE0| two-point homogeneous

space 27| HYE £ UL 2oL Fhof,
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Introduction to minimal submanifold theory *

Keomkyo Seo

1 History

e Euler(1744), catenoid (also Lagrange 1760)

e Meusnier(1776), helicoid

e 1830’ - 1890’: Enneper, Plateau, Riemann, Scherk, Schwarz, Weierstrass...

e 1900’ - 1950’: Bernstein, Courant, Douglas, Morrey, Morse, Radé, Schiffman...

e 1960’ - 1990’: Allard, Almgren, Calabi, do Carmo, Chern, Costa, Federer, Finn, Fleming,
Gackstatter, Gulliver, Hildebrandt, Hoffman, Houdt, Jenkins, Lawson, Meeks, Nitsche,
Osserman, Perez, Ros, Rosenberg, Schoen, Serrin, Simon, Simons, White, Yau...

e 2000’ - : Brendle, Colding-Minicozzi, Marques-Neves...

2 Introduction and definition of minimal submanifolds
Setting: % C (M™, g)
AX,Y) = (VXY)L, Second fundamental form, X,Y € TX

Definition 2.1. {e;}: orthonormal basis of T,X.
H= TrgA = ZgijA(ei, ej) = (Ve,ei), mean curvature

Definition 2.2. X: minimal < H = 0.

% Graph "1 c R"
=3, ={(z,u(x)):x € Q CR"}
—F (@) =F(21, 1)
= gij = (I, Fy) = 0ij + wiu
and [the unit normal of ¥,] =
(7VU, 1)

VI+IvaP

*This note is based on lectures in 15th KIAS winter school during December 26-30, 2019. I would like to
thank Jihye Lee for typing the manuscript.
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U= 8. — - R U | — _
(g¥ = 6;5 — viv;j whereul—m,Z—l,Z ,n—1)

" Vol(Z /\/1+|Vu2dx< /\/det (9i5) d;v)

o Euler-Lagrange equation for Vol(%,,) (Vn € C°(Q))
Suppose u is a critical point of Vol(X,,).

d d
0= 7 Vol( uttn) = /tht_o V1+|Vu+tvn|2de
/ Vu vn
1+|Vu

__/i M ) pde
o dzi \ /1 + |Vul? K

(17 U; 'LLj uij

VItV (1+[vuP)?

Expansion:

1 U; U
T Y (51 L J ui; =0
,/1+|w|2< T V1T |vuf? ¢1+w|2) !
=0
\/1+|Vu7|2 ”Z:lg Wij

On the other hand,

o 0 o\" N

where hij = <Fija Z/> .

B V14 |vul?

g o 0 1 g
H=Tr,A= A — | = ——— T =0
A= 9 (89:i axj> 1+(w)2zg !
When n = 2,
(1+ ug)uu — 2uquguie + (1 + U%)Ugg =0 : quasi-linear and elliptic.

Proposition 2.3. X771 C R", minimal graph over Q = X, : volume-minimizing

Proof. ¥, U (—=X¢) = du. X, ~ X, homologous.

Foliation of minimal graphs = Extend v in R™ in a natural way.
dx = the volume form in R™.
w := vadx = volume form on X,
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20 Y

= dw = divvdz =0
Note: dive =5 (Ve,v,€;) + (Vor,v) =0
=0( H=0

)
,'.Oz/dw:/ w:/ w—/ w:/ w(TpEu)—/ w(TyXo)
u Ou u Yo PEX,, q€Xo

Recall w(V) =w(eq, - ,ep_1) for V1

= w(TpX,) =wler, - ,en—1) =vadz(er, - ,en—1) =dz(er, - ,enp_1,v) =1
& w(TXo) =wler, - ,en_1) =vudz(er, - en—1) =dx(er, - ,en_1,V)
= det(ela"' 7en717y) = det(el7"' JenflaVL) <1

VOl(EU)/Zuw/EOWS/EolVOl(EO)

3 1st variation formula

Nm

Mn
Fi

Fy: M"™ x (—e,e) - N™, Fy = F (initial immersion)

d

X(p) = at
t=0

Fi(p), wvariational vector field.
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Theorem 3.1.

4
dt

Vol(F,M) & /N divay(X)av @ /8 (X - /M (H, X)

t=0
Recall divp(X) =3 (€, Ve, X), H = (Ve,ei)*
Proof. For (1), note

Vol(F,M) = / J.(DF,) = / \/det(DE o DF,)
M M
- Vol(FM)—/ a1 J.(DR)
dt,_, T dt T

For simplicity, assume N™ = R™
Fy(p) =p+tX(p) +o(t)

S.DFE(e) = Ve, Fi+ = Ve, (p+tX(p) = e; +1V, X

" Ja(DF,) = \/det(DFy(e;) - DFy(e;)

= \/det(ei +1Ve, X) - (e +1V¢; X)

>~ \/det(éij + t(@i . Ver +e; - VeiX)

Recall: det(I +tA) =1+t -trA+ o(t)

I (DE) 214263 e 90, X = /T4 26diva X = 14 tdivy X

For (2),

/divMX:/ divM(XT)Jr/ divM(XL):/ <XT,V>+/ divy X+
M M M oM M
:/ (X,V)Jr/ divy X+,
oM M

where v is the outward unit conormal vector. Here

divar X+ = (e, Ve, X 1) = Ve, [(e3, X 1) | = (Vesei, X 1) = = ((Veye5) ", X) = — (H, X)

=0
O
Corollary 3.2. M™ C R™, minimal OM # () = n - Vol(M) = / (X,v)
oM
Proof. Apply first variation formula to X (z) = x. O
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4 Convex hull property (<= harmonicity of coordinate func-
tions)
Proposition 4.1. X* C R", x;: coordinates in R™.
H=0 << Axx; =0 Vi
Proof. {e1,---,ex}: orthonormal basis for TX. Let X : ¥ < R™ be an immersion.

k

Asz = Z (ejejx ) i V e] =

j=1 j=1

Corollary 4.2. 3 closed minimal submanifold in R™.

Corollary 4.3. % C R", compact minimal = ¥ C C(9%) = N{H : closed half spaces with 0% C
H}, where C(0%) is a convex hull of 0.

Proof. Let H = {x : l(x) < a}, I: linear function (I = > a;z;)

OXCH=Il(z)<a VredyX & Asl(z)=0 VzeX
=1(z) <a Vzre¥ (by maximum principle)
=XCH

5 Monotonicity formula

Lemma 5.1. h: X — R, Lipschitz

t
/ fIVEhlz/ / fdo
{h<t} —oo J{h=t}

Remark 5.2. When t is a reqular value,

dt N d’l}{h:t}
dvy = ———=——
ST e
Theorem 5.3. X% C R”, minimal
d |X N B,(xo)]
——=2>0.
dt rk -
In fact,
B8l _ (B0l _ | o= z0) 2,
t s* 0B (wo)\B. (w0)) [T = To|**?
5

11
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Proof. Take h(z) := |x — xg|. Then {h <t} = Bi(xp). Let X =2 — xy. Then
dive(X) = (e;, Ve, X) = k,

where {e;} is an orthonormal basis on X. By the first variation formula,

d
— [N B,.(x0)] :/ dng(X):/ (X,v),
dt],_g $NB, (x0) $NAB, (z0)
where
B VE|z — 20 B (x—z0)"
|VE[z —xol|  [(x —20)T|
5.1 d
HIZ0 Bl 2 [ @-a0) =4 [ w095l - ol
n{|z—wzo|=r} T JenB, (z0)
_d l@—z0)]? _ d |(z—=0)"|?
dr SNB,(z0) |z — o dr SNB,(20) |z — @0/
:T'i (1 |(x_x0)z|2)
dr SNB.-(zo) |z — 20
d d — z0)L|?
:r—|EﬂBr(xo)|—r—/ M
dr dr Jsnp, (o) |17 — ol
d, _ . d x — o) |? d x — o) |?
:>7(,r k|ZﬁB7-(l‘0)|):’/‘ kY ‘( 0)2| -z |( OLJFL
dr dr JsnB, (zo) |z — o dr JsaB, (zo) |z — o
:>/ d |20 By (20)| 1% 0 Br(zo)] 7/ / |(z — 20)*|?
< dr rk dr SNB, (xo N — o[k +2
|
XN By(xo)| |3 N By(wo)] / |(z = @0)*|?
t* s* SN(Bi(20)\B(w0)) ¥ — To[F+2

Corollary 5.4. z € % C B(0) C R" and 0 < R — ||

oot B ) D T 20 Ba(0)]
= TN = R Tl 8
where wy, denotes the volume of the unit ball in RF.
Proof.
(1) We note that
| By (z9) N X B | Bs(z0) N X >0
ok sk =
and B -
ww —w, ass— 0.
s

Thus we obtain the result.

12
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R - |7}0‘

e ‘BR—MO\(‘TO) ﬂ2| _ ‘Bg(xok)ﬂz‘ >0.

(R — |zo])* g

6 Bernstein(1912) theorem

Theorem 6.1 (Bernstein, 1912). Entire minimal graph %% C R? is a plane.

* Gauss map n
n:¥? — §?

Lemma 6.2. ¥2 C R3, minimal. Then

1. n: conformal and orientation reversing, i.e., Yv,w € T, such that v-w = 0 and |v| = |w|

= Vyn - Vyn =0, |Vyn| = |Vyn|

1 1
2. |Vyn| < —2|A\|v| and n*(ws2) = Kyws, = —§|A|2wg

V2

Proof. Take an orthonormal basis {e1, es} for ¥ such that
Ve, N = —K1€1
Ve, = —Ko€o
= |Veyn| = |k1] = |k2| = [Veon| (k1 # k2 =0)
1

A
ﬂl o]

|A]? = K2 4 K2 = 2k7 = 2K

S Ven| < |k1llv] =

1
& Jac(n) = K1k = 75|A|2 <0 (orientation-reversing)

Proposition 6.3. % C R3, minimal such that n(X) C S = 3C > 0 such that

[1ape <c [vop voecrm) (e witm)

In fact, ¥: stable <— c=1.

13
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Proof. Note: wgz = dov (exact) (.- S2: Simply-connected)

A7

= - ws =0 *(wg2) = d(n*«)

/ \A|2¢2w2=—2/¢2d(n*a)= 2 [ d(¢*n*a) +4/¢d¢/\n*a
z = T

=0

<4 / 161196 |n* afws
>

<1 / BI94ICIAls (- [n*al < |Alla] < C|A])
>

<4C A
< /E|¢|\v¢|| |

€ 2,2 1 2
<ac (5 [1ape+ 5 [ wo)

Proposition 6.4. ¥2 C R3, entire minimal graph = | N Br(0)| < 47R%, VR >0
Proof. 3: area-minimizing O
Proof of Bernstein Theorem. ¥ = ¥,: entire minimal graph = n(X) C S3 = 3C > 0 such that

/|Al2¢2§c/ VO Vo e ()
> b

©® logarithmic cutoff trick

Choose
1, r<R
o(r)={1-ipk, R<r<R
0, r> R?

log R

Br2\ Br= | (Berr \ Ber—ip)
k=1

14



15

21 1
/z Vol = Tog 2 /EH(BRz \ Bg)

log R
£ 1

7 2
(log R)? ; S0 By \ Box1g) 7
1 1
S (logR)2 Z (ek—lR)2|Em (BekR\Bek—lR”
1 C(ekR)Q c , .
< _ 2
~ (log R)? Z (e TR)Z ~ (logR)?* ~ logR

—0 asR— o
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Examples of minimal surfaces in R®

16



17



catenoid, Euler(1774) Meusnier(1776)

18



helicoid, Meusnier(1776)




Scherk doubly periodic surface, Scherk(1835)




Scherk singly periodic surface, Scherk(1835)

21



Riemann's example, Riemann(1860s)

22



Enneper surfaces, Enneper(1864)

23



Schwarz D-surface, Schwarz(1865)




Schwarz P-surface, Schwarz(1880s)




Costa surfaces, Costa(1984), C-H-M(1985)




helicoidal surfaces, 1993, 2016

27



15

Lectuve 2. Examples and findmg propertes of midimal surfaces
m flqn-e & totully gesdesic W R
(nole) homothels prperty i minimal D QX minimal
@ Cadencid , plae € surfaw  of  revoludiom
(Preet) (=) Euler (/904 fimdmg) Meusnier (11()
auwv) = (coshuegv, (shusmv, u) [ Coshz = f};}]
(&) Bonnet (1866)
Wlio.q. We (an assume +that the a¥is of the Surfag of revelulu (s 2-aws .
12w = (Fw) esv, fwsmv, Sw)) fw>o 1EL+§‘I}’:-1
I=ds" = du* + fw oot
T = (F5-F4)de + 50
=L {£i-f4+2) 0

Cased) Y=o = plane

(aser) JU)%o , JW%o near u.
Vst {é}ft(leg " fF+ ) -1 =0 .
general SoloPens Fig-= 21: f‘+az(u+L)L

Using £t gh o) Fw=t3mhau) +c
Therelw  $(u) = -‘& cosh ( Ox(gw)-c)) ;
X =L wh(alz-0) 0

28
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B helicoid , plane & ruled surfac
(=) (Meuswier IM4)

0-(v) = (V7 Cosu, v sTan , du) «eR [dﬂ; 2= 4w ( ) |

(&) (Catdan (34L)  (Exercise >

4 level set of o uSTMrle" funchun
vegulay algebralc surfal, & plane

K\gebh{l(_ Sur-\fq.(_e > l\?gker orler " Eme{:w Sur-fau. et

Gruph of & swootl, funchan 2= f(xy)
G\(il'ﬂ): (7‘;‘3;"‘(7\5‘1))
I = (Hf)dd + 2 fefyduda + (1+45) dy*

l b5 ‘ + -F dy’
I = (J Aq JJ(OI‘Q
L o U—==‘[ -F,th% ('{;“ XA 5 ¥y 43 )

% - - 1% “
H=0 & U-E--F‘;)'{’M "11(x1(31£vt‘3 T (i Fx)'t‘a‘i =0 9 d‘v( H-[VH") -
H’%; '('x{“?
\{‘x-c-} 1{'4:; 1 20 % Z,Hcl ordey C(MTSTHV‘&CW EI(FrHL Pole,
Fromv  pde theery |
® analyhc propertey
® wmagimum  priaciple

® Diridier proplems ( Tenking - Serfin  theoren )

® loclly  (vfl~e S Af=0 , lbaly d:v(E%ﬂL);o dfterat
'P"QW\ 4{:-_0 %

(Meve detatl , see  In leckwe 3 )

29
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~ l’ml?a.uﬂ symmerc  solohlw D calendid
= Separable selvh wa 2= f£(x9) = ) +h(9)

(HK))§ -29Wxo + (1t(g)T)h' =0

% e lef
= T:(;)‘ = -—;@L = latent = [ (%)
She 900, 96 sadishy the &), JCeI=o | glei=o
2 I = -lnesx  , h(Yy) = [nwsy

By reflechan principle  aloug o line | Schedk’s doubly peridic surace
( Scherk 1835)

[DTH(‘H{:"" solohlm + mavTmuma princip le \

Scherk!s gy - perlodic  surface  ((835)

Sd«wm—& D-suhﬁqc@
CI365)

+ Riemann's Erample  ((860s )
v Costa surfate ((984) Hollman — Meeks ((285)
. Jenus - weltard  (1993)

u’ 2 3 2
: T:-hwertr surace ((B64) (XMi2)= (Li-'§*+uul,—v-u v+—‘§,u’“—v)

k - Nodirashili  example
. [,,,,\{.-SFG\Q_ theoremnn mmened comrte-l-e WS,

i a bal|

30
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Ledure 4 mivimal  surfaces theory  based on emplex analysis
prop 4.l Every sSupface has &  formal patd, for each pomt.

v o
L, =
- e i

(Uv JeR® «— u+tivec
led 2= Uksv , P2 Ou-i0y =(9, ¢, ¢ )
PPt T U R 5 o wnformel  paremerizativ
0" s winimal & O = Ooutdou = 0
S P is helemaphic on U (95t helomaghic i23)
(preef) 0 : mimimal € A0 =0
A0 0y = Quy 0, +Gy,'0u = El.'(g‘“'¢u)u *'(G“V'GL)V - (Gv‘@u)
= ’li (Gur o -6,y + 0w 6)y C"“__@"“‘C{)
Cimilang , A0 0y =0

AT ":AN 2 A< ATN = ’r\u thiy = LEH = o In|

G MTV\'&MM.\ (‘% "P . kolamp‘fh)c ( CMT’RIEPMV\V\ eq )
. holomaphic & {LG—“)M * E'(Tv)v
@‘4 I - (_ G\‘/)u trivial

S ar-=o
E T miinma 0

0

31
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Prop d3  TiU B o wabrmal patmetiied  wikmel surface.
P =0u =30y = (¢ b, 0) sabisfies ) P +P=0 @) [P >0
(vivevsely, U s a STn.(J{'-a-smne—b{—eJ dowm ain | ‘-ﬁ P b Aofomvfhlt on (J,
satisfles WA @) . Thea thae T a Unique wabrmel parametilred
winimal  surf. 0 U2 RYD sk, PRl -I0  cpdo tramslabla,
(proef) o=(a',d* ) Co. = e el T
2 1 3 fg 2 & b & q‘ 2 - - (@\{!ﬂ-&(
o 2+ = Z 1O HEY) 2a gk = (Gl -G MGG =0

(P(,f)f-g & dalpl=ec =0,(pP) not regular.

Conversely  for o fired pank (Uelo) U , Y€ U a pab
Comectlng  (Uo, Vo) 4o (uwleU.

Petine G (2) = ReS.{ ¢(3) d% .
It 5 well-defimed by U (s shuply wmmeckdl.

penote.  B(@) = (L PRI helomephic and F@=@z), o=Red .
G = Re () =Re(3') = RelP)
0v = Re (8o) =Re(XE) = ~Im(Y)

1l

O D loul =), Wiy ©  tmbrml

) D W 1'¥° Tiwerle

1 T 0 awsther  onfomal MTnTMql Qﬂk{aq wih  He sawme @,
S Tu=0u, & =0,

-
D F-G = (mstud

32
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C& -A ?L$O :

B4 rearrangement ,
’ L‘otomcrrﬂdc 'FUMC‘['\M

_ CPS . _{:
qi= Ty \ wero mokphlc uncH e

[ 2401-9%), 2603, f9) = (o, g p) = ¢

2 Reg 2 Imd (9[-
Noed) N = | S g A1md ;____.)
. ( BEEL g (9P

d T the stereographic pridechan of  the Gams wap,

sudace &3 (£, 9)
Sur'-(—u.(_e (assoCiate sarfree )
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LEGENDRIANS AND CONSTRUCTIBLE SHEAVES

BYUNG HEE AN

1. OVERVIEW

Let (W, w) be a symplectic manifold consisting of
(1) an even-dimensional smooth manifold W and
(2) a closed, non-degenerate two-form w on W.

Example 1.1. A typical example of symplectic manifolds is a cotangent bundle
(T"X,w =), dpi\dg;), where X is a smooth manifold and ¢;’s are local coordinates
of X.

(1) if X =R, then (T*RY, dz A dy);
(2) if X =R?, then (T*R?,dp; A dx + dpa A dz).
A submanifold L™ C W?2" is called Lagrangian if the symplectic form w vanishes
on L.
Example 1.2. The zero-section T% X C T*X is a Lagrangian submanifold.
In symplectic geometry, one of main interest is to understand symplectic mani-
folds in terms of Lagrangians. For examples,

e Lagrangian submanifolds,
e their intersections,
e and so on.

All these information can be repackaged as “Fukaya categories”.
Assumption 1.3. From now on, we assume that W = T*X and either X = R!
or R2,
It is important to notice that the symplectic form is ezact
w = da, a=zdy or pidr+ padz.

The contact boundary or infinite boundary of T*X is the collection of all “rays”
emitting from the origin in each cotangent fiber, denoted by T°°X. Then one can
identify T°°X with the unit co-sphere bundle of X.

TOOX C T*X, TOORTL ~ Sn71 X Rn
The pair (T°X,«) defines a contact manifold, which is an odd-dimensional
smooth manifold equipped with a contact form « such that

A (da)™ #0
everywhere. Then the odd-dimensional counterpart of Lagrangian submanifolds in
a contact manifold is the Legendrian submanifold A C T°°X such that

Disclaimer: All definitions, examples and claims in this note work at least for the cases consid-
ered here. In order to consider the generalized cases, all definitions, examples and claims should
be modified or carefully checked.

1
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(1) Ais (n — 1)-dimensional when X is n-dimensional,
(2) the contact form a vanishes on A.

Example 1.4. If X =R, then T7°X = {¢ | ¢ = £1} x R and o = edz.

T°X =

There is a natural projection map 7 : T*X — X, which restricts to T°X — X
such that

7: TR~ S xR — R, (€,7) = x,
7 T®R? ~ S' x R? — R?, 0, (z,2)) = (z,2).

Notice that at each smooth point of 7(A) C X, there are two choices of the
missing coordinate € or 6 since the coordinate 6 is perpendicular to the projection
due to the Legendrian condition

0 = cosOdz + sin0dz = (cosf,sin ) - (dz,dz).

Conversely, any (piecewise smooth) codimension 1 subspace Y of X together
with a choice of perpendicular covectors at each point, one can realize Y as the
projection of a Legendrian subspace of T°°X. We call such a choice of covectors a
hair. Therefore we have the following correspondence

{Legendrians C T°°X} +— {Diagrams of codim 1 with hairs C X}.

Example 1.5. (1)

--------- - A
A= L L T X —7(A) = ° ° X
___________________ TOOX

The hair points the positive direction since A is contained in the positive
part of T X.
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(2) Aisacircle

=~ St x {0} C T*°R?

(3) A is an ellipse

(4) m(A) may have cusps.

Theorem 1.6 (Nadler-Zaslow, Ganatra-Pardon-Shende). There are equivalences
(of DG categories)
NZ:Sh(X) — Fuk*(T*X),
NZp : Sha(X) = Fuk“(T* X, A),
GPS : Shy(X)¢ — W(T*X, ),
where

(1) Sha(X) is the category of constructible sheaves on X whose microlocal
support is controlled by A C TX,

(2) Fuke(T*X,A) is the (infinitesimally wrapped) Fukaya category whose La-
grangians are asymptotic to A at infinity, and

(3) W(T*X,A) is the (subcategory of) wrapped Fukaya category whose La-
grangians are away from A at infinity.
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From now on, we will see how Shy(X) is defined and computed by using the
projection A.

2. CATEGORY OF CONSTRUCTIBLE SHEAVES

2.1. Sheaves.

A sheaf is a tool for systematically tracking locally defined data
attached to the open sets of a topological space.

— Wikipedia
Roughly speaking, a sheaf F is an assignment of any (algebraic) object! to each
open subset of X
F={(Uw FU)|UC X}
such that

(1) for each U C V, there exists a morphism Fyy : F(V) = F(U),
(2) foreach U CV CW,

Fvw o Fuv = Fuw,

(3) for each U = J, U,

FU) ~lim | [[F0n= ][ FW:inU;)
i i
In other words, F(U) is completely determined by F(U;)’s. For example, if U =
Uy UUy, then F(U) is the fiber product of two homomorphisms F(U;) — F(U1NU3).

Example 2.1. Each of the following defines a sheaf.

(1) For each open and simply-connected U C X, we set F(U) = K. Then for
each disjoint union U = [[, U;,

FU)=][x

and F is called the constant sheaf.
(2) Let I =10,1] C R. For each open and simply-connected U, define

K UNnI#0;
F(U){o uni=0.

(3) Let J = (0,1) C R. For each open and simply-connected U, define
K UcJ;

FU) =
) {0 otherwise.

(4) Let Z=1[0,1) C R. For each open and simply-connected U, define

K UC(—o00,1) and UN Z # 0;
0 otherwise.

f(U)Z{

n this talk, we assign a vector space or a chain complex.
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(5) Let * € X be a chosen point. For each open and simply-connected U, define

]__(U):{K *x € U,

0 otherwise.
Then F is called the skyscraper sheaf.
For each z € X, a stalk F, of F at x is defined to be the colimit (or direct limit)

Fz = c;)élll}nf(U) = il?rrr)l]f(U).

Roughly speaking, a stalk measures the contribution of the chosen point in the
sheaf F.

Example 2.2. The stalk at each point of the sheaves in the previous examples is
as follows:
(1) For the constant sheaf, F,, = K for any = € X.

(2)-(4),
F, = K xe[,,{orZ;
0 otherwise.
(5), the only nontrivial stalk is at « = *

]__z{K T = %

0 otherwise.

2.2. Stratifications and Constructible sheaves. A stratification or cell struc-
ture on X is the increasing filtration S of closed subsets

S=XoCcXjC---CX,=X

such that
(1) S; = X;\ X;_1 is a (possibly empty) i-dimensional manifold, called the ith
stratum,

(2) for each x € S;, there exists a neighborhood U of = such that
U =R’ x Cone(L,),
where L, is the link, a compact (n — ¢ — 1) stratified space.

Example 2.3. Any regular or simplicial complex structure possibly with open cells
defines a stratification.

(1)

Xo=1{0,1} ¢ X; = R, 9 .
SO = {0, 1}, Sl = (—O0,0) I (0, 1) I (1, OO)
(2)
Xo={*} C X; = {+} C X =R2, .
So = {x}, 51 =10, So =R*\ {x}
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For a stratification S of X, a sheaf F on X is S-constructible if for each i and
connected component s € S; = X; \ X;_1, the restriction F|, is a constant sheaf.

In particular, if F is S-constructible, then the stalk F, is the same at each point
2 in one component of the stratum.

[2] = [y] € mo(s),s € S; = Fu = F,.
Example 2.4. In the previous examples, one can see that F, = F, for all z,y <

0, z,y € (0,1) or &,y > 1. Therefore all sheafs of the previous examples are
constructible for some stratification S.

0 1
FarFy, FarFyeFasFys

Assumption 2.5. For simplicity, we will assume that closures of all connected
component in each stratum are homeomorphic to the closed disks.?

2.3. Singular supports. On the other hand, as seen in the previous examples,
even stalks at top dimensional strata coincide, stalks at points in the lower strata
may be different. Indeed, one can measure which directions give us a non-trivial
propagation of stalks.

Let F be an S-constructible sheaf on X for some stratification S. The singular
support SS(F) of F is the closed subspace of T*X defined as follows:

e for each (z,£) € T*X with £ # 0, we say that (x,&) € SS(F) if there exists
a neighborhood U C X of x such that the restriction map
FU)— FU-)

is isomorphism (on homologies), where U_ the back half-space with respect
to £ at z.

o for each (z,0) € T%x X, we say that (z,0) ¢ SS(F) if there exists a neigh-
borhood U C X such that the restriction F¢; is 0.3

//\ \\
A\
// \\ \\
£ \
/ \\ § \
{ \
A\
!
‘\ U_ \\ !
\ \ /
N \ 4
N A\ //
.. D
Example 2.6. (1) For a constant sheaf, neither positive nor negative direc-

tion give us a non-trivial propagation of stalks since stalks are the same
everywhere. Therefore the singular support is the zero-section
SS(F) ={(z,0) |z € X}.

(2) At 2 =0, the back half-space has the stalk 0 but any neighborhood at z = 0
has K as the value of F, i.e., F, = K. Therefore the positive direction has
a non-trivial propagation of stalks.

K= F((—e€) Z F((-€0)) =0.

2Indeed7 for each stratification S, the above assumption can be achived by subdividing strata.
3This is the same as the definition of the support of the sheaf.
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However, the negative direction gives us a trivial propagation since

o

K = F((—c,6)) 7 ((0,)) =K.

Similarly, at z = 1, the only negative direction gives us a non-trivial
propagation of stalks. Therefore

SS(F) ={(0,8) [ £>0}u[0,1]U{(1,§) [£ <0}
__________________ TOCX
- W T;: X
______________ ‘____ TOOX

(3) Similarly, we have
SS(F) ={(0,§) [ £ <0} uU0,1]U{(1,£) | £ >0}

S9(F) ={(0,§) [£€> 0} U [0, 1] U{(1,€) | £ > 0}
_________ —_——— e —————— TOOX
——————————————————— T>X

(5) At © # #, there are no directions giving us a non-trivial propagation of
stalks as the constant sheaf. However at x = x, every direction gives us
a non-trivial propagation of stalks. Therefore the singular support of the
skyscraper sheaf

SS(F) ={(*¢) [ § € Ty X}
is the cotangent fiber at the designated point *.

Proposition 2.7. The singular support SS(F) is a conical Lagrangian subspace of
T X.

Here, the conical subspace means a space equipped with R action. Obviously,
SS(F) is conical since it is closed under the R+ action defined by

t- (Z‘,f) = (xvtg)

forany ¢t >0and £ € T X.
In particular, the intersection of SS(F) and the contact manifold 7°X will be
a Legendrian subspace.
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We say that the singular support of a constructible sheaf F is controlled by a
Legendrian A if

SS(F)NT=X C A.

Example 2.8. Let A = {+1} x {0,1} C TR = {£1} x R. Then among (2)—(4)
in the previous examples, the singular support only for (4) is controlled by A.

_________ I[ o
SS(F) = T X SS(F)NT®X c A

Now we can define Sha(X) as the (dg-category consisting of) constructible
sheaves on X, whose singular supports are controlled by A.

Indeed, the correspondence of Nadler-Zaslow assigns each sheaf F to a La-
grangian obtained by smoothing its singular support SS(F).

3. COMPUTATIONS OF SHAVES

Let A be a Legendrian in T°°X. Then its projection w(A) C X gives us a
stratification. Under the certain assumption such as a general position of A, we
will have a good enough stratification of X.

3.1. 0-dimensional example. Let A = {+1} x {0,1} C T°R as before. Then
any sheaf 7 on R whose singular support is controlled by A will be characterized
by stalks

F-1,F0,Fos,F1, and  Fo.
On the other hand, since any neighborhoods of 0 and 1 have restrictions onto

open sets contained in (—o00,0),(0,1) and (0, 1), (1, 00), respectively, there are nat-
ural maps

0 1
[ ) 1 [ )
Fo = Fos < F1

F Fo

Now, since A is contained in the positive side, there are no nontrivial propagations
of stalks along negative directions. It means that two morphisms

Fo— Fos and Fi1 = Fa

must be isomorphism.* Therefore the sheaf F is the same as the following infor-
mation

F_ 1+ Fos < Fo,
which is a representation of a quiver
o<{— 0 <— @,
4The reader should not be confused the directions. The negative direction contribute the

restriction (—0.5,0.5) — (0,0.5), where the latter is the back half-space with respect to the
negative direction.
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LEGENDRIANS AND CONSTRUCTIBLE SHEAVES 9

3.2. 1-dimensional example. Let A C T°°R? be the Legendrian unknot depicted

below
€2

A
whose hairs are given in the below directions.
Then it gives us a stratification

Xo=1{0,1} c X; = A C X, = R?
where 0 and 1 are the left and right cusps, respectively. Then
50:{0,1}, S1:61H€2, SQZAHB

As before, near the edge e, we have three stalks, denoted by Fa, F., and Fp,
and maps

FB

B I
T @ = e
A E

Fa

where the isomorphism comes from the fact that the above direction is not in the
singular support.
Similarly, at the edge es, we have

Fp & Fop = Fa.
On the other hand, at each cusp, we have
(Fa— Fp — Fa) 21d°
and therefore the sheaf F is determined by
Fa— Fp— Fa
whose composition is the identity (in homology).
Since we are working over a field K, we have a decomposition Fp = F4 @ Fj so

that
Fa—>Fp— Fa= (.FA—>.FA—>.FA)EB(O—>]:§3—>O).
In many cases, we assume that the stalk outside the compact region in where
A is contained is zero, i.e., F4 = 0. Then this is the same as the choice of Fj
and therefore any constructible sheaf whose singular support is controlled by the
Legendrian unknot is the same as a choice of a vector space, or equivalently, a
representation of the Ai-quiver e.

5This can be obtained by analyzing the singular support but we omit the detail.
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The homogeneous space SL(R)/SLy(Z)

» H2 ={z=x+iy:y >0} CC: the hyperbolic plane

metric : dhyp = deyc/y

> SLy(R) ~ H? by isometries:

( i 3 ) Z = Zj—i; Mobius transformation.

» Stabg(i) = SO(2) =: K maximal cpt subgp of G
= S0(2) \ SLy(R) ~ H?, SO(2) ~ S* ~ T}(H?)
= SL,(R) ~ T1(H?)
= SLy(R)/SLy(Z) ~ TY(H?/SLy(Z))
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Geodesic Flow

=g
i
\ SO(2)g

-1 —-1/2 12 1

0q

» geodesic flow A = {a; = diag(e®/?,e~t/?)}

> {geodesics in H?} <+ {KgA C K\ G : g € SLy(R)}
(K =50(2))
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Unipotent flow (Horocycle flow)

. 1
unipotent flow {ut = ( 01

<+ horocycle in H? = {

T SLZ(R) —

—

[ ]

> : te]R} < SLy(R)

a circle tangent to the real line
or a horizontal line.

SLy(R)/SLy(Z)

» orbit {m(gu;) : t € R}

> {m(gu;): t € R} : closed
& dtg € R s t.
guy, € SLo(Z)

a b\(1 t\_[(mu1 mo
c dJ\0 1) \ma mx
< a/b : rational or cc.

» a/b : irrational 7
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Ratner's theorems

» G : Lie group e.g. G = SL,(R)
» [ : lattice subgp of G e.g. I = SL,(Z)
(discrete, vol(G/I') < o0)

» H < G : closed subgp generated by unipotents

e.g.U:{ut:<(1) i):teR}SSLQ(R)

or H=S0(p,q) <SL,(R), p+qg=n
(cf. SO°(n —1,1) = Isom™ (H"1))
» 7:G — G/I : projection

Orbit Closure Theorem 3L : closed subgp s. t.
(1) m(H) = =(L),
(2) w(L) brings a finite U-invariant measure .
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Ratner’s theorems
Orbit Closure Theorem 3L : closed subgp s. t.
(1) m(H) = =(L),
(2) w(L) brings a finite U-invariant measure .

Equidistribution Theorem f e ¢t (G/T)
T

lim z f(ﬂ(ut))dt:/ fdpy.

Measure Classification Theorem
Any U-invariant ergodic measure is of the form p,, for

some L < G.
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Example : hyperbolic plane H?

unipotent flow {ut = ( é ; > te R} < SLy(R)

<+ horocycle in H2.

7 SLa(R) — SLo(R)/SLa(Z)
If a/b : irrational,

o Ry

(20 » et (SL(R)/SLAZ))

Za im L[ r(gu))dt
(NN S s

alb = / f dg.
SLa(R)/SLa(Z)
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Oppenheim conjecture

» SL,(R)/SL,(Z) ~ { unimodular lattices in R"}
gSL,(Z) — gZ"
> vol(R"/gZ") = |detg| =1

Conjecture (Oppenheim)
q : quadratic form on R".  e.g. q(x,y,z) = x* +/2y? — 2°
Is there a nonzero v € Z" such that

(0 <) |q(v)| < e for any € > 07

Theorem (Margulis, 1987)

n > 3, q : nondegenerate quadratic form on R" s.t.

» g :isotropic (g ~ 2x1x, + X3 +— -+ ),

» g :irrational ( g # Ago, A € R, qo : defined over Q ).
Then g(Z") is dense in R.
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Margulis’ idea

Step 1

Step 2

Step 3

(Dimension Reduction) 3IW < R" s.t.
qdly : nondegenerate, isotropic, irrational
rk(Z"n W) =3
= may assume : n = 3.
SO(q) = {g € SL3(R) : q(gv) = q(v), Vv € R%}
SLa(Z) = (g € SLa(R) : gZ° — 77}
= q(2°) = q(SO(q)SL3(Z)Z?)
= q(23) = R if 7(SO(q)) = SL3(R)/SLs(Z),
where 7 : SL3( ) — SL3( )/SL3(Z)

Ratner theorem : 3L s.t 7(SO(q)) = 7(L)
maximality of SO(2,1) in SL3(R)

= either 7(SO(q)) = 7(SO(q)) or SL3(R)/SL3(Z).
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Margulis’ idea

Step 1 (Dimension Reduction) IW < R” s.t.
{ q|,, : nondegenerate, isotropic, irrational

tk(Z' N W) =3
= may assume : n = 3.
Step 2 SO(q) = {g € SL3(R) : q(gv) = q(v), Vv € R3}
SL3(Z) = {g € SL3(R) : gZ° = Z°}
= q(Z°) = q(SO(q)SL3(Z)Z?)
= q(23) = R if 7(SO(q)) = SL3(R)/SL3(Z),
where 7 : SL3(R) — SL3(R)/SL3(Z).

Step 3
dynamical property of a unipotent flow
maximality of SO(2,1) in SL3(R)

= either 7(SO(q)) = 7(SO(q)) or SL3(R)/SL3(Z).
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Quantitative Oppenheim conjecture

Theorem

g : nondeg. iso. irr. q.f. of sign (p,q) # (2,1),(2,2)
Q C R” : bounded convex set. e.g. Q = B;(0)

(a, b) C R : bounded interval
NGy (T) = #{V € "N Br(0) : q(V) € (a,b)} *)
~ Aq7Q(b — a) Tn_2.

[Dani-Margulis'93] Lower bound
[Eskin-Margulis-Mozes'98] Upper bound

Theorem [E-M-M'98]
When sign(q)=(2,1) or (2,2), for given Q C R", (a, b) C R,
(*) holds for almost every q.
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Idea : Hyperbolic Plane H? (sign(q)=(2,1))

» K ~ SO(2) : maximal cpt
{a; = diag(e™%,1,..., 1€
» Want : use Equidistributio

subgp of SO(g) ~ SL,(R)
)} : diagonal flow of SO(q)
n property for orbits of a;K as

t — 0.
e
ﬂ(atK)
as t — 00 oy, %
I- X
o
—-1-1/2 1/2 1

» a,K-orbit <> circle in H? of radius 2t
= measure of a,K — Lebesgue measure of S!
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Homogeneous spaces of SO(q), rk(q)=4

» isotropic quadratic form g of rank 4 is equivalent to either

qwx2—i—y2+22—w2

or

q ~ 2xy + 2zw

> SO(x* + y? + 22 — w?) = SO(3, 1) =~ SL,(C)
the group of orientation-preserving isometries of H3.
» T local isom SL,(R) x SLy(R) — SO(2,2)

SO(2, 1)~SLy(R)

SO(3,1)~SL,(C)

K = S0(2) S0(3) S0(2) x SO(2)
K\ G ~ H? 3 H? x H?
a;K-orbit ~ S3, S3, Sl x S}
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The
Quantitative Oppenheim conjecture
for
S-arithmetic quadratic forms

14 /35



field Q,

p : an odd prime

» Q,= the completion field of Q w.r.t [p"u|, = p~".

X = Za,-pi = (, 0, O, Aigs dig+1s - -+ ks - - .),
i>io
where a; € {0,1,...,p—1}.
Topology

-Zp={x€Qp: x|, <1}

= {Za;p’} compact open set

i>0

-basis : {x € Q, : [x — x| < p™ "} = X0+ p"Zp
- Haar measure of Q, : pip(x0 + p"Z,) = p~"
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S-arithmetic

» S ={oco,p1,...,Ps} pi : odd prime

e.g. S={o0,p}
» Qs =Rx[[][Q=RxQ, <+ R
> Zs={(z,2) e Q*: z=m/p*, mkeZ}

. the set of S-integers in Qs <+ 7Z

» A : S-lattice = Free Zg-module in Q2 of rank n, i.e.,

IV, Vst Q) A=ZsV1@ - B LsV p;

(b) Q1 is generated by V1,..., V.

> qg={¢°/R",q”/Qj} S-adic quadratic form

q : rational if g = (Aoq’, A\pq') = Aq,

where ¢’ : quadratic form /Q, A = (Ao, Ap) € Qs.

> I(a,b) = (a0, bo) % (ap + p*Z,) C Qs S-interval
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S-arithmetic Quantitative Oppenheim conjecture
For T = (To, Tp), let

q _ n . ”?Hoo < TO
Nfiyp(T) = {7 e Z2 : q(V) € I(a, b) and Flh<T, }

Theorem (H.-Lim-Mallahi Karai (2017))

q . isotropic irrational quadratic form of rank > 4 s.t.

h q” — Zw.
Then as T, — oo forV v = oo, p, each q- »oxy — 2w

[Ny (T~ Ma)u(l(a, b)) HT

Theorem (H. preprint)

For almost all isotropic quadratic forms q of rank 3 or 4,
as T, — oo for each v,

Ni 5 (T) ~ Aqu(l(a, B))([ ] 7)™
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SO(q)(Qp), with rk(g) =3

» 7 isotropic equi. classes of q. f.
» SO(q) is unique, i.e., SO(q) ~ SO(q’) even if g = ¢'.

> SO(2xz — y*)(Qp) ~ SLa(Qp),
(choose) maximal cpt subgp K = SLy(Z),).

> K\ SLx(Qp)?
The (p + 1)-regular tree 7,

» Consider free Z,-modules L of rank 2 in @f,
> [y~ Lyif Ly =pFLy,ie. vy, v € Qf, s.t.

Ll = val D ZPV2 and L2 = Zp(pkvl) D Zp(ka2).
> V(7,) ={[L] | L : free Z,-modules of rank 2 in Q2 },
8(7;) = (X1,X2) if ELl, L2 s.t. Ll € X1, L2 € Xo and

pl_l g L2 g Ll.
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Example : T3

Notation ( i 3 > <~ [L=Zy(a,b)® Zy(c,d)]

adjacent vertices from [Z2]

< 1
0
e (29)
e.g. pli G L= ((1,1),(0,p)) & L1 = ((1,0),(0,1))

» L, C Ly : obvious and (0,1) ¢ L,

> (p,0) =p(1,1) —(0,p) = pLy C Ly and (1,1) ¢ pL,
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adjacent vertices from [(vy, v2)] [(vi +2v2, pv2)]

[(vi + v2, pva)]

[<V1, PV2>]
[(pv1, v2)] [(vi, v2)]

> GLo(Zp) \ GL2(Qp) = Tp by [(v1, v2)]-8 = [(n1g, v28)].
> SLy(Zy) \ SL2(Qp) ~ {x € V(T,) : d(x, [Z3]) = even}
> a, = diag(p’, p~"), K = SLa(Z))

arK-orbit < {v € T, : d(v,[Z2]) = 2t} =: S,

= measure on a,K — counting measure on 53,
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GL3(Z,) \ GL3(Q,) ~ B3, (Building)

» L : free Z,-module of rank 3 in Qz
> [~ Lif L, = pkLl, i.e. dvi, v, 3 € Qz s.t.

L = <V1, Vo, V3> and L, = <PkV17PkV2,PkV3>-

> V(Bs,) = {[L]| L: free Z,-modules of rank 3 in Q3 }
> 5(637,_,) ) (X1,X2) if L1 € x1, Ly € x5 s.t.

PL1 g L2 g Ll-
> F(Bsp) 2 (x1, %, x3) if 3Ly € x1, Ly € x0, L3 € x3 5.
le g L2 g L3 g_ Ll.

e.g.
ple1, e, €3) C (er, pes. pes) C (eq, e, pes) C (e, e, €3)
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Star of [Z])]

26 adjacent vertices
(21 +p+p?))

52 attached faces
((p+1)A+p+p%))
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projection of the Star (in R?)

» For each vertex, there are

0 o) (1 0 0) two types of adjacent
o\p O Lb=|0 p O :
0 1 0.0 p vertices

eg. L1 = (e, e, 63)
Ly = (er, pes, pes)
L3 = (e, e, pe3)

0 0
1 0) = [L: L] = P2,
0 r [Ll . 1_3] = p.

_—»
ooxw
ow O
= O O
\_/
~

Il
~

N
[N eke]
o = O
= O O
~
e
(@M eke]
o = O
T © O
v
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adjacent vertices (w.r.t. the same proj images)

o o

o - O

QO o
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faces containing (ey, e, e3) & (pey, pes, €3)
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projection of the Star of GL4(Z,) \ GL4(Q))

diag(1,1, p, p)

diag(1, p, p, p)
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projection of the Star of GL4(Z,) \ GL4(Q))

diag(1,1, p, p)

diag(1, p, p, p)
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projection of the Star of GL4(Z,) \ GL4(Q))

diag(1,1, p, p)
diag(1, p, p, p)
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projection of the Star of GL4(Z,) \ GL4(Q))

diag(1,1, p, p)
diag(1, p, p, p)

iag(1,1,1, p)

di'&g'('la_l'v_l_v -1) i Rad
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# vertices of the Star of GL4(Z,) \ GL4(Q))

Q
/
X OO Q
'~O QO ™
Q
'~ QO o -
—
o oo 3D: '~ X Q
(o] p
~ _ Q
oo - o
1
| o-oo
1
T~
@ n " - O O O
IS ~
il !
- 1
bl !
1.ﬂ 1
N 1
1
1
1 Q
1
~ T
Q 1:
/N
N O Q
-~ X QO \
\
o-oo /
AY
- o oo N
AY
N— Al
AY
<
Q & —
Q. Q.
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SO(g)(Qp) with tk(q) = 4

» All 8 equi. classes of q. f. of rank 4 are isotropic.

Lemma (H.)
q : isotropic quadratic form of Q5.
If g < xy — zw, then SO(q) is of Q,-rank one.

Corollary (H.)
If g = xy — zw, then K \ SO(q) is a tree.

rank=3 rank=4
SO(q)~SL2(Q,) | SO(q) | SO(q)~SLa(Qp)xSL2(Qp)
K =SLa(Zy) | SO(@)(Zs) | SLa(Zy) x Sla(Z,)
K\G~T, Tree in By To x Tp
a;K-orbit ~ 53, S3, Sl x S}
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Thank you!!
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Introduction

Introduction

-Dirichlet eig



Introduction

Steklov eigenvalue problem

Let M™ : Riemannian manifold, Q@ C M : smooth domain.
Finding all o € R for which there exists u € C*°(£2) which
satisfies

du

Au = 0 inQ
oy = ou on 0f),

where 7 is the outward unit normal vector on 0f).
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Steklov eigenvalue problem

The problem is equivalent to the following eigenvalue problem of
Dirichlet-to-Neumann operator.
Given u € C*°(092), let @ be the harmonic extension of u :

At = 0 inf)
4 = wu ondf)’

Define a Dirichlet-to-Neumann operator

L: C®(09) — C=(9Q)

Dong-Hwi SEO First Steklov-Dirichlet eigenvalue



Steklov eigenvalue problem

Then L is a nonnegative self-adjoint operator with discrete
spectrum

0= J()(Q) < Ul(Q) < JQ(Q) < ... = 00.
The first eigenvalue o1(€2) is characterized as following.

fQ |Vo|2dV

faﬂ v2ds

al(Q):inf{ ‘veHl(Q)\{O} and /mvds:o}.
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Introduction

Shape optimization problem

Our shape optimization problem is stated as follows : Given a
collection F of subsets in M, finding Qg € F such that

0'1(90) = ?213}(01(9)

Dong-Hwi SEO First Steklov-Dirichlet eigenvalue



Previous results

ious results

-Dirichlet eig



Previous results

Results on Euclidean spaces

o (Weinstock, 1954) For M = R?, ) is a disk among simply
connected smooth sets with fixed boundary length.
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Previous results

Results on Euclidean spaces

o (Weinstock, 1954) For M = R?, ) is a disk among simply
connected smooth sets with fixed boundary length.

e (Brock, 2001) For M = R™, Q is a ball among all smooth
domains with fixed domain volume.
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Previous results

Results on Euclidean spaces

o (Weinstock, 1954) For M = R?, ) is a disk among simply
connected smooth sets with fixed boundary length.

e (Brock, 2001) For M = R™, Q is a ball among all smooth
domains with fixed domain volume.

o (Bucur-Ferone-Nitsch-Trombetti, 2017) For M = R™,
m > 3, (g is a ball among convex sets with fixed boundary
volume.
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Previous results

Results on Euclidean spaces

(Weinstock, 1954) For M = R?, € is a disk among simply
connected smooth sets with fixed boundary length.
(Brock, 2001) For M = R™, € is a ball among all smooth
domains with fixed domain volume.

(Bucur-Ferone-Nitsch-Trombetti, 2017) For M = R™,
m > 3, (g is a ball among convex sets with fixed boundary

(]

volume.

(Fraser-Schoen, 2019) For M = R™, m > 3, { is not a ball
among smooth contractible domains with fixed boundary
volume.
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Previous results

Results on non Euclidean spaces

o (Escobar, 1999) For M = S? or H2, € is a geodesic ball
among all simply connected domains with fixed domain
area.
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Previous results

Results on non Euclidean spaces

o (Escobar, 1999) For M = S? or H2, € is a geodesic ball
among all simply connected domains with fixed domain
area.

e (Binoy-Santhanam, 2014) For noncompact rank one
symmetric spaces M, )y is a geodesic ball among all
smooth domains with fixed domain volume.

Note that noncompact rank one symmetric spaces(nCROSS) are
RH", CH", HH", and OH?2.
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Previous results

Mixed Steklov-Dirichlet eigenvalue problem

Theorem (Hersch-Payne, 1968)

Let Q C R? be a bounded doubly connected domain and
00 = C1 U Oy, where Cy and Cy are the inner and outer
boundary, respectively. Consider a mixed Steklov-Dirichlet
ergenvalue problem

Au = 0 inQ

u = 0 onC}
g—qj] = ou on Cs.
Then o1(2) < 01(A), where A is the annulus conformally
equivalent to 2 and the perimeter of the outer boundary of A is
equal to the perimeter of Cs.
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Previous results

Recent results on annular regions

Denote the closure of a set A C M by cl(A).

Theorem (Santhanam-Verma, 2018)

Let By, B, C R™ be balls of radii Ry, R > 0, respectively, such
that cl(By) C BS,. Then the first mized Steklov-Dirichlet
etgenvalue of the problem

Au

U
du
on

attains maximum if and

= 0 inBj\c(By)
= 0 onodB;
= ou on 0B).

only if By and B, are concentric.
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Previous results

Recent results on annular regions

X : center of By, C : center of B,
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Previous results

Recent results on annular regions(2)

Denote the injectivity radius of M by inj(M).

Theorem (S., 2019)

Let M be a two-point homogeneous space. Let By and B/, be
geodesic balls of radii Ry, Ry > 0, respectively, such that
cl(By) € B, and Re < inj(M)/2. Then the first mized
Steklov-Dirichlet eigenvalue of the problem

Au = 0 in B\cl(By)

v = 0 on0B;
ou

— /
o = ou on 0B;

attains mazimum if and only if By and BY are concentric.
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Previous results

Two-point homogeneous space

Definition

A connected Riemannian manifold M is called two-point
homogeneous space if z;,y; € M with d(z1,y1) = d(z2,y2), there
is an isometry g of M such that g(z1) = z2 and g(y1) = yo.

CROSS | nCROSS

K=R|R"[S",RP"| RH"
K=C cp" CH"
K=H| - HP" HH"
K=0] - oP? oH?

TABLE — Two-point homogeneous spaces
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Previous results

Recent results on annular regions (3)

Theorem (Ftouhi, 2019)
Let By, B, C R™ be balls of radii Ry, Ra, respectively, such that
cl(B1) C B),. Then the first Steklov eigenvalue of the problem

Au = 0 in Bj\cl(By)
% = ou on 0B; UJB).

attains mazimum if and only if By and BY are concentric.
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Proof of the result

Step 1 of the proof

Let By be the geodesic ball of radius Rs, concentric to Bj.

Finding the first eigenfunction in By \ cl(By).

aory is the first eigenfunction, where
TX
B e rx(-) : distance from X in M,

e w: (radial) density function of M,

L |
e a(r):= /R1 mdt.
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Proof of the result

Step 2 of the proof

Comparing the variational characterizations of o1 (B2 \ cl(B1))
and o1(Bf \ cl(B1)).

Since a o rx is a test function of the variational characterization

of 01(B \ cl(By)),

faB; vids

v GHI(Q)\{O} and v = 0 on 3B1},

we have
fB/\d |V (aorx)|?dV

faB’Q aorx)?ds,

01(By \ cl(By)) <
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Proof of the result

Step 2 of the proof

Note that a o rx is the eigenfunction corresponding to
01(B2 \ cl(B1)). Then to show
o1(B5\ cl(B1)) < 01(Ba2 \ cl(B1)), it is enough to show that

/ V(aors)?dV < / V(aory)PaV,
B,\cl(B1) Ba\cl(B1)

and

/ (ao Tx)2d52 < / (ao TX)QdSé,
0B>

OB,

where Sy and S are the measures on 0By and 0B, induced
from the metric of M, respectively.
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Proof of the result

Step 3 of the proof

/ V(aory)Pdv < / V(a0 rx)|2dV,
B}\cl(B1) Ba\cl(B1)

(Idea of the proof) If M is
Euclidean space or nCROSS,
[V(aorx ()| = m has
bigger value in B than those in
B O]
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Proof of the result

Remark
If M is CROSS, the previous argument holds if Ry < inj(M)/4.

Because w(r) is no longer increasing if r > inj(M)/2. Therefore
we need more delicate argument on B and B’ for Step 3.

| A\

Step 4

/ (ao Tx)2d52 < / (ao rX)QdSQ,
0B>

oB!,

N
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Proof of the result

Step 4 of the proof

Consider a function
/ (ao T(.))2d5'§ B, =R
OB},

that assigns to X € B},

| (@orxyas;
B,

and its gradient at each X € B}, is

\Y </6B/2 (ao r(.))2d5§> (X) e TxM.
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Proof of the result

Main argument in Step 4

Proposition

2 _ ) —9(X) -ux(C) if X #C,
V(/aB/z(aor(_)) d52> (X)—{O if X =C

where g : B, \ {C} — RT is a positive function and vx(C) is the
unit tangent vector at X toward C. Furthermore,

/ (aorC)QdS’é < / (aorX)2d5’§,
B, B,

and equality holds if and only if X = C.
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Proof of the result

Main argument in Step 4

The identities imply that the gradient field of the function
/ (ao T(.))2d5'§ B, = R
OB},

can be depicted by the picture below, so the inequality follows.

B;
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Proof of the result

Main argument in Step 4

Note that Bs is a ball of radius Rs, centered at X. Therefore we
have

/ (aory)?dSy = / (aorg)?dS).
0B

oB),

Thus our proposition implies the inequality in Step 4,

/ (aory)?dSy < / (aory)?dSh.
0B

0B,

This proposition is the main difference between our proof and
Santhanam-Verma’s proof.
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Proof of the result

Main argument in Step 4

(Idea of the proof of Proposition)

Let
e \x(P) : angle at P € 9B}, of the
triangle (PXC),
e Ux(P) : unit tangent vector at X
toward P, and
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Proof of the result

Main argument in Step 4

o mx : S™"1 C R™ — 9BY is the
projection map.
’ Then we can show that

w(rx)

ds), =
27 cos Ax

drxyp, (%)

where p : canonical measure on S™ 1.
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Proof of the result

Main argument in Step 4

Then we have

-V ( /m% (ao r(.))Q(P)dsg(P)> (X)

= [ R (P (s ()
o, w(rx)

Ux
= 2 . dp.
/Sml ( (aerx) cos/\X> ©mXan

For the second identity, we used the fact that
—Vry(P) = x(P) and (¥).
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Proof of the result

Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude

Ux
2 . d
/S‘"Ll < (a ° TX) COS )\X) °nX H
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Proof of the result

Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude

Ux
2 . d
/S‘"Ll < (a ° TX) COS )\X) °nX H

PZ?T)((PS) P

-P

N
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Proof of the result

Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude

Ux
2 . d
/S‘"Ll < (a ° TX) COS )\X) °nX H

PZ?T)((PS) P

-P

N
|
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Proof of the result

Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude

Ux
2 . d
/S‘"Ll < (a ° TX) COS )\X) °nX H

is a vector starting from X toward C. L]

PZ?T)((PS) P

3
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Proof of the result

Newton’s shell theorem

The proof of Proposition is motivated from the proof of
following.

Corollary (Newton’s shell theorem)
We have

Ux y
——dS5 = 0.
/8B’2 wirx) 2

P

(Idea of proof) Using (*), we
have
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Proof of the result

Thank you.




	1차병합
	표지
	초록
	서검교박사님
	examples
	표준철
	2019겨울학교-이재혁1
	쌍곡기하산책-김영주
	Holonomy_박경동_200106
	2019기하학겨울학교-홍한솔
	김현규-강의노트
	안병희 박사님
	Hakho Choi

	Presentation_한지영



