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서검교 숙명여자 대학교 강의(1,3,5 )

표준철 부산대학교 강의(2,4,6 )

 

극소곡면론 소개

유클리드 공간에 놓여있는 곡면들 중 평균곡률이 영인 곡면을 극소곡면이라고 한
다 공간에 놓인 곡선에 대해 극소곡면 이 항상 존재하고. Jordan (disk-type) , catenoid, 

등 경계가 없는 완비된 극소곡면들도 존재한다 유클리드 공간에 풍부한 예helicoid . 
들이 있고 주어진 경계에 대해 넓이가 최소가 된다는 성질로 부터 흥미로운 성질들, 
이 유도된다 수학의 여러 분야의 이론을 통하여 극소곡면의 구성방법과 중요한 성. 
질을 소개하고자 한다. 

목차

1. Definition of minimal surfaces, 1st variational formula

2. Examples and finding properties of minimal surfaces

3. minimal surfaces theory based on PDEs (maximum principle, convex hull 

property, harmonicity of the coordinate functions, Bernstein theorem)

4. minimal surface theory based on complex analysis (Enneper-Weierstrass 

representation theorem, reflection principles)

5. 2nd variational formula and stability

6. minimal surfaces in the 3-dim sphere   
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이재혁 이화여자대학교 

삼차원 공간의 곡면에 대한 모스함수의 풍부성 

모스 함수의 중요성은 기하학과 위상수학의 다양한 분야에서 나타난다 우리는 모. 
스함수의 기본적인 성질을 소개하고 다양체의 위상에 대한 활용을 살펴본다 그리고 . 
유클리드 공간의 부분다양체에 대한 모스함수의 풍부성에 대한 결론을 삼차원 곡면에 
관한 미분기하학에서 사용하는 용어로 소개한다 이 강연은 곡선과 곡면 관한 미분기. 
하학과 의 의 제 장을 배경으로 한다Milnor Morse theory 1 . 

김영주 건국대학교 

쌍곡기하 산책

본 강연에서는 쌍곡기하공간의 정의와 모델 등장사상 등의 기초적인 정의에서 시, 
작하여 쌍곡 구조를 갖는 다양체가 갖는 특징을 살펴본다. 

 
박경동 IBS-CGP

Holonomy groups and hyperkaehler manifolds 
in homogeneous varieties

The holonomy group of the Levi-Civita connection on a Riemannian mani fold 
is a Lie group given by parallel transport maps along loops based at a fixed 
point, and is a global invariant which measures constant tensors on the manifold. 
Interesting in various aspects are Riemannian manifolds with special holonomy 
groups, which include Calabi-Yau, hyperkaehler, and quaternionic Kaehler 
manifolds. However, it is extremely hard to construct manifolds with a specific 
holonomy. For instance, there are no known examples of compact quaternionic 
Kaehler manifold that are not symmetric spaces. I will explain Berger's 
classification of holonomy groups and explore attractive problems involved in 
special holonomy groups. The latter half of my talk will be devoted to 
hyperkaehler mani folds given by zero loci of global sections of equivariant vector 
bundles on homogeneous varieties. 
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홍한솔 연세대학교 

Toric mirror symmetry and beyond

Mirror symmetry of a toric manifold is now a well-studied subject, in which 
one can see explicit constructions of the mirror space and mirror functors. I will 
give a short survey on the toric mirror symmetry, mainly using simple examples, 
and discuss more recent progresses if time permits.

김현규 이화여자대학교

Goldman symplectic structure 
on space of surface group representations, and skein algebra

The moduli space of group homomorphisms from the fundamental group of a 
surface into a Lie group G appears in many areas of mathematics and physics, like 
Teichmuller theory and gauge theory. In 1980's Goldman constructed a natural 
symplectic structure on this space, which I will review in this talk. On the other 
hand, I will review the skein algebra of a surface, which appeared as an approach 
to link invariants in 3d spaces. I will explain how Turaev showed that the  skein 
algebra can be viewed as a quantization of the above symplectic moduli space, in 
case when G is SL(2,C). If time allows, I will discuss recent research problems.
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안병희 IBS-CGP 

 Legendrians and constructible sheaves

This series of two lectures will introduce the microlocal study of constructible 
sheaves and their interactions with Legendrian graphs. More precisely, we will 
briefly review microlocal sheaf theory firstly introduced by Kashiwara and Schapira 
in 1980's, and define an invariant for Legendrian graphs by using the microlocal 
sheaf theory which is related with several questions in symplectic geometry.

최학호 고등과학원 

On symplectic fillings of small Seifert 3-manifolds

One of the fundamental problems in symplectic 4-manifold topology is in 
classifying symplectic fillings of certain 3-manifolds equipped with a natural 
contact structure. If we get the classification result, then i t is natural to ask that 
Is there any surgery description of those fillings. 

In this talk, we discuss classification of minimal symplectic fillings of small 
Seifert 3-manifolds satisfying certain conditions. Furthermore, we demonstrate that 
every minimal symplectic filling of small Seifert 3-manifolds satisfying the 
condi tions can be obtained by a sequence of rational blowdowns from the 
minimal resolution. This is joint work with Jongil Park. 
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한지영 서울대학교  

Homogeneous dynamics and application 
to the lattice counting problem

Homogeneous dynamics is to study dynamical properties-e.g. ergodicity, 
equidistribution property-of orbits of a flow defined on the quotient space 
of !"#, where ! is a Lie gorup and # is a discrete subgroup, for 
which $%&'!"#( is finite. The most famous example is SL+',("SL+'-(, 

which can be identified with the space of unit-covolume lattices of ,+. 
Using this relation, we can apply homogeneous dynamics to a problems 
in the geometry of numbers.

서동휘 KAIST

 Shape optimization problems for Steklov eigenvalue

년에 은 주어진 둘레를 가진 중 1954 Weinstock planar simply connected set first 
가 최대가 되는 경우는 임을 보였다 이 후에 관련 결과들이 Steklov eigenvalue disk . 

다양한 기하학적 방법론으로 증명되었다 이 강연에서는 최근 연구되고 있는 반지름. 
이 주어진 두 개의 로 되는 에서의 에 대한 ball bound annular domain first eigenvalue

들을 소개하고 이 결과들이 shape optimization problem two-point homogeneous 
로까지 확장될 수 있음을 보이려고 한다space .
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Introduction to minimal submanifold theory ∗

Keomkyo Seo

1 History

• Euler(1744), catenoid (also Lagrange 1760)

• Meusnier(1776), helicoid

• 1830’ - 1890’: Enneper, Plateau, Riemann, Scherk, Schwarz, Weierstrass...

• 1900’ - 1950’: Bernstein, Courant, Douglas, Morrey, Morse, Radó, Schiffman...

• 1960’ - 1990’: Allard, Almgren, Calabi, do Carmo, Chern, Costa, Federer, Finn, Fleming,
Gackstatter, Gulliver, Hildebrandt, Hoffman, Houdt, Jenkins, Lawson, Meeks, Nitsche,
Osserman, Perez, Ros, Rosenberg, Schoen, Serrin, Simon, Simons, White, Yau...

• 2000’ - : Brendle, Colding-Minicozzi, Marques-Neves...

2 Introduction and definition of minimal submanifolds

Setting: Σk ⊂ (Mn, g)

A(X,Y ) = (OXY )⊥, Second fundamental form, X,Y ∈ TΣ

Definition 2.1. {ei}: orthonormal basis of TpΣ.

−→
H = TrgA =

∑
gijA(ei, ej) = (Oeiei)

⊥, mean curvature

Definition 2.2. Σ: minimal ⇐⇒ H ≡ 0.

? Graph Σn−1 ⊂ Rn
Σ = Σu = {(x, u(x)) : x ∈ Ω ⊂ Rn

=F (x) =F (x1,··· , xn−1)

}

⇒ gij = 〈Fi, Fj〉 = δij + uiuj

and [the unit normal of Σu] =

ν =
(−Ou, 1)√
1 + |Ou|2

∗This note is based on lectures in 15th KIAS winter school during December 26-30, 2019. I would like to
thank Jihye Lee for typing the manuscript.

1
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(gij = δij − νiνj where νi = ui√
1+|Ou|2

, i = 1, 2, · · · , n− 1)

∴ Vol(Σu) =

∫
Ω

√
1 + |Ou|2dx

(
=

∫
Ω

√
det(gij)dx

)
◦ Euler-Lagrange equation for Vol(Σu) (∀η ∈ C∞c (Ω))
Suppose u is a critical point of Vol(Σu).

0 =
d

dt

∣∣∣∣
t=0

Vol(Σu+tη) =

∫
Ω

d

dt

∣∣∣∣
t=0

√
1 + |Ou+ tOη|2dx

=

∫
Ω

Ou · Oη√
1 + |Ou|2

dx

= −
∫

Ω

d

dxi

(
ui√

1 + |Ou|2

)
ηdx

⇒
n−1∑
i=1

∂

∂xi

(
ui√

1 + |Ou|2

)
= 0 (MSE)

Expansion:
uii√

1 + |Ou|2
− uiujuij

(1 + |Ou|2)3/2
= 0

⇐⇒ 1√
1 + |Ou|2

(
δij −

ui√
1 + |Ou|2

uj√
1 + |Ou|2

)
uij = 0

⇐⇒ 1√
1 + |Ou|2

n−1∑
i,j=1

gijuij = 0

On the other hand,

A

(
∂

∂xi
,
∂

∂xj

)
=

(
O ∂

∂xi

∂

∂xj

)⊥
= (Fij)

⊥ = 〈Fij , ν〉 ν = hijν,

where hij = 〈Fij , ν〉 .
Fij = (0, · · · , 0, uij)⇒ hij =

uij√
1 + |Ou|2

H = TrgA =
∑

gijA

(
∂

∂xi
,
∂

∂xj

)
=

1√
1 + (Ou)2

∑
gijuij = 0

When n = 2,

(1 + u2
2)u11 − 2u1u2u12 + (1 + u2

1)u22 = 0 : quasi-linear and elliptic.

Proposition 2.3. Σn−1
u ⊂ Rn, minimal graph over Ω ⇒ Σu: volume-minimizing

Proof. Σu ∪ (−Σ0) = ∂u. Σu ∼ Σ0, homologous.
Foliation of minimal graphs ⇒ Extend ν in Rn in a natural way.

dx = the volume form in Rn.
ω := νydx = volume form on Σu

2
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(a) (b)

⇒ dω = divνdx = 0
Note: divν =

∑
〈Oeiν, ei〉
=0 (∵H≡ 0)

+ 〈Oνν, ν〉 = 0

∴ 0 =

∫
u

dω =

∫
∂u

ω =

∫
Σu

ω −
∫

Σ0

ω =

∫
p∈Σu

ω(TpΣu)−
∫
q∈Σ0

ω(TqΣ0)

Recall ω(V ) = ω(e1, · · · , en−1) for V n−1

⇒ ω(TpΣu) = ω(e1, · · · , en−1) = νydx(e1, · · · , en−1) = dx(e1, · · · , en−1, ν) = 1

& ω(TqΣ0) = ω(e1, · · · , en−1) = νydx(e1, · · · , en−1) = dx(e1, · · · , en−1, ν)

= det(e1, · · · , en−1, ν) = det(e1, · · · , en−1, ν
⊥) ≤ 1

Vol(Σu) =

∫
Σu

ω =

∫
Σ0

ω ≤
∫

Σ0

1 = Vol(Σ0)

3 1st variation formula

Ft : Mn × (−ε, ε)→ Nm, F0 = F (initial immersion)

X(p) =
d

dt

∣∣∣∣
t=0

Ft(p), variational vector field.

3
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Theorem 3.1.

d

dt

∣∣∣∣
t=0

Vol(FtM)
(1)
=

∫
M

divM (X)dV
(2)
=

∫
∂M

〈X, ν〉 −
∫
M

〈H,X〉

Recall divM (X) =
∑
〈ei,OeiX〉, H = (Oeiei)

⊥

Proof. For (1), note

Vol(FtM) =

∫
M

Jn(DFt) =

∫
M

√
det(DF>t ◦DFt)

∴
d

dt

∣∣∣∣
t=0

Vol(FtM) =

∫
M

d

dt

∣∣∣∣
t=0

Jn(DFt)

For simplicity, assume Nm = Rm

Ft(p) = p+ tX(p) + o(t)

∴ DFt(ei) = OeiFt+ ≈ Oei(p+ tX(p)) = ei + tOeiX

∴ Jn(DFt) =
√

det(DFt(ei) ·DFt(ej))

∼=
√

det(ei + tOeiX) · (ej + tOejX)

∼=
√

det(δij + t(ei · OejX + ej · OeiX)

Recall: det(I + tA) = 1 + t · trA+ o(t)

∴ Jn(DFt) ∼=
√

1 + 2t
∑

ei · OeiX =
√

1 + 2t divMX ∼= 1 + tdivMX
⊥

For (2), ∫
M

divMX =

∫
M

divM (X>) +

∫
M

divM (X⊥) =

∫
∂M

〈
X>, ν

〉
+

∫
M

divMX
⊥

=

∫
∂M

〈X, ν〉+

∫
M

divMX
⊥,

where ν is the outward unit conormal vector. Here

divMX
⊥ =

〈
ei,OeiX

⊥〉 = Oei
〈
ei, X

⊥〉
= 0

−
〈
Oeiei, X

⊥〉 = −
〈
(Oeiei)

⊥, X
〉

= −〈H,X〉

Corollary 3.2. Mn ⊂ Rm, minimal ∂M 6= ∅ ⇒ n ·Vol(M) =

∫
∂M

〈X, ν〉

Proof. Apply first variation formula to X(x) = x.

4

제15회 고등과학원 기하학 겨울학교

10



4 Convex hull property (⇐ harmonicity of coordinate func-
tions)

Proposition 4.1. Σk ⊂ Rn, xi: coordinates in Rn.

H ≡ 0 ⇐⇒ ∆Σxi = 0 ∀i

Proof. {e1, · · · , ek}: orthonormal basis for TΣ. Let X : Σ ↪→ Rn be an immersion.

∆Σx =
k∑
j=1

(
ejejx− (OΣ

ej )x
)

=
k∑
j=1

(O⊥ejej) = H

Corollary 4.2. @ closed minimal submanifold in Rn.

Corollary 4.3. Σk ⊂ Rn, compact minimal⇒ Σ ⊂ C(∂Σ) = ∩{H : closed half spaces with ∂Σ ⊂
H}, where C(∂Σ) is a convex hull of ∂Σ.

Proof. Let H = {x : l(x) ≤ a}, l: linear function (l =
∑
aixi)

∂Σ ⊂ H ⇒ l(x) ≤ a ∀x ∈ ∂Σ & ∆Σl(x) = 0 ∀x ∈ Σ

⇒ l(x) ≤ a ∀x ∈ Σ (by maximum principle)

⇒ Σ ⊂ H

5 Monotonicity formula

Lemma 5.1. h : Σ→ R+, Lipschitz∫
{h≤t}

f |OΣh| =
∫ t

−∞

∫
{h=t}

fdσ

Remark 5.2. When t is a regular value,

dvΣ =
dt ∧ dv{h=t}

|OΣh|

Theorem 5.3. Σk ⊂ Rn, minimal

⇒ d

dt

|Σ ∩Br(x0)|
rk

≥ 0.

In fact,
|Bt(x0) ∩ Σ|

tk
− |Bs(x0) ∩ Σ|

sk
=

∫
Σ∩(Bt(x0)\Bs(x0))

|(x− x0)⊥|2

|x− x0|k+2
dvΣ

5
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Proof. Take h(x) := |x− x0|. Then {h ≤ t} = Bt(x0). Let X = x− x0. Then

divΣ(X) = 〈ei,OeiX〉 = k,

where {ei} is an orthonormal basis on Σ. By the first variation formula,

d

dt

∣∣∣∣
t=0

|Σ ∩Br(x0)| =
∫

Σ∩Br(x0)

divΣ(X) =

∫
Σ∩∂Br(x0)

〈X, ν〉 , (5.1)

where

ν =
OΣ|x− x0|
|OΣ|x− x0||

=
(x− x0)>

|(x− x0)>|
.

∴ k|Σ ∩Br(x0)| (5.1)
=

∫
Σ∩{|x−x0|=r}

|(x− x0)>| = d

dr

∫
Σ∩Br(x0)

|(x− x0)>||OΣ|x− x0||

=
d

dr

∫
Σ∩Br(x0)

|(x− x0)>|2

|x− x0|
= r

d

dr

∫
Σ∩Br(x0)

|(x− x0)>|2

|x− x0|2

= r
d

dr

∫
Σ∩Br(x0)

(
1− |(x− x0)⊥|2

|x− x0|2

)
= r

d

dr
|Σ ∩Br(x0)| − r d

dr

∫
Σ∩Br(x0)

|(x− x0)⊥|2

|x− x0|2

⇒ d

dr
(r−k|Σ ∩Br(x0)|) = r−k

d

dr

∫
Σ∩Br(x0)

|(x− x0)⊥|2

|x− x0|2
=

d

dr

∫
Σ∩Br(x0)

|(x− x0)⊥|2

|x− x0|k+2

⇒
∫ t

s

d

dr

|Σ ∩Br(x0)|
rk

dr =

∫ t

s

d

dr

∫
Σ∩Br(x0)

|(x− x0)⊥|2

|x− x0|k+2

‖ ‖
|Σ ∩Bt(x0)|

tk
− |Σ ∩Bs(x0)|

sk

∫
Σ∩(Bt(x0)\Bs(x0))

|(x− x0)⊥|2

|x− x0|k+2

Corollary 5.4. x0 ∈ Σk ⊂ BR(0) ⊂ Rn and σ < R− |x0|

⇒ ωkσ
k

(1)

≤ |Σ ∩Bσ(x0)|
(2)

≤ σk

(R− |x0|)k
· |Σ ∩BR(0)|

where ωk denotes the volume of the unit ball in Rk.

Proof.

(1) We note that
|Bσ(x0) ∩ Σ|

σk
− |Bs(x0) ∩ Σ|

sk
≥ 0

and
|Bs(x0) ∩ Σ|

sk
→ ωk as s→ 0.

Thus we obtain the result.

6
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(2)

|BR−|x0|(x0) ∩ Σ|
(R− |x0|)k

− |Bσ(x0) ∩ Σ|
σk

≥ 0.

6 Bernstein(1912) theorem

Theorem 6.1 (Bernstein, 1912). Entire minimal graph Σ2 ⊂ R3 is a plane.

? Gauss map n
n : Σ2 → S2

Lemma 6.2. Σ2 ⊂ R3, minimal. Then

1. n : conformal and orientation reversing, i.e., ∀v, w ∈ TpΣ such that v ·w = 0 and |v| = |w|
⇒ Ovn · Own = 0, |Ovn| = |Own|

2. |Ovn| ≤
1√
2
|A||v| and n∗(ωS2) = KΣωΣ = −1

2
|A|2ωΣ

Proof. Take an orthonormal basis {e1, e2} for Σ such that{
Oe1n = −κ1e1

Oe2n = −κ2e2

⇒ |Oe1n| = |κ1| = |κ2| = |Oe2n| (∵ κ1 6= κ2 = 0)

∴ |Ovn| ≤ |κ1||v| =
1√
2
|A||v|

|A|2 = κ2
1 + κ2

2 = 2κ2
1 = −2K

& Jac(n) = κ1κ2 = −1

2
|A|2 ≤ 0 (orientation-reversing)

Proposition 6.3. Σ2 ⊂ R3, minimal such that n(Σ) ⊂ S2
+ ⇒ ∃C > 0 such that∫

Σ

|A|2φ2 ≤ C
∫

Σ

|Oφ|2 ∀φ ∈ C∞0 (Σ)
(
∈W 1,2

0 (Σ)
)

In fact, Σ: stable ⇐⇒ c = 1.

7
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Proof. Note: ωS2 = dα (exact) (∵ S2
+: Simply-connected)

⇒ −|A|
2

2
ωΣ = n∗(ωS2) = d(n∗α)

∴
∫

Σ

|A|2φ2ωΣ = −2

∫
Σ

φ2d(n∗α) = −2
∫

Σ
d(φ2n∗α)

= 0

+ 4

∫
τ

φdφ ∧ n∗α

≤ 4

∫
Σ

|φ||Oφ||n∗α|ωΣ

≤ 4

∫
Σ

|φ||Oφ|C|A|ωΣ (∵ |n∗α| ≤ |A||α| ≤ C|A|)

≤ 4C

∫
Σ

|φ||Oφ||A|

≤ 4C

(
ε

2

∫
Σ

|A|2φ2 +
1

2ε

∫
Σ

|Oφ|2
)

Proposition 6.4. Σ2 ⊂ R3, entire minimal graph ⇒ |Σ ∩BR(0)| ≤ 4πR2, ∀R > 0

Proof. Σ: area-minimizing

Proof of Bernstein Theorem. Σ = Σu: entire minimal graph⇒ n(Σ) ⊂ S2
+ ⇒ ∃C > 0 such that∫

Σ

|A|2φ2 ≤ c
∫

Σ

|Oφ|2 ∀φ ∈ C∞c (Σ)

} logarithmic cutoff trick
Choose

φk(r) =


1, r ≤ R
1− log r

R

logR , R ≤ r ≤ R2

0, r ≥ R2.

BR2 \BR =

logR⋃
k=1

(BekR \Bek−1R)

8
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∫
Σ
|Oφ|2 =

1

(logR)2

∫
Σ ∩ (BR2 \BR)

1

r2

=
1

(logR)2

logR∑
k=1

∫
Σ ∩ (BekR \Bek−1R)

1

r2

≤ 1

(logR)2

∑ 1

(ek−1R)2
|Σ ∩ (BekR \Bek−1R)|

≤ 1

(logR)2

∑ c(ekR)2

(ek−1R)2
=

c

(logR)2
Σe2 =

c

logR
→ 0 as R→∞
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Examples of minimal surfaces in R3
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plane
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catenoid, Euler(1774) Meusnier(1776)
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helicoid, Meusnier(1776)
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Scherk doubly periodic surface, Scherk(1835)
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Scherk singly periodic surface, Scherk(1835)
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Riemann’s example, Riemann(1860s)
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Enneper surfaces, Enneper(1864)
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Schwarz D-surface, Schwarz(1865)
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Schwarz P-surface, Schwarz(1880s)
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Costa surfaces, Costa(1984), C-H-M(1985)
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helicoidal surfaces, 1993, 2016
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Question from audience : what is an example of G that does not have an orthogonal structure?
                                         -> Goldman's paper (1984) says it seems not to have been characterized.

제15회 고등과학원 기하학 겨울학교

72



제15회 고등과학원 기하학 겨울학교

73



제15회 고등과학원 기하학 겨울학교

74



제15회 고등과학원 기하학 겨울학교

75



�������	�
����
����	���������������� !$�%&'�()�*�+��
	,��-
-��./�1�45�69<
�����������������������������������������()�=>�?ACF�HJ�L$�MO�RS��T=�WXZ[\<<

제15회 고등과학원 기하학 겨울학교

76



제15회 고등과학원 기하학 겨울학교

77



제15회 고등과학원 기하학 겨울학교

78



제15회 고등과학원 기하학 겨울학교

79



]^�����*_]	`abc�dg`�hk5./�lopr�s9<�v��
�wx�Cy=`
�����������|~��������������
+����
�����	��
�����/�p9b

제15회 고등과학원 기하학 겨울학교

80



]	���������
+����
��
�
�	����	�c���
	���
���	J��_��dg�.���% �p�W�
���<b

(Conway skein
 relation)

]�c.¡/�=�¢¤�¥¦¡�§/©`�=ª&�«ª&�¬®J�69<b

]	�����°	����±����
����������.¡�²���+
���	b

제15회 고등과학원 기하학 겨울학교

81



LEGENDRIANS AND CONSTRUCTIBLE SHEAVES

BYUNG HEE AN

1. Overview

Let (W,ω) be a symplectic manifold consisting of

(1) an even-dimensional smooth manifold W and
(2) a closed, non-degenerate two-form ω on W .

Example 1.1. A typical example of symplectic manifolds is a cotangent bundle
(T ∗X,ω =

∑
i dpi∧dqi), whereX is a smooth manifold and qi’s are local coordinates

of X.

(1) if X = R1, then (T ∗R1, dx ∧ dy);
(2) if X = R2, then (T ∗R2, dp1 ∧ dx+ dp2 ∧ dz).

A submanifold Ln ⊂W 2n is called Lagrangian if the symplectic form ω vanishes
on L.

Example 1.2. The zero-section T ∗XX ⊂ T ∗X is a Lagrangian submanifold.

In symplectic geometry, one of main interest is to understand symplectic mani-
folds in terms of Lagrangians. For examples,

• Lagrangian submanifolds,
• their intersections,
• and so on.

All these information can be repackaged as “Fukaya categories”.

Assumption 1.3. From now on, we assume that W = T ∗X and either X = R1

or R2.

It is important to notice that the symplectic form is exact

ω = dα, α = xdy or p1dx+ p2dz.

The contact boundary or infinite boundary of T ∗X is the collection of all “rays”
emitting from the origin in each cotangent fiber, denoted by T∞X. Then one can
identify T∞X with the unit co-sphere bundle of X.

T∞X ⊂ T ∗X, T∞Rn ' Sn−1 × Rn

The pair (T∞X,α) defines a contact manifold, which is an odd-dimensional
smooth manifold equipped with a contact form α such that

α ∧ (dα)n 6= 0

everywhere. Then the odd-dimensional counterpart of Lagrangian submanifolds in
a contact manifold is the Legendrian submanifold Λ ⊂ T∞X such that

Disclaimer: All definitions, examples and claims in this note work at least for the cases consid-
ered here. In order to consider the generalized cases, all definitions, examples and claims should
be modified or carefully checked.

1
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2 BYUNG HEE AN

(1) Λ is (n− 1)-dimensional when X is n-dimensional,
(2) the contact form α vanishes on Λ.

Example 1.4. If X = R, then T∞X = {ε | ε = ±1} × R and α = εdx.

T ∗X = T ∗XX

T∞X

T∞X

If X = R2, then T∞X = {θ ∈ S1} × R2 and α = cos θdx+ sin θdz.

T∞X =

θ

∼= S1 × R2

There is a natural projection map π : T ∗X → X, which restricts to T∞X → X
such that

π : T∞R ' S0 × R→ R, (ε, x) 7→ x,

π : T∞R2 ' S1 × R2 → R2, (θ, (x, z)) 7→ (x, z).

Notice that at each smooth point of π(Λ) ⊂ X, there are two choices of the
missing coordinate ε or θ since the coordinate θ is perpendicular to the projection
due to the Legendrian condition

0 = cos θdx+ sin θdz = (cos θ, sin θ) · (dx, dz).

Conversely, any (piecewise smooth) codimension 1 subspace Y of X together
with a choice of perpendicular covectors at each point, one can realize Y as the
projection of a Legendrian subspace of T∞X. We call such a choice of covectors a
hair. Therefore we have the following correspondence

{Legendrians ⊂ T∞X} ←→ {Diagrams of codim 1 with hairs ⊂ X}.

Example 1.5. (1)

Λ = T ∗XX

T∞X

T∞X
Λ

−→ π(Λ) = X

hair

The hair points the positive direction since Λ is contained in the positive
part of T∞X.
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LEGENDRIANS AND CONSTRUCTIBLE SHEAVES 3

(2) Λ is a circle

Λ =

θ

∼= S1 × {0} ⊂ T∞R2

π(Λ) = x

z

(3) Λ is an ellipse

Λ =

θ

=⇒ x

z

|

|
||

|

|

|
| |

|
(4) π(Λ) may have cusps.

Λ =

θ

=⇒ x

z

| |
| |
| | | | | | |||||||

||
|

Theorem 1.6 (Nadler-Zaslow, Ganatra-Pardon-Shende). There are equivalences
(of DG categories)

NZ : Sh(X)→ Fukε(T ∗X),

NZΛ : ShΛ(X)→ Fukε(T ∗X,Λ),

GPS : ShΛ(X)c →W (T ∗X,Λ),

where

(1) ShΛ(X) is the category of constructible sheaves on X whose microlocal
support is controlled by Λ ⊂ T∞X,

(2) Fukε(T ∗X,Λ) is the (infinitesimally wrapped) Fukaya category whose La-
grangians are asymptotic to Λ at infinity, and

(3) W (T ∗X,Λ) is the (subcategory of) wrapped Fukaya category whose La-
grangians are away from Λ at infinity.
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4 BYUNG HEE AN

From now on, we will see how ShΛ(X) is defined and computed by using the
projection Λ.

2. Category of constructible sheaves

2.1. Sheaves.

A sheaf is a tool for systematically tracking locally defined data
attached to the open sets of a topological space.

— Wikipedia

Roughly speaking, a sheaf F is an assignment of any (algebraic) object1 to each
open subset of X

F = {(U 7→ F(U)) | U
open
⊂ X}

such that

(1) for each U ⊂ V , there exists a morphism FUV : F(V )→ F(U),
(2) for each U ⊂ V ⊂W ,

FVW ◦ FUV = FUW ,

(3) for each U =
⋃
i Ui,

F(U) ' lim

∏
i

F(Ui)
−→
−→

∏
i,j

F(Ui ∩ Uj)

 .

In other words, F(U) is completely determined by F(Ui)’s. For example, if U =
U1∪U2, then F(U) is the fiber product of two homomorphisms F(Ui)→ F(U1∩U2).

Example 2.1. Each of the following defines a sheaf.

(1) For each open and simply-connected U ⊂ X, we set F(U) = K. Then for
each disjoint union U =

∐
i Ui,

F(U) =
∏
i

K

and F is called the constant sheaf.
(2) Let I = [0, 1] ⊂ R. For each open and simply-connected U , define

F(U) =

{
K U ∩ I 6= ∅;
0 U ∩ I = ∅.

(3) Let J = (0, 1) ⊂ R. For each open and simply-connected U , define

F(U) =

{
K U ⊂ J ;

0 otherwise.

(4) Let Z = [0, 1) ⊂ R. For each open and simply-connected U , define

F(U) =

{
K U ⊂ (−∞, 1) and U ∩ Z 6= ∅;
0 otherwise.

1In this talk, we assign a vector space or a chain complex.
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LEGENDRIANS AND CONSTRUCTIBLE SHEAVES 5

(5) Let ∗ ∈ X be a chosen point. For each open and simply-connected U , define

F(U) =

{
K ∗ ∈ U ;

0 otherwise.

Then F is called the skyscraper sheaf.

For each x ∈ X, a stalk Fx of F at x is defined to be the colimit (or direct limit)

Fx = colim
x∈U

F(U) = lim−→
x∈U
F(U).

Roughly speaking, a stalk measures the contribution of the chosen point in the
sheaf F .

Example 2.2. The stalk at each point of the sheaves in the previous examples is
as follows:
(1) For the constant sheaf, Fx = K for any x ∈ X.
(2)–(4),

Fx =

{
K x ∈ I, J or Z;

0 otherwise.

(5), the only nontrivial stalk is at x = ∗

Fx =

{
K x = ∗;
0 otherwise.

2.2. Stratifications and Constructible sheaves. A stratification or cell struc-
ture on X is the increasing filtration S of closed subsets

S = X0 ⊂ X1 ⊂ · · · ⊂ Xn = X

such that

(1) Si := Xi \Xi−1 is a (possibly empty) i-dimensional manifold, called the ith
stratum,

(2) for each x ∈ Si, there exists a neighborhood U of x such that

U ∼= Ri × Cone(Lx),

where Lx is the link, a compact (n− i− 1) stratified space.

Example 2.3. Any regular or simplicial complex structure possibly with open cells
defines a stratification.

(1)

X0 = {0, 1} ⊂ X1 = R1,
0 1

S0 = {0, 1}, S1 = (−∞, 0)q (0, 1)q (1,∞)

(2)

X0 = {∗} ⊂ X1 = {∗} ⊂ X2 = R2,
∗

S0 = {∗}, S1 = ∅, S2 = R2 \ {∗}
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6 BYUNG HEE AN

For a stratification S of X, a sheaf F on X is S-constructible if for each i and
connected component s ∈ Si = Xi \Xi−1, the restriction F|s is a constant sheaf.

In particular, if F is S-constructible, then the stalk Fx is the same at each point
x in one component of the stratum.

[x] = [y] ∈ π0(s), s ∈ Si =⇒ Fx ∼= Fy.
Example 2.4. In the previous examples, one can see that Fx = Fy for all x, y <
0, x, y ∈ (0, 1) or x, y > 1. Therefore all sheafs of the previous examples are
constructible for some stratification S.

0 1

Fx1
Fy1 Fx2

Fy2Fx3
Fy3

Fxi
∼= Fyi

Assumption 2.5. For simplicity, we will assume that closures of all connected
component in each stratum are homeomorphic to the closed disks.2

2.3. Singular supports. On the other hand, as seen in the previous examples,
even stalks at top dimensional strata coincide, stalks at points in the lower strata
may be different. Indeed, one can measure which directions give us a non-trivial
propagation of stalks.

Let F be an S-constructible sheaf on X for some stratification S. The singular
support SS(F) of F is the closed subspace of T ∗X defined as follows:

• for each (x, ξ) ∈ T ∗X with ξ 6= 0, we say that (x, ξ) 6∈ SS(F) if there exists
a neighborhood U ⊂ X of x such that the restriction map

F(U)→ F(U−)

is isomorphism (on homologies), where U− the back half-space with respect
to ξ at x.
• for each (x, 0) ∈ T ∗XX, we say that (x, 0) 6∈ SS(F) if there exists a neigh-

borhood U ⊂ X such that the restriction F|U is 0.3

U =
x
ξ

U−

Example 2.6. (1) For a constant sheaf, neither positive nor negative direc-
tion give us a non-trivial propagation of stalks since stalks are the same
everywhere. Therefore the singular support is the zero-section

SS(F) = {(x, 0) | x ∈ X}.
(2) At x = 0, the back half-space has the stalk 0 but any neighborhood at x = 0

has K as the value of F , i.e., Fx = K. Therefore the positive direction has
a non-trivial propagation of stalks.

K ∼= F((−ε, ε)) 6∼= F((−ε, 0)) ∼= 0.

2Indeed, for each stratification S, the above assumption can be achived by subdividing strata.
3This is the same as the definition of the support of the sheaf.
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LEGENDRIANS AND CONSTRUCTIBLE SHEAVES 7

However, the negative direction gives us a trivial propagation since

K ∼= F((−ε, ε))
∼=
F ((0, ε)) ∼= K.

Similarly, at x = 1, the only negative direction gives us a non-trivial
propagation of stalks. Therefore

SS(F) = {(0, ξ) | ξ > 0} ∪ [0, 1] ∪ {(1, ξ) | ξ < 0}

= T ∗XX

T∞X

T∞X

(3) Similarly, we have

SS(F) = {(0, ξ) | ξ < 0} ∪ [0, 1] ∪ {(1, ξ) | ξ > 0}

= T ∗XX

T∞X

T∞X

(4)

SS(F) = {(0, ξ) | ξ > 0} ∪ [0, 1] ∪ {(1, ξ) | ξ > 0}

= T ∗XX

T∞X

T∞X

(5) At x 6= ∗, there are no directions giving us a non-trivial propagation of
stalks as the constant sheaf. However at x = ∗, every direction gives us
a non-trivial propagation of stalks. Therefore the singular support of the
skyscraper sheaf

SS(F) = {(∗, ξ) | ξ ∈ T ∗∗X}

is the cotangent fiber at the designated point ∗.

Proposition 2.7. The singular support SS(F) is a conical Lagrangian subspace of
T ∗X.

Here, the conical subspace means a space equipped with R>0 action. Obviously,
SS(F) is conical since it is closed under the R>0 action defined by

t · (x, ξ) := (x, tξ)

for any t > 0 and ξ ∈ T ∗xX.
In particular, the intersection of SS(F) and the contact manifold T∞X will be

a Legendrian subspace.
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8 BYUNG HEE AN

We say that the singular support of a constructible sheaf F is controlled by a
Legendrian Λ if

SS(F) ∩ T∞X ⊂ Λ.

Example 2.8. Let Λ = {+1} × {0, 1} ⊂ T∞R ∼= {±1} × R. Then among (2)–(4)
in the previous examples, the singular support only for (4) is controlled by Λ.

SS(F) = T ∗XX

T∞X

T∞X
Λ

SS(F) ∩ T∞X ⊂ Λ

Now we can define ShΛ(X) as the (dg-category consisting of) constructible
sheaves on X, whose singular supports are controlled by Λ.

Indeed, the correspondence of Nadler-Zaslow assigns each sheaf F to a La-
grangian obtained by smoothing its singular support SS(F).

3. Computations of shaves

Let Λ be a Legendrian in T∞X. Then its projection π(Λ) ⊂ X gives us a
stratification. Under the certain assumption such as a general position of Λ, we
will have a good enough stratification of X.

3.1. 0-dimensional example. Let Λ = {+1} × {0, 1} ⊂ T∞R as before. Then
any sheaf F on R whose singular support is controlled by Λ will be characterized
by stalks

F−1,F0,F0.5,F1, and F2.

On the other hand, since any neighborhoods of 0 and 1 have restrictions onto
open sets contained in (−∞, 0), (0, 1) and (0, 1), (1,∞), respectively, there are nat-
ural maps

0 1

F−1 F0 F0.5 F1 F2

Now, since Λ is contained in the positive side, there are no nontrivial propagations
of stalks along negative directions. It means that two morphisms

F0 → F0.5 and F1 → F2

must be isomorphism.4 Therefore the sheaf F is the same as the following infor-
mation

F−1 ← F0.5 ← F2,

which is a representation of a quiver

• ← • ← •.

4The reader should not be confused the directions. The negative direction contribute the
restriction (−0.5, 0.5) → (0, 0.5), where the latter is the back half-space with respect to the
negative direction.
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LEGENDRIANS AND CONSTRUCTIBLE SHEAVES 9

3.2. 1-dimensional example. Let Λ ⊂ T∞R2 be the Legendrian unknot depicted
below

Λ =
0
| |

|
|
|

e2
| |

|
|
| 1
||

|
|

|
e1
||

|
|

| B

A

whose hairs are given in the below directions.
Then it gives us a stratification

X0 = {0, 1} ⊂ X1 = Λ ⊂ X2 = R2,

where 0 and 1 are the left and right cusps, respectively. Then

S0 = {0, 1}, S1 = e1 q e2, S2 = AqB
As before, near the edge e1, we have three stalks, denoted by FA,Fe1 and FB ,

and maps

e1

A

B

=⇒

FB

Fe1

FA

∼=

where the isomorphism comes from the fact that the above direction is not in the
singular support.

Similarly, at the edge e2, we have

FB
∼=← Fe2 → FA.

On the other hand, at each cusp, we have

(FA → FB → FA) ∼= Id 5

and therefore the sheaf F is determined by

FA → FB → FA
whose composition is the identity (in homology).

Since we are working over a field K, we have a decomposition FB = FA⊕F ′B so
that

FA → FB → FA = (FA → FA → FA)⊕ (0→ F ′B → 0).

In many cases, we assume that the stalk outside the compact region in where
Λ is contained is zero, i.e., FA = 0. Then this is the same as the choice of F ′B
and therefore any constructible sheaf whose singular support is controlled by the
Legendrian unknot is the same as a choice of a vector space, or equivalently, a
representation of the A1-quiver •.

5This can be obtained by analyzing the singular support but we omit the detail.
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a convex symplectic filling of Y 3
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Rink If u is inward we call K w

一
円

a concave 해에기대로filling of Y

fFtY
E.compact oriented contact 3 manifold

admits infinitely many concave fillings

In contrast not every compact oriented contact

minaret admits a coma filling

With a concavetilling K a cover thy W
of Y we got a closed sup 4 wild

x WY K
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Containers
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X is rational

h K we have symplectic 네 sphere

The Module
Let Law be a closed sump 4 manifold

If X contains a sumphectically embedded 2 sphere
with toki then X becomes a complex projectile place

after blowingdown 너

www.ayn_hmc.tl
a stricto X를 시계N45So ㅢ_ embedding

i 54 C
1

b o
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embedding
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Tm L
or Usa Blaydon Starkston
The image of K under

blow downs is

a neighborhood of b symplectic spheres

Furthermore itch the conditions b 24
b symplectic spheres are isotopic to

b
may diet lines in af through symplectic spheres

m Essene data of W is

homological data of K in 杜 卵井NT

Once we get classification result
the following natural question arise

Qi Is there any surgery description
of fillings
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Ratio씨쏖

Def X Is a Smooth 4

maeld.CCX negate define plumed 4

maiteoldh.tnE 2B with HelB Q 를 싰 D4 D

Operation of replacing C with IB is called

Ratio씨6t surgery

Rank it Rational blowdown can be done in symplectic category
If X is symplectic c c X sympathy embedded
X U B also admit symplectic structure

Actually B is another symplectictillingof 2C 로 2B

ii Rational blowdown surgery does.ua affect

symplectic structure near boundary

If there is an embedding of C C W

We can obtain another symplectic filling
W Wk U B
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The homogeneous space SL2(R)/SL2(Z)

I H2 = {z = x + iy : y > 0} ⊆ C : the hyperbolic plane

metric : dhyp = deuc/y

I SL2(R) y H2 by isometries:(
a b
c d

)
.z =

az + c

bz + d
Mobius transformation.

I StabG (i) = SO(2) =: K maximal cpt subgp of G

⇒ SO(2) \ SL2(R) ' H2, SO(2) ' S1 ' T 1
i (H2)

⇒ SL2(R) ' T 1(H2)

⇒ SL2(R)/SL2(Z) ' T 1(H2/SL2(Z))
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Geodesic Flow

−1 1−1/2 1/2

g
SO(2)g

gat

i

I geodesic flow A = {at = diag(et/2, e−t/2)}

I {geodesics in H2} ↔ {KgA ⊆ K \ G : g ∈ SL2(R)}
(K = SO(2))
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Unipotent flow (Horocycle flow)
unipotent flow

{
ut =

(
1 t
0 1

)
: t ∈ R

}
≤ SL2(R)

↔ horocycle in H2 =

{
a circle tangent to the real line
or a horizontal line.

π : SL2(R)→ SO(2)\SL2(R)/SL2(Z)

i

g =

(
a b
c d

)

a/b

I orbit {π(gut) : t ∈ R}
in SL2(R)/SL2(Z)

I {π(gut) : t ∈ R} : closed
⇔ ∃t0 ∈ R s.t.

gut0 ∈ SL2(Z)(
a b
c d

)(
1 t0

0 1

)
=
(
m11 m12

m21 m22

)
⇔ a/b : rational or ∞.

I a/b : irrational ?
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Ratner’s theorems

I G : Lie group e.g. G = SLn(R)

I Γ : lattice subgp of G e.g. Γ = SLn(Z)
(discrete, vol(G/Γ) <∞)

I H ≤ G : closed subgp generated by unipotents

e.g. U =

{
ut =

(
1 t
0 1

)
: t ∈ R

}
≤ SL2(R)

or H = SO(p, q) ≤ SLn(R), p + q = n

(cf. SO◦(n − 1, 1) = Isom+(Hn−1))

I π : G → G/Γ : projection

Orbit Closure Theorem ∃L : closed subgp s. t.

(1) π(H) = π(L),

(2) π(L) brings a finite U-invariant measure µL.
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Ratner’s theorems
Orbit Closure Theorem ∃L : closed subgp s. t.

(1) π(H) = π(L),

(2) π(L) brings a finite U-invariant measure µL.

Equidistribution Theorem f ∈ Cbdd0 (G/Γ)

lim
T→∞

1

T

∫ T

0

f (π(ut))dt =

∫
π(L)

fdµL.

Measure Classification Theorem
Any U-invariant ergodic measure is of the form µL, for

some L ≤ G .
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Example : hyperbolic plane H2

unipotent flow

{
ut =

(
1 t
0 1

)
: t ∈ R

}
≤ SL2(R)

↔ horocycle in H2.

π : SL2(R)→ SO(2)\SL2(R)/SL2(Z)

i

g =

(
a b
c d

)

a/b

If a/b : irrational,

I {π(gut) : t ∈ R} =
SL2(R)/SL2(Z).

I f ∈ Cbdd0 (SL2(R)/SL2(Z))

lim
T→∞

1

T

∫ T

0

f (π(gut))dt

=

∫
SL2(R)/SL2(Z)

f dg .
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Oppenheim conjecture
I SLn(R)/SLn(Z) ' { unimodular lattices in Rn}

gSLn(Z) 7→ gZn

I vol(Rn/gZn) = | det g | = 1

Conjecture (Oppenheim)
q : quadratic form on Rn. e.g. q(x , y , z) = x2 +

√
2y 2 − z2

Is there a nonzero v ∈ Zn such that
(0 <) |q(v)| < ε for any ε > 0?

Theorem (Margulis, 1987)
n ≥ 3, q : nondegenerate quadratic form on Rn s.t.

I q : isotropic ( q ∼ 2x1xn + x2
2 +− · · · ),

I q : irrational ( q 6= λq0, λ ∈ R, q0 : defined over Q ).

Then q(Zn) is dense in R.
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Margulis’ idea
Step 1 (Dimension Reduction) ∃W ≤ Rn s.t.{

q|W : nondegenerate, isotropic, irrational
rk(Zn ∩W ) = 3

⇒ may assume : n = 3.

Step 2 SO(q) = {g ∈ SL3(R) : q(gv) = q(v), ∀v ∈ R3}
SL3(Z) = {g ∈ SL3(R) : gZ3 = Z3}

⇒ q(Z3) = q(SO(q)SL3(Z)Z3)

⇒ q(Z3) = R if π(SO(q)) = SL3(R)/SL3(Z),
where π : SL3(R)→ SL3(R)/SL3(Z).

Step 3{
Ratner theorem : ∃L s.t π(SO(q)) = π(L)
maximality of SO(2, 1) in SL3(R)

⇒ either π(SO(q)) = π(SO(q)) or SL3(R)/SL3(Z).
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Margulis’ idea
Step 1 (Dimension Reduction) ∃W ≤ Rn s.t.{

q|W : nondegenerate, isotropic, irrational
rk(Zn ∩W ) = 3

⇒ may assume : n = 3.

Step 2 SO(q) = {g ∈ SL3(R) : q(gv) = q(v), ∀v ∈ R3}
SL3(Z) = {g ∈ SL3(R) : gZ3 = Z3}

⇒ q(Z3) = q(SO(q)SL3(Z)Z3)

⇒ q(Z3) = R if π(SO(q)) = SL3(R)/SL3(Z),
where π : SL3(R)→ SL3(R)/SL3(Z).

Step 3{
dynamical property of a unipotent flow
maximality of SO(2, 1) in SL3(R)

⇒ either π(SO(q)) = π(SO(q)) or SL3(R)/SL3(Z).
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Quantitative Oppenheim conjecture

Theorem
q : nondeg. iso. irr. q.f. of sign (p, q) 6= (2, 1), (2, 2)
Ω ⊂ Rn : bounded convex set. e.g. Ω = B1(0)
(a, b) ⊂ R : bounded interval

Nq
(a,b)(T ) := #{−→v ∈ Zn ∩ BT (0) : q(−→v ) ∈ (a, b)}

∼ λq,Ω(b − a)T n−2.
(*)

[Dani-Margulis’93] Lower bound
[Eskin-Margulis-Mozes’98] Upper bound

Theorem [E-M-M’98]
When sign(q)=(2, 1) or (2, 2), for given Ω ⊂ Rn, (a, b) ⊂ R,
(*) holds for almost every q.

11 / 35



Idea : Hyperbolic Plane H2 (sign(q)=(2,1))
I K ' SO(2) : maximal cpt subgp of SO(q) ' SL2(R)
{at = diag(e−t , 1, . . . , 1, et)} : diagonal flow of SO(q)

I Want : use Equidistribution property for orbits of atK as
t →∞.

i

−1 1−1/2 1/2

π(atK )
as t →∞

I atK -orbit ↔ circle in H2 of radius 2t
⇒ measure of atK → Lebesgue measure of S1
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Homogeneous spaces of SO(q), rk(q)=4

I isotropic quadratic form q of rank 4 is equivalent to either

q ∼ x2 + y 2 + z2 − w 2 or q ∼ 2xy + 2zw

I SO(x2 + y 2 + z2 − w 2) = SO(3, 1) ' SL2(C)
the group of orientation-preserving isometries of H3.

I ∃ local isom SL2(R)× SL2(R)→ SO(2, 2)

SO(2, 1)'SL2(R) SO(3, 1)'SL2(C) SO(2, 2)'SL2(R)×SL2(R)

K = SO(2) SO(3) SO(2)× SO(2)

K \ G ' H2 H3 H2 ×H2

atK -orbit ' S1
2t S2

2t S1
t × S1

t
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The
Quantitative Oppenheim conjecture

for
S-arithmetic quadratic forms
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field Qp

p : an odd prime

I Qp= the completion field of Q w.r.t |pnu|p = p−n.

x =
∑
i≥i0

aip
i = (..., 0, 0, ai0 , ai0+1, . . . , ak , . . .),

where ai ∈ {0, 1, . . . , p − 1}.
Topology

- Zp = {x ∈ Qp : |x |p ≤ 1} 2

=

{∑
i≥0

aip
i

}
compact open set

- basis : {x ∈ Qp : |x − x0| ≤ p−n} = x0 + pnZp

- Haar measure of Qp : µp(x0 + pnZp) = p−n
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S -arithmetic

I S = {∞, p1, . . . , ps}, pi : odd prime
e.g. S = {∞, p}

I QS = R×
∏
Qp = R×Qp ↔ R

I ZS = {(z , z) ∈ Q2 : z = m/pk , m, k ∈ Z }
: the set of S-integers in QS ↔ Z

I Λ : S-lattice = Free ZS -module in Qn
S of rank n, i.e.,

∃−→v 1, . . . ,
−→v n s.t. (a) Λ = ZS

−→v 1 ⊕ · · · ⊕ ZS
−→v n ;

(b) Qn
S is generated by −→v 1, . . . ,

−→v n.

I q = {q0/Rn, qp/Qn
p} S-adic quadratic form

q : rational if q = (λ0q
′, λpq

′) = λq′,
where q′ : quadratic form /Q, λ = (λ0, λp) ∈ QS .

I I (a, b) = (a0, b0)× (ap + pbpZp) ⊂ QS S-interval
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S -arithmetic Quantitative Oppenheim conjecture

For T = (T0,Tp), let

Nq
I (a,b)(T ) =

{
−→v ∈ Zn

S : q(−→v ) ∈ I (a, b) and
‖−→v ‖∞ < T0;
‖−→v ‖p < Tp.

}
.

Theorem (H.-Lim-Mallahi Karai (2017))
q : isotropic irrational quadratic form of rank ≥ 4 s.t.

each qv � xy − zw.
Then as Tv →∞ for ∀ v =∞, p,

|Nq
I (a,b)(T )| ∼ λ(q)µ(I (a, b))(

∏
v

Tv )n−2.

Theorem (H. preprint)
For almost all isotropic quadratic forms q of rank 3 or 4,
as Tv →∞ for each v,

Nq
I (a,b)(T ) ∼ λqµ(I (a, b))(

∏
v

Tv )n−2.
17 / 35



SO(q)(Qp), with rk(q) = 3
I ∃ 7 isotropic equi. classes of q. f.
I SO(q) is unique, i.e., SO(q) ' SO(q′) even if q � q′.

I SO(2xz − y 2)(Qp) ' SL2(Qp),
(choose) maximal cpt subgp K = SL2(Zp).

I K \ SL2(Qp)?

The (p + 1)-regular tree Tp
I Consider free Zp-modules L of rank 2 in Q2

p

I L1 ∼ L2 if L2 = pkL1, i.e. ∃v1, v2 ∈ Q2
p s.t.

L1 = Zpv1 ⊕ Zpv2 and L2 = Zp(pkv1)⊕ Zp(pkv2).

I V(Tp) = {[L] | L : free Zp-modules of rank 2 in Q2
p },

E(Tp) 3 (x1, x2) if ∃L1, L2 s.t. L1 ∈ x1, L2 ∈ x2 and

pL1 ( L2 ( L1.

18 / 35



Example : T3

Notation

(
a b
c d

)
↔ [L = Zp(a, b)⊕ Zp(c , d)]

adjacent vertices from [Z2
p]

L1 =

(
1 0
0 1

)
pL1 =

(
p 0
0 p

)

(
1 0
0 p

)
L2 =

(
1 1
0 p

)
(

1 2
0 p

)

(
p 0
0 1

)
(

1 0
0 p2

)
(

p2 0
0 1

)

(
p i
0 p

)

e.g. pL1 ( L2 = 〈(1, 1), (0, p)〉 ( L1 = 〈(1, 0), (0, 1)〉
I L2 ⊆ L1 : obvious and (0, 1) /∈ L2

I (p, 0) = p(1, 1)− (0, p)⇒ pL1 ⊆ L2 and (1, 1) /∈ pL1
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adjacent vertices from [〈v1, v2〉]

[〈v1, v2〉]
[〈v1, pv2〉]

[〈v1 + v2, pv2〉]

[〈v1 + 2v2, pv2〉]

[〈pv1, v2〉]

I GL2(Zp) \GL2(Qp) ' Tp by [〈v1, v2〉].g = [〈v1g , v2g〉].
I SL2(Zp) \ SL2(Qp) ' {x ∈ V(Tp) : d(x , [Z2

p]) = even}
I at = diag(pt , p−t), K = SL2(Zp)

atK -orbit ↔ {v ∈ Tp : d(v , [Z2
p]) = 2t} =: S1

2t

⇒ measure on atK → counting measure on S1
2t
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GL3(Zp) \ GL3(Qp) ' B3,p (Building)
I L : free Zp-module of rank 3 in Q3

p

I L1 ∼ L2 if L2 = pkL1, i.e. ∃v1, v2, v3 ∈ Q3
p s.t.

L1 = 〈v1, v2, v3〉 and L2 = 〈pkv1, p
kv2, p

kv3〉.

I V(B3,p) = {[L]| L : free Zp-modules of rank 3 in Q3
p }

I E(B3,p) 3 (x1, x2) if ∃L1 ∈ x1, L2 ∈ x2 s.t.

pL1 ( L2 ( L1.

I F(B3,p) 3 (x1, x2, x3) if ∃L1 ∈ x1, L2 ∈ x2, L3 ∈ x3 s.t.

pL1 ( L2 ( L3 ( L1.

e.g.

p〈e1, e2, e3〉 ( 〈e1, pe2, pe3〉 ( 〈e1, e2, pe3〉 ( 〈e1, e2, e3〉
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Star of [Z3
p]

1 0 0
0 1 0
0 0 1

 26 adjacent vertices
( 2(1 + p + p2) )

52 attached faces
( (p + 1)(1 + p + p2) )
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projection of the Star (in R2)

L1 =

1 0 0
0 1 0
0 0 1

 L3 =

1 0 0
0 1 0
0 0 p



L2 =

1 0 0
0 p 0
0 0 p

1 0 0
0 p 0
0 0 1



p 0 0
0 p 0
0 0 1



p 0 0
0 1 0
0 0 1

 p 0 0
0 1 0
0 0 p



I For each vertex, there are
two types of adjacent
vertices
e.g. L1 = 〈e1, e2, e3〉
e.g. L2 = 〈e1, pe2, pe3〉
e.g. L3 = 〈e1, e2, pe3〉

⇒ [L1 : L2] = p2,
[L1 : L3] = p.
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adjacent vertices (w.r.t. the same proj images)

1 0 0
0 1 0
0 0 1


1 0 a

0 1 b
0 0 p

, a,b=0, 1, . . . , p-1

1 a b
0 p 0
0 0 p

,

1 0 0
0 p 0
0 0 1



1 1 0
0 p 0
0 0 1



1 2 0
0 p 0
0 0 1



p 0 0
0 p 0
0 0 1


p 0 0

0 1 0
0 0 1

 p 0 0
0 1 a
0 0 p


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faces containing 〈e1, e2, e3〉 & 〈pe1, pe2, e3〉

1 0 0
0 1 0
0 0 1



1 a b
0 1 0
0 0 p


1 1 b

0 p 0
0 0 p



1 0 0
0 p 0
0 0 p



1 1 0
0 p 0
0 0 1


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1 0 0
0 1 0
0 0 1



1 1 i
0 p 0
0 0 p

 , i = 0, 1, 2

1 0 0
0 p 0
0 0 p



1 1 0
0 p 0
0 0 1


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projection of the Star of GL4(Zp) \ GL4(Qp)

diag(1, 1, 1, 1)

diag(1, 1, 1, p)

diag(1, p, p, p)
diag(1, 1, p, p)
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projection of the Star of GL4(Zp) \ GL4(Qp)

diag(1, 1, 1, 1)

diag(1, 1, 1, p)

diag(1, p, p, p)
diag(1, 1, p, p)
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projection of the Star of GL4(Zp) \ GL4(Qp)

diag(1, 1, 1, 1)

diag(1, 1, 1, p)

diag(1, p, p, p)
diag(1, 1, p, p)
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projection of the Star of GL4(Zp) \ GL4(Qp)

diag(1, 1, 1, 1)

diag(1, 1, 1, p)

diag(1, p, p, p)
diag(1, 1, p, p)
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# vertices of the Star of GL4(Zp) \ GL4(Qp)

diag(1, 1, 1, 1)


1 0 0 i
0 1 0 j
0 0 1 k
0 0 0 p

 , p3


1 i j k
0 p 0 0
0 0 p 0
0 0 0 p

 , p3p4;


1 0 i j
0 1 k `
0 0 p 0
0 0 0 p

 p2

p2

p3

p2

p

p2

p1

1 p

1
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SO(q)(Qp) with rk(q) = 4
I All 8 equi. classes of q. f. of rank 4 are isotropic.

Lemma (H.)
q : isotropic quadratic form of Q4

p.

If q � xy − zw, then SO(q) is of Qp-rank one.

Corollary (H.)
If q � xy − zw, then K \ SO(q) is a tree.

rank=3 rank=4

SO(q)'SL2(Qp) SO(q) SO(q)'SL2(Qp)×SL2(Qp)

K = SL2(Zp) SO(q)(Zp) SL2(Zp)× SL2(Zp)

K \ G ' Tp Tree in B4 Tp × Tp

atK -orbit ' S1
2t S2

2t S1
t × S1

t
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Thank you!!
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Proof of the result

Steklov eigenvalue problem

Let Mm : Riemannian manifold, Ω ⊂M : smooth domain.
Finding all σ ∈ R for which there exists u ∈ C∞(Ω) which
satisfies {

∆u = 0 in Ω
∂u
∂η = σu on ∂Ω,

where η is the outward unit normal vector on ∂Ω.

η
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Steklov eigenvalue problem

The problem is equivalent to the following eigenvalue problem of
Dirichlet-to-Neumann operator.
Given u ∈ C∞(∂Ω), let û be the harmonic extension of u :{

∆û = 0 in Ω
û = u on ∂Ω

.

Define a Dirichlet-to-Neumann operator

L : C∞(∂Ω)→ C∞(∂Ω)

u 7→ ∂û

∂η
.
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Steklov eigenvalue problem

Then L is a nonnegative self-adjoint operator with discrete
spectrum

0 = σ0(Ω) < σ1(Ω) ≤ σ2(Ω) ≤ · · · → ∞.

The first eigenvalue σ1(Ω) is characterized as following.

σ1(Ω) = inf

{ ∫
Ω |∇v|

2dV∫
∂Ω v

2ds

∣∣∣∣ v ∈ H1(Ω) \ {0} and
∫
∂Ω
vds = 0

}
.
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Shape optimization problem

Our shape optimization problem is stated as follows : Given a
collection F of subsets in M , finding Ω0 ∈ F such that

σ1(Ω0) = max
Ω∈F

σ1(Ω).
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Previous results
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Results on Euclidean spaces

(Weinstock, 1954) For M = R2, Ω0 is a disk among simply
connected smooth sets with fixed boundary length.
(Brock, 2001) For M = Rm, Ω0 is a ball among all smooth
domains with fixed domain volume.
(Bucur-Ferone-Nitsch-Trombetti, 2017) For M = Rm,
m ≥ 3, Ω0 is a ball among convex sets with fixed boundary
volume.
(Fraser-Schoen, 2019) For M = Rm,m ≥ 3, Ω0 is not a ball
among smooth contractible domains with fixed boundary
volume.
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Results on non Euclidean spaces

(Escobar, 1999) For M = S2 or H2, Ω0 is a geodesic ball
among all simply connected domains with fixed domain
area.
(Binoy-Santhanam, 2014) For noncompact rank one
symmetric spaces M , Ω0 is a geodesic ball among all
smooth domains with fixed domain volume.

Note that noncompact rank one symmetric spaces(nCROSS) are
RHn, CHn, HHn, and OH2.
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Mixed Steklov-Dirichlet eigenvalue problem

Theorem (Hersch-Payne, 1968)

Let Ω ⊂ R2 be a bounded doubly connected domain and
∂Ω = C1 ∪ C2, where C1 and C2 are the inner and outer
boundary, respectively. Consider a mixed Steklov-Dirichlet
eigenvalue problem 

∆u = 0 in Ω
u = 0 on C1
∂u
∂η = σu on C2.

Then σ1(Ω) ≤ σ1(A), where A is the annulus conformally
equivalent to Ω and the perimeter of the outer boundary of A is
equal to the perimeter of C2.
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Recent results on annular regions

Denote the closure of a set A ⊂M by cl(A).

Theorem (Santhanam-Verma, 2018)

Let B1,B
′
2 ⊂ Rm be balls of radii R1, R2 > 0, respectively, such

that cl(B1) ⊂ B′2. Then the first mixed Steklov-Dirichlet
eigenvalue of the problem

∆u = 0 in B′2\cl(B1)
u = 0 on ∂B1
∂u
∂η = σu on ∂B′2.

attains maximum if and only if B1 and B′2 are concentric.
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Recent results on annular regions

X : center of B1, C : center of B′2

R2

R1

B1

B′2

X
C

B′2

C
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Proof of the result

Recent results on annular regions(2)

Denote the injectivity radius of M by inj(M).

Theorem (S., 2019)

Let M be a two-point homogeneous space. Let B1 and B′2 be
geodesic balls of radii R1, R2 > 0, respectively, such that
cl(B1) ⊂ B′2 and R2 < inj(M)/2. Then the first mixed
Steklov-Dirichlet eigenvalue of the problem

∆u = 0 in B′2\cl(B1)
u = 0 on ∂B1
∂u
∂η = σu on ∂B′2

attains maximum if and only if B1 and B′2 are concentric.
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Two-point homogeneous space

Definition
A connected Riemannian manifold M is called two-point
homogeneous space if xi, yi ∈M with d(x1, y1) = d(x2, y2), there
is an isometry g of M such that g(x1) = x2 and g(y1) = y2.

CROSS nCROSS
K = R Rn Sn,RPn RHn

K = C · CPn CHn

K = H · HPn HHn

K = O · OP 2 OH2

Table – Two-point homogeneous spaces
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Recent results on annular regions (3)

Theorem (Ftouhi, 2019)

Let B1,B
′
2 ⊂ Rm be balls of radii R1, R2, respectively, such that

cl(B1) ⊂ B′2. Then the first Steklov eigenvalue of the problem{
∆u = 0 in B′2\cl(B1)
∂u
∂η = σu on ∂B1 ∪ ∂B′2.

attains maximum if and only if B1 and B′2 are concentric.
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Proof of the result

Dong-Hwi Seo First Steklov-Dirichlet eigenvalue 17 / 32



Introduction
Previous results

Proof of the result

Step 1 of the proof

Let B2 be the geodesic ball of radius R2, concentric to B1.

Step 1
Finding the first eigenfunction in B2 \ cl(B1).

rX

B2

B1

X

a ◦ rX is the first eigenfunction, where
rX(·) : distance from X in M ,
ω : (radial) density function of M ,

a(r) :=

∫ r

R1

1

ω(t)
dt.
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Step 2 of the proof

Step 2
Comparing the variational characterizations of σ1(B2 \ cl(B1))
and σ1(B′2 \ cl(B1)).

Since a ◦ rX is a test function of the variational characterization
of σ1(B′2 \ cl(B1)),

inf

{ ∫
B′2\cl(B1) |∇v|

2dV∫
∂B′2

v2ds

∣∣∣∣∣ v ∈ H1(Ω) \ {0} and v = 0 on ∂B1

}
,

we have

σ1(B′2 \ cl(B1)) ≤

∫
B′2\cl(B1) |∇(a ◦ rX)|2dV∫

∂B′2
(a ◦ rX)2dS′2

.
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Proof of the result

Step 2 of the proof

Note that a ◦ rX is the eigenfunction corresponding to
σ1(B2 \ cl(B1)). Then to show
σ1(B′2 \ cl(B1)) ≤ σ1(B2 \ cl(B1)), it is enough to show that∫

B′2\cl(B1)
|∇(a ◦ rX)|2dV ≤

∫
B2\cl(B1)

|∇(a ◦ rX)|2dV,

and ∫
∂B2

(a ◦ rX)2dS2 ≤
∫
∂B′2

(a ◦ rX)2dS′2,

where S2 and S′2 are the measures on ∂B2 and ∂B′2 induced
from the metric of M , respectively.
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Step 3 of the proof

Step 3

∫
B′2\cl(B1)

|∇(a ◦ rX)|2dV ≤
∫
B2\cl(B1)

|∇(a ◦ rX)|2dV,

X C

B2 B′2

B B′
(Idea of the proof) If M is
Euclidean space or nCROSS,
|∇(a ◦ rX(·))| = 1

ω(rX(·)) has
bigger value in B than those in
B′.
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Remark
If M is CROSS, the previous argument holds if R2 < inj(M)/4.
Because ω(r) is no longer increasing if r > inj(M)/2. Therefore
we need more delicate argument on B and B′ for Step 3.

Step 4

∫
∂B2

(a ◦ rX)2dS2 ≤
∫
∂B′2

(a ◦ rX)2dS′2,
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Step 4 of the proof

Consider a function∫
∂B′2

(a ◦ r(·))
2dS′2 : B′2 → R

that assigns to X ∈ B′2 ∫
∂B′2

(a ◦ rX)2dS′2

and its gradient at each X ∈ B′2 is

∇

(∫
∂B′2

(a ◦ r(·))
2dS′2

)
(X) ∈ TXM.
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Main argument in Step 4

Proposition

∇

(∫
∂B′2

(a ◦ r(·))
2dS′2

)
(X) =

{
−g(X) · ~vX(C) if X 6= C,

0 if X = C,

where g : B′2 \ {C} → R+ is a positive function and ~vX(C) is the
unit tangent vector at X toward C. Furthermore,∫

∂B′2

(a ◦ rC)2dS′2 ≤
∫
∂B′2

(a ◦ rX)2dS′2,

and equality holds if and only if X = C.
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Main argument in Step 4

The identities imply that the gradient field of the function∫
∂B′2

(a ◦ r(·))
2dS′2 : B′2 → R

can be depicted by the picture below, so the inequality follows.

C

B′2
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Main argument in Step 4

Note that B2 is a ball of radius R2, centered at X. Therefore we
have ∫

∂B2

(a ◦ rX)2dS2 =

∫
∂B′2

(a ◦ rC)2dS′2.

Thus our proposition implies the inequality in Step 4,∫
∂B2

(a ◦ rX)2dS2 ≤
∫
∂B′2

(a ◦ rX)2dS′2.

Remark
This proposition is the main difference between our proof and
Santhanam-Verma’s proof.
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Main argument in Step 4

(Idea of the proof of Proposition)

CX

P

~vX(P )

λX(P )

Let
λX(P ) : angle at P ∈ ∂B′2 of the
triangle (PXC),
~vX(P ) : unit tangent vector at X
toward P , and
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Main argument in Step 4

X

A

π−1
X

(A)

B′2

πX : Sm−1 ⊂ Rm → ∂B′2 is the
projection map.

Then we can show that

dS′2 =
ω(rX)

cosλX
dπX#µ, (*)

where µ : canonical measure on Sm−1.
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Main argument in Step 4

Then we have

−∇
(∫

∂B′2

(a ◦ r(·))
2(P )dS′2(P )

)
(X)

=

∫
∂B′2

2(a ◦ rX)

ω(rX)
· (−∇r(·)(P ))(X)dS′2(P )

=

∫
Sm−1

(
2(a ◦ rX) · ~vX

cosλX

)
◦ πXdµ.

For the second identity, we used the fact that
−∇r(·)(P ) = ~vX(P ) and (*).
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Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude∫

Sm−1

(
2(a ◦ rX) · ~vX

cosλX

)
◦ πXdµ

CX

P=πX(Ps)

P̄

−P

−P̄ Ps−P̄s

−Ps P̄s
Cs

CX

P

−P

Dong-Hwi Seo First Steklov-Dirichlet eigenvalue 30 / 32



Introduction
Previous results

Proof of the result

Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude∫

Sm−1

(
2(a ◦ rX) · ~vX

cosλX

)
◦ πXdµ

CX

P=πX(Ps)

P̄

−P

−P̄ Ps−P̄s

−Ps P̄s
Cs

CX

P

−P

Dong-Hwi Seo First Steklov-Dirichlet eigenvalue 30 / 32



Introduction
Previous results

Proof of the result

Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude∫

Sm−1

(
2(a ◦ rX) · ~vX

cosλX

)
◦ πXdµ

CX

P=πX(Ps)

P̄

−P

−P̄ Ps−P̄s

−Ps P̄s
Cs

CX

P

−P

P

−P

Dong-Hwi Seo First Steklov-Dirichlet eigenvalue 30 / 32



Introduction
Previous results

Proof of the result

Main argument in Step 4

Note that a is an increasing function. Using trigonometric laws,
we can conclude∫

Sm−1

(
2(a ◦ rX) · ~vX

cosλX

)
◦ πXdµ

is a vector starting from X toward C.

CX

P=πX(Ps)

P̄

−P

−P̄ Ps−P̄s

−Ps P̄s
Cs

CX

P

−P

P

−P
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Newton’s shell theorem

The proof of Proposition is motivated from the proof of
following.

Corollary (Newton’s shell theorem)
We have ∫

∂B′2

~vX
ω(rX)

dS′2 = 0.

X

P

−P

(Idea of proof) Using (*), we
have

(LHS) =

∫
Sm−1

(
~vX

cosλX

)
◦ πXdµ

= 0.
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Thank you.
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