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(1) B. Eynard. Lectures on compact Riemann surfaces. Doctoral. Paris-

Saclay, France. 2018. cel-02013559
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(2) Riemann surfaces, dr C. Teleman (Lent Term 2003)
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at the School on algberaic Geometry, Trieste, 1999)

Riemann surfaceX moduli count 3g � 3| ‰ë\ �⇣–⌧ $Öi»‰.

(4) David D. Ben-Zvi, Moduli spaces
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�\�x �\ moduli of elliptic curves@ Teichmüller space| ‰Ë‡ à0
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(5) Cohomological obstructions for Mittag–Le✏er Problems, Mateus Schmidt,

arXiv:2010.11812v1 [math.CV] 22 Oct 2020

¨Ãt l| Mittag–Le✏er problemD |⇠T\‰î É¸ ⇡@ É<\

tt` ⇠ àµ»‰. t �⇣D �Uà ⌧ X0 ⌅\ ÏÏ ÖXX cohomol-

ogy t`¸ πà sheaf cohomology� ¡8à $Ö⇠¥ àµ»‰.

There are three doors to access to the object called a Riemann surface:

di↵erential geometry, algebraic geometry, and complex analysis. Historically

the concept of Riemann surface emerged as a geometric object to understand

and solve the problems in these areas. An access from algebraic geometry has

computational advantages, but it may hide the geometric intuitions behind

the computations. An access from di↵erential geometry is quite a natural

approach, and I hope we can have a lecture series in this prospect in the
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next years. In this lecture, I’ll adopt complex analysis as the main tool for

explanation, because it captures the point with a small amount of machinery.

A Riemann surface is a smooth surface whose transition maps { U!V }

are biholomorphic. In other words, it is a surface equipped with a complex

structure. In this talk, we will consider the compact Riemann surfaces only.

Every Riemann surface is orientable, because the complex structure pro-

vides the orientation in each chart: v 7!
p
�1v. Hence the only topological

invariant is the genus g (or the Euler characteristic � = 2� 2g).

As I understand, the original definition of Riemann surfaces was given in

terms of conformality. A C
1-map f : R2

! R
2 is conformal (angle-preserving)

and preserves the orientation if and only if it satisfies the Cauchy-Riemann

equations. In this sense, a Riemann surface is an orientable surface equipped

with a notion of angles. (The metric (v, v) =
p

||v|| is not preserved, but we

can measure the angle
(u, v)

||u|| ||v||
on a Riemann surface). This gives hint to

the fact that complex tori C/⇤ may have di↵erent structures of Riemann

surfaces as the lattices are deformed.

Find pictures from David Xianfeng Gu’s gallery:

https://www3.cs.stonybrook.edu/ gu/gallery/RiemannSurface/index.html

The Riemann sphere S
2 is the Riemann surface of genus 0. It is the

sphereX2+Y
2+Z

2 = 1 equipped with two charts given by the stereographic

projections �1 (from the north pole) and �2 (from the south pole):

�1(X,Y, Z) =
X + iY

1 + Z
and �2(X,Y, Z) =

X � iY

1� Z
.

Note that the transition map  1!2 = �2 � �
�1
1 = 1/z is biholomorphic:

✓
X + iY

1 + Z

◆�1

=
1 + Z

X + iY
=

(1 + Z)(X � iY )

X2 + Y 2
=

X � iY

1� Z

There is no (nonconstant) holomorphic function on the whole Riemann

sphere, due to the Liouville’s theorem. Hence we should consider the mero-

morphic functions instead. Riemann sphere can be regarded as a mathe-

2



matical object/construct on which we can run the complex analysis (on C),

observing the behaviour near 1.

Every meromorphic function f on the Riemann sphere is a rational func-

tion
P (z)

Q(z)
: After killing the poles of f inside C by multiplying a suitable

polynomial, the function f(z) ·
Qk

i=1(z�zi)mi is an entire holomorphic func-

tion which may have a zero/pole at 1. It must be a rational function.

A torus T⌧ = C/(Z+⌧Z), ⌧ 2 H = {z 2 C : Im(z) > 0}, has a structure

of Riemann surface of genus 1. The transition maps between two charts

are given by the translations, which are obviously biholomorphic. Again,

there is no (nonconstant) holomorphic function on the Riemann surface

T⌧ , because every doubly periodic holomorphic function is constant. Hence

we should consider the doubly periodic meromorphic functions on C. They

are the meromorphic functions � on C
⇤ such that �(qw) = �(w), where

q = exp(2⇡i⌧). Indeed, C/Z ⇠= C
⇤ and a doubly periodic function on C can

be regarded as a function � : C⇤
/hqi ! C. For example, the function

P(z) :=
1

z2
+

X

w 2 Z+⌧Z

✓
1

(z � w)2
�

1

w2

◆

is a meromorphic function on T⌧ (called the Weierstrass P-function), which

has a double pole at z = 0.

Notably, there is a moduli of Riemann surfaces of genus 1, produced

by the lattice point ⌧ . For example, the Riemann surfaces {Tib = C/(Z +

ibZ) : 1 < b} are not biholomorphic to each other. There is a 1-(complex)-

parameter family of complex analyses over a torus. (In contrast, there is a

unique complex analysis on S
2.)

Right after Riemann defined the objects corresponding to “Riemann

surfaces”, he computed the moduli(= number of parameters) of Riemann

surfaces. For higher genus g > 1, “Riemann’s count” says there are 3g � 3

moduli of Riemann surfaces of genus g. We will see this number later in

the lecture on Teichmüller space. This numbers are given as the first Čech
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cohomology group of the holomorphic tangent bundle:

H
1(S,⇥S) =

8
>>><

>>>:

0, g = 0

1, g = 1

3g � 3, g > 1

A concrete way to get Riemann surfaces is provided by the algebraic

equations. For a polynomial function P (x, y) 2 C[x, y], put

⌃ = {(x, y) : P (x, y) = 0} ⇢ C
2
.

This is a “branched covering” of C given by the projection (x, y) 7! x. On

each neighborhood of (x0, y0) 2 ⌃ such that
@P

@y
(x0, y0) 6= 0, we can use x

as the coordinate of the “complex algebraic curve”. Let

⌃sing = {(x, y) : P (x, y) = 0 and
@P

@y
(x, y) = 0}.

The x-coordinates of ⌃sing are precisely the solutions to the equation

0 = Discriminant(P (x, ·)) = Resultant

✓
P (x, ·),

@P

@y
(x, ·)

◆
,

which is a finite set of isolated points. We can compactify ⌃ by adding the

points at infinity: Embed ⌃ into CP2 and take the closure(“projectivization”).

The resulting object ⌃ is a complex manifold outside a finite number of sin-

gularities at the points ⌃sing and possibly at the points of infinity(⌃ \ ⌃).

We need to “resolve” the singularities of ⌃, which can be cooked according

to an algebraic recipe. Here are samples:

Sample 1 ⌃ : x
2 + y

2 = 1 ⇢ C
2.

The projectivization ⌃ is given by X
2 + Y

2 = Z
2 in CP

2 and the points

at infinity are:

⌃ \ ⌃ = {(i : 1 : 0), (�i : 1 : 0)}.

It can be checked that these two points are smooth points of ⌃ and the

surface ⌃ is biholomorphic to the Riemann sphere by the Pythagorean triple

formula � : C ! ⌃:

�(z) =

✓
2z

1 + z2
,
1� z

2

1 + z2

◆
.
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This should be understood as the map � : C ! ⌃ for z 6= ±i and

�(±i) = (2z : 1� z
2 : 1 + z

2)

����
z=±i

= (±i : 1 : 0).

(The inverse map is given by ��1(X : Y : Z) =
X

Y + Z
.)

Sample 2 ⌃ : y = x
3

⇢ C
2.

The projectivization ⌃ is given by Y Z
2 = X

3 in CP
2 with one point at

infinity:

⌃ \ ⌃ = {1 := (0 : 1 : 0)}.

Near 1, the surface looks like a cusp C : z2 = x
3. To resolve this singularity,

embed this piece C into C
3 and “blow up” by adding the “slope” variable:

Bl1C = {(x, z, w) 2 C
3 : z

2 = x
3
, xw = z}.

This is union of two (complex) curves: Bl1C = C1 [ C2, where C1 is

projected down to C and C2 is the w-axis. Since C1 is parameterized by

(x = t
2
, z = t

3
, w = t), Since the smooth curve C1 is isomorphic to C

outside (x, z) = (0, 0, 0), we say that C1 is a desingularization of C. (The

projection map C1 ! C is bijective, but it is not “biholomorphic” because

C is not smooth at the origin.) The point (0, 0) 2 C is called a cusp.

Now the resolution of singularity e⌃ of ⌃ is obtained by replacing the

piece C ⇢ ⌃ by C1. It is again biholomorphic to the Riemann sphere via

z 7! (z, z3).

More generally, starting from any graph curve ⌃ : y = Q(x), we can

resolve ⌃ ⇢ CP
2 to get a Riemann surface e⌃ which is biholomorphic to the

Riemann sphere.

Sample 3 To get a Riemann surface of genus g � 1 from algebraic equa-

tion, we need to start from a polynomial P (x, y) of degree � 3. Let ⌃ be

the plane curve associated to P (x, y) = y
2
� x

3 + x.

Note that ⌃sing = {(0, 0)}, but at this point @P
@x (0, 0) = (1, 0). So we can

use y as the local coordinate near (0, 0). The compactified curve is given by

Y
2
Z � X

3 + XZ
3 = 0 and this has one point at infinity: 1 = (0 : 1 : 0).

5



Near 1, this curve looks like z � x
3 + xz

3 = 0, which is smooth at (0, 0).

Therefore, e⌃ = ⌃ in this case.

What is the genus of e⌃? Let us briefly introduce the classical construc-

tion of e⌃ from the multi-valued function f(x) =
p
x3 � x. First, the pro-

jection map (x, y) 7! y is well-defined on ⌃. In other words, the function

f(x) =
p
x3 � x is well-defined and it extends to a meromorphic function

on ⌃, or a holomorphic map ⌃ ! CP
1. Recall that this is not single-valued

over C (or CP1). To explain more details of this phenomenon, observe that

the projection map ⇡(x, y) = x makes ⌃ a double (branched) covering of

CP
1, with four branch points ±1, 0, and 1. · · · · · ·

Sample 4 Now we start from the polynomial: P (x, y) = y + x
3 + x

2
y.

Note that the curve ⌃ = {P (x, y) = 0} is smooth. But its projectivization is

given by Y Z
2+X

3+X
2
Y = 0, which has a point at infinity 1 = (0 : 1 : 0).

Near the point (x, z) = (0, 0), this looks like C : z2 + x
3 + x

2 = 0. It is

singular at (0, 0), so we blow it up to get:

Bl1C = {(x, z, w) 2 C
3 : z

2 + x
3 + x

2
, xw = z}.

Let C1 = Bl1C \ w-axis. Then along the curve C1, we have

lim
(x,z)!(0,0)

w
2 = lim

(x,z)!(0,0)

�x
3
� x

2

x2
= �1.

Hence in the limit (x, z) ! (0, 0), we have w ! ±i. We see that in this

case the projection ⇡ : C1 ! C is bijective outside w-axis, and ⇡�1(0, 0) =

(0, 0,±i). This is a resolution of a nodal singularity.

A polynomial P (x, y) = y
2
�

Qd
i=1(x � xi) for distinct xi’s yields a

Riemann surface of genus g =

�
d� 1

2

⌫
. These Riemann surfaces are called

the hyperelliptic curves, named after the elliptic curves which correspond to

the g = 1 case (d = 3, 4). Similarly, we can associate a Riemann surface to

arbitrary polynomial P (x, y). In fact, the converse is also true:

Every compact Riemann surface can be algebraically immersed into CP
2
,

with at most simple nodal points.
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In this sense, the compact Riemann surface (in di↵erential geometry or com-

plex analysis) is the same as the algebraic curve (in algebraic geometry).
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As we have seen, the function theory on a Riemann surface S and the

geometry of S are closely related. First let’s establish a general fact which

we already observed for g = 0 and 1.

Theorem 1 There is no nonconstant (global) holomorphic function on S.

Proof. Let f be a holomorphic function. Since S is compact, |f(z)| has max-

imum at some point, say p 2 S. If we choose a chart U 3 p, the holomorphic

function fU : U ! C cannot attain the maximum absolute value inside U ,

unless it is constant (maximum principle). Therefore, fU is constant and

eventually f is constant by the identity theorem. ⇤

Hence the space O(S) of holomorphic functions on S is nothing but C.

(There is no function theory on O(S).) And we should consider the following

objects:

• M(S): meromorphic functions on S

• O
1(S): holomorphic forms on S

• M
1(S): meromorphic forms on S

A meromorphic function f 2 M(S) is nothing but a holomorphic map

S ! CP
1. It is not at all obvious if there is any nonconstant meromorphic

function on every Riemann surface.1 In fact, there are plenty of them, but

they are subject to a strong constraints as we will see.

A holomorphic(meromorphic) form on S is a collection of 1-forms {fU (z)dz}

for some holomorphic(meromorphic) functions fU on each chart U ⇢ S such

that for each intersection U \ V :

fU (z)dz = fV (w)dw (w = �UV (z)).

Equivalently, a form on S is the collection of local functions {fU} satisfying

fU (z) = (fV � �UV (z)) · �
0
UV (z).

1
This is okay if we admit the fact that every Riemnan surface can be algebraically

defined, because the curve P (x, y) = 0 has a projection map (x, y) 7! x.
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More generally, we consider the kth order holomorphic(meromorphic) forms

in O
k(S) (orinMk(S)) given by a collection of {fU (z)dzk} satisfying

fU = (fV � �UV ) · �
0
UV (z)

k
.

For example, the function f(z) = z on the Riemann sphere is a mero-

morphic function with a simple pole at 1, and the form !(z) = dz is a

meromorphic form which has a double pole at 1: for z0 = 1/z,

!(z) = dz = d(1/z0) =
�1

(z0)2
dz

0
.

This shows that there is no holomorphic form on CP
1: a form f(z)dz in one

chart is transformed to �
1

(z0)2 f(
1
z0 )dz

0 in another chart.

The order of a function f = {fU} (or a form ! = {fUdz}) at p 2 S is

the order of fU for a chart U 3 p. It is written as ordpf (or ordp!). the order

at p is zero if and only if fU has neither a zero or a pole at p. Given a form

! 2 M(S), the residue of ! at p is Resp! = c�1, where

! = fU (z)dz, fU (z) =
�dX

j=�1

cjz
j + analytic.

In fact, Respf of a meromorphic function f(z) on C is equal to Resp! of the

form ! = f(z)dz on the Riemann sphere. Cauchy’s theorem says that

Resp! =
1

2⇡i

Z

Cp

!,

where Cp is a small anti-clockwise contour around p.

Exercise The order ordpf and the residue Resp! are independent of the

choice of the chart and coordinates. On the other hand, the coe�cients cj

for j  �2 do depend on the choice.

Theorem 2 For ! 2 M
1(S), the total residue is zero:

X

p

Resp(!) = 0.

9



Proof. The surface S can be polygonalized: there is a graph on S whose

faces are polygons entirely contained in a chart such that each pole of ! lie

inside some polygon. The sum of residues is the sum of the integral along

each polygons, which cancels out each other. ⇤

Corollary 3 There is no ! 2 M
1(S) with only one simple pole.

Given a nonzero f 2 M(S), the divisor of f is defined by

(f) =
X

p2S
(ordpf)p.

This is a formal Z-linear combination of points of S. Similarly, given a

nonzero ! 2 M
1(S), the divisor of ! is

(!) =
X

p2S
(ordp!)p.

Each nonzero meromorphic function/form has only finitely many poles and

zeros. (Why?)

Corollary 4 For g � 1, there is no f 2 M(S) with only one simple pole.

Proof. We use the fact that there is a nonzero holomorphic form ! 2 O
1(S)

for g � 1.2 If ordp(!) = k, then f
k+1

! is a meromorphic form which has

only one simple pole (at p), which is a contradiction. ⇤

The Riemann–Roch formula is the key tool to study the Riemann sur-

faces. We state a weaker version below.

Theorem 5 (Riemann’s inequality, a weaker version of Riemann–Roch)

Let S be a Riemann surface of genus g and x1, . . . , xd 2 S. For any posi-

tive integers m1, . . . ,md, the space L(
Pd

i=1mixi) of meromorphic functions,

which have a pole at xi with order  mi and holomorphic elsewhere, is a

C-vector space of dimension � (
Pd

i=1mi) + 1� g.

2
This is a highly nontrivial fact. It is a key step to show that every Riemann surface is

an algebraic curve.
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For example, there is a nonconstant meromorphic function if we allow

poles with
Pd

i=1mi > g. Riemann–Roch’s formula is:

H
0(S,O(D))�H

1(S,O(D)) = d+ 1� g,

where D =
Pd

i=1mixi and H
0(S,O(D)) = L(

Pd
i=1mixi).

Theorem 6 Let f be a nonzero meromorphic function. Then the number

of poles (counted with multiplicities) equals the number of zeros.

Proof. Let ! = d(log f) =
df

f
. If p is a zero (resp. a pole) of f of order k,

then Resp! = k (resp. �k). The result follows from Theorem 2. ⇤

I want to emphasize that unlike the objects in di↵erential geometry, the

existence of certain function/form on S is a big issue. If you find some object

on S, then it will give you some clue to the symmetry (or a property) of S.

Theorem 7 Any two meromorphic functions f, g 2 M(S) are algebraically

related, that is, there exists a bivariate polynomial P such that P (f, g) ⌘ 0.

Does this look plausible to you? (For example, how do you see that any two

polynomials f(z) and g(z) are algebraically related?3) As you see below, this

can be shown by using the fact that every meromorphic function on CP
1 is

rational.

Proof. Let d :=
X

p : poles

ordpf . Then f can be thought as a d : 1 branched

covering S ! CP
1. (This is another nice viewpoint for Riemann surfaces.)

For a small open set U ⇢ S with local chart x, Let z1, . . . , zd be the local

charts of f�1(U) such that f�1(x) = {z1, . . . , zd}. Let

�(x, y) = (y � g(z1))(y � g(z2)) · · · (y � g(zd)).

3
This can be shown by linear algebra. Suppose deg f = m and deg g = n. For large N ,

the vector space generated by fkg`’s for k  N
2m and `  N

2n has dimension  N2

4mn . On

the other hand, this space is contained in h1, z, z2, . . . , zN i which has dimension N + 1.

As N gets large enough,
N2

4mn > N + 1 and so there should be some polynomial relation

between f and g.
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This is a polynomial in y, whose coe�cients si(x), 1  i  d, are meromor-

phic functions : U ! CP
1. These function can be extended to the whole

CP
1, including the branch points. Therefore si 2 M(CP1) and they are ra-

tional functions in x. This confirms that �(x, y) is a rational function in x

and y and �(f(z), g(z)) ⌘ 0 on S. ⇤

As an example, recall the Weierstrass P-function on T⌧ :

P(z) :=
1

z2
+

X

w 2 Z+⌧Z

✓
1

(z � w)2
�

1

w2

◆

Its derivative is given by

P
0(z) = �2

X

w 2 Z+⌧Z

(z � w)�3
.

Then (P 0(z))2 = 4P(z)3�g2P(z)�g3 for some g2, g3 2 C which are computed

from the lattice Z� Z⌧ . This gives the “algebraic equation” of T⌧ given by

E = {(x, y) 2 C
2 : y

2 = 4x3 � g2x� g3}.

More details: Define

� : T⌧ ! E = E [ {1} ⇢ CP
2

by �(z) = (P(z) : P 0(z) : 1). It can be checked that this is an embedding

of T⌧ into CP
2 whose image is an algebraic curve (zero set of a plane cubic

curve). The coe�cients g2 and g3 (more precisely, the j-invariant = g
3
2�27g23)

provide the moduli of Riemann surfaces of genus 1 (= elliptic curves).
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㭩ㅹដ⯉㈁ ㈝⌉㇩ 䂭ᶩ ᶩⳁ䀂 ⚸ ㊾ⳁ⌉ ᢡ⑕ញ ➞ⰵ ⚸ ᶩⳁᣙ䀁䀂㈁ ⶅ㈺㊹㇥⌅

䃾ញ䀅 ㆭ㤁␥ 㛑㑩䀁ញ ㈱ᶍ�

㈝ ᛅឩ ᰥ◡べ 㛡㌙䀅 ◡䁵㇩ ゕ⊕ ᚩ㑩ᚩ ㈱㑩⑵ 㛡ញ◡䁵べ ⰵᛅễ ㊾ṭ⌅

ᢡ㝹 ỽᶍ� ㈝ ◡䁵ᾍ㈁ 㛡ញ◡䁵べ⯅ ⛒ᶩ䀅 ឩ⋑ ◡䁵 ⑕ⵍ㵡␥ ➥ ⳁ ㈱㇭ ᜬ㈝

ᶍ� ㊭㝝㊪㇥⌅ ,MFJO㈁ ��⯡ᣙ ⳁ䀂⭕べ ᶩ䀅 ㇉┮䀅 㛮 <�>㇭ 㛡㌙䀁┝ ㌴ᶍ� ₹

㭩㤝ᣙ 	輽宍脃愠
㈁ ㇉┮䀅 ��⯡ᣙ ゖ⭕ ║ᰡᢡ∥㾭㈡ <��>㇩ ᚩ❥ㅝ ⑱ㇵ㇥⌅ ㈦㇭

ⳁ ㈱ᴽ ᢡ⊕ᭁ ⳁ䀂㊪㇥⌅ ᣳ㇩ 䀝⯍㇭ 䀅 㛮㈝ញ
 㠅ᢥべ +FSFNZ (SBZラ 6NCFSUP
#P॒B[[JOJᚩ ⾝ ◝⋍ ���㕦べ ᶕ䀁ᴽ ㊩ⳉ <�>㇩ ��⯡ᣙ ➞ⰵ䀝⯆䀂 ⛅ᶕ⭕㈁ ⛒ᶩ䀅

゙᠕ の㊪㈝∥ 䀁ᝉᶍ� ₹ 4IBGBSFWJDI㈁ ᶩⳁᣙ䀁䀂 ៹ឥ⯅㈁ ⠩⌆㈁ ゖ⭕ ⠩⠭ <�>
ᴽ ㈝ ⠩⠭㈁ ゖ⭕␥ ⒍ㅙ ㉁ ㄽ〦䀅 ㈦㇭᜙⑕㈝ᶍ� ៹ឥ⯅⌅ᴽ 4JFHFM㈁ ┮㊩ <��>
㈝ ゖ⭕㊪ ឩ㊹べ⯅ ឩ⋑ễ ⳁ䀂㇭ ㉁ ⯍┮䀁ញ ㈱ᶍ� 䀅㹡 䂭ᶩ㊪ ឩ㊹べ⯅ ⑕⑵㈁

㈝⌉㇭ ㉁ ⯍┮䀅 ᜬ㇥⌅ᴽ ┰ ᚩ㑩 ⑕⑵┝べ ᶩ䀅 ㌴㇩ 㛡ញ⯅ᾍ㈝ ㈱ᶍ� ᶩⳁᣙ䀁㊪

ឩ㊹べ⯅ᴽ (SJਖ਼UIT㈁ 㛮 <�>␥
 ➞ⰵᣙ䀁䀂㈁ ឩ㊹べ⯅ᴽ )� )� 8V㈁ 㛮 <��>␥
㠽㝅䀅ᶍ� ᢡ⑕ញ 㵢䈱 4IFBG㈁ ㈝⌉べ⯅ ⶅ㈺䀁ゕ ⿭㎥ ⴦᜵ ⰵᛅ䀁ゕ ᭁᚭ (VOOJOH
㈁ 㛮 <�>ṭ ┮㊩㈝ᶍ� ⑱㑩⑲㇥⌅ ㅙ⑕㈁ ╒㼅㈡ ㊾ⳁ⌉ឥ㈁ ゙᝭␥ ㈥╒ㄽ゙䀁᜵

⸑᭝⋍ᚭ 4JMWFSNBOឥ 5BUF㈁ ㊩⯅ <��>ឥ ᶩⳁ㊪ ឩ㊹べ⯅ ⾝ ㈝ラ⭕ラ㈁ ㊩⯅ <��>
␥ ⰵᛅ䀁ゕ ỽᶍ�
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eXR ~"a. ୶ஏ�җ�ఋਗҋࢶ (RR- Rj)

᝭ⳁᚩ ㇉⑕ⳁ㈡ ỹ ❩ⳁ ᶍ䀖ⶆ㇥⌅ ⑵ᾍそ㑭 ⛒㊾ⶆ f(x, y) = 0㈁ ㇉⑕ⳁ 䀝␥

᠕䀁⋍ញ 䀅ᶍញ 䀁㈹� ㈝⚡ %JPQIBOUVTṭ ⿵ញ ㈱ぱᾘ㈝ ㈝ ⛒㊾ⶆ㈝ そ⁉䀅 ⛒㊾ⶆ

㈝᭹べ Ῑ∥ ㈝ ◡㋅ᴽ そ⋍ㅡ ⳁṭ ㈱ញ ⴕㅡ ⳁṭ ㈱ᶍ�

〇べ⯅ ឞ⠩䀅 ⚽ラ ᛂ㈝ fᚩ �㛑ⶆ㈥ ῵ ㈝ ⛒㊾ⶆ㈁ 䀝 (x0, y0)␥ ᶑ 䀁ᭁ⑵

⿵ញ ㈱㇥┝
 ㈝⌅⠩㯙 ᶍ␡ ║ᾉ 䀝ᾍ㇭ ㇉⑕ⳁ ⒍ᛅ❩ⳁ t␥ ⭕ㅒ䀁ゕ ᭁ㭩᭥ ⳁ

㈱ᶍ� 㐲 ㊹ (x0, y0)␥ 㑩ᭁញ ᣙㅡᣙ t㈡ 㑪⯉㈝ ㈝ ⛒㊾ⶆ㈁ ᢡ≁㾭ラ ⑵ᭁᴽ ㊹㇭

᠕䀝ᭁᚩ┝ ễᶍ� ㈝ᜬ㈝ %JPQIBOUVTᚩ ㉁ ⭕ㅒ䀅 ⛒✾㈝ᶍ� fᚩ �㛑ⶆ㈝ᭁ �㛑ⶆ㈥

῵べ %JPQIBOUVTᚩ ⶅṭ䀅 ⛒✾ᾍṭ ㈝⚡ ㇉⑕ⳁ 䀝␥ ⿵ញ ㈱㇭ ῵ ㈝⌅⠩㯙 ⭱⌅ㅝ

䀝␥ 㛧⿭᭝ᴽ ⛒✾㈝ញ ㈝ ⛒✾㇩ 'FSNBUべ ㈝␝⊕ ゕ⊕ ◡㋅べ ⭕ㅒềぱᶍ� ᢡ⊕ᭁ

ᢡ➝ᶍ ញ㛑ⶆ㈡ ᝦㅙべᴽ 䀝␥ ᠕䀝᭝ᴽ ㈥⛁㊪㈡ ⛒✾㇩ ⿵⋍㑭 ᜬ㈝ はᶍ�

1PJODBS©ᴽ㈝⊰᜵䀝ᚩ᠕䀝㑩ᴽᝦㅙᚩ⯡ᚩ㑩⌅ᭁᴁᴽ㈝㇉ᴽ⛒㊾ⶆ f(x, y) =

0␥ ⑵㌚ⶅ㭍ᴽ ➞ⰵⳁ ㊹㇥⌅ ㈝⎑そ㑭 ដ⯉ X(C)㈁ ㆭ⭪ 㵢䈱 ᢡ ដ⯉㈁ HFOVT	㌮
ⳁ
べ Ῑ∥ ᶕ∥㑭ᶍᴽ ⭕ⶍ㇭ ⿵⿭᭝ぱᶍ� g = 0㈡ ᝦㅙべᴽ ㈝ ដ⯉ ㆭ㈁ ㇉⑕ⳁ

㊹㈁ 㑺䀒 X(Q)ᴽ ㆭ⭪㊪㇥⌅ ⭕オដ⯉ P1(Q)ᚩ ễᶍ� ᢡ⊙ḙ g = 1㈝┝ X(Q)ᴽ

ឞ㑺䀒㈝᜙ᭁ ⿭ᵱ┝ ᚩ䄁᠙㈝ ễᶍ� ⶍ㋅⌅ ㈝ ᝦㅙべ ដ⯉㈁ ⛒㊾ⶆ㇭ 䀖⭪

y2 = 4x3 − ax− b (a, b ∈ Z)

∥ញ ᭁ㭩᭥ ⳁ ㈱ᶍᴽ ᜬ㇭ 8FJFSTUSBTTᚩ ➝ォញ
 ㈝ ㆭ㈁ ᠙㈁ ᠕㌙ᴽ ⯡ ㊹ P 


Q
 R㈝ 䀅 㑪⯉ ㆭべ ᰼㈝ᴽ ㇉⑕ⳁ ㊹㈝┝ P + Q + R = 0㈝ញ
 P = (x, y)㈥

῵ −P = (x,−y)∥ញ Ḑ⯱㇭ ㊾㈁䀁┝ ễᶍᴽ %JPQIBOUVT㈁ ㈺ṭ✾ṭ ឞ⠩䀁ォᶍ�

䀅㹡 g ≥ 2㈝┝ 'BMUJOHTᚩ .PSEFMM㈁ ケ⭪㇭ 䀝᝙䀝 ㎥そ⯅ X(Q)ᚩ ㇉䀅㑺䀒㈭㇭

⿵ញ ㈱ᶍ�

Ῑ∥⯅ ᚩ㉎ ឩⶕ㈝ ᚩᴽ ⠩⠭㇩ g = 1㈡ 㭩ㅹដ⯉㈁ ᝦㅙ㈝ᶍ� 㭩ㅹដ⯉㇩ E⌅

㉁ᭁ㭩᭡ᶍ� ㈝ᝦㅙべ 1PJODBS©ᚩ㠽㣊䀁ញ .PSEFMM㈝㑆┮䀅ᜬ㇩㈝ដ⯉㈁㇉⑕ⳁ

㊹㈁ 㑺䀒 E(Q)ᴽ ㇉䀅ᛅ㈁ ㅹⰵ⌅ ⮆⯚ềᴽ ᚩ䄁᠙㈝∥ᴽ ᜬ㈝ញ ㈝ᜬ㇭

E(Q) $ Zr ⊕ F

∥ញ ᭁ㭩᭥ ⳁ ㈱ᶍ� ゕᣙ⯅ ᠙ Fᴽ ᶍ䀖ⶆ 4x3−ax− b㈁ ㇉⑕䀝ᚩ �ᛅ
 �ᛅ ₹ᴽ �
ᛅ㈡ᚩべῙ∥ᚪᚪ Z/(2n−1)Z
 Z/2nZ㈝᜙ᭁ Z/2Z×Z/2nZᚩễᶍᴽᜬ㈝⿵⋍㋡

㈱ᶍ� ᢡ⑕ញ ゕᣙ⯅ n㇩ ᚪᚪ㈁ ᝦㅙべ ≤ 5
 ≤ 6 ₹ᴽ ≤ 4ᚩ ễᶍᴽ .B[VS	����
㈁
㊾⑕ᴽ そ⋍ㅝ ㊾⑕㈝ᶍ� 䀅㹡 r = 14ᚩ ềᴽ ᝦㅙᚩ ㈱ᶍᴽ ᜬ㇩ .FTUSF	����
 ����
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べ ㈁䀁ゕ ⿵⋍㋵ᶍ�

ㅙ⑕ᚩ ㈝✱ ゕ␭べ ╒㼅⌅ ⭥ᴽˮ#4% 㠽㣊 ㇩˯ ����ᯭ ᝦべ ỹ ⳁ䀂㈹ #JSDIラ
4XJOOFSUPO�%ZFSᚩ ⮆ᚪ䀝᭡ ᜬ㇥⌅ ㆭ㈁ r㇭ ᠕䀝᭥ ⳁ ㈱ᴽ ⛒✾㇭ ㎥ᴽ ᜬ㈝ᶍ�

ゕᣙ⯅ᴽ ㈝⊕䀅 ᰥ㈁㈁ ⛙ᝦ㈝ ềᴽ 㭩ㅹ䀑ⳁラ 㭩ㅹដ⯉㈁ ㈝⌉㈝ ⛅㊭ễ ឥ㊾㇭

ゖ⭕␥ Ῑ∥⯅ ⭝㹝➡ᶍ�

eXk ఋਗೣࣻ੄�৉ࣘ�ࢎ੄�ੋޛ

eXkXR ౵ջ֢৬�য়ੌ۞ (k- Ry)

㭩ㅹ䀑ⳁ␥ ᚩ㉎ ⓥ㊩ ゙᠕䀅 ᜬ㇩ ⿭⑱ṭ ㈝㭱⑕⿭㈁ 㶵᭹ᰡ ⛚㈺ 	(JVMJP $BSMP EF۝
5PTDIJ EJ 'BHOBOP
 ����ۗ����
㈥ᜬ㈝ᶍ� 㶵᭹ᰡᴽ ����ᯭべ MFNOJTDBUF㈁䃡㈁ᣡ㈝␥

゙᠕䀁ォᶍ� MFNOJTDBUFᴽ ᢢ㌵㼅⌅ ρ2 = DPT 2θ⌅ ㊾㈁ềញ ỹ ᛅ㈁ ⎑㾭⌅ ㈝⎑そ㑭

ゕḈ㶽㈹ ║〺㈁ ដ⯉㈝ᶍ� ㈝ 䃡㈁ ᣡ㈝ ㊪⠭㇩∫
dr√
1− r4

	���


⌅ ᭁ㭩᭝そ 㑩┙ 㶵᭹ᰡᴽ ㈝べ ᶩ䀁ゕ
∫ v

0

dt√
1− t4

= 2

∫ w

0

dt√
1− t4

ᚩ ễᶍ┝ vラ w ⭕㈝べ ᰼㈝ᴽ ᶩⳁ㊪ ឩ᝭␥ ㊪⠭㈁ ❩ⳁ❩䄁㇭ ㈝ㅒ䀝⯅ ᠕㝝㊪

㇥⌅ ⿵⿭᭝ぱᶍ� ㈝ᜬ㈝ 㭩ㅹ㊪⠭べ ᶩ䀅 �⛙ᚪ ឞⶆ㈝ᶍ� ㈝ ᝙ឥᴽ ����ᯭべ Ṯ㈥

䀂ⳉㅹべ ᢡ㈁ 㹲⮆㈁ の㊪㇭ ㋅㡅䀁ᴽ ᭝ㅒ ⰶべ ᶍⶅ 䀅 ✱ ᣙ⌆ềぱᶍ�

㶵᭹ᰡ㈁ ᝙ឥᚩ ᚿᴽ ㈁⚡␥ ⮆ᚪ䀝 ➝㈹� ㈝ 㭩ㅹ㊪⠭㇩ ᢡ ⭪䀅㇭ ❩ⳁ⌅ ➥ ῵

㞱ㅽ䀑ⳁ㈝ᶍ� ᢡ⊕ᭁ ㈝ 㞱ㅽ䀑ⳁ㈡ ដ⯉㈁ ᣡ㈝ᚩ �⛙ᚩ ềṭ⌆ 䀁┝ ᢡ ❩ⳁ 	⭪䀅

⭕㈝べᴽ ᶩⳁ㊪㈡ ឩ᝭ᚩ ㈱ᶍᴽ ᜬ㈝ᶍ� 㐲 㞱ㅽ䀑ⳁ ㈹㝝➝ᶍᴽ ᢡ ゖ䀑ⳁ 㕦べ

㌴㇩ ឩ᝭ᚩ ➝㈡ᶍᴽ ⑹㈝ ễᶍ� ⿭⑱ṭ 㶵᭹ᰡᚩ ᝭⭙䀁ォㇵ㑪䀅 ❩ⳁ ❩䄁 ⛒✾㈝

4JFHFM㈁ ៹ឥ⯅ <��>べ ㈹⯡䈱 ⯍┮ềそ ㈱ᶍ�

ネ㈥⊕ 	-FPOIBSE &VMFS
 ����ۗ����
ᴽ ����ᯭべ㈝⚡㶵᭹ᰡ㈁㈝᝙ឥ➝ᶍ㈥⛁㊪

㈡㭩ㅹ㊪⠭㈁ゕ⊕ᚩ㑩⯚㑱㇭⿵ញ㈱ぱញ᝭ⰶ゙᠕䀁ゕ ����ᯭᝦべᴽ㭩ㅹ㊪⠭㈁

ᚩ✾㊾⑕ᚩ ⯚⑦䀑㇭ ⿵⿭᭝ぱᶍ� ᢡᚩ ⭕ㅒ䀅 ⛒✾㇩ 㶵᭹ᰡᚩ ⭕ㅒ䀅 ❩ⳁ❩䄁㈝

⿭ᵱ∥ ᶍㇵឥ ᛂ㇩ ⚡⠭⛒㊾ⶆ㈝ᶍ�
dx√
1− x4

=
dy√
1− y4

.
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ネ㈥⊕ᚩ ㉁ ⭕ㅒ䀅 ⛒✾㇩ ㈝⊰᜵ ⚡⠭䂾ⶆ㇭ ⭕ㅒ䀁ゕ ᭁ㭩᭝ញ ᝭⭙䀁ᴽ ⛒✾㈝

ぱᶍ�

㈝⊕䀅 ㈝⌉㈝ ᚩ㑩ᴽ ㈁⚡␥ ⿵⿭➝ᣙ ㆭ䀁ゕ ⓥ㊩ ⭕㈡ 䀑ⳁ␥ ➝㈹� u = TJO s
∥ 䀁┝

s = BSDTJOu =

∫
du√
1− u2

㈝ ễᶍᴽ ᜬ㇩ ⚡㊪⠭䀂べ⯅ ឞ⠩䀁ォᶍ� ㈝ ῵ ⭕㈡ 䀑ⳁ㈁ ᚪ㈁ 䀒㈁ ឞⶆ㇭ ㈝

ゖ䀑ⳁべ ᶩ䀁ゕ ⾙┝ ᶍㇵឥ ᛂ㈝ ⾡ ⳁ ㈱ᶍ�
∫ u

0

dr√
1− r2

+

∫ v

0

dr√
1− r2

=

∫ w

0

dr√
1− r2

.

ゕᣙ⯅ w = u
√
1− v2 + v

√
1− u2㈝ᶍ�

㈝ᜬ㈝ そ㒡⯅ ᚪ㈁ 䀒㈁ ឞⶆ㈡ᚩ␥ ⿵⿭➝ᣙ ㆭ䀁ゕ ㌵❩㈁ ỹ ㊪⠭㇭ ᚪᚪ x


y∥ 䀁┝
 u = TJOx
 v = TJO y㈝ᶍ� ㈝㋅ ㅙ❩㇭ x+ y = z∥ ⠩␝ᣙ⌅ 䀁┝ ㅙ❩㈁

㊪⠭㈁ ⭪䀅㇭ w∥ ᰼ញ ᝭⭙䀝 ➝┝

w = TJO z = TJO(x+ y)

= TJOx DPT y + DPTx TJO y

= u
√
1− v2 + v

√
1− u2

㈝ ố㇭ ⿵ ⳁ ㈱ᶍ� ネ㈥⊕ᴽ ㈝⊙ ឞⶆ㇭ ㊪⠭ 	���
べ ᶩ䀁ゕṭ 㛧⿭᭡ ᜬ㈝ᶍ� ㈝

῵㈁ ឞⶆ㇩ ᶍㇵឥ ᛂᶍ� 㐲
∫ u dr√

1− r4
+

∫ v dr√
1− r4

=

∫ w dr√
1− r4

	���


∥ 䀁┝

w =
u
√
1− v4 + v

√
1− u4

1 + u2v2
	���


㈝ ⯚⑦䀅ᶍ�

ネ㈥⊕ᴽ ㈝⊕䀅 ᶞ㈝ ᭁネ⑕∥ᴽ ᜬ㇭ ⭥ᚪ䀑ⳁ㈁ ᝦㅙ ឞⶆべ⯅ 㠽㣊䀝᭝ញ

㊪⠭㇭ 㱞䀁ゕ ㊪⠭ⶆ 	���
㇭ ➝ォᶍ� ឩ᝭ⶆ 	���
べ⯅ w␥ ញ㊾ⶅ㭍ញ ᭁ⯅ ⚡⠭㇭

᝭⭙䀁ゕ ➝┝ ➝┝

0 =
du√
1− u4

+
dv√
1− v4

㇭ つᴽᶍ� ㆭ㈁ ឩ᝭ⶆ 	���
べ ㈁䀁ゕ v = v(u)∥ញ ㊾䀝㑭ᶍញ 䀁ញ ㊪⠭䀁ゕ ➝┝
∫ u dr√

1− r4
+

∫ v(u) dr√
1− r4

= C

␥ つញ
 u ∼ 0㈝┝ v(u) ∼ w㈝♩⌅ Ῑ∥⯅ C =
∫ w

dr/
√
1− r4㈝∥ᴽ ᜬ㇭ ⿵ ⳁ

㈱ᶍ�
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eXkXk ܰੳ٘ܰ (R)

␝㊆ᾅ␝ 	"ESJFO�.BSJF -FHFOESF
 ����ۗ����
ᴽ 㶵⑕㈁ ⠩㇉䀅 ᚩ㊾べ⯅ 㮅そᭁ ឞ⠩

䀱ᶍ� ᢡᴽ 㾭∺ⵍ 䂪┮ 	����
 ῵べ ᢡ㈁ ㉕⭙㇭ ║ỹ ㈬ぱ㇥ᭁ ថ⚽⌅ ᝙䃥䀁ォញ ᢡ

⠩㈡㈁ ᭝㌙⌅ ㉁ ᢢ➞䀝 ᭁᚽᶍញ 䀅ᶍ�

ᢡᚩ 㭩ㅹ㊪⠭㇭ ឞ⠩䀁᜵ ễ ᜬ㇩ ネ㈥⊕ラ ⑱㛕ᚩ㑩⌅ ᣙ䀁䀂㊪ ◡㋅べ⯅ ⠩

㯙㈝ᶍ� ����ᯭべ ⛅㼅䀅 ᢡ㈁ 㝔✱㒡 ᝙ឥ␥ ➝┝ ۠㭩ㅹ㈁ 䃡㈁ ᣡ㈝ ㊪⠭べ ᶩ䀅

ⰵញۡ�∥ញ ềそ ㈱ᶍ� ㈝ ᰥ◡べ⯅ 㝁ㇵ㇥⌅ ㈥⛁㊪㇥⌅∫
P dx

R
, 	P ᴽ ㇉⑕䀑ⳁ㈝ញ
 R㇩ �㛑䀑ⳁ㈁ ㋅រᢥ


᧝㈁ ㊪⠭㇭ ᚭᶑ䈱 䀁┝ 䀖⭪ ∫
Qdt√

(1− t2)(1− c2t2)

᧝⌅ ⚽ᩩ ⳁ ㈱ᶍᴽ ᜬ㇭ ➝ォᶍ� ᢡᴽ ゕᣙ⯅ t = TJOφ∥ញ 㤁䄁䀁ゕ ㊪⠭ ᧝㇭
∫

Qdφ√
1− c2 TJO2 φ

⌅ ⚽ᩡぱ㇥┙ ゕᣙ⯅ φ␥ ㈝ 㭩ㅹ㊪⠭㈁ 㑭㺖䀑ⳁ 	BNQMJUVEF

 c␥ ㈝ ㊪⠭㈁ ║

ⳁ 	怲姝NPEVMVT
∥ញ ⠱⊩ᶍ� ᢡᴽ ㈝ 㿥㊪⠭䀑ⳁ㈁ ⠭║㈁ 䀖㇭ ∆ = ∆(φ) =
√
1− c2 TJO2 φ∥ញ ⠱⊩㇥┙ ㈝ 䀖㇭ Ῑ∥⯅ 㭩ㅹ㊪⠭㇭ ⠭␁䀁ォᶍ� ᢡ ⠭␁ᴽ ║ᾉ

⭕∵ᾍべ᜵ ⛄⿭ᾍゕ㋡⯅ 䂭㉕ᣵ㑩ṭ ⭕ㅒềញ ㈱ᶍ� ᢡべ Ῑ␝┝
∫ x

0

dφ

∆
㐲

∫ x

0

dz√
(1− z2)(1− c2z2)

᧝⌅ 㼅䂭ᚩᵎ䀅 ᜬ㇩ ㋅�㌮ 㭩ㅹ㊪⠭㈝∥ ⠭␁䀱ញ

∫ x

0
∆dφ 㐲

∫ x

0

√
1− c2z2

1− z2
dz

᧝⌅ 㼅䂭ềᴽ ㊪⠭㇩ ㋅�㌮
 ᢡ⑕ញ
∫ x

0

dφ

(1 + n2 TJO2 φ)∆
㐲

∫ x

0

dz

(1− a2z2)
√
(1− z2)(1− c2z2)

᧝⌅ 㼅䂭ềᴽ ㊪⠭㇩ ㋅�㌮ 㭩ㅹ㊪⠭㈝∥ ⠱⊩ᶍ� ゕᣙ⯅ a
 n ᾚ㈁ ᝭ⳁᴽ ➞ⰵⳁ

ᚻ ᣵ㑩ṭ ᚩ㑱 ⳁ ㈱ᶍ�

␝㊆ᾅ␝ᴽ ネ㈥⊕㈁ ⚡⠭⛒㊾ⶆ㇭ ᷽ ᚭᶑ䈱䀁ゕ
dφ

1− c2 TJO2 φ
=

dψ

1− c2 TJO2 ψ

�.©NPJSF TVS MFT JOU©HSBUJPO QBS E۝BSD E۝FMMJQTF� 	����
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ラ ᛂ㇩ ᧝⌅ ⚽ᩡぱញ ㈝ ⚡⠭䂾ⶆ㈁ ㊪⠭㇥⌅ ᭁ㭩᭝そ㑩ᴽ 䀑ⳁ␥ F (φ)∥ញ 䀉 ῵

㈝ 䀑ⳁᴽ ㊪⠭ ⭪ⳁ µべ ᶩ䀁ゕ ឩ᝭ⶆ F (φ) + F (ψ) = F (µ)␥ ⑵㌚ⶅ㭑ᶍᴽ ᜬ㇭

➝ォᶍ� ネ㈥⊕㈁ ᚩ✾㊾⑕ラ ⣭៹䀁ゕ ➝┝ ㈝ ᝙ឥᴽ

DPTφ DPTψ − TJOφ TJOψ∆(µ) = DPTµ

べ 䀝ᶢ䀁ញ ㈝ᴽ ネ㈥⊕㈁ ᚩ✾㊾⑕㈁ 䀑ⳁ⛒㊾ⶆ᧝㈝∥ញ 䀉 ⳁ ㈱ᶍ�

ᢡ⊕ᭁ ␝㊆ᾅ␝㈁ ゙᠕ᴽ ㈝ ㊪⠭㇭ ᶑⳅ䈱 ⶍⳁ ㊪⠭㇥⌅⯅⑵ ㊺ᢥ䀁ញ ㈱ぱ㇭

⩹⑵ ⿭ᵱ∥ ㈝㈁ ㊪⠭ 䀑ⳁ㈁ ゖ䀑ⳁ␥ ⚽∥➥ ⿭㈝᾽そ␥ ᚿញ ㈱㑩 ⿳、ᶍ� 䅭㈥べ

〥㧽⣭ᚩ 㑩㊪䀅 ᜬ㇩ ⭥ᚪ䀑ⳁ㈁ ᝦㅙべ ㊪⠭䀑ⳁ
∫ x

dt/
√
1− t2ᚩ ㎥ᴽ 䀑ⳁ㈡

y = BSDTJOx ➝ᶍᴽ ᢡ ゖ䀑ⳁ㈡ x = TJO yᚩ 䆑⿕ ᷽ ᶍ⎑ᣙ ㌴㇩ 䀑ⳁ∥ᴽ ㊹㇭

ᚭឥ䀅ᜬ㈝ぱᶍ� 㐲
 ㈝⊰᜵ゖ䀑ⳁ␥ ⭕ㅒ䀁┝䀑ⳁ TJO yᴽ ᶍ⎑ᣙ ㌴㇩㎥ᣙ䀑ⳁᚩ

ềᴽ⛁┝べ
 䀑ⳁ BSDTJOxᴽ䀅㊹ xべ⯅ゕ⊕ᛅ㈁ᚻ㇭ᚿᴽ➞㉊䀅䀑ⳁ 	ᶍᚩ䀑ⳁ

∥ᴽ ᜬ㈝ᶍ�

㭩ㅹ㊪⠭べ ᶩ䀅 ␝㊆ᾅ␝㈁ の㊪㇩ ᢡ㈁ ⮆〉 ㊭⛁㇭ ᜡ㝹⯅ 㬕᜵ ㎥╒⛄㑩

╤䀁ញ ㈱ぱ㑩⑵ ᝙᠖ ����ᯭべ ㈝␝⊕ ỹ ┮㈁ ㊳㇩ ⳁ䀂㈹ᾍべ᜵ ㈝そ㑹㇥⌅⸑ ᢡ

㎺ㄽ⯚㇭ ㈡㊾⛄᜵ ềぱᶍ� ㈝ ỹ ⳁ䀂㈹ᴽ 〥㧽⣭ラ ⿭❑㈝ᶍ� 〥㧽⣭ᴽ ␝㊆ᾅ␝ラ

ᚩᤆ᜵⯅ⶉ៹䄁㇭䀁┝⯅㈹ⶉ㈁゙᠕㑭㝂㇭ᰥ㈁䀁ォ㇥ᭁ⿭❑㇩ᚩ᫽⿒⑵⯅ⶉ㇭

៹䄁䀱ញ ᢡ㈁ ᰥ◡㇩ Ṯ㈥べ⯅ ⭱⌅㈝ ⑵ᾍそ㑭 䀂ⳉ㑩㈡ $SFMMFべ ⛅㼅䀁ォᶍ� ㈝

᝙ឥᾍ㇩⒍ㅙ㎺ㄽ䀅ᜬ㈝そ⯅ ����ᯭべ␝㊆ᾅ␝㈁㠽㝅べῙ∥㶵⑕べ㈱ᴽ㾭∺ⵍ

ឥ䀂ㅹ 	"DBE©NJF EFT TDJFODFT
㇩ ឥ䀂ㅹ㈝ ⳁゕ䀁ᴽ 㠅ㅙⳁ⭪㇭ ㈝ ỹ ⭕∵べ᜵ ឞẂ

ⳁゕ䀁᜵ ềぱᶍ� ᢡ⊕ᭁ ����ᯭべᴽ ⿭❑㈝ ㈝⚡ ⭕⒆䀅㑩 �ᯭ㈝ 㑩ᭅ ⶅ㊹㈝そ⯅

㈝ ⭪㈁ ⭪ᢱ㈡ �
���㾭∺㈁ ㊱⛁㇩ ⿭❑㈁ ㇉㌚ᾍべ᜵ 㑩ᢲềぱᶍ�

㾭∺ⵍ ឥ䀂ㅹ㈝ 㠅ㅙⳁ⭪㇭ ỹ ┮㈁ ㄡ᠖㈡ ⳁ䀂㈹べ᜵ ⳁゕ䀅 ᜬ㇩ ㈝⋩㊪㈡

㈥㈝ぱញ ᶢⶅべ ⳁゕ ⰵᚹ㇥⌅ᴽ ۠ⳁ䀂 ㈝⌉㈁ ᚩ㉎ ㎺ㄽ䀅 ㇺㅒ㇭ ㋅ⶅ䀱㇥┙ ģ ㈝

゙᠕ ᝙ឥべᴽ ᰩ∥ㅝ 䀝⯆䀂㊪ ⛅᝕㈝ ᾍそ㈱ᶍ�ۡញ 㹲䀱ᶍ� ㈝ ⭪㇭ ᝙㊾䀁ᴽ ḙべ

㺕⿭⺖ 	1PJTTPO

 㼡〞㌙ 	1PJOTPU

 ␝㊆ᾅ␝ ᾚ㈝ 㛡ゕ䀱ញ ∥㬕⎑⿭ 	-BDSPJY
ᚩ ㌙⭕

ㆭㅹ㇭ ᶝᶢ䀱ᶍញ 䀅ᶍ�

eXkXj о਋झ (Re)

ⳁ䀂㈹ ᚩㅝḙ ᚩ㉎ ㇉┮䀅 ᚩㅙⵍ 	+PIBOO $BSM 'SJFESJDI (BVTT
 ����ۗ����
ᴽ 〦ឩ㈁

ᭁ㈝べ 㭩ㅹ䀑ⳁべ ᶩ䀅 ゙᠕␥ ⶅ㈺䀱ᶍ� ᢡᴽ 㹲⮆Ẃ⿱ ゙᠕㈥㑩␥ ⸥㇥┙ ㈝␥
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㱞䀝⯅ ᢡ㈁ ゙᠕㈁ ㊭║␥ ⿵ ⳁ ㈱ᶍ� ᢡᚩ ⒑ 㝁ㇵ ㈝ ⛒┝㈁ ゙᠕␥ ⶅ㈺䀅 ᜬ㇩

����ᯭ �ㅽ �㈥㈝ញ ⰵㆭ MFNOJTDBUF㈁ 䃡㈁ ᣡ㈝ 䀑ⳁ␥ ゙᠕䀁ᣙ ⶅ㈺䀁ォᶍ�

ᢡᴽ ρ2 = 2a2 DPT 2θ⌅ ㎥そ㑭 ដ⯉㇭ ⮆ᚪ䀁ォᶍ� MFNOJTDBUF ㆭ㈁ 䀅 ㊹㇭ P ∥

䀁┝ 䃡 OP ㈁ ᣡ㈝ᴽ ᶍㇵ ㊪⠭㇥⌅ ㎥そ㑭ᶍ�

䃡 OP =

∫ ρ

0

2a2 dρ√
4a4 − ρ4

.

ゕᣙ⯅ OA = 1
 㐲 a2 = 1㈝∥ ᰼ញ ρ = x
 䃡 OP = u∥ ᰼㇥┝


u =

∫ x

0

dx√
1− x4

	���


㈝ᶍ� ᚩㅙⵍᴽ ㈝ x␥ u㈁ 䀑ⳁ⌅ TJOVT MFNOJTDBUJDVT∥ញ ⠩␝ញ

x = TJO MFNOu = DPT MFNO(ω − u)

₹ᴽ ㎭ゕ⯅ x = TMu = DM(ω − u)∥ ⠱⊩ᶍ� ㅙ⑕ᴽ ㈝✱ ゕ␭ ᚾ㈁␥ 㱞㵩そ⯅ ㈝

䀑ⳁ␥ ᚪᚪ s(u)
 c(u)∥ញ ⾙ញ ㈱ᶍ� ゕᣙ⯅

ω = &/2 = 䃡 OPA =

∫ 1

0

dx√
1− x4

㇭ ᭁ㭩᭡ᶍ� MFNOJTDBUF ដ⯉㈁ ㅹ㎥㇑べ 䀝ᶢ䀁ᴽ &␥ QJ MFNOJTDBUF∥ញ ⠩␡ᶍ�

㈝⚡ ∥ᢡ∺㐕 	-BHSBOHF
ᴽ u␥ xべ ᶩ䀅 ┚ᢲⳁ ㊭ᛅ⌅ ᭁ㭩᭱ញ ᢡ ゖ䀑ⳁ㈁

┚ᢲⳁ ㊭ᛅṭ ⿵ញ ㈱ぱᶍ� 䀅㹡 ω㈁ ᚻ㇩ ネ㈥⊕ᚩ ᝭⭙䀱㇥┙ -FJTUF㈁ 㛮 㼅㑩べ

ᭁラ ㈱㇭ ㊾ṭ㈝ᶍ�

䀅㹡 s(u)㈁ ᚩ✾㊾⑕ᴽ ネ㈥⊕㈁ ⚡⠭⛒㊾ⶆべ⯅ ᭁパᶍ� 㐲


x = s(u), y = s(v), z = s(u+ v)

∥ ᰼㇥┝


z =
x
√
1− y4 + y

√
1− x4

1 + x2y2
=

x2y2

x
√
1− y4 − y

√
1− x4

㈝ᶍ� sᴽ ᣙ䀑ⳁ㈝♩⌅ ゕᣙ⯅ u = ω
 v = −w∥ 䀁┝
 s(ω) = 1
 s(−w) = −s(w)

␥ ⭕ㅒ䀝⯅ ᶍㇵ㇭ つᴽᶍ�

s(ω − w) =

√
1− y4

1 + y2
=

√
1− y2

1 + y2
, c(w) =

√
1− s(w)2

1 + s(w)2
.

ᢡ⊕♩⌅ ᚩ✾㊾⑕

s(u± v) =
s(u)c(v)± s(v)c(u)

1∓ s(u)s(v)c(u)c(v)
, c(u± v) =

c(u)c(v)∓ s(u)s(v)

1± s(u)s(v)c(u)c(v)

㇭ つᴽᶍ� ᢡᴽ ㈝ ᚩ✾㊾⑕べ⯅ ⭥ᚪ䀑ⳁラ ㇉⭕䀅 ㎥ᣙ⯚ឥ ⛙ᚪ ឞⶆ㇭ つぱᶍ�
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ケ␥ ᾍ┝
 	s(u) = s
 c(u) = c∥ញ ᭁ㭩᭝┝


s(2u) =
2s c(1 + s2)

1 + s4
=

2s c(1 + c2)

1 + c4
, s(3u) =

s(3− 6s4 − s8)

1 + 6x4 − 3s8

ឥᛂ㇩ⶆ㈝ᶍ� ᢡᴽ㊾��ᚪ䂾㈺ṭべ⯅᝭⭙䀱ḁᜬឥᛂ㇩⛒ⶆ㇥⌅㈝⛙ᚪឞⶆ㇭

MFNOJTDBUF㈁ ㅹ㎥べ ㊪ㅒ䀁ォᶍ� �⛙ᚪ ឞⶆ㇭ ᝭⭙䀁┝ ⛒㊾ⶆ s(5u) = 0㇩ s(u)

べ ᶩ䀅 ��㛑⛒㊾ⶆ㈝ញ ㈝ ᢥ ᚩㅝḙ �ᛅᴽ ⶍᢥ㈝ញ ��ᛅᴽ 䁱ᢥ㈝ ố㇭ ⿵、ᶍ�

ᚩㅙⵍᴽ ㈝ᜬ㇭ ➝ញ ㈝ ◡㋅ᴽ ➞ⰵ❩ⳁ 䀑ⳁ㈁ ឩ㊹べ⯅ ㊺ᢥ䀝〥 䀅ᶍᴽ ᜬ㇭

ᤑᶕ、ᶍ� ㈝ ��ᛅ㈁ 䁱ᢥ㇩ ⿭❑㈝ 㭩ㅹ䀑ⳁ⌉ ゙᠕␥ ⶅ㈺䀁᜵ ễ ⶅ⛅㊹㈝ᣙṭ

䀁ᶍ�

䀅㹡 s(u)␥ ㊭ᛅ䀁ゕ ➝┝ uf(u4) ᧝㈝ ễᶍ� Ῑ∥⯅ ឞⶆ

s(iu) = is(u)

␥ つᴽᶍ� 䀅㹡 c(u) =
√
(1− s2)/(1 + s2) = 1 + g(u2) ᧝㈝♩⌅ ឞⶆ

c(iu) =
1

c(u)

ᚩ ⯚⑦䀅ᶍ� ゕᣙべ ᚩ✾㊾⑕␥ ⾙┝

s(t+ iv) =
s(t) + ic(t)s(v)c(v)

c(v)− ic(t)s(t)s(v)
, c(t+ iv) =

c(t)− is(t)s(v)c(v)

c(v)− is(v)s(t)c(t)

ᚩ ềそ⯅
u = (m+ ni)2ω ㈝┝ s(u) = 0

ᾚᾚ㇥⌅ ᝭⭙䀁ゕ ᭁᚱ ⳁ ㈱ぱᶍ�

㈝⊕䀅 ᝭⭙㇭ 㱞䀁ゕ ỹ⯡ ᶕ 䅭㈡ ����ᯭ �ㅽ ��㈥べᴽ s = s(2ω/5)∥ 䀁┝

s(5u)㈁ ⛙ᚪ ឞⶆべ⯅⠩㯙 ᶍㇵ ⛒㊾ⶆ㇭ つそ᭝᜵ ễᶍ�

(5− 2s4 + s8)(1− 12s4 − 26s8 + 52s12 + s16) = 0.

㈝ ᝭⭙べ⯅ ᚩㅙⵍᴽ s(3u) = s(2u)␥ ⭕ㅒ䀁ォᶍ�

㈝⊕䀅 㑭㊭㇭ ᝭ⰶ䀝ᭁᚩ⯅ ᾅ᾽そ ��ᛅㅽ㈝ 㑩ᭅ ����ᯭ �ㅽべᴽ ϑۗ䀑ⳁべ

ᣵ㑩 ゙᠕ᚩ 㑭㊭ềそ ᭁᚽᶍ� ᢡ⊕ᭁ ᢡᴽ ㈝⊕䀅 ㈥⋑㈁ ゙᠕ ᝙ឥ␥ ⛅㼅䀁㑩 ⿳

、ᶍ� ⿭⑱ṭ ゙᠕ ᝙ឥᚩ ㅹ䀁ᴽ ḙᣵ㑩 ᤑᬀ䀁᜵ ⑱◝⑕ề㑩 ╤䀁ォᣙ ῵◡㈝∥ញ

㠽㣊ề┙ ᝙᠖ ⿭❑㈁ ゙᠕ ᝙ឥᚩ 㡅ᚭễ ᜬ㇭ ➝᜵ ễᶍ�

㈝⊕䀅 ゙᠕ᚩ ⛅㼅ề㑩 ╤䀁ゕ 䅭⯡ ⭕∵ᾍ㈁ ⳁ䀂 ゙᠕べ オ䁎㇭ ᬥ㤁㑩ᴽ

╤䀁ォ㑩⑵ ᚩㅙⵍ ㈹ⶉ㈝ ➞ⰵⳁ㈁ ㎺ㄽ⯚㇭ ㈡ⶆ䀁ញ ➞ⰵⳁ 㹲┝ 	ᚩㅙⵍ 㹲┝

ឥ ➞ⰵⳁ 䀑ⳁ␥ ➡ᝒ㊪㇥⌅ ᾍゕᶍ➝᜵ ềᴽ ᝭ᣙᚩ ềぱᶍᴽ ᜬ⑵㇥⌅ṭ 㡒⠭䈱

㎺ㄽ䀁ᶍ�
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eXkX9 ই߰җ�ঠ௏࠺ (R- k- Re)

⿭❑ 	/JFMT )FOSJL "CFM
 ����ۗ����
㇩ ᰡ␝㆑㈝ ⳁ䀂㈹㈝ᶍ� ᢡᴽ ⶅទ Ẃᯍべ⯅

╒⭕㈁ ⿭ᾍ⌅ 㮅そᭁ ញᾚ䀂៹␥ ᶍᵱḁ ㎺べ 䀂៹ ⯉⮆ᶁ㈝ ᢡ㈁ 㝅㉕⯚㇭ ⛅᠝䀝

ᶩ䀂べ 㑭䀂䀁᜵ ềぱញ
 ����ᯭ ᶢⶅ ᢡᚩ ㋅⿱䀅 �㛑⛒㊾ⶆ㇭ ᢥ䃡⑵㇥⌅ 㼡ᴽ

⛒✾㇭ ᜩ㑆䀁ᣙ ㆭ䀁ゕ 㧽㹅䀁᜹㇥⌅ ⳁ䀂㈹ %FHFO㇭ ⑵ᭁ⊕ ᚩ┝⯅ ᢡ㈁ ⳁ䀂㈝

⿵⋍㑩᜵ ềぱᶍ� ᣙ⌆べ ㈝ ᶢⶅべ ⿭❑㇩ 㭩ㅹ䀑ⳁ㈁ ゖ䀑ⳁ␥ ⮆ᚪ䀁ញ ㈱ぱㇵ㈝

➝㈡ᶍ� ᶩ䀂 ㉎䀂ᢱ㇥⌅ 㶵⑕べ ㇉䀂㇭ ᚩ᜵ ễ ⿭❑㇩ 㶵⑕䀂⭕ㅹべ ㈹ⶉ㈁ ᰥ◡㇭

㋅㡅䀁ញ ᢡ ᝙ឥ␥ ᣙᶍ⋡ᶍ� ㈝ ᰥ◡㈝ ㈡㊾⛄㇥┝ 㡅⯡㈁ ᣡ㈝ ゝ⑝ ᜬ㇭ 䃾ⶉ䀁ញ

ᣙᶍ⋡㑩⑵ 㶵⑕䀂⭕ㅹ㇩ ⛁ㇺ㈝ はぱញ ᚩᭅ䀅 ⿭❑㇩ ネ≁ ᣙᶍ⑝ ゕ㇉ᚩ はぱᶍ�

ᢡᴽ ᣙᶍ⑕ᶍ 㑩㝹⯅ ញ䁎㇥⌅ ṵ⿭ᚩᴽ ᣡべ ᾍ␡ Ṯ㈥べ⯅ $SFMMF␥ ⑵᭕ᶍ� $SFMMF
㈁ ṭㅩ㇥⌅ ᢡᴽ ゙᠕␥ ⶅ㈺䀁ォ㇥┙ ᢡ ᝙ឥ␥ $SFMMF㈁ ᰥ◡㑩べ ⶌ᜵ ễᶍ�

ᢡᴽ ⒑ 㝁ㇵ MFNOJTDBUF㈁ 䃡㈁ ᾚ⠭ ◡㋅␥ 䀝᝙䀁ゕ ㈹ラ 㦝㶵ⵍべ ㈁䀅 ㈺ṭ⌅

ㅹ䃡␥ nᾚ⠭ 䀉 ⳁ ㈱ᴽ nឥ MFNOJTDBUF㈁ 䃡␥ nᾚ⠭ 䀉 ⳁ ㈱ᴽ n㇩ ₺ᛂᶍᴽ

⭕ⶍ㇭ ⿵⿭᭱ᶍ�� ᢡᴽ ゙᠕␥ ᝭ⰶ䀁ゕ ����ᯭべ 㭩ㅹ䀑ⳁべ ᶩ䀅 ゙᠕ ᝙ឥ␥

つぱញ ㈝ᜬ㇭ ᰥ◡㇥⌅ ⸑⯅ $SFMMF +PVSOBMべ ᜵㉕䀁ォᶍ�� ᢡ㈁ 㝔 ᰥ◡㇩

α =

∫ x

0

dx√
(1− c2x2)(1 + e2x2)

べ⯅ 㡅⛅䀁ォᶍ� ゕᣙ⯅ c
 eᴽ ⶍⳁ㈝ᶍ� ᢡᴽ ゕ᜵⯅ x␥ α㈁ 䀑ⳁ⌅ ➝⿭⯅

x = ϕ(α)べ ᶩ䀁ゕ ゙᠕ 䀁ォᶍ� ᢡ ឥ㊾べ⯅ ỹ ᛅ㈁ ➝㌙䀑ⳁ

f(α) =
√
1− c2ϕ2(α), F (α) =

√
1 + e2ϕ2(α)

␥ ṭ㈮䀁ォញ xᚩ 0べ⯅ 1/c⌅ 㑆ᚩ䀁ᴽ Ẃ⿱ αᴽ 0べ⯅

ω

2
=

∫ 1/e

0

dt√
(1− c2t2)(1 + e2t2)

⌅㑆ᚩ䀑㇭⿵⿭᭱ᶍ� ㈝䀑ⳁ ϕ(α)ᴽ α ∈ [0,ω/2]べᶩ䀁ゕ TJOHMF�WBMVFE⌅㉁㊾㈁

ềᴽ 䀑ⳁォᶍ� ᢡᴽ ゕᣙ⯅ x! −x⌅ ⚽ᩡ┝ α! −α⌅ ⚽᪵♩⌅ ϕ(α) = −ϕ(α)

∥ᴽ ⭕ⶍឥ
 ₹ x! −xi⌅ ⚽ᩡ┝

α! βi, β =

∫ x

0

dt√
(1 + c2t2)(1− e2t2)

�ㅹ䃡␥ nᾚ⠭䀉 ⳁ ㈱ᴽ n㇭ ║ỹ ᝙㊾䀅 ᜬ㇩ ᚩㅙⵍ㈝ᶍ�
�㈝ ᰥ◡㇩ 3FDIFSDIFT TVS MFT GPODUJPOT FMMJQUJRVFT∥ᴽ ㋅╒㇥⌅ ����ᯭべ 㡅ᚭềぱᶍ�
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⌅ ⚽᪵♩⌅

β ∈
[
− ω′

2
,
ω′

2

]
㈥ ῵
 xi = ϕ(βi),

ω′

2
=

∫ 1/e

0

dt√
(1 + c2t2)(1− e2t2)

∥ᴽ ⭕ⶍ㇭ ⿵⿭᭝ញ ϕべ ᶩ䀅 ᶍㇵ ᚩ✾㊾⑕␥ 㑆┮䀁ォᶍ�

ϕ(α+ β) =
ϕ(α)f(β)F (β) + ϕ(β)f(α)F (α)

R
,

f(α+ β) =
f(α)f(β)− c2ϕ(α)ϕ(β)F (α)F (β)

R
,

F (α+ β) =
F (α)F (β) + e2ϕ(α)ϕ(β)f(α)f(β)

R
,

R = 1 + e2c2ϕ2(α)ϕ2(β).

㈝ ᚩ✾㊾⑕ᴽ ネ㈥⊕ᭁ ␝㊆ᾅ␝ ᾚṭ ㈝⚡ ⿵ញ ㈱ぱᶍ� ᢡ⊕ᭁ ⿭❑㈁ 㑆┮㇩ ⒍ㅙ

ᚭᶑ䀁ញ ⴦ᶍ� 㑆┮䀁⋍ᴽ ᚩ✾㊾⑕㈁ ㅙ❩㇭ r㈝∥ ᰼㇥┝ r㇩ α
 βべ ᶩ䀁ゕ

ᶩ㤖㈝ᶍ� ∂r/∂αṭ α
 βべ ᶩ䀁ゕ ᶩ㤖㈝♩⌅

∂r

∂α
=
∂r

∂β

ᚩ ềញῙ∥⯅ r㇩ α+β㈁䀑ⳁ㈝ᶍ� 㐲 r = ψ(α+β)㈝ᶍ� ㈝㋅ β = 0␥ ᶩ㈮䀁ゕ

➝┝ ψ(α) = ϕ(α)㈝♩⌅ r = ϕ(α + β)ᚩ ề⿭〥 䀅ᶍ� fᭁ F ṭ ⑱㛕ᚩ㑩 ⛒✾㇭

⭕ㅒ䀁┝ ễᶍ� ᢡᴽ ㈝ ឞⶆ㇥⌅⠩㯙

f
(
± ω

2

)
= 0, F

(
± ω′

2
i
)
= 0

␥ ⭕ㅒ䀁ゕ ㆭ㈁ ⯡ 䀑ⳁ㈁ ❩ⳁᚩ ⶍⳁᚻべ⯅ ⳅ䁱ⳁᚻ㇭ ᚩ㑱 ῵⌅ 䃾㉎䀁ញ ᭁ⿭

ᚩ⯅ ➞ⰵⳁ ❩ⳁ⌅ 䃾㉎䀁ゕ ᭁᚽᶍ�

㈝⊕䀅 ゙᠕べ⯅ ⿭❑㇩ ㈥⛁ ⭥ᚪ䀑ⳁラ 㭩ㅹ㊪⠭べ⯅ ᭁ㭩ᭁᴽ ϕ⭕㈝㈁ 㛑㈝␥

➞ⰵⳁ㈁ឩ㊹べ⯅㈡㑩䀁ォᶍ� 㐲 ᚩ✾㊾⑕␥⭕ㅒ䀁ゕ ϕ(nα) = Pn/Qn㇥⌅ n⛙ᚪ

ឞⶆ㇭㇉⑕ⶆ㇥⌅ᭁ㭩᭝ᴽឥ㊾べ⯅⛒㊾ⶆ ϕ(α+ iβ) = 0ᚩ⒍ㅙ⑷㇩ᢥ㇭ᚩ㑩᜵

ềᴽ ㈝㇉␥ ⮆ᚪ䀁᜵ ềぱᶍ�� ケ␥ ᾍそ ⭥ᚪ䀑ⳁ㈁ ᝦㅙ TJOuべ⯅⠩㯙 TJO(u/3)㈁
ᚻ㇭ ᠕䀁⋍┝ �⛙ᚪ㈁ ឞⶆ㇥⌅⠩㯙 ⛒㊾ⶆ 4x3 − 3x+ TJOu = 0㇭ 㼩そ⯅ ᠕䀁᜵

ề┙㈝ᢥᾍ㇩ᚪ㈝ u/3
 (u+2π)/3
 (u+4π)/3㈝ềᴽᜬ㈝ᶍ� ᢡ⊕ᭁ ϕ㈁ᝦㅙべᴽ

㌙ᢱ ᶍ␝ᶍ� ϕ(u)㈁ ᚻ㇥⌅⠩㯙 ϕ(u/3)␥ ᠕䀁⋍┝ ㆭ㈁ ᚩ✾㊾⑕␥ ⾙᜵ ề┙ ㈝

῵㼩そ〥䀁ᴽ⛒㊾ⶆ㇩ �㛑⛒㊾ⶆ㈝ễᶍ� ⿭❑㈝ᤑᶕ㇩ᜬ㇩⭥ᚪ䀑ⳁ㈁ᝦㅙべᴽ

⛒㊾ⶆ㈁ ᢥ㈝ ║ỹ ⶍᢥ㈝ぱḁ ⛁┝べ 㭩ㅹ䀑ⳁ㈁ ᝦㅙべᴽ ➞ⰵⳁ ᢥ㈝ ᭁ㭩ᭁ┙

�⿭❑㇩ Pnឥ Qnべ ᶩ䀅 ㊹䃽ⶆ㇭ 㛧⿭᭝ぱᶍ�
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㈝ ῵㈁ ᚪ㇩

u0 +m
ω

3
+ n

ω′

3
i

᧝⌅ ᭁ㭩ᭁ᜵ ễᶍᴽ ᜬ㈝ᶍ� 㐲 ㈝ 䀑ⳁᾍ㇩ ㈝㎺㎥ᣙ䀑ⳁ∥ᴽ ᜬ㈝ᶍ� ㈝⊕䀅

᭝ㅒ㇩ ᶍ䀖⛒㊾ⶆべ ᶩ䀅 ᚱ⎑⿭㈝⌉㈁ ⛅㊭べṭ 㬙 オ䁎㇭ ㎥ぱᶍ�

⿭❑㈁ の㊪べ⯅ ᚩ㉎ ㎺ㄽ䀅 ᜬ㇩ 㞱㭩ㅹ㊪⠭べ ᶩ䀅 ㈝⌉㈝ᶍ� ᶢⶅべ 㭩ㅹ㊪⠭

べ ᶩ䀅 ゕ⊕ ⯚㑱㇭ ⿵᜵ ễ 䅭べ ㈥⛁㊪㇥⌅ y2 = Pk(x) 	k ≥ 5
᧝㈁ 䀑ⳁべ ᶩ䀁ゕ

dx/y㈁㊪⠭㈁ゖ䀑ⳁ
 㐲ᶍㇵឥᛂ㇩㊪⠭㈁ゖ䀑ⳁ u = u(z)␥᝭⭙䀝᭝ᴽ◡㋅␥

゙᠕䀁ញ ㈱ぱᶍ�

z =

∫ u

0

du√
Pk(x)

.

〥㧽⣭ᴽ ㈝ ◡㋅べ⯅ ⠩⠭㊪㈡ ⯚ឞ㇭ ᜙ỹᣙᴽ 䀱㑩⑵ ロ㊭䈱 䀝᝙䀁⋍┝ ⭱⌅ㅝ

⿭㈝᾽そᚩ 㿭ㄽ䀁ᶍᴽ ⭕ⶍ㇩ ⠭┮䀱ᶍ�

㈝ ◡㋅べ⯅ ⿭❑㇩ ᝙㊾㊪㈡ 䀅 ᜡㇵ㇭ ᭝᾽ṉᶍ� ᢡᴽ x
 yᚩ ᶩⳁ⛒㊾ⶆ

f(x, y) = 0␥ ⑵㌚ⶅ㭍ញ R(x, y)ᴽ ㇉⑕䀑ⳁ㈥ ῵

∫ x1

0
R(x, y) dx+ · · ·+

∫ xm

0
R(x, y) dx

ឥᛂ㇩᧝⌅㎥そ㑭mᛅ㈁㊪⠭㈁䀒㇩m㈝⿭◝⑕㬙㈹゙ⳁゕṭ䀖⭪そ⁍㈥㊾䀅

㈹゙ⳁ gᛅ㈁ ㈝⊙ ᧝㈁ ㊪⠭㈁ 䀒ឥ ᢡ ⚿べ ㇉⑕䀑ⳁ
 ⌅ᢡ䀑ⳁ ᾚ㇭ ⸑⯅ ᭁ㭩᭥

ⳁ ㈱ᶍᴽ ᜬ㇭ ➝ォᶍ� ㈝ᜬ㇭ ⿭❑㈁ˮᚩ✾㊾⑕ 	˯BEEJUJPO UIFPSFN
㈝∥ ⠩␡ᶍ�

ゕᣙ⯅ gᴽ f(x, y) = 0㈁ 	ᢡ≁㾭㈁
㌮ⳁᚩ ễᶍ� ㈝⊕䀅 ⿭❑㈁ の㊪㈝ そ⁍ ㈁⚡␥

ᚿᴽ㑩ᴽ 䅭べ ⑕⑵べ ㈁䀝⯅ ⛆䂩㑩᜵ ễᶍ�

����ᯭ �ㅽべ ❺⭪べ⯅ ⾝ ⿭❑㈁ ᰥ◡ˮ そ⁍ 㞱ㅽ䀑ⳁ㈁ ㈥⛁㊪ ⯚㑱べ ᶩ䀁ゕ˯

ᴽ $SFMMF ᰥ◡㑩べ 㳕ញềぱᶍ� ㈝ の㊪べ ᶩ䀁ゕ 䅭㈥ .J॒BH -Fਗ਼FSᴽ ᶍㇵឥ ᛂ㈝

⑹䀁ォᶍ�ˮ����ᯭ �ㅽ �㈥㇩ ◡䃽⭕べ⯅ ᭁ∸ᶁ㈁ ᣙ᯹㈥➝ᶍṭ ᷽ ᣙぞ䀁ゕ〥䀉

ᭉ㈝ᶍ� ㈝ᭉ ⿭❑㇩ ❺⭪べ⯅ ᢡ㈁ ⮆〉べ⯅ ᚩ㉎ 䅵␖䀅 ⮆ᚪ㇭ $SFMMF㑩␥ ㆭ䀁ゕ

⸥ᶍ� ㈝ᜬ㇩ ⿭❑㈁ ᚩ✾㊾⑕㈝ញ ᢡ ᶢⶅべṭ ㈝⚡ .POVNFOUVN BFSF QFSFOOJVT�∥
ញ ⠱⋡㇥┙
 ⿭❑ 㭭⮆ ���㎥ᯭ㈡ ネᵁべṭ ゕ㊭䈱 ⳁ䀂 㑭➝㈁ ㊾㊹㈝ぱᶍញ ⮆ᚪ

䀅ᶍ�˯

〥㧽⣭ 	$BSM (VTUBW +BDPC +BDPCJ
 ����ۗ����
ᴽ 䅭べ Ṯ㈥㈝ ễ 㾭⊕ⶅ⿭㈁ 㺕㣉

�<㑪ゖ> 㝖Ẃ➝ᶍṭ ネ≁ᚩᴽ ᣙ᯹⣭�ˮ⠱┡㈁ ㈺㼱 ㈝˯∥ᴽ ⇤� ㈝ そ᠕␥ ⭕ㅒ䀁ゕ ⿭❑㇭ 㤖㛕䀅

ᜬ㇩ ␝㊆ᾅ␝ᚩ ⿭❑ ⭕䅭べ $SFMMFべ ➝᭡ 㹡㑩べ⯅ォᶍញ 䀅ᶍ� 	����ᯭ �ㅽ ��㈥㈹
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ᶝ㈁ ㇉㮅㈡ ᚩ㊾べ⯅ ⿭❑➝ᶍ �ᯭ ᵏ᜵ 㮅そ᭕ᶍ� ㈥㚵ᣙ ỹᚪ㇭ ᭁ㭩᭡ 〥㧽⣭ᴽ

��⯡べ ❉␥⑙ ᶩ䀂べ 㑭䀂䀁ゕ ちそ䀂㇭ ㎥⌅ ឞ⠩䀁ォ㇥ᭁ ᛅ㈡㊪㇥⌅ ⳁ䀂ṭ

ឞ⠩䀁ォញ
 �ᯭ 䅭べ ⳁ䀂㇭ ㊭ឞ㇥⌅ ⯉㮆䀁ゕ ��⯡べ ⚾⭕䀂ㆭ␥ ⛄、ᶍ� ᢡᴽ

៝㶮᜹ ᶩ䀂べ⯅ ៹ⳁ⌅ ㉕㑪䀁ᶍ ᚭᚾ⭪ ㈝㇉⌅ ����ᯭべ ᢡ⑵ỹぱ㇥┙
 ᜝ᚾ㇭

䄵➞䀁ញ ❉␥⑙べ⯅ ゕ⮆㇭ 㑩᭱ᶍ�

ᢡᚩ 㝁ㇵ ⳁ䀂 ᰥ◡㇭ ⶍ㇩ ᜬ㇩ ⿭❑㈝ 㶵⑕べ⯅ ᢶ㊾㊪㈡ ⛁ㇺ㇭ つ㑩 ╤

䀁ញ ❉␥⑙㇭ ᜙㝹⯅ ᶍⶅ ញ䁎㈡ 㬕⑕ⵍ㶙⿭ᭁ⌅ ṵ⿭パ 䅭㈡ ����ᯭ �ㅽ䃡㈁

"TUSPOPNJTDIF /BDISJDIUFO 	���䃡
㈝ᶍ� 〥㧽⣭ᚩ ㈝ ᰥ◡べ⯅ 㑆┮䀅 ᜬ㇩ ⿭❑㈝

ᢡ Ẃ⿱ ⮆ᚪ䀁ញ ㈱ḁ 㭩ㅹ䀑ⳁ⌉㈁ ㈝⌉㇭ ⭕ㅒ䀁┝ ⴦᜵ 㑆┮ềᴽ ᜬ㈝ぱ㑩⑵


⿭❑㇩ ⓩ⑕ ㈱そ⯅ ㈝ ㉊㑩␥ ➡ ᜬ㈝ ᢡ ᶍㇵ䀝 㞱ォᶍ� ᢡᴽ ㈝ ᰥ◡べ⯅ 㭩ㅹ䀑

ⳁ㈁ ゖ䀑ⳁラ ᢡ㈁ ㈝㎺㎥ᣙ⯚㇭ ㈝ㅒ䀁ォᶍ� ㈝ᜬ㇩ ⿭❑㇭ ᤅ㒆 ᰩ∥᜵ 䀉⑵䀅

⭕᜝㈝ぱᶍ�

❉␥⑙べ �ᛅㅽ ᾍ⑙ Ẃ⿱ $SFMMFラ㈁ 㤅⠭㇭ ⶼ、ḁ ⿭❑㇩ ㈝ ᰥ◡㇭ ➝ᣙ ㊭べ

$SFMMF㈁⭱ᰥ◡㑩べ㭩ㅹ䀑ⳁ⌉べᶩ䀅ᰥ◡ˮ 3FDIFSDIFT TVS MFT GPODUJPOT FMMJQUJRVFT˯
␥ ᜵㉕䀁ォ㑩⑵ ⭱⌅ㅝ ᝦ㉪㈹ ῵◡べ ゙᠕ ㎺ᚭべ ᰥ◡ ᜵㉕䀁ᣙ␥ ㎺㑩䀁ញ ゙᠕

べ ╙ỹ䀁ォᶍ� ᢡᚩ 〥㧽⣭␥ ㈁ⶆ䀁ញ ⾝ ᶍㇵ ᰥ◡㇩ˮ㭩ㅹ䀑ⳁ㈁ ❩䂾べ ឩ䀅

㈥⛁㊪㈡ ◡㋅㈁ 䀝᝙ ㈝˯∥ᴽ ᰥ◡㇥⌅ ᛂ㇩ "TUSPOPNJTDIF /BDISJDIUFO㈁ ���䃡べ

����ᯭ �ㅽべ ᜵㉕ễ ᜬ㈝ᶍ� 㭩㤝ᣙ ⯉⮆㇩ ㈝ ᰥ◡㇭ˮ 〥㧽⣭ ㊾➞ㅒ ᰥ◡ ㈝˯∥ញ

⠱⊩ᶍ� ᢡ⑕ញ 〥㧽⣭ᴽ ⿭❑㈁ ゙᠕ ⯚ឥべ ᶩ䀁ゕ ᚹẂ䀁ォᶍញ ㊭䀅ᶍ�

⠩㇉䀅 ᚩ㊾べ⯅ ㉕ᵎ㇭ ᚩ㑭 ヾ⯚䀅 䄅Ẃᚩ㈡ 〥㧽⣭べ ᶩ䀁ゕ ⣱ឍ䀅 ⶅទ㈁

❺〦䀁ញ ᭝⯚㊪ 㝅㉕㈡ ⿭❑㇩ ⒍ㅙ ᶩ㌙㊪㈡ ⭪䄒べ ᰼ゕ ㈱ぱ㇥┙
 ␝㊆ᾅ␝ᚩ

⿭❑➝ᶍ 〥㧽⣭␥ ᷽ 䅵␖䀁ᶍញ ⮆ᚪ䀱ḁ ᜬべ ⛁䀁ゕ ⴱ⑱㦍ᴽ ᚩㅙⵍべ᜵ ⾝

㹡㑩べ⯅ ⿭❑㈝ ᷽ ᭔ᶍញ 㠽㝅䀁ᴽ ᾚ
 ᶢⶅᴽ ㊳㇩ ⿭❑ឥ 〥㧽⣭べ ᶩ䀅 ⳁ䀂᝭㈁

ឩⶕ㈝ ⇑᜙ㆉḁ ᜬ ᛂᶍ�

〇べ⯅䀝⯍䀅⿭❑㈁ᰥ◡ᾍ㈁Ὅ␥㈰ᴽ䅭ⰶ゙᠕ᴽᢡ㈁❺㇥⌅㈡䀝ロ⯚ề㑩

╤䀁ゕ ᝭䄶㎺㈝ぱḁ 3FDIFSDIFT ㋅�㹡㇩ ㎺㑩ềぱᶍ� ᢡ㈁ ᝭䄶べ ㈁䀁┝ 䆑⿕ 㬙

ᢅ║㈁ ㊩㈺㇭ ᝭䄶䀁ញ ㈱ぱḁ ᾘ䀁㑩⑵ ᝙᠖ ᢡ㈁ ⭕䅭 ����ᯭべ ᢡᚩ 㑺㿭䀁ォḁ

1S©DJT E۝VOF UI©PSJF EFT GPODUJPOT FMMJQUJRVFTᚩ ⚡ロ⯚➡㇥⌅ $SFMMF㑩べ ⶍ⋡ᶍ�

䀅㹡 〥㧽⣭㈁ ᰥ◡ /PUJDFTᴽ 〇べ⯅ ㈝〥ᣙ䀅 ῵べ ᛂ㇩ $SFMMFべ ⶍ⋡㇥┙ 䅭

ⰶᰥ◡㈡ 'VOEBNFOUB OPWBᴽ ����ᯭべ ᶑ䀲➡㇥⌅ 㡅ᚭềぱᶍ� ᢡ㈁ の㊪㇩ ㆭべ⯅

㈝〥ᣙ䀅 ᜬ㝁⊥ 㭩ㅹ㊪⠭㇥⌅ ㊾㈁ềᴽ 䀑ⳁ㈁ ゖ䀑ⳁ␥ ᠕㝝㊪㇥⌅ ⮆ᚪ䀅 ᜬ㈝┙
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㵢䈱 ϑۗ䀑ⳁ ㈝⌉㇭ ㊭ᛅ䀅 ᜬ㈝ᶍ�

〥㧽⣭ᴽ ����ᯭ ᰥ◡べ⯅ ⿭❑㈁ ᝙ឥ ㈥⠩␥ ㈡ㅒ䀁ォᶍ� 	ロ❦䀅 ᝙ឥ㈡ 㶵⑕

䀂⭕ㅹ ㋅㡅 ᰥ◡㇩ ⿭㑪 ᚭ䀲ềᣙ ㊭㈝ぱᶍ�
 ㈝ᜬ㇩
∫

Q(x) dx√
P (x)

, EFHP > 4

᧝㈁ 㞱㭩ㅹ㊪⠭べ ᶩ䀅 ⿭❑㈁ ㊾⑕べ⯅ᴽ ᶩⳁ㊪ 䀖㈝ᭁ ⌅ᢡ 䀖㈝ ᭁ㭩ᭁ㑩 ⿳ᴽ

ᶍᴽ ᜬ㈝ᶍ� ᢡᴽ ㈝ ㊾⑕␥ ᶍㇵᚩ ᛂ㈝ ញ㝹 ᭁ㭩᭱ᶍ� 㐲 X = f(x)ᚩ 㛑ⳁ 2m

₹ᴽ 2m− 1㈡ ᶍ䀖䀑ⳁ∥ 䀁㈹� k = 0, 1, . . . ,m− 2㈥ ῵ ㊪⠭䀑ⳁ␥
∫ x

0

A− kxk

√
X

dx = Π(x)

∥ញ ᭁ㭩᭝ᣙ⌅ 䀁┝
 ❩ⳁ xべ ᶩ䀁ゕ mᛅ㈁ ᚻ x0, x1, . . . , xm−1べ ㎥そ㑱 ῵ ㈝

ᾍ⌅⠩㯙 ᶩⳁ㊪㇥⌅ 㛧㇭ ⳁ ㈱ᴽ ₹ ᶍ␡ m− 1ᛅ㈁ ᚻ a1, a2, . . . , am−2␥ 㛧⿭⯅

Π(x0) +Π(x1) + · · ·+Π(xm−1) = Π(a0) +Π(a1) + · · ·+Π(am−2)

ềṭ⌆ 䀉 ⳁ ㈱ᶍ� ゕᣙ⯅ ᚪ ajᴽ xi = f(xi)ラ
√
Xiᾍ㈁ ㇉⑕䀑ⳁ␥ ᝭ⳁ⌅ ᚿᴽ

㛑ⳁ m− 1㈡ ᶍ䀖⛒㊾ⶆ㈁ 䀝 ᧝㈝ᶍ�

ゕᣙ⯅〥㧽⣭ᴽỹ ᛅ㈁㊪⠭㇭㉊ញ㈝ ỹ㊪⠭䀑ⳁ㈁ゖ䀑ⳁ␥Ẃⶅべ᝭⭙䀁ᴽ

⛒✾㇭ 㛧⿭ᭁᚽᶍ� 㐲


X = (1− x2)(1− k2x2)(1−m2x2)

㈝∥ 䀉 ῵ ỹ 䀑ⳁ
∫ z

0

dx√
X

= Φ1(z),

∫ z

0

x dx√
X

= Φ2(z)

␥ ㉊ញ Ẃⶅべ ỹ ⛒㊾ⶆ

Φ1(z1) + Φ1(z2) = u1, Φ2(z1) + Φ2(z2) = u2

㇭ ゙⑦㇥⌅ ⮆ᚪ䀁ォᶍ� ゕᣙ⯅ 〥㧽⣭ᴽ u = Φi(z)␥ z㈁ 䀑ⳁ⌅ ➥ ᜬ㈡ᚩ ⿭ᵱ┝

ᢡ ゖ䀑ⳁ␥ ⮆ᚪ䀁ゕ z␥ u㈁ 䀑ⳁ⌅ ➥ᜬ㈡ᚩ␥ ᚩ㑩ញ ⒆⯍ォ㑩⑵ ᢡᴽ ㆭ㈁

゙⑦⛒㊾ⶆべ⯅ zi␥ ui㈁ 䀑ⳁ⌅ ➥ ⳁ ㈱ᶍᴽ ᜬ㇭ ⿵⿭㜁ᶍ� ㈝⊰᜵ ⑵ᾍそ㑭

⭱⌅ㅝ䀑ⳁ λ1ឥ λ2ᴽ⭥ᚪ䀑ⳁᭁ㭩ㅹ䀑ⳁラゕ⊕┝べ⯅㇉⭕䀅⯚㑱㇭ᚿ᜵ễᶍ�

㵢䈱 ㈝ 䀑ⳁᾍ㇩ ᚪ ❩ⳁべ ᶩ䀁ゕ �㎺ ㎥ᣙ䀑ⳁᚩ ễᶍ�

ᢡᴽ ㈝ ゙᠕␥ 㑭㝂ⶅ㧅⯅ ㈝ 䀑ⳁᾍ㈝ ᶩⳁ㊪ 䂾㮅㈁ ᚩ✾㊾⑕␥ ⑵㌚ⶅ㭍♩⌅

㈝ᾍ㎥ᣙ⭕㈝べᴽ㵢❭䀅ឩ᝭ᚩ㈱ញ⯅⌅Ṯ⑦㈡㎥ᣙᴽ �ᛅ⩹㈭㇭⿵⿭᭝ញ㈝␥

����ᯭ㈁ᰥ◡べ⛅㼅䀁ォᶍ� ᝙ឥ㊪㇥⌅ᢡᴽ㞱㭩ㅹ㊪⠭
∫
dx/

√
X 	EFHX = 2m−1

₹ᴽ 2m
べ ᶩ䀁ゕ
∫ xi xrdx/

√
X 	0 ≤ i ≤ m− 1
᧝㈁ ㊪⠭䀑ⳁ mᛅ㈁ 䀒㇭ m− 1
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ᛅ 	r = 0, . . . ,m− 2
 ㉊ញ ㈝ᜬ㈁ ゖ䀑ⳁ␥ ᠕䀉 ⳁ ㈱ញ ㈝ m− 1ᛅ㈁ ❩ⳁべ ᶩ䀅

m− 1ᛅ㈁ 䀑ⳁ␥ ゙᠕䀅ᶍᴽ ⮆ᚪ㇭ ⿵⿭᭡ ᜬ㈝ᶍ�

㈝⊕䀅 〥㧽⣭㈁ ゙᠕ ᝙ឥᴽ ᶢⶅ㈁ ㊳㇩ ⳁ䀂㈹ᾍべ᜵ ㊭㶵ềそ ᶢ㉎ べ␝⚡㵡

	)FSNJUF
ᚩ Ὅ␥ ㈰ᴽ ᰩ∥ㅝ の㊪㇭ ᭝ぱញ ₹ (¶QFM㈝ᭁ 3PTFOIBJOឥ ᛂ㇩ 䀂㈹ᾍ

㈝ ᢡ Ὅ␥ ㈝ぱᶍ�

〥㧽⣭ᴽ ㈝ ឥ㊾べ⯅ ϑۗ䀑ⳁ␥ ゙᠕䀁ォᶍ� ㈝⚡ ㉁ ⿵⋍㋡ ㈱ᴽ 䀑ⳁォㇵべṭ

〥㧽⣭␥ 㱞䀁ゕ ㈝ 䀑ⳁᚩ 㭩ㅹ䀑ⳁラ ⚩㊺䀅 ឩ᝭ᚩ ㈱ᶍᴽ ⭕ⶍ㇭ ⿵᜵ ềぱᶍ�

㵢䈱 ㈝ᜬ㇩ ឩ⋑ễ ゙᠕␥ 䀁ォḁ ⿭❑㈝ᭁ 㼡⑕べᴽ ⿵⿭㛭㑩 ╤䀱ḁ ᜬ㈝┙ 〥㧽

⣭ᴽ ㈝ 䀑ⳁᚩ 㵢䈱 䀝⯆㊪ ㊾ⳁ⌉べ⯅ ᚾ⋎䀅 ṭ᠕ᚩ ễᶍᴽ ᜬ㇭ ⿵⿭᭱ᶍ�

ᚩㅙⵍべ⯅⿭❑㇭᜙㝹〥㧽⣭べ㈝␝ᴽ㭩ㅹ䀑ⳁ⌉㈁⛅㊭㇩Ჱ⠩ⶉᜬ㈝ぱ㑩⑵

㈥⛁㊪㈡➞ⰵ䀑ⳁ⌉㈁ὠ⛄㤑㈝はḁⶅᶩォḁ㭼べ᷽㈝⭪㈁⛅㊭㇩➝㈝㑩╤䀱ᶍ�

㈝ᜬ㇩ そ㓽 ⳁ は㈝ ᶍㇵ ⯡ᶩべ᜵ ⚡⎑そ㑱 ⳁ ⚿べ はぱᶍ�

eXkX8 1Bb2Mbi2BMҗ E`QM2+F2`

⿭㈝㋉ⴱ㭩㈡ 	'FSEJOBOE (P॒IPME .BY &JTFOTUFJO
 ����ۗ����
ឥ 㬕⌅ᯍ㦍 	-FPQPME
,SPOFDLFS
 ����ۗ����
ᴽ ⿭❑ឥ 〥㧽⣭㈁ ⚽⌅ Ὅ␥ ㈝㇥┝⯅ 㭩ㅹ䀑ⳁべ ㎺ㄽ䀅

ᚩ៹ ゖ䀉㇭ 䀁ォᶍ� ⿭㈝㋉ⴱ㭩㈡㇩ ��⯡㈁ ᭁ㈝⌅ ㄽ㊱䀁ォ㑩⑵ ᢡ㈁ ゙᠕ ᝙ឥᴽ

㬕⌅ᯍ㦍べ᜵ 㦍ᶍ∩ オ䁎㇭ ㎥ぱᶍ� ⠩㇉䀅 㑺⿱べ⯅ 㮅そᭅ 㬕⌅ᯍ㦍ᴽ ⿭㈝㋉ⴱ

㭩㈡ឥ ᛂ㈝ ឞ⠩䀁ォ㇥ᭁ 䀂ㆭ 䅭べ ᚩの㇭ ㈰ᣙ ㆭ䀁ゕ ញ䁎㇥⌅ ṵ⿭ヽᶍ� ����
ᯭべ〥 ᶍⶅ ឞ⠩␥ ⶅ㈺䀁ォ㇥┙ ⠩㇉䀅 ᢡᴽ ៹ⳁ㑪㇭ ᚿ㑩 ⿳ញ 㑩᭝┙ 䀂ⳉㅹ

䄵ㅹᣵ㑩 フ∥ᚽ㇥┙
 ⑵ᯭべ ៝㶮᜹ ᶩ䀂㈁ ៹ⳁᚩ ềぱᶍ�

ᢡ㈁ ゙᠕ᴽ ᶩⳁ䀂 ⠭〥べ⯅ ⑷㇩ の㊪㇭ ᭝ぱ㇥┙ 㭩ㅹ䀑ⳁ⌉べ⯅ᴽ ⿭㈝㋉ⴱ

㭩㈡㈁ オ䁎㇭ ⑷㈝ ⛄、ᶍញ 䀅ᶍ� ㈝べ ᶩ䀅 ㈹⯡䀅 ⭕䀖㇩ ⳁ㎩ ᰻㇩ ⳁ䀂�ⳁ䀂⭕

⯅㊪㈡ "OES© 8FJM㈁ˮ&MMJQUJD 'VODUJPOT BDDPSEJOH UP &JTFOTUFJO BOE ,SPOFDLFS <˯��>
␥ 㛡㌙䀁┝ ㌴ᶍ�

eXkXe झ৬�ܻ݅ۄ੉ীܰझ౟߄

㈝ ỹ ⭕∵㈁ ゖ⭕ラ べ㿥ⰵᾅᴽ ⑷㇩ 㛮べ ちᢲềそ ㈱ᶍ� ゕᣙ⯅ᴽ ᚭᶑ䈱 ㆭ㭍㿥

᾽⿭ラ .POBTUZSTLZ㈁ ㉁ ㊾⑕ễ ㈝〥ᣙ 㛮 <�>㇭ 㛡㌙䀁ォᶍ�

⚽㈝べ␝ⵍ㵡∥ⵍ 	,BSM य़FPEPS 8JMIFMN 8FJFSTUSBTT
 ����ۗ����
ᴽ そ⋍⯅ そⓡ

ᵱ␥ ゕ㈁ぱᶍ� ⯡ឩべ⯅ ㈥䀁ᴽ ⿭✭㑩ᴽ ᢡᚩ ញᾚ䀂៹␥ ㌡の䀁㈹ ⭪のឥ ✾␉㇭
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ឞ⠩䀁∥ញ ➡ ᶩ䀂べ ➝᭱㑩⑵ ᜙ᣙ⯅ ⳁ䀂ឞ⠩⑵ 䀱ᶍញ 䀁┙ ᷾⠭べ 䀂៹␥ ㌡

の䀁㑩 ╤䀱ᶍ� ᶢⶅ ➡ ᶩ䀂べᴽ 㾵⏥㦍 	1M¼DLFS
 ����ۗ����
ᚩ ㈱そ⯅ ᢡ㈁ ᚾ㈁␥

ゝⶕ䈱 ᾍぱᶍ� ➡ ᶩ䀂㇭ ⁉ᭁ᜵ ề㈹ 㤅᠕ラ 㑺べ⯅ 㠽㝅㇥⌅ ㎺䀂៹ ⯉⮆㈝ ềᣙ

ㆭ䀝⯅ ᶍⶅ ☵ⵍ㯙 ᶩ䀂べ ㈮䀂䀁ゕ ᜩ㊾ញⶅ␥ ㎩⣭䀁ォᶍ� ᢡ⊙ḙ ᢡ ᶩ䀂べᴽ

㭩ㅹ䀑ⳁ␥ ゙᠕䀁ᴽ ᠙ḙ␝⑵ 	(VOEFSNBOO
 ����ۗ����
㈝ ㈱ぱ㇥┙ ⚽㈝べ␝ⵍ㵡

∥ⵍべ᜵ ᚾ䀅 オ䁎㇭ ᬥ㞍ᶍ�ᢡᴽ ㌴㇩ ⯚㊪㇥⌅ ៹⭕㈭ㅒⶅ䈉べ ⡂ぱញ ᢡ ῵⠩㯙

��ᯭ Ẃ⿱ ㎺䀂៹ ⯉⮆ᶁ ㈥㇭ 䀱ᶍ� ᢡᴽ ᢡ Ẃ⿱べ ⿭❑㈁ ゙᠕ ᝙ឥ␥ 㝉㊩䀁᜵

゙᠕䀁ォᶍ� ᢡᴽ ┰ 㹡㈁ ᰥ◡㇭ ⾝ ᶍㇵ ��⯡㈡ ����ᯭべ 㬕⊹⊱ ᰥ◡㑩べˮ⿭❑

䀑ⳁべ㈁ ᣙゕ ∥˯ᴽ ㋅╒㈁ ᰥ◡㇭ ⛅㼅䀁ォᶍ� ᶢⶅ ⳁ䀂㈹ᾍ㇩ ᢡ㈁ ᰥ◡㇭ ➝ញ

ញᾚ䀂៹ ⯉⮆ᶁ㈝ ⾝ ᰥ◡㈝∥ញ ⚨㑩 ╤䀁ォᶍ�

����ᯭべ 㪙ⓡ 	,VNNFS
 ����ۗ����
㇩ ⚽㈝べ␝ⵍ㵡∥ⵍ␥ ❉␥⑙ ᶩ䀂㇥⌅ ║

⯽ヽᶍ� ⿭❑㝁⊥ ᢡṭ 㬕⊹⊱ ᷾⠭べ ⳁ䀂᝭べ ᭁフ ⳁ ㈱ぱᶍ� ❉␥⑙ ᶩ䀂べᴽ

㪙ⓡラ 㬕⌅ᯍ㦍ᚩ ㈱ぱ㇥┙ ᢡᾍべ᜵ ㈹ᢢ㇭ ⛄⿭ ��ᯭ Ẃ⿱ ⳁ䀂㇭ ゙᠕䀱ᶍ�

ᢡ㈁ ⳁ䀂㊪ の㊪㇥⌅ᴽ ➞ⰵ䀑ⳁ⌉㇭ ṭ㈮䀁ᴽ 䀅 ᚩ㑩 ⛒✾㇭ ㊾⑦䀱㇥┙ 䀝⯆

䀂㈁ ね⚩䀅 ᣙ㞱␥ ⯡ㅝ ᜬ㇭ ᾍ ⳁ ㈱ᶍ� ₹ 㭩ㅹ䀑ⳁラ ⿭❑䀑ⳁ㈁ ㈝⌉
 ❩⠭䀂


䀝⯆䀑ⳁ ᾚべ ᶩ䀁ゕ ᚾ㈁䀁ォᶍ� ᢡᴽ 㛮㇭ ㊩ⳉ䀁㑩 ⿳、㇥┙ ᶩⶉ ᢡ㈁ ⭱⌅ㅝ

⮆ᚪ㇭ ᚾ㈁べ⯅ ║ỹ ㈝〥ᣙ䀁ゕ ᢡ㈁ ᚾ㈁⌆㇩ ゖ⭕㊪㇥⌅ ⒍ㅙ ㎺ㄽ䀁ᶍ�

ᢡᴽ 䀝⯆䀂 ⠭〥べ⯅ ⑷㇩ ⭱⌅ㅝ ⭕ⶍ㇭ ⛆䈱᜙ᭁ ㋅ᶩ⌅ ⯡ㆉ㇥┙ ゕ⊕ វべ

ᢡ㈁ ㈝␭㈝ ᭑⿭㈱ᶍ� 㭩ㅹ䀑ⳁ ㈝⌉ឥ ឩ⋑䀝⯅ᴽ ⑕⑵㈝ ㎺ㄽ䀅 ᝦ᝭ᚻ◡㋅␥

᾽⑕㬝⊱ ㅹ⑕␥ ⭕ㅒ䀝⯅ 㼩ぱ㑩⑵ ᢡ 㼩㈝べ ㎺ᶩ䀅 ᝙䀑㈝ ㈱ㇵ㇭ 㑩㊪䀁ォᶍ�

ᢡᴽ ゙᠕␥ 㱞䀝⯅ ⑷㇩ ㎺ㄽ䀅 ᝙ឥ␥ ⛅㼅䀱㑩⑵ ㇉Ṯ 㭩ㅹ䀑ⳁ㈁ ㈝⌉べ⯅ᴽ

ᢡ㈁ ゙᠕ ṭ㎺べ ⑕⑵㈁ ㎺ㄽ䀅 ᝙ឥᚩ ⛅㼅ề᜵ ềぱញ ᢡᴽ ㈝ ᝙ឥᚩ ᮱◝ ⭱⌅ㅝ

⿭㈝᾽そ␥ ⚽㭾㇥⌅ 䀅 ᜬべ 㡒ᝒ㇭ ⛄᜵ ềញ 㭩ㅹ䀑ⳁ㈁ ㈝⌉㇭ ᷽㈝⭪ ゙᠕䀁㑩

⿳、ᶍញ 䀅ᶍ�

ᢡ⊕ᭁᢡ㈁の㊪ឥᚾ㈁ᚩ㇉┮䀝㋡⯅㇉⊦ゕ⊕ᭁ∥べ⯅䀂⮆ᾍ㈝㇉䀂ヽᶍ� ᢡ

㎺べᴽ㾭∺ⵍ㈁べ␝⚡㵡 	)FSNJUF

ⵍ㆑ḝ㈁⚡㭩㬕⊱㾵⊕ 	.J॒BH�-Fਗ਼FS

⊕ⶅ⿭㈁

㧽⛅⊱㾭ⵍ㤝〥 	,PXBMFWTLBZB
 ᾚ㈝ ㈱ᶍ�

⑕⑵ 	(FPSH 'SJFESJDI #FSOIBSE 3JFNBOO
 ����ۗ����
㇩⿭✭㑩ᚩᚩᭅ䀅╒⭕ォᶍ�

ᢡ⌅ ㈡䀝⯅㈡㑩 ᢡᴽ 㹲⮆ 䁱〦䀁ញ ᝙䀞㇥⌅ ញ⮆䀱ᶍញ 䀅ᶍ� ᢡ⊕ᭁ ᢡᴽ ᶢⶅ㈁

ⳁ䀂㇭ ロ㊭䈱 ⚽ᩡそ ᰼ញ 㑩ᢱᣵ㑩ṭ ⳁ䀂㈹㈁ ゙᠕␥ ㈹ᢢ䀁ᴽ ⑷㇩ ゙᠕᝙ឥ␥
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᭝ぱᶍ� そ⁤᜵ ➝┝ ᢡ㈁ ⮆ᚪ 䀁ᭁ 䀁ᭁᴽ 㑩ᢱ ⳁ䀂㈁ 䀅 ⠭〥⿒㇭ ⑵ᾍそ᭝ぱᶍញ

䀝ṭ ឥち㈝ ⿭ᵱᶍ�

ᢡ⊕ᭁ ⑕⑵㈁ 䀂ⳉ㊪ の㊪㇩ ᢡ㈁ Ẃ⍵ᾍ㇩ ◥⌉
 ㎺ㄽ䀅 ᶩ䀂 ᶢ᠖㇥⌅⠩㯙

᭲ᶝ䀅⛁ㇺ㇭つぱᶍ� ᚩㅙⵍᴽ ����ᯭべ㭩᝭䀱ញ
 ᢡ㈁Ὅ␥㈝㇩ᜬ㇩⑕⑵㈁ネ≅

㤅᠕ ᾽⑕㬝⊱ 	%JSJDIMFU
ォᶍ� %JSJDIMFUᚩ そ⋞᜵ ᰡ⋎䀝⯅ ⑕⑵べ᜵ ➝ⳁ␥ ㌙ᢱ

⛄ᴽ ㈹⑕␥ 䀂ឥ ⿱べᶍ ⑱⋑䀝 ㎥ぱᶍ� ����ᯭ ��ㅽ㈝ ềそ⯅〥 ⑕⑵㇩ ㌙៹ⳁ㑪㇭

⛄、ᶍ� ⑕⑵㇩᾽⑕㬝⊱ラឞẂ゙᠕䀅ᣙᚭ 	����ۗ����
Ẃ⿱ᚩ㉎䅵␖䀅゙᠕᝙ឥ␥

᭝ぱᶍ� ⿭㑪㇩ ᢡᚩ ❺㇥⌅ ᣙㅝ㈝ ⲉ䀁ᣙ ㊭㈝┙
 ᢡᚩ ㈹ⶉ㈝ 䀁ញ ⶟㇩ ゙᠕べ

⒍㑭䀉 ⳁ ㈱ᴽ ᣙ䄵ォᶍ�

����ᯭべ ۠य़FPSJF EFS "CFMTDIFO 'VODUJPOFOۡ㈝∩ᰥ◡㈝ +PVSOBM S¼ࣉ EJF 3FJOF VOE

"OHFXBOEUF .BUIFNBUJL㈁ ��ᠵべ ⶍ⋡ᶍ� ㈝ ᰥ◡べᴽ ����ᯭ⠩㯙 ����ᯭᣵ㑩 ゙᠕

䀁ញ ����ۗ����ᯭ㈁ ᚾ㈁ᾍべ⯅ ㈹⯡䀁᜵ ⯍┮䀅 ᭝ㅒ㈝ ᾍそ ㈱ぱᶍ� ⣭⌆ ㈝ ᚾ㈁

ᾍ㇭ ᾍ㇩ ⭕∵㇩ �┮べ ⠱ឥ䀱ញ ᢡ ㎺㈁ 䀅 ⭕∵㇩ ᾽⑕㬝⊱ォ㑩⑵� ᢡ㈁ ⭕䅭べ

ḙḙ㭑㵡 	%FEFLJOE
ラ❉✭ 	8FCFS
㈁ᰡ⋎᷾⠭べ⑕⑵㈁⚡⛅㼅の㊪ᾍ㈝⛅᠝ềញ

ᢡ㈁ ㊭㑺べ ⳁ⌆ềぱញ
 ㈝ ᷾⠭べ ᢡ㈁ ㆭᶩ䀅 ㉕ᵎ㈝ ⳁ䀂㈹ᾍべ᜵ ⿵⋍㋵ᶍ� ⿭❑

䀑ⳁべ ᶩ䀅 ⑕⑵㈁ ゙᠕ ᝙ឥᴽ ᢡ㈁ ⚾⭕ 䀂ㆭ ᰥ◡㇭ ⛅㊭ⶅ㭑 ᜬ㈝ᶍ� ᢡ㈁ ⒍ㅙ

Ṯ㛦㊪㈝ញ ㇉㈞䀅 㛒⭪㇩ ᶍᚩ 	䵿䕞
䀑ⳁ 	ケ␥ ᾍ┝
√
z
␥ ➞ⰵ㹲┝ ㊭㝝␥ ㊾㈁

ゖ㇥⌅ ⭕ㅒ䀁㑩 ⿳ញ ㈝ 䀑ⳁ㈁ 㵢㈝㊹ ㊾➝⌅⠩㯙 ㊾㈁ềᴽ 㵢❭䀅 ដ┝ 	⑕⑵┝
㇭
㊾㈁ゖ㇥⌅ ⭕ㅒ䀁┝ �ᚩ䀑ⳁ⌅ ᭁ㭩᭥ ⳁ ㈱ᶍᴽ ᜬ㈝ぱᶍ�

㈝⊕䀅⭱⌅ㅝ⮆ᚪ㇭㱉ᶩ⌅ᢡᴽ⿭❑㈁㊾⑕␥⭱⌅ㅝᣙ⛁ㆭべ⯅ᶍⶅ⮆ᚪ䀉

ⳁ ㈱ṭ⌆ ⚽ᩡそ ᰼、ᶍ� ㈝ ឥ㊾べ⯅ ᢡᴽ ┰ ᚩ㑩 ㎺ㄽ䀅 ᝙ឥ␥ ⛅᝕䀁ォᶍ� ᢡ

㎺ 䀁ᭁᴽ ⑕⑵㈁ ⠩ᾚⶆ㇥⌅ ㇉䀅ᛅ㈁ ⯅⌅ ᶍ␡ ㊹べ⯅㈁ PSEFSᚩ
 ㎥そ㑭 ᚪᚪ㈁

㈹゙ⳁ➝ᶍ ㈺㇩ ᢢ㊹㇭ ᚿᴽ ㇉⑕䂾䀑ⳁ⌅⯅ ⯅⌅ ⯉䂾Ṯ⑦㈡ ᜬ㈁ ᛅⳁ㈁ ⭪䀅㇭

つ᜵ ễ ᜬ㈝ញ ㈝ᜬ㇩ 䅭べ ᢡ㈁ ㋅㈹㈡ ⌅㬕 	3PDI
 ����ۗ����
べ ㈁䀝⯅ 䃾㉎ềそ

䂭㉕㈁ ⑕⑵ۗ⌅㬕㈁ ㊾⑕ᚩ ềぱᶍ� 䀅㹡 ⑕⑵┝㈁ ᠕㌙㈁ ゙᠕べ⯅ ᣙ➡㈝ ềᴽ

❩䄁㇩ ⶶ㇉⑕❩䄁 	CJSBUJPOBM USBOTGPSNBUJPO
㈝∥ ⠱⑕ᴽ ᜬ㈡ḙ ᢡᴽ ㈝⊕䀅 ❩䄁㈁

║㈭㈝ ㈝⎑ᴽ ឞᚭ㈁ 㛑ㅹ㇭ ⿵⿭᭝ぱᶍ�

⑕⑵㇩ ����ᯭ ᰥ◡㈁ ᝙ឥ⠩⠭べ⯅ ㌮ⳁ g㈡ ដ┝ ㆭべ⯅ ㊾㈁ễ ⿭❑㊪⠭㈁

ゖ䀑ⳁ ◡㋅べ ᶩ䀅 ㈥⛁䀝␥ ㋅ⶅ䀁ォᶍ� ⚽㈝べ␝ⵍ㵡∥ⵍᴽ ⿭❑䀑ⳁ ㈝⌉べ⯅

⑕⑵㈁ ᚩ㉎ 㬙 ᝦ㉪⭪ᶩォᴽḙ ㈝ ᝙ឥ␥ ➝ញ 㬙 㡒ᝒ㇭ ⛄、ᶍ� ㈝べ ᶩ䀁ゕ 㬝∥

㈡㇩ ᶍㇵឥ ᛂ㈝ ⸥ᶍ�

ReR



ઁ e੢ ఋਗ੸࠙ hఋਗೣࣻ hఋਗҋࢶ

ģ⚽㈝べ␝ⵍ㵡∥ⵍᚩ ����ᯭべ #FSMJO "DBEFNZべ㈥⛁⿭❑䀑ⳁべᶩ䀅

ᢡ㈁ 㝔✱㒡 ゙᠕᝙ឥ␥ ㋅㡅䀁ォ㇭ ῵
 ⑕⑵㈝ ᛂ㇩ ⠭〥べ ᶩ䀁ゕ ⾝ ᰥ

◡㈝ 㬕⊹⊱ ᰥ◡㑩 ��ᠵべ ⶍ⋡ᶍ� ㈝ ᰥ◡べᴽ ケ㣊䀁㑩 ╤䀱ḁ ⭱⌅ㅝ

ᛅ᯹ᾍ㈝ ᮱◝ ⑷⿭⯅
 ⚽㈝べ␝ⵍ㵡∥ⵍᴽ ᢡ㈁ ᰥ◡㇭ 㝉䄵䀁ォ㇥┙

⭕ⶍ⭪ ᷽ ㈝⭪ ᰥ◡㇭ ⾙㑩 ⿳、ᶍ��

⚽㈝べ␝ⵍ㵡∥ⵍᚩ 㞱㭩ㅹ㊪⠭㈁ ᝦㅙ㈁ ゖ䀑ⳁ ◡㋅べ ᶩ䀁ゕ ᢡ ῵ 䀝ᶞ㇭ つぱ

ぱញ ₹ ㈥⛁䃽ễ 㭩ㅹ䀑ⳁべ ᶩ䀁ゕ ᚩ㉎ ㎺ㄽ䀅 ㈥⋑㈁ ឩ᝭␥ 㑆┮䀱ᶍᴽ ⭕ⶍ㇭

ᚹ⿱䀁┝㈝ᜬ㇩⒍ㅙ⿭ᣵㅝ㈥㈝ᶍ� ゕ⊕䀝Ẃ⿱㈝⑕⑵㈁の㊪㇩ᢡ㈁ᚩ㉎㎺ㄽ䀅

の㊪㇥⌅ ⛄⿭ᾍゕ㋵㇥ᭁ づ⑱ 㑩ᭁ㑩 ⿳⿭⯅ ⚽㈝べ␝ⵍ㵡∥ⵍᚩ ㈝ ᝙ឥ㈁ ㎺ㄽ䀅

⠩⠭べ⯅⠩㌚䀅⠩⠭㈝㈱ㇵ㇭㑩㊪䀁ォ㇥┙
 ㈝べῙ∥⑕⑵㈁㎺ㄽ䀅᝙ឥᴽㆭ䂁べ

⤉㑩᜵ ềぱㇵ㇩ 〇べ⯅ ㈝〥ᣙ䀁ォᶍ�

㬝∥㈡㇩ ⚽㈝べ␝ⵍ㵡∥ⵍ㈁ ⣭㶹べ ᶩ䀅 ㈥⛁㈁ ⛁ㇺ㇭ ᶍㇵឥ ᛂ㈝ ◁⭕䀁ォ

ᶍ�

ᶩ⠩⠭㈁ⳁ䀂㈹ᾍ㇩⑕⑵べ᜵ᾚ㇭ṵ⋡ᴽḙ
 ģ⑕⑵㇩㊭䂩ᶍ␡⮆ᚪ㇭

ᚩ㑩ញ ㈱ぱᶍ� ᢡᴽ ⚽㈝べ␝ⵍ㵡∥ⵍ㈁ ⣭㶹㈝ ㊾䃾䀁ញ ㊾ᶢ䀁ᶍᴽ

ᜬ㇭㉁㈝䀝䀁ញ㈱ぱᶍ� ⚽㈝べ␝ⵍ㵡∥ⵍᚩ᭝᜵ᭁ㎺べ⑹䀝㎥ぱᴽḙ


⑕⑵㈝ ⑹䀁ᣙ␥ˮᢡᚩ ᾽⑕㬝⊱ ㅹ⑕␥ ⸑⯅ ⯍┮䀅 ㈝㇉ᴽ ㈝ ㅹ⑕ᚩ

ᢡ῵ ⑱㤑⒇᜵ ㈱ぱḁ 㹡⑕䀅 ṭ᠕ォᣙ ῵◡㈥ ⩹㈝ញ
 ᾽⑕㬝⊱ ㅹ⑕ᚩ

⒇᜝ 㵩⑕᜝ ᢡ㈁ ㌝㉕㊾⑕ᴽ 㵩⑕㑩 ⿳、ᶍ ញ˯ 䀁ォᶍᴽ ᜬ㈝ᶍ��

⚽㈝べ␝ⵍ㵡∥ⵍ㈹ⶉṭ㈝⭕ⶍ㇭⚨ញ㈱ぱᶍ� ᢡᴽ㈹ᣙ䀂⮆㈡ⴱ⚽␝㣉 	)FSNBOO
4DIXBS[
 ����ۗ����
べ᜵⑕⑵㈁㌝㉕㊾⑕␥㈹⯡䈱ឞ⠩䀁ញᶍ␡㑆┮㇭㛧⿭➝ṭ⌆

䀁ォᶍ� ⚽㈝べ␝ⵍ㵡∥ⵍ㈁ ⣭㶹㈝ ㈡Ɑấ⯅ 㡅㶹 ễ 㑪䅭㈡ ����ᯭべ ⴱ⚽␝㣉ᴽ

᾽⑕㬝⊱ ㅹ⑕べ⯅ ㌝㉕ ⠩⠭㇭ ❩⠭ ㅹ⑕␥ ⾙㑩 ⿳ញ 㑆┮䀝᭱ᶍ�

⑕⑵㈁ˮⶍⳁ˯Ȣ ㈝ ⚿べ ₹ 䀁ᭁ㈁ ᶩᶑ䈱 ㎺ㄽ䀅 ᝙ឥ␥ ㎥ぱᶍ� 㐲 ㈝ ᝙ឥ⌅

�,MFJO
 %FWFMPQNFOU PG .BUIFNBUJDT
 Q� ����
�⑕⑵㇩ ᢡ㈁ ⚾⭕䀂ㆭ ᰥ◡べ⯅ᴽ ◥⌉ 㵢䈱 ᢡ㈁ˮ ⿭❑䀑ⳁ⌉ FPSZࡋFࡋ	 PG "CFMJBO 'VODUJPOT
 べ˯⯅

❩⠭ ㈝⌉ۘˬ %JSJDIMFU ㅹ⑕˭ۘ ㇭ ⭕ㅒ䀱ᶍ� ᢡᴽ ㈝ ㅹ⑕␥ ⸑⯅ ㎥そ㑭 㵢㈝㊹㇭ ᚩ㑩ᴽ 㑆┮べ 㿭ㄽ䀅

䀑ⳁ㈁ ㌝㉕␥ ㎥㉎䀁ォᶍ� ᢡ⊕ᭁ ⚽㈝べ␝ⵍ㵡∥ⵍᴽ ㈥⛁㊪㈡ ᝦㅙべᴽ
 ㈝⊰᜵ ❩⠭ ㅹ⑕␥ ⭕ㅒ䀝⯅

㿭ㄽ䀅䀑ⳁ㈁㌝㉕␥゙ゖ䀝᭝ᴽᜬ㈝⠱ᚩᵎ䀑㇭➝ォᶍ� Ῑ∥⯅⑕⑵㈁㑆┮べ᷽䀁ゕ㈝べᶩ䀅㑆┮㈝

Ῑ⌅ 㿭ㄽ䀁᜵ ềぱᶍ�
�ᛂ㇩ 㛮 Q� ����

Rek



eXk ఋਗೣࣻ੄�৉ࣘ�ࢎ੄�ੋޛ

ᶩⳁᣙ䀁␥ ㊭ឞ䀁ᴽ 䀂㈹ᾍ㈝ ⑕⑵㈁ ㊾⑕
 㵢䈱 ⑕⑵ۗ⌅㬕㈁ ㊾⑕␥ ロ㊭䈱 ᶩⳁ

㊪㈡ ⛒✾㇥⌅ 㑆┮䀁ṭ⌆ ㈹ᢢ㇭ ㎥ぱᶍ� ᶍㇵ ㊱㈁ 㬝⋂ⴱᴽˬដ┝㈁ ㌮ⳁ ∥˭ᴽ

そ䇁␥ ⛅┮䀱ᴽḙ ㈝㕦 ⛒䁎㇥⌅ ᶩᶑ䀅 の㊪㇭ ᭝ぱᶍ� 1BVM (PSEPO	����ۗ����


.BY /PFUIFS	����ۗ����
㈁ ゙᠕␥ ᜙㝹⯅ ⑱㤑᭝ ����ᯭべ %BWJE )JMCFSU	����ۗ����

ᴽ ❩⠭ㅹ⑕␥ 㑆┮䀁ᴽḙ ⯚ឞ䀁ォᶍ� ��⯡ᣙ ⳁ䀂⭕べ⯅ ね⚩䀅 㑆┮㇭ 䀁⋍ᴽ

ᰡ⋎㇭ 㱞䀝⯅ ㈝⊰᜵ ⑷㇩ ᝙ⶍ㇭ つ㇩ ケᴽ ㈝ ⚿べᴽ ᜙㈁ はᶍ�

eXkXd *H2#b+?

㬝⋂ⴱ 	3VEPMG 'SJFESJDI "MGSFE $MFCTDI
 ����ۗ����
ᴽ 〥㧽⣭ 䀂㶵㈁ ⿭≁べ⯅ ឞ⠩䀅

䅭べ ����ᯭᶩべ ៝㶮᜹べ⯅ ⑕⑵㈁ ㈹⑕␥ ◥⋍⛄、ᶍ� ᢡᴽ ㈝ ῵⠩㯙 ⑕⑵㈁

㈝⌉㇭ ឞ⠩䀱㇥┙ ㈹ⶉ㈁ ឞ⠩ ⛒䁎㈡ ⭕オᣙ䀁㈁ ㈮㉎べ⯅ ㈝ ㈝⌉㇭ ㊾⑕䀁ᣙ

ⶅ㈺䀁ォᶍ� ᢡᴽ ��⯡㈁ ᭁ㈝⌅ ⯡⭪㇭ ⁉᭕㑩⑵ ᢡ ⭕㈝べ ⑕⑵㈁ ㈝⌉㇭ ᶩⳁដ⯉

ㆭべ⯅ ㊭ᛅ䀉 ⳁ ㈱ᶍញ 㝁ㇵ ⿵⿭➝⿭ ᶩⳁᣙ䀁䀂㇥⌅㈁ ㊭䄁㇭ ⶅṭ䀱㇥┙ ㈝ ឥ

㊾べ⯅ ដ┝㈁ ㌮ⳁ 	HFOVT
∥ᴽ ⑹㇭ 㝁ㇵ ⭕ㅒ䀅 ⭕∵㈝ᶍ� ᢡᴽ ⿭❑㈁ ᚩ✾㊾⑕␥

ᚩ៹⌅䀁ゕ ᶩⳁ ដ⯉ ㆭべ ➞ⰵ䀑ⳁ⌉㇭ ṭ㈮䀉 ⳁ ㈱ᶍញ ⮆ᚪ䀱ᶍ� ㈝⊕䀅 ᢡ㈁

⮆ᚪ㇩ ᶢⶅ ᶍ␡ 䀂㶵べ⯅ᴽ ⠱ᚩᵎ䀁ᶍញ ⮆ᚪ䀱㇥ᭁ ᝙ឥ㊪㇥⌅ ��⯡ᣙべ ᾍそラ

㎺ㄽ䀅 ⿭㈝᾽そ⌅ 㶹┮᭕ᶍ� 䂭ᶩ ᶩⳁᣙ䀁䀂㇩ ㈝⊕䀅 ⮆ᚪ ㆭべ⯅ ᶩⳁដ⯉ 㐲

⑕⑵┝㈡ 㭩ㅹដ⯉ ㆭ㈁ 䀝⯆䀂ឥ ᣙ䀁䀂㈝∥ᴽ ឩ㊹べ⯅ 㭩ㅹ䀑ⳁ⌉㇭ ㊭ᛅ䀁ᴽ

ᜬ㇭ ᣙ➡㇥⌅ 䀁ゕ ⛅㊭䀁ォᶍ�

eXkX3 SQBM+�`û

㺕。㤝⊱ 	+VMFT )FOSJ 1PJODBS©
 ����ۗ����
ᴽ ⿭⑱ṭ ��⯡ᣙべ ᛅ⛅ễ ⳁ⑷㇩ ⭱⌅ㅝ

ᛅ᯹ᾍ㇭ ⭱⌅ㅝ ឩ㊹㇥⌅ 䀝⯆䀝⯅ 䂭ᶩ ⳁ䀂㇭ ⑵ᾍそ᭡ ⭕∵㈝∥ញ ⮆ᚪễᶍ�

ᢡᴽ ⳁ䀂 ㊭ ⠭〥␥ ゙᠕䀅 ⑱㑩⑲ ⯡ᶩ㈝ᣙṭ 䀁ᶍ� ᢡ␥ ㇉┮䀁᜵ ⑵ᾉ ᜬ㇩ ⰵ

ㆭ BVUPNPSQIJD GVODUJPO㇭ ⛅᝕䀅 ᜬ㈝ᶍ� ᢡᴽ ㈝ᜬ㇭ 'VDITJBO GVODUJPO
 ,MFJOJBO
GVODUJPO ᾚ㇥⌅ ⠱⊩ᶍ� ᢡᴽ ㈝␥ ᝭ᣙ⌅ ➞ⰵ䀑ⳁ⌉㇭ ᣳ㈝ ゙᠕䀁ォ㇥┙ ᶍ❩ⳁ

➞ⰵ䀑ⳁ⌉㈁ 㞱⯆㇭ ᰼、ᶍញ 㹲ᚩễᶍ�

ᢡᴽ ㈝ ឥ㊾べ⯅ ᶢ゙䈱 㭩ㅹ䀑ⳁ㈁ ㈝⌉べ ᣳ㈝ ⤉㋵㇥┙ ㈝␥ ᶍᚪṭ⌅ ゙᠕

䀁ォᶍ� ➞ⰵ䀑ⳁ⌉ឥ 㭩ㅹ ដ⯉ ㆭ㈁ ᶩⳁᣙ䀁䀂㇭ ゙᠕䀁ゕ 䂭ᶩ㊪ ᶩⳁᣙ䀁䀂㇭

⛅㊭ⶅ㭑ᜬㄡべṭᢡᴽ ����ᯭべ㈝⊕䀅㭩ㅹដ⯉ㆭべ᰼㈝ᴽ㇉⑕㊹べᶩ䀅ᰥ◡㇭

Rej



ઁ e੢ ఋਗ੸࠙ hఋਗೣࣻ hఋਗҋࢶ

⛅㼅䀁ォᶍ��

㈝ ᰥ◡㇩ ㇉⑕ⳁ㝝 ㆭべ⯅㈁ ᶩⳁᣙ䀁䀂㈝∥ᴽ ⭱⌅ㅝ ⠭〥␥ ⑵ᾍそ ᭝ぱ㇥┙

㈝ᴽ ᶩⳁᣙ䀁䀂ឥ ㊾ⳁ⌉㈝ ⯅⌅ ⭪䃡㈺ㅒ䀁ᴽ ⠭〥㈝ᶍ� ㈝ ⠭〥ᴽ ㄽ㑁 BSJUINFUJD
HFPNFUSZ∥ញṭ ⠱⑙ᶍ� ᢡᴽ ㈝ ᰥ◡べ⯅ ㇉⑕ដ⯉ f(x, y) = 0 ㆭ㈁ ㇉⑕㊹㇭ 㛧ᴽ

᾽ネ㶹㳕ⵍ ⛒㊾ⶆ㇭ ᶍ⎑ぱᶍ� ᢡᴽ ㈝⊕䀅 ◡㋅ᚩ ⶶ㇉⑕❩䄁べ ᶩ䀁ゕ ⠱❩㈡

◡㋅㈭㇭ ᚭ㶵䀁ォញ
 㭩ㅹ䀑ⳁ␥ ⒍ᛅ❩ⳁ⌅ ⭕ㅒ䀁ゕ ᭁ㭩᭡ ᝭⭙㇭ ⭕ㅒ䀁ゕ 㭩ㅹ

ដ⯉ ㆭ㈁ ㇉⑕㊹ᾍ㈝ ᠙ ᠕㌙␥ ᚩ㑹㇭ 㝁ㇵ ⿵⿭᭝ぱᶍ� ㈝ᜬ㈝ 㑩ᢱ ề㼩㈝䀝⯅

ឞ⠩䀁ញ ㈱ᴽ 㭩ㅹដ⯉ ㆭ㈁ Ḑ⯱᠕㌙㈝ᶍ� 〇べ⯅ ⿵⿭➝、ᾘ㈝ 㺕。㤝⊱ᴽ ㈝

᠙㈝ ㇉䀅ᛅ㈁ ㅹⰵ⌅ ⮆⯚ềぱ㇭ ᜬ㈝∥ញ 㠽㣊䀁ォញ ㈝ᴽ ㌙ᢱ 䅭べ .PSEFMMべ
㈁䀝⯅ 㑆┮ềញ 8FJMべ ㈁䀝⯅ ㈥⛁䃽ềぱᶍ���

㺕。㤝⊱ᴽ 䂭ᶩ ⳁ䀂ឥ ◥⑕䀂 ㊭ ⠭〥べ ᜡ㝹⯅ 䂪䂪䀅 の㊪㇭ ᭝ぱ㇥┙ 䂭

ᶩ ⳁ䀂 ⛅㊭㇭ ㈝᫵ぱᶍ� ᢡᴽ 㵢䈱 ᶍ␡ ║ᾉ ⳁ䀂㈹ᚩ ⿵⿭➝㑩 ╤䀁ᴽ ᜬᾍ㇭

⛅᠝䀝᭝ᣙṭ 䀁ォᶍ� ケ␥ ᾍ┝ ⑕᠙㈁ ㈝⌉㈁ ㎺ㄽ⯚㇭ ㋅ᶩ⌅ ⿵⿭➡ ┰ ⿱ềᴽ

ⳁ䀂㈹㈝┙ &� $BSUBO㈝ ㇉┮䀝㑩ᣙ ㊭べ ᢡ㈁ ᰥ◡ᾍ㈁ ㎺ㄽ⯚㇭ ⿵⿭➡ ᜙㈁ ㇉㈥䀅

ⳁ䀂㈹㈝ᣙṭ 䀁ᶍ�

eXj ఋਗೣࣻ৬�ఋਗҋࢶ�੉ۿ੄�ѐਃ (j- Ry)

eXjXR ఋਗ੸࠙੄�द੘ীࢲ�ই߰੿ܻө૑

⚡㊪⠭ ㈝⌉㇭ ᣙ䀁 ◡㋅べ ㊪ㅒ䀁ゕ ➝┝ ᶍㇵឥ ᛂ㇩ ㊪⠭ ᝭⭙㇭ ㈹㎥ ⑱㎥㤅ᶍ�∫
r(x, y(x)) dx

ゕᣙ⯅ r(x, y)ᴽ ㇉⑕䀑ⳁ㈝ញ y(x)ᴽ ᶍ䀖⛒㊾ⶆ f(x, y) = 0㇥⌅ ㊾䀝㑩ᴽ ᶩⳁ䀑

ⳁ㈝ᶍ�

㈝⊕䀅 ᚩ㉎ ᚭᶑ䀅 ケ⌅⯅ f(x, y) = x2 + y2 − 1 = 0べ ᶩ䀁ゕ ⮆ᚪ䀝 ➝㈹� ㈝

�1PJODBS©
 )FOSJ
 4VS MFT QSPQSJ©U©T BSJUIN©UJRVFT EFT DPVSCFT BMH©CSJRVFT
 +� .BUI� QVSFT FU BQQM�
 4©SJF �

U� � 	����

 QQ� ���ۗ����

��.PSEFMM
 -� +�
 0O UIF SBUJPOBM TPMVUJPOT PG UIF JOEFUFSNJOBUF FRVBUJPOT PG UIF UIJSE BOE GPVSUI EFHSFF

1SPD� $BNCSJEHF 1IJM� 4PD�
 7PM� �� 	����
 QQ� ���ۗ����

8FJM
 "OES©
 4VS VO UI©PS¨NF EF .PSEFMM
 #VMM� 4D� .BUI�
 4©SJF �
 U� �� 	����

 QQ� ���ۗ����
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ឩ᝭ⶆ㇩ ㅹ㇭ ᭁ㭩᭝┙ ㈝㈁ 䃡㈁ ᣡ㈝䀑ⳁᴽ

BSDMFOHUIGO =

∫ √
dx2 + dy2 =

∫
dx√
1− x2

㈝ ễᶍ� ㅹ㈁ ⛒㊾ⶆべ⯅ ⚡⠭㇭ ᝭⭙䀁┝ x dy + y dx = 0㈝♩⌅ ㅹ ㆭべ⯅ᴽ

√
dx2 + dy2 =

√

1 +
(−x

y

)2
dx =

dx

y

ᚩ ễᶍ�

㈝⊕䀅 ᝭⭙㇭ 㭩ㅹ x2/a2 + y2/b2 − 1 = 0 	a > b
 ㆭべ⯅ ⮆ᚪ䀁ゕ ➝㈹�

x = a TJO θ
 y = b DPT θ∥ ᰼ញ 䃡㈁ ᣡ㈝␥ ᝭⭙䀁┝

L =

∫ √
a2 DPT2 θ + b2 TJO2 θ =

∫
a(1− k2 TJO2 θ)√

1− k2 TJO2 θ
θ,

(
k2 = 1− b2

z2

)

㈝ ễᶍ� ゕᣙ⯅ ᶍⶅ x = TJO θ∥ ᰼㇥┝

L = a

∫
(1− k2x2) dx√

(1− x2)(1− k2x2)
, (k2 += 1)

᧝㈝ ễᶍ� ㅹべ⯅ ᝭⭙䀝᭡ ㊪⠭㇭ ⭥ᚪ㊪⠭㈝∥ញ ⠩␝ញ 㭩ㅹ㈁ ᝦㅙᴽ 㭩ㅹ㊪⠭

㈝∥ញ ⠩␡ᶍ�

㈝⊕䀅 ㊪⠭㈁ ᝭⭙㇩ ��⯡ᣙ 䅭⛁べ ⶅ㈺䀁ゕ 䂭ᶩべ ㈝␝ᣙᣵ㑩 ゙᠕䀁㑩 ⿳㇩

ⳁ䀂㈹ᚩ は㇭ ㊾ṭ⌅ 䈎⚡⌖ញṭ ㇉┮䀅 ◡㋅㈝┙ ㈝ ◡㋅⌅⠩㯙 䂭ᶩ ⳁ䀂 ㊭㝝ᚩ

㶵⮆ềそ ᭁヽᶍញ 䀝ṭ ㌴㇭ ㊾ṭ⌅ ㎺ㄽ䀅 ◡㋅㈝ᶍ� ㈝⊕䀅 ゙᠕ ឥ㊾べ⯅ ᚩ㉎

⯉᠕㈹㊪㈝ញṭ ㎺ㄽ䀅 ゖ䀉㇭ 䀅 ⳁ䀂㈹ ⿭❑㈁ ㈝␭㇭ Ῑ⯅ ⭕∵ᾍ㇩ r
(
x, y(x)

)
dx

␥ ⿭❑⚡⠭ 	BCFMJBO EJ੖FSFOUJBM
㈝∥ញ ⠩␝ញ ㈝㈁ ㊪⠭
∫

r(x, y(x)) dx

␥ ⿭❑㊪⠭ 	BCFMJBO JOUFHSBM
㈝∥ ⠩␡ᶍ� ㈝⊕䀅 ⿭❑⚡⠭㇩ 䂭ᶩ ⳁ䀂べ⯅ ➝┝

㊪ᶢ䀅 ⑕⑵┝ 	ᶩⳁដ⯉
 ㆭ㈁ˮ ㇉⑕ ��䂾ⶆ ㈁˯ ㈥㌮㈝ᶍ���

㈝⊙ ㊪⠭㈁ ᚩ㉎ ⴕㅝ ᝦㅙᴽ r = r(x)⌅ x㈁ ㇉⑕䀑ⳁ㈡ ᝦㅙ㈝ᶍ� ㈝ ㊪⠭㇩

⠩⠭⠭ⳁ⠭䀝␥ ⭕ㅒ䀁┝∫
r(x) dx = R(x) +

∑

ν

aν · MPH(x− xν)

᧝⌅ ᝭⭙䀝᭥ ⳁ ㈱ᶍ� R(x)ᴽ ᶍⶅ ㇉⑕䀑ⳁ㈝ᶍ�

❩ⳁᚩ ᵁ┝ ᶍㇵឥ ᛂᶍ� ⚡⠭䂾ⶆ

ω = r1(x1, x2) dx1 + r2(x1, x2) dx2

��ゕᣙべ ⿭❑㈁ ㈝␭㇭ ⡂ゕ㎩ ᜬ㇩ ⿭❑㈁ ゙᠕᝙ឥ␥ 䈉║䀅 〥㧽⣭ォᶍញ 䀅ᶍ�
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㈁ ㊪⠭㇭ ⮆ᚪ䀁᜵ ềᴽḙ ωᚩ ᶔ䈵 	DMPTFE
 䂾ⶆ㈡ ᝦㅙべ⑵ ㈁⚡ᚩ ㈱ᶍ� ㈝ ᝦㅙ

㊪⠭
∫
ωᴽ ㊪⠭䀁ᴽ ᝦ⌅べᴽ ۠᜙㈁ۡ ◝ឩ䀁᜵ ⶅ㈺㊹ឥ ᬆ㊹べ⑵ ㈁㌝䀁ᴽ ᚻ㇭

ᚩ㑩᜵ ễᶍ���

Ῑ∥⯅ ㊪⠭ ᝦ⌅␥ ⯉⠭㇥⌅ ㉊⿭ (x1, x2) = (tξ, t) ᧝⌅ ⾙᜵ ề┝ ᝙᠖

ω = r̃(t, ξ) dt

᧝⌅ ᭁ㭩᭝そ㑩ញ ㈝ ᝦㅙ ㊪⠭ᚻ㇩ 〇べ⯅ラ ⑱㛕ᚩ㑩⌅∫
ω =

∫
r̃(t, ξ) dt = R̃(t, ξ) +

∑

ν

Aν MPH
(
t− tν(ξ)

)

ラ ᛂ㈝ ᝭⭙䀉 ⳁ ㈱ᶍ� ㈝ ῵ Aνᴽ ㈝ 㵢㈝㊹べ⯅ ㈝ ㊪⠭㈁ SFTJEVF㈝ᶍ�

㈝⊕䀅㊪⠭ᶍㇵ㇥⌅ᚩ㉎ᚭᶑ䀅ᜬ㇩ដ⯉ f(x, y) = y2−p(x) = 0べᶩ䀅㊪⠭
∫

r
(
x,

√
p(x)

)
dx

㈝ᶍ� 	㈝ ῵
 ᶍ䀖ⶆ p(x)ᴽ ㎺ᢥ㇭ ᚿ㑩 ⿳ᴽᶍ�
 ㈝ᜬ㇩ 〇べ⯅ ➡ ⚽ラ ᛂ㈝

n = 1, 2㈡ ᝦㅙᴽ �㛑ដ⯉ ㆭ㈁ ㊪⠭㈝ញ n = 3, 4㈡ ᝦㅙᴽ 㭩ㅹ㊪⠭㈝ ễᶍ�

ゕᣙ⯅ EFH p = n ≥ 5㈝┝ 㞱㭩ㅹ㊪⠭㈝∥ ⠱⑙ᶍ�

⿭❑㈁ ㊾⑕ᚩ ㈁⚡䀁ᴽ ⚽ᴽ 㭩ㅹ㊪⠭べ ᶩ䀅 ᚩ✾㊾⑕ᴽ 㭩ㅹ㊪⠭べ⑵ ᠖䀅ễ

䂭⭪㈝ ⿭ᵱ∥ 㞱㭩ㅹ㊪⠭べ⯅ ㈥⛁㊪㈡ 䂭⭪㈝∥ᴽ ᜬ㈝ᶍ� ᶍㇵ ㊱べ⯅ᴽ ⿭❑㈝

ᢡ㈁ ㊾⑕␥ そ⁍ ⶆ㇥⌅ 㑆┮䀱ᴽᚩ␥ ᚭ≞䈱 ⿵⿭➡ᶍ�

eXjXk ই߰੄�੿ܻ (j)

〇べ⯅ ␝㊆ᾅ␝㈁ の㊪㇭ ⰵᛅ䀉 ῵ ᭁヽḁ ␝㊆ᾅ␝ ㊪⠭㈁ ᚩ✾㊾⑕ᴽ y2 =

(1− x2)(1− k2x2)㈝∥ 䀉 ῵
∫ x1

0

dx

y
+

∫ x2

0

dx

y
=

∫ x3

0

dx

y
,

x3(1− k2x2
1x

2
2) = x1

√
(1− x2

2)
2(1− k2x2

2) + x2

√
(1− x2

1)
2(1− k2x2

1)

㈝ញ ㈝ᜬ㇩ ⿭❑㈁ ⶅ㊱べᴽ ㉁ ⿵⋍㋡ ㈱ぱᶍ� ⿭❑㇩ ㈝㈁ ㈥⛁㊪㈡ ᝦㅙ␥ ᶩⳁ

㊪㇥⌅ ⮆ᚪ䀱ᶍ� 㐲 n㛑 ᶩⳁ⛒㊾ⶆ f(x, y) = 0㇥⌅ ㎥そ㑭 ដ⯉ C ㆭ㈁ ㊹ (x, y)

べ ᶩ䀁ゕ 	⿭❑ ㊪⠭㈝∥ ⠱⑕ᴽ
 ㊪⠭ⶆ

u(P ) =

∫ P

P0

ω =

∫ P

P0

r(x, y) dx 	���


��ゕᣙ⯅ ۠᜙㈁ۡ∩ ⑹㇭ ⾝ ᜬ㇩ ㈝ ㊪⠭ ᝦ⌅ᚩ 㵢㈝㊹㇭ ᜝᮱ᚩᴽ ᝦㅙべᴽ ᚻ㈝ ᶕ∥㑩ᴽ ᜬ㈝ᭁ

㈝ラ ㇉⭕䀅 ㈥㈝ ῵῵⌅ ✵そ㑩ᣙ ῵◡㈝ᶍ�
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㇭⮆ᚪ䀝➝㈹� ㈝㊪⠭ᚻ㇩㿥㊪⠭䀑ⳁ 	⿭❑⚡⠭
㈁⠭║῵◡べ⮆ᣙᴽᢢ㊹べ⯅㈁

SFTJEVF ␥ ㎥ᣙ 	QFSJPE
∥ញ ⠩␝┝ 䀑ⳁᚻ u(P )ᴽ ㎥ᣙ␥ ✾㇥⌅ 䀁ゕ ㉁ ㊾㈁ềᴽ

ᚻ㈝ᶍ� 	ゕᣙ⯅ P ᴽ ᢢ㊹㈝ ⿭ᵱᶍ�

㈝㋅ ᶍ䀖ⶆ θ(x, y) = θ(x, y; t1, · · · , tn)㇩ ᝭ⳁᚩ t㈁ ㇉⑕ⶆ㈡ x
 y㈁ m㛑

ᶍ䀖ⶆ㈝∥ញ 䀁㈹� ᚪᚪ㈁ t = (t1, · · · , tn)べ ᶩ䀁ゕ θ = 0㇩ ដ⯉ Dt␥ ㊾䀅ᶍ�

ᢡ⑕ញ C2 ⿱べ⯅㈝ỹ ដ⯉ Cラ Dtᴽ㎺➞ṭ␥ᚹ䀅䀁ゕ mnᛅ㈁៹㊹㇭ᚿᴽᶍ���

㈝ ᚪᚪ㈁ ៹㊹㇭ P (t)∥ 䀁ញ

Dt · C =
∑

P (t)

∥ញ ᭁ㭩᭝ᣙ⌅ 䀅ᶍ� ₹ P (t)㈁ ㌵㼅␥ (ξ, η) = (ξ(t), η(t))∥ញ ⾙ᣙ⌅ 䀁㈹�

㈝㋅ ㊪⠭ⶆ

u(t) =
∑

u(P (t)) =
∑∫ P (t)

P0

r(x, y) dx 	���


㇭ ⮆ᚪ䀁㈹� ㈝ᜬ㇭ ➝㱞 ⿭❑ ㊪⠭ 	���
㈁ ⿭❑䀒 	"CFMJBO TVN
㈝∥ ⠩␡ᶍ� ᢡ⊕┝

ᶍㇵ㊾⑕ᚩ⯚⑦䀅ᶍ� ㈝ᴽ⿭❑㊪⠭べᶩ䀅㝔✱㒡㊾⑕㈝ᶍ� ㈝ᜬ㇭⿭❑㈁ˮ 㞱ᾚ

ᚩ✾㊾⑕ 	˯FMFNFOUBSZ BEEJUJPO UIFPSFN
∥ញṭ ⠩␡ᶍ� ㈝ ㊾⑕␥ ㈥⛁䃽䀅 䂾㮅ᚩ

〇べ⯅ ⰵᛅ䀅 ⿭❑㈁ˮ ᚩ✾㊾⑕ ㈝˯ᶍ���

੿ܻ eXjXR Uই߰੄�੿ܻV ㆭ㈁⿭❑䀒 u(t)␥᝭⭙䀁┝ᶍㇵឥᛂ㇩᧝⌅ᭁ㭩᭥

ⳁ ㈱ᶍ�
u(t) = R(t) +

∑

ν

MPHSν(t).

ゕᣙ⯅ R(t)ラ Sν(t)ᴽ t㈁ ㇉⑕䀑ⳁ㈝ᶍ�

<㑆┮> ㅙ⯉ ᚪ xべ ᶩ䀁ゕ θ(x, y) = 0㈡ yᾍ㇭ y1(x), . . . , yn(x)⌅ ᭁ㭩᭝ᣙ⌅ 䀅

ᶍ� 㐲 θ(x, yk(x)) = 0㈝ᶍ� ᢡ⑕ញ tべ ᶩ䀅 UPUBM EJ੖FSFOUJBM㇩ δ␥ ⸑⯅ ᭁ㭩᭝ᣙ⌅

䀅ᶍ� ゕᣙ⯅ ㅙ⑕ ╒㼅ᴽ δu(t)ᚩ tべ ᶩ䀅 ㇉⑕ⶆ ᝭ⳁ␥ ᚿᴽ �ۗ䂾ⶆ㈭㇭ ➝㈝┝

ễᶍ�

��㈝ᜬ㈝ ㇉┮䀅 #©[PVU㈁ ㊾⑕㈝ᶍ�
��ゕᣙ⯅ᴽ 㠅ᢥべ *$. ����べ⯅ $IFSO ⭪㇭ ⛄㇩ (SJਖ਼UIT ៹ⳁᶁ㈁ 䀝⯍㇭ Ῑ∥⯅ ⿭❑㈁ ㊾⑕ラ ᢡ

㑆┮㇭ ➡ᶍ� (SJਖ਼UIT ៹ⳁᶁ㇩ ㈝ 㑆┮㈝ "CFM㈁ 㑆┮㇭ ᢡᶩ⌅ プᝑ ᰼㇩ ᜬ㈝∥ញ 䀝⯍䀁ញ ㈱ᶍ�
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㊪⠭ⶆ u(t)␥ ⚡⠭䀁┝ ᶍㇵ㇭ つᴽᶍ�

δu(t) =
∑

r(ξ, η) δξ 	���


ゕᣙ⯅ ㅙ❩㈁ 䀒㇩ Dt · Cべ ⰶ䀁ᴽ ξ␥ Ῑ∥⯅ 䀒䀅 ᜬ㈝ᶍ� ㈝㋅ δξ␥ ᝭⭙䀁ゕ

➝㈹�
Θ(x) = θ(x, y1(x)) · · · θ(x, yn(x))

∥ ㊾㈁䀁┝ Θ(x) = 0㈁ 䀝ᚩ Dt · · ·C㈁ ㊹ᾍ㈁ xۗ㌵㼅 ξ㈝ᶍ� Ῑ∥⯅ ║ᾉ tべ

ᶩ䀁ゕ Θ(ξ) ≡ 0ᚩ ⯚⑦䀅ᶍ�

Ῑ∥⯅ ㈝ ⶆ㇭ ⚡⠭䀁┝
∂Θ

∂x
(ξ) δξ + δΘ(x; t)

∣∣∣
x=ξ

= 0

㈝ ễᶍ� ゕᣙ⯅ ㌵❩㈁ ⑱㑩⑲䀖㇭ δΘ(ξ)∥ញ ᚭᶑ䈱 ᭁ㭩᭝ᣙ⌅ 䀅ᶍ� ゕᣙ⯅ δξ

␥ ᠕䀝⯅ 	���
べ ᶩ㈮䀁┝ ᶍㇵ㇭ つᴽᶍ�

δu = −
∑ r(ξ, η) δΘ(ξ)

(∂Θ/∂x)(ξ)
.

㈝㋅ ㈥⛁㊪㇥⌅ ỹ ដ⯉ Dtラ C㈁ ៹㊹㈁ x㌵㼅ᴽ ║ỹ ⯅⌅ ᶍ␝ᶍញ ᚩ㊾䀁㈹�

δΘ(ξ)␥ ᝭⭙䀁ゕ ➝┝

δΘ(ξ) =
∑

ν

∏
k θ(x, yk(x))

θ(x, yν(x))

∣∣∣∣
x=ξ

· δθ(ξ, yν(ξ))

=
∑

ν

[∏
k θ(x, yk(ξ))

θ(x, yν(x))

∣∣∣∣
x=ξ

·
∑

i

∂θ

∂ti
(ξ, yν(ξ)) δti

]

㈝ ễᶍ� Ῑ∥⯅ −(ξ, η)δΘ(ξ)ᴽ t㈁ ㇉⑕䀑ⳁ㈭㇭ ⿵ ⳁ ㈱ᶍ�

㈝ ឥ㊾㇭ ⶍ㋅⌅ ᝭⭙べ ⾙ᣙ 㹡䀁᜵ ㌙ᢱ ⚽ᩥ ᜬ㇭ ➝㈹� ㅙ⑕㈁ ⿭❑ ⚡⠭㇩

㎥そ㑭 	㞱
㭩ㅹ ដ⯉㈝ f(x, y) = y2 − P (x) = 0㈝∥ញ 䀉 ῵

dx

2y
=

dx

(y2)y
=

dx

fy

Re3
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∥ញ ⾡ ⳁ ㈱ᶍ� ᢡ≁⯅ ㈥⛁㊪㇥⌅ ω = p(x, y)dx/fy(x, y)∥ᴽ ⿭❑⚡⠭べ ᶩ䀁ゕ

᝭⭙䀁┝ 㹡⑕䀁ᶍ� ㈝㋅ 㭩ㅹ㊪⠭ ᝭⭙べ ⒇᜵ Dtᴽ �㛑䀑ⳁ

θ(x, y) = y − t1x− t2

⌅㊾㈁ễ㑪⯉ᾍ㈝∥ញ䀁㈹� ៹㊹㈁㌵㼅␥ (ξ(t), η(t))∥䀁┝
 f(ξ(t1, t2), t1ξ(t1, t2)+

t2) = 0㈝ ⯚⑦䀁♩⌅
 F (x) = f(x, t1x + t2)∥ ⠩␝ᣙ⌅ 䀁┝
 ᚭᶑ䀅 ⚡⠭ ᝭⭙㇭

㱞䀝⯅ ᶍㇵ ⶆ㇭ つᴽᶍ�

F ′(ξ)ξt1 + ξfy = 0,

F ′(ξ)ξt2 + fy = 0.

〇㈁ ᝭⭙ឥ ⑱㛕ᚩ㑩⌅ ᝭⭙䀁ញ P (x) = p(ξ, t1ξ + t2)∥ ⠩␝ᣙ⌅ 䀁┝

ut1 =
∑ p(ξ, η)ξt1

fy(ξ, η)
= −

∑ ξP (ξ)

F ′(ξ)

ut2 =
∑ p(ξ, η)ξt2

fy(ξ, η)
= −

∑ P (ξ)

F ′(ξ)

㈝ᶍ� ㈝ ⶆᾍ㇩ ᚪᚪ xP (x)/F (x) dxラ P (x)/F (x) dx㈁ ᚪ ᢢ㊹べ⯅㈁ SFTJEVF㈁
䀒㈝♩⌅ ㈝ 㟆䀒㇩ ◝䀅ᶩべ⯅㈁ SFTJEVF⌅ 㼅䂭 ễᶍ� Ῑ∥⯅ ㈝ ỹ ᚻ㇩ ⰹ⴦᜵

᝭⭙䀉 ⳁ ㈱ᶍ�

(ઁޙ) ㈝ ᝭⭙ ⛒✾㇭ ⸑⯅ f(x, y) = x2 + y2 − 1 = 0㇥⌅ ㎥そ㑩ᴽ ᶑㆭ

ㅹべ ᶩ䀁ゕ 㑪⯉ឥ㈁ ỹ ៹㊹㈁ ㌵㼅ᚩ ⑵㌚ⶅ㭍ᴽ ឩ᝭ⶆ㇭ ᠕䀁ゕ∥�

	൦౟� ⿭❑㊪⠭㇭ ₺ᛂ㈝ u(t) =
∫ (x1,y1) ω+

∫ (x2,y2) ω∥ 䀁ញ ㆭ㈁ 㑪⯉

θ = 0㈝ ㈝ ỹ ㊹㇭ 㑩ᭅᶍញ 䀁ញ ㆭ␥ Ῑ∥ ᝭⭙䀝⯅ ᶍㇵ㇭ ➝㈡ᶍ�

u(t) = −2 BSDUBO t1 = BSDTJO −2t1
1 + t21

,
−2t1
1 + t21

= x1y2 + x2y1.)

eXjXj झ੄�ఋਗೣࣻۄ੉ীܰझ౟߄ (e- R9)

㭩ㅹ䀑ⳁ⌉㇩⒍ㅙ㬙⠭〥㈝ᶍ� ㈝㈝⌉㇩ ��⯡ᣙべᚩ㉎⤄ᭁᴽ᝙ឥᾍ㇭㈝⏁ញ
 ㈝

㈝⌉㈝ ⮆ᣙញ ᭁ⯅ 㑩ᢱᣵ㑩 ㈝ᜬ㇭ ゙᠕䀁㑩 ⿳㇩ 䀂㈹ᚩ はᶍញ 䀉 ㊾ṭ⌅ ⳁ䀂㈁

㎺ⶕ㇭㈝⎑ញ㈱ᴽᜬ㈝ᶍ� ㄽ㐱ㇵべᴽᶩⳁᣙ䀁䀂ឥᶩⳁ㊪ⳁ⌉べ⯅㎺ⶕ㊪ゖ䀉㇭

䀁ញ ㈱ᶍ� ゕᣙ⯅ᴽ ⚽㈝べ␝ⵍ㵡∥ⵍᚩ ṭ㈮䀅 㭩ㅹ䀑ⳁ㈁ ᢲⳁ㼅䂭ឥ ㎥ㄽ ឞⶆ㇭

ⰵᛅ䀅ᶍ�

➞ⰵ㹲┝Cㆭ㈁ᝒ㈹㊹ᾍ㈝⯅⌅Ṯ⑦㈡ỹ➞ⰵⳁ {ω1,ω2}␥⸑⯅ {n1ω1+n2ω2}

⌅⑵ᾍそ㑭ᶍញ䀁㈹� 	ゕᣙ⯅ n1
 n2㇩㊾ⳁ㈝ᶍ�
 ㈝ᝒ㈹㊹㈁㑺䀒㇭ Λ∥⠩␝ᣙ⌅

ReN
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䀁┝ ㈝べ ㈁䀁ゕ ㈝⭙᠙

Γ = {γ : γ(z) = z + λ GPS TPNF λ ∈ Λ}

␥ ㊾㈁䀉 ⳁ ㈱ᶍ� ⚽㈝べ␝ⵍ㵡∥ⵍ㈁ 䀑ⳁᴽ ᶍㇵឥ ᛂ㈝ ㊾㈁䀅ᶍ���

℘(z) =
1

z2
+

∑

0 #=γ∈Γ

(
1

γ(z)2
− 1

γ(0)2

)
.

㈝㋅ Λᚩ 1ឥ τ⌅ ⮆⯚ềぱᶍញ 䀁ញ
 ㅹ䄁┝ C/Λ␥ ⮆ᚪ䀁㈹� C/Λ ㆭ㈁ ㇉⑕䂾䀑

ⳁ㈁ ឞᚭ㇭ M㈝∥ 䀉 ῵ ℘ ∈ M㈝ញ ㈝ 䀑ⳁᴽ ᶑ 䀁ᭁ㈁ ᢢ㊹ 0㇭ ᚿᴽᶍ� ⑵㈥

℘␥ C ㆭ㈁ 䀑ⳁ∥ញ ➝┝ ㈝ 䀑ⳁᴽ ㎥ᣙ⯚

℘(z) = ℘(1 + z) = ℘(z + τ)

␥ ᚩ㑩♩⌅ ⶶ㎥ᣙ䀑ⳁ 	EPVCMZ QFSJPEJD GVODUJPO
∥ញ ⠩␡ᶍ� ㅹ㊹ ᢥ⛒べ⯅ ⌅∺

	-BVSFOU
ᢲⳁ ㊭ᛅ␥ 䀁┝

℘(z) =
a−2

z2
+

a−1

z
+ a0 + a1z + · · ·

ᚩ ễᶍ� ㈝ 䀑ⳁᴽ C/Λ ㆭべ⯅ ➝┝ 0べ⯅⑵ ᢢ㊹㇭ ᚩ㑩ញ ㈱ញ
 ㅹ䄁┝ ㆭ㈁

㇉⑕䂾䀑ⳁ㈁ SFTJEVF㈁ 䀒㇩ �㈝ ề♩⌅ Ῑ∥⯅

0 =
∑

p

3FTp(℘ dz) = a−1

㈝ ễᶍ� ℘␥ ㊪ᶢ䀅 ⭪ⳁ⌅ ᭁᲭញ ㊪ᶢ䀅 ⭪ⳁ⑵㬥 ᷽䀁┝ ᶍㇵ ᧝⌅ ⸑㑭ᶍ�

℘(z) =
1

z2
+ a1z + a2z

2 + · · · .

Ῑ∥⯅ ℘(z)−℘(−z)ᴽㅹ㊹ᢥ㝁㈁ᢢ㊹㈝⭪Ɑấはそ㑩♩⌅ FOUJSF䀑ⳁ㈝ញᶢ゙䈱

㇉᝭㈝ᶍ� Ῑ∥⯅ ⑕ㅙ⣭㇉ 	-JPVWJMMF
 ㊾⑕べ Ῑ∥ ⭪ⳁ䀑ⳁ㈝ᶍ� ㅹ㊹べ⯅㈁ ᚻ㈝ 0

㈝♩⌅ ℘(z) − ℘(−z) ≡ 0㈝ᶍ� Ῑ∥⯅ n = 0, 1, 2, 3 · · · べ ᶩ䀝 a2n+1 = 0㈝ᶍ� 㐲

℘ᴽ ㅙ䀑ⳁ㈝ញ ᶍㇵឥ ᛂ㈝ ⾡ ⳁ ㈱ᶍ�

℘(z) =
1

z2
+ a2z

2 + a4z
4 + · · ·+ a2nz

2n + · · · .

ゕᣙ⯅

℘′(z) =
−2

z3
+ 2a2z + 4a4z

3 + · · · ,
(
℘′(z)

)2
=

4

z6
− 8a2

z2
− 16a4 + · · · ,

(
℘(z)

)3
=

1

z6
+

3a2
z2

+ 3a4 + · · ·

��㈝⊕䀅䀑ⳁ␥㊾㈁䀉ⳁ㈱ぱḁḙᴽ㈝➝ᶍⓥ㊩⿭㈝㋉ⵍ㭩㈡㈝ⰵᛅ䀅ᢲⳁGk =
∑

0!=ω∈Λ 1/ωk

ᚩ ⒍ㅙ ㎺ㄽ䀅 ゖ䀉㇭ 䀱ᶍ�

Rdy
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␥ つᴽᶍ� ㈝㋅ 䀑ⳁ (℘′)2 − 4℘3 + 20a2℘ + 28a4␥ ⮆ᚪ䀁┝ ㈝ 䀑ⳁᴽ z㈁ ㇵⳁ

㑩ⳁ䀖㇭ᚩ㑩ញ㈱㑩⿳ញ 0べ⯅㈁ᚻ㈝ 0㈝♩⌅⭪ⳁ䀑ⳁ 0㈝ễᶍ� 㐲㈝䀑ⳁᾍ㇩

ᶍㇵ ឩ᝭ⶆ㇭ ⑵㌚ⶅ㭑ᶍ���

(℘′)2 = 4℘3 − g2℘− g3, (g2 = 20a2, g3 = 28a4) 	���


㈝ ឩ᝭ⶆ㇩ y2 = 4x3 − g2x − g3べ x = ℘
 y = ℘′㇭ ᯌ㇩ ᜬឥ ᛂ㇥♩⌅ 㭩ㅹដ⯉

y2 = 4x3 − g2x− g3㈁ ỹ ❩ⳁ (x, y)ᴽ ⚽㈝べ␝ⵍ㵡∥ⵍ㈁ 㭩ㅹ䀑ⳁ ℘ラ ᢡ ⚡⠭

℘′㇥⌅ ⒍ᛅ䃽䀉 ⳁ ㈱ᶍ�

➞ⰵ㹲┝ ㆭべ⯅ 㭩ㅹ䀑ⳁ ℘(u)㈁ ㎥ᣙᝒ㈹㊹㇥⌅ ⑵ᾍそ㑩ᴽ ㎥ᣙ㹲䀲⭕❩䂾べ

⯅ ㊾㈁ễ 䀑ⳁ Φ(u) = (℘(u),℘′(u))␥ ⮆ᚪ䀁㈹� ℘
 ℘′㇩ ㈝ オゖべ⯅ ㎥ᣙ㊪㈝♩⌅

ᢡ ⭪㈡ 㭩ㅹដ⯉㇩ C2 ⿱べ ᰼㈝ᴽ ㇍䄁┝ 	UPSVT
ᚩ ễᶍ� ⴦᜵ Φᴽ �ۗ�㈝ញ POUP
㈭㇭⿵ ⳁ㈱ᶍ� ㈝῵ Φᚩ〺㕦オゖㆭべ⯅㈁᠙ ᠕㌙べᶩ䀁ゕ IPNPNPSQIJTN㈭㇭

➝㈥ ⳁ ㈱ᶍ� ゕᣙ⯅ ㊾㈁ゖ㈁ ᠙᠕㌙ᴽ C㈁ Ḑ⯱べ ᶩ䀅 ᠙㈝ញ
 㤁ゖ㈁ ᠙᠕㌙ᴽ

㭩ㅹដ⯉ ㆭべ⯅ 㑪⯉ឥ㈁ ៹㊹ ㈺ṭ␥ 㱞䀝 〇べ⯅ ㊾㈁ễ ᠙᠕㌙㈝ᶍ�

䀑ⳁ ϕ(u)べ ᶩ䀁ゕ �❩ⳁ ᶍ䀖ⶆ F (x, y, z)ᚩ 0 ᶍ䀖ⶆ㈝ ⿭ᵵ ᜬ㇥⌅⯅
 䀖

ᾚ㊪㇥⌅ F
(
ϕ(u1 + u2),ϕ(u1),ϕ(u2)

)
= 0ᚩ ⯚⑦䀁┝ ϕ(u)ᚩˮᶩⳁ㊪ ᚩ✾⯚ ㇭˯

ᚿᴽᶍញ ⑹䀅ᶍ� ケ␥ ᾍそ 㑩ⳁ䀑ⳁᭁ ⭥ᚪ䀑ⳁᴽ ᶩⳁ㊪ ᚩ✾⯚㇭ ᚩ㑩ញ ㈱ᶍ�

ゕᣙ⯅ᴽ ℘(u)ᚩ ᶩⳁ㊪ ᚩ✾⯚㇭ ᚩ㑩ញ ㈱ㇵ㇭ ⿵⿭➡ᶍ�

䀑ⳁ
f(u) = ℘′(u)− a℘(u)− b

␥ ⮆ᚪ䀁㈹ ゕᣙ⯅ a
 bᴽ ញ㊾ễ ➞ⰵⳁ u1
 u2べ ᶩ䀁ゕ f(u1) = f(u2) = 0㈝

ềṭ⌆ ㊾䀅 ⭪ⳁ㈝ᶍ�ᚭᶑ䈱 䀁ᣙ ㆭ䀁ゕ

℘(uj) = Pj , ℘′(uj) = P ′
j (j = 1, 2)

∥ញ ᰼ᣙ⌅ 䀁┝
aP1 + b = P ′

1, aP2 + b = P ′
2

ᚩ ⯚⑦䀅ᶍ� 䀑ⳁ f(u)ᴽ u = 0べ⯅ PSEFS �㈡ ᢢ㊹㇭ ᚩ㑩♩⌅ ㎥ᣙ㹲䀲⭕❩䂾

⿱べ⯅ �ᛅ㈁ �㊹㇭ ᚩ㋡〥 䀅ᶍ� u1
 u2ᴽ ㈝㎺ ỹ ᛅ㈁ �㊹㈝♩⌅ ₹ ᶍ␡ 䀁ᭁ㈁ �

��㈝㋅ ℘ᭁ ℘′㇭ ⑱㤁 ⳁ 㝁⊥ ⮆ᚪ䀁ゕ ℘㈁ ㇉⑕ⶆ㇭ ║ỹ ║㇥┝ 㝝␥ ㈝⎕ᶍ� ㈝ᜬ㇭ C(℘)∥

⠩␝㈹� ㈝ᜬᾍ㇩ ║ỹ z㈁ ㅙ䀑ⳁᾍ㈁ ║㈭㈝♩⌅ ᣙ䀑ⳁ㈡ ℘′㇩ ゕᣙ ᾍそ㈱㑩 ⿳ᶍ� 䀁㑩⑵ ㆭ㈁

ឩ᝭ⶆべ ㈁䀝 (℘′)2㇩ ㈝ 㝝べ ⰶ䀁♩⌅ ℘′㇭ 㝑ᚩ䀅 C(℘,℘′)㇩ C(℘)㈁ �㛑䃾ᶩ㝝㈝ᶍ�

RdR
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㊹㇭ u3∥ 䀁㈹� ᢡ⊕┝ ᶍㇵឥ ᛂ㇩ ⭕ⶍ㇭ ⿵ ⳁ ㈱ᶍ���

u1 + u2 + u3 ≡ 0 NPE Λ.

Ῑ∥⯅ f(u)㈁ オ㊹㇩ u1
 u2
 −(u1 + u2)㈝ ễᶍ� ゕᣙ⯅ ℘(u1 + u2) = P3


℘′(u1 + u2) = P ′
3∥ ᰼㇥┝ ℘′(u)ᚩ ᣙ䀑ⳁ㈝♩⌅

aP3 + b = −P ′
3

␥⑵㌚ⶅ㭑ᶍ� ℘ᚩ⚡⠭⛒㊾ⶆ 	���
⑵㌚ⶅ㭍♩⌅ Piラ P ′
i ṭ㈝⛒㊾ⶆ㇭⑵㌚ⶅ㭍᜵

ềញ
 Ῑ∥⯅ x = P1, P2, P3㇩ ⛒㊾ⶆ

4x3 − g2x− g3 − (ax+ b)2 = 0 	���


㈁ 䀝ᚩ ễᶍ� ゕᣙ⯅ P1
 P2
 P3ᚩ ⯅⌅ ᶍ␡ ᚻ㇭ ᚿṭ⌆ u1
 u2␥ ㉊㇥┝ ⛒㊾ⶆ

	���
㈁ 䀝ᴽ P1
 P2
 P3 ⩹㈝ᶍ� ᢥឥ ᝭ⳁ㈁ ឩ᝭␥ ⭕ㅒ䀁┝

P1 + P2 + P3 =
a2

4
,

P1P2 + P2P3 + P3P1 = −ab

2
− g2

4
,

P1P2P3 =
b2

4
+

g3
4

㇭ つញ ゕᣙ⯅

a =
P ′
1 − P ′

2

P1 − P2
, b =

P1P ′
2 − P2P ′

1

P1 − P2

ᚩ つそ㑭ᶍ� ᢥឥ ᝭ⳁ㈁ 㝔 ✱㒡 ឩ᝭ⶆべ⯅ ᶍㇵ㇭ つᴽᶍ�

℘(u1 + u2) = −℘(u1)− ℘(u2) +
1

4

(
℘′(u1)− ℘′(u2)

℘(u1)− ℘(u2)

)2

	����


㈝ᜬ㈝ˮ ⚽㈝べ␝ⵍ㵡∥ⵍ ℘ۗ䀑ⳁ㈁ ᚩ✾㊾⑕ 	BEEJUJPO GPSNVMB
 ㈝˯ᶍ�

eXjX9 ܻ݅੄�ܻ݅ݶ (3)

ⳁ䀂べ ᶩ ❩䂪㇭ ᚩ㋡ᶍ㎥ញ 䀝⯆䀂㈁ ⚽㭾べ ᣙ䀁䀂㈝ ㈱ㇵ㇭ 㝁ㇵ ➝ゕ㎩ ⑕⑵㈁

⑕⑵┝ 	3JFNBOO TVSGBDFT
㇭ ㈝䀝䀁ᣙ ㆭ䀁ゕ ᶍㇵ ỹ ᚩ㑩 ᚭᶑ䀅 ᝦㅙべ ᶩ䀁ゕ

⑕⑵┝㇭ ⓥ㊩ ᠕⯚䀁ゕ ➝ᣙ⌅ 䀁㈹�

w =
√
z; 	����


w =
√
(z − a1)(z − a2)(z − a3). 	����


��㈝ ⭕ⶍ㇩ ➞ⰵ䀑ⳁ⌉㈁ ㊪⠭᝭⭙㇭ 㱞䀝⯅ 䃾㈡䀉 ⳁ ㈱ᴽḙ ゕᣙ⯅ᴽ ᚭᶑ䈱 䀁ᣙ ㆭ䀁ゕ Ὅべ

ⰵᛅ䀁ᴽ 㛡ញ⯅べ⯅ 㛧⿭➝ᣙ⌅ 䀁㈹�

Rdk
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�
 䀑ⳁ w =
√
z㈁ ⑕⑵┝���

ᢡ⑥ �

䀅 ㊹ z0 = reiφ␥ ㉊㇥┝ w =
√
reiφ/2㈝ᶍ� ㌵㼅᝭㈁ ㅹ㊹ ㎥ㆭ⌅ ᶔ䈵 ដ⯉㇭

Ῑ∥ 䀅 ⚽㫝 ṵ┝ 	φ̃ = φ + 2π

 䀑ⳁ wᴽ ⠩䃡ᚩ ⚽᪹ᶍ� w =
√
rei(φ+2π)/2 =

−
√
reiφ/2� Ῑ∥⯅ 	ㅙ⑕ᴽ 䀅 ⚽㫝 ṵ⿭⯅ ㈝ ㊹㇥⌅ ềṵ⿭ᚽ㇥♩⌅
 ᛂ㇩ ㊹

z0 = reiφべ ᶩ䀁ゕ wᚩ ⯅⌅ ᶍ␡ ỹ ᛅ㈁ ᚻ㇭ ᚿ᜵ ễᶍ� 㐲 ㈝ 䀑ⳁᴽ �ᚩ䀑ⳁ

㈝ᶍ� ㈝⊙ そ⋍ㅩ㇭ 㿥䀝ᚩᣙ ㆭ䀝⯅ ➞ⰵ㹲┝㇭ 〺㈁ ⶍⳁ㠾㇭ Ῑ∥⯅ ㉁∥᭡ᶍ�

䀑ⳁ w(z)㈁ ㊾㈁ゖ㇭ ㈝ ㉁⑙⯉ 	㊱ᶑ
 DVU
ឥ ⑵ᭁ㑩 ⿳ᴽ 䀅ṭ ᣵ㑩⑵ ➝┝ w(z)ᴽ

ᶍㇵឥ ᛂ㈝ ỹ ᛅ㈁ �ᚩ䀑ⳁ⌅ ㈝⎑そ㑭 ⠭㑩 	䙫専� CSBODI
⌅ ㈝⎑そ㑭ᶍ�

w(z) =
√
reiφ/2, 0 ≤ φ < 2π㈥ ῵,

w(z) = −
√
reiφ/2, 2π ≤ φ < 4π㈥ ῵.

㈝㋅㈝⊰᜵㉁⑙ỹᛅ㈁➞ⰵ㹲┝㇭➝㈹ 	ᢡ⑥ �
 TIFFU �ឥ �
� ᢡ⊕┝ᚪᚪ㈁㉁⑙

⠩⠭㇩ỹᛅ㈁❩㇭㈝⎕ᶍ� 㐲㋅�⭕⠭┝㕦❩ឥ㋅�⭕⠭┝㕦❩㈝ᶍ� 	ゕᣙ⯅㉁⑙

⯉㇥⌅ ㈡䀁ゕ 㹲┝㈝ ᚱ∥㋡ ⁑そ㋡ ㈱ᶍញ ⮆ᚪ䀅ᶍ�
 ᢡ⑥ឥ ᛂ㈝ ㋅�⭕⠭┝ 㕦㇭

+ ᣙ䃡⌅ ᭁ㭩᭝ញ ㋅�⭕⠭┝ 㕦㇭ − ᣙ䃡⌅ ᭁ㭩᭝ᣙ⌅ 䀁㈹� ㈝ DVU␥ ᚩ⌅㑱⊕⯅

⠭㑩 w(z)␥ ゙᝙䀁ᣙ ㆭ䀁ゕ ⯅⌅ ㈝そ ⡂㈝ᴽ ỹ ❩べ⯅㈁ 䀑ⳁᚻ㈁ TJHO㈝ ᛂ⿭〥

��➞ⰵ䀑ⳁ⌉べ⯅
√
zᴽ ᶍㇵ ⶆ㇥⌅ ㊾㈁䀅ᶍ� z = r FYQ[iθ]∥ 䀉 ῵


√
r FYQ[iθ] = z1/2 = FYQ

[
(1/2) MPH z

]
= FYQ

[
(1/2) (MPH r + iθ)

]
=

√
r FYQ[iθ/2].

Ῑ∥⯅ ㈝ 䀑ⳁᴽ ㅹ㊹べ⯅㈁ ᜙⑕␥ ㌙ᢱ ⚽ᩡᴽ ㄡべ ᣙ➡㊪㇥⌅ ㅹ㊹べ⯅ ㉙
−→
0zラ xۗ㠾㈁ 〺㈁ ⛒䁎ឥ

ᚪṭ 	θ
␥ ⛁㇥⌅ ㎭㈡ᶍ�
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䀅ᶍ�

㈝㋅ỹ TIFFU␥⡂㈝㈹� 㐲
 TIFFU �㈁ +㕦❩ឥ TIFFU �㈁ −㕦❩㇭⡂㈝ញ
 TIFFU
�㈁ −㕦 ❩ឥ TIFFU �㈁ +㕦 ❩㇭ ⡂㈡ᶍ� ㈝ ㊱ᶑ㇭ ᚩ⌅㑱⊕ ᚩᴽ ᣡ㇭ Ῑ∥ᚩ┝

ㅙ⑕ᴽ ᶍ␡ TIFFU⌅ ᯁそᚩ᜵ ễᶍ� Ῑ∥⯅ ᶍㇵឥ ᛂ㇩ ᰩ∥ㅝ ⭪䄒㈝ ễᶍ� TIFFU �
ㆭ㈁ ㊹ z0べ⯅ 㡅⛅䀁ゕ ᶔ䈵 ដ⯉㇭ Ῑ∥ ㌵㼅᝭㈁ ㅹ㊹㇭ 䀅 ⚽㫝 ṵ᜵ ề┝ TIFFU
�⌅᜝᮱⯅⯅㊹ z0べネ᜵ề┝䀑ⳁᚻ wᴽ −√

z0ᚩề᜵ễᶍ� Ῑ∥⯅ᚪᚪ㈁ TIFFU
ㆭべ⯅ᴽ 䀑ⳁ wᴽ 䀅ᚩ㑩 ᚻ⑵㇭ ᚩ㑩᜵ ễᶍ�

3JFNBOO㈁㛒⭪㇩ᣙ➡㊪㇥⌅ᶍㇵឥᛂᶍ� ➞ⰵ㹲┝ㆭ㈁ᶍᚩ䀑ⳁᴽ㈝䀑ⳁべ

⒇ᴽ ゕ⊕ TIFFU⌅ ㈝⎑そ㑭 ⑕⑵┝ ㆭべ⯅ �ᚩ䀑ⳁ∥ញ ⮆ᚪ䀉 ⳁ ㈱ᶍ� ⠱䀲䀁᜵ṭ

៹㛑㊹㇭ ⑵ᾍ㑩 ⿳㇥┝⯅ ㈝⊰᜵ ⡂㈝ᴽ ᜬ㇩ �㛑ㅹ ឞᚭ ⿱べ⯅ᴽ 䀉 ⳁᚩ はᶍ�

䀁㑩⑵ ㈝⊰᜵ ⑵ᾉ ⑕⑵┝㇩ ㆭ⭪㊪㇥⌅ᴽ ᠕┝ឥ Ẃ㤁∥ᴽ ⭕ⶍ㇭ ⿵ ⳁ ㈱ᶍ���

�
 ᷽ ➞㉊䀅 䀑ⳁ㈁ ⑕⑵┝� w =
√
(z − a1)(z − a2)(z − a3)�

ᢡ⑥ �

᠕┝ ㆭべ⯅ a1⠩㯙 a2ᣵ㑩 ㊱ᶑ䀁ញ ₹ a3べ⯅ ◝䀅ᶩᣵ㑩 ㊱ᶑ䀁㈹ 	ᢡ⑥ �B
�
㈝ ㊱ᶑ㇭ ✵⋍⯅ 	ᢡ⑥ �C
 ❩㈁ TJHO㇭ ⒇㠽そ⯅ ₺ᛂ㇩ ỹ✵㇭ ⡂㈡ᶍ 	ᢡ⑥ �D
�
㈝ ដ┝㇩ ㆭ⭪㊪㇥⌅ ㅹ䄁┝ 	UPSVT
	ᢡ⑥ �E

 㐲 ㆭ⭪㊪㇥⌅ Ẃ䂾㈡ˬ᠕┝べ IBOEMF

��ⶍ㋅⌅ 4UFSFPHSBQIJD QSPKFDUJPO㈁ ṭㅩ㇭ ⛄⿭⯅ ㆭ㈁ ᚪ TIFFUᴽ ᠕┝ ⰶべ ᶩㇺⶅ㧅 ᯌ㇭ ⳁ ㈱ᶍ�

	㈝␥ 3JFNBOO TQIFSF∥ញ ⠩␡ᶍ�
 ᢡ⊕┝ ㈝ 㹲┝ 	TIFFU �
 ㆭ㈁ ㊱ᶑ㇩ ᠕┝ ㆭべ⯅ᴽ ᝦ⯉㇭ Ῑ∥⯅

㊱ᶑ䀅 ᜬឥ ᛂᶍ 	ᢡ⑥ �C
� ㈝㋅ ㊱ᶑ㈁ ỹ ❩㇭ ㅩ㑪ゕ⯅ ゝそ⯅ ㈝ᜬ㇭ ⛁᠕┝ 	IFNJTQIFSF
⌅ ⑵ᾍ㈹

	ᢡ⑥ �D
� 4IFFU �ṭ ⑱㛕ᚩ㑩⌅ ❩䂾䀁ゕ ㈝ ỹ ⛁᠕┝㇭ ⡂㈝┝⯅ 䀑ⳁᚻ㈁ TJHOべ ㎥㈁䀁┝ ᢡ⑥ �Eラ
ᛂ㈝ ロ㊭䀅 ᠕┝㇭ つᴽᶍ� ㅹ≁㈁ ỹ TIFFU㈁ ㊱ᶑべ⯅ ⯅⌅ ᶩㇺềᴽ ❩㇭ ⡂ゕṭ ᛂ㇩ ᝙ឥ␥ つᴽᶍ�

㈝⊙ ㌙㈺㇩ ㆭ⭪㊪㇥⌅ Ẃ㤁㈝♩⌅ 䀑ⳁ w(z)㈁ ⑕⑵┝㇩ ᠕┝ឥ ㆭ⭪Ẃ䂾㈭㇭ ⿵ ⳁ ㈱ᶍ�
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䀁ᭁ␥ ⡂㈡ ᜬ ㈝˭ ễᶍ� ㈥⛁㊪㇥⌅ 䀑ⳁ w =
√

(z − a1) · · · (z − a2g)㈁ ⑕⑵┝㇩

᠕┝べ g − 1ᛅ㈁ IBOEMF㇭ ⡂㈡ ᜬឥ ᛂᶍ� ゕᣙ⯅ g − 1㈝∩ Ⳕ㈹ᴽ ㎺ㄽ䀅 ㆭ⭪⠱

❩≲㈡ ដ┝㈁ ㌮ⳁ 	溓姝� HFOVT
㈝ᶍ� ỹ ដ┝㈁ ㌮ⳁᚩ ⯅⌅ ᶍ␝┝ ㈝ ỹ ដ┝㇩

ㆭ⭪Ẃ䂾㈝ ỉ ⳁ はᶍ� ⑕⑵㇩ ᢡ㈁ ᠕⯚㈝ ㆭ⭪㊪ ⯚㑱㈭㇭ ⠭┮䈱 ⿵ញ ㈱ぱᶍ�

ᢡ㈁ ゙᠕ ᝙ឥラ ㈝べ Ῑ∥ ㈝⎑そ㑭 1PJODBS©㈁ ᝙ឥᾍ㇩ ㆭ⭪ᣙ䀁䀂㈁ ᣙ㞱ᚩ

ềぱᶍ�

⑕⑵㇩ ᢡ TIFFU㈁ ᛅⳁ nឥ 	㎺➞㇭ ញ⋍䀁ゕ ⯥
 ⠭㑩㊹ 	CSBODI QPJOU
㈁ ᛅⳁ

b␥ ㈝そ㎥ᴽ ㎺ㄽ䀅 ឞⶆ㇭ ⛅᝕䀁ォញ
 ᶩⳁ䀑ⳁ㈁ ⑕⑵┝㈁ ㌮ⳁᴽ ᶍㇵ㇥⌅

㎥そ㑭ᶍ�

g =
b

2
− n+ 1. 	����


㈝ ឞⶆ㇩ 㞱㭩ㅹដ┝ 	IZQFSFMMJQUJD TVSGBDF
 w =
√
(z − a1) · · · (z − a2g+2)㈁ ㌮ⳁᚩ

gᚩ ễᶍᴽ ᜬ㇭ ➝ゕ㎩ᶍ� 	㈝ ῵ TIFFU㈁ ᛅⳁᴽ n = 2㈝ញ ⠭㑩㊹ a1, . . . , a2g+2ᴽ

║ỹ ㎺➞ṭ �㈝ᶍ�
 ║ᾉ 䁎㇭ ㎭ ⳁ ㈱ᴽ ᶔ䈵 ដ┝㇩ ᠕┝べ ㊪ᶢ䀅 ᛅⳁ㈁ IBOEMF
㇭ ⡂㈡ ដ┝ឥ ゙ⰶ㈝ ềṭ⌆ �ᶩ�ᶩㇺ㇭ ⶅ㭕 ⳁ ㈱ᶍ� Ῑ∥⯅ ㈭㈁㈁ 䁎㇭ ㎭ ⳁ

㈱ᴽ ដ┝㇩ そ⁍ ᶩⳁ䀑ⳁ㈁ ⑕⑵┝㈭㇭ ⿵ ⳁ ㈱ᶍ� ⑕⑵┝㇭ ⭕ㅒ䀁┝ ᶩⳁ䀑ⳁラ

ᢡ ㊪⠭⌉㈡ ⿭❑㊪⠭㇭ ឞ⠩䀁ᴽḙ ㈝㈞㈝ ⑷ᶍ�

〇べ⯅ラ ᛂ㈝ r(x, y)ᴽ ㇉⑕䀑ⳁ㈝ញ ỹ ❩ⳁ xラ yᴽ ᶩⳁ䀑ⳁ f べ ㈁䀝⯅

㎥そ㑭 ឩ᝭ⶆ f(x, y) = 0␥ ⑵㌚ⶅ㭑ᶍញ 䀁㈹� ⿭❑㈁ ㊾⑕べ⯅ ㇉䀅䀅 m ᛅ㈁

㊪⠭ᾍ㈁ 䀒 ∫ x1,y1

x0,y0

r(x, y) dx+ · · ·+
∫ xm,ym

x0,y0

r(x, y) dx

㇩ 䀖⭪ ᶑ gᛅ㈁ ㈝⊕䀅 ㊪⠭ ⚸ ┰ ᛅ㈁ ㇉⑕䀑ⳁラ ⌅ᢡ䀑ⳁ␥ ⸑⯅ ᭁ㭩᭥

ⳁ ㈱ᶍញ 䀉῵
 gᴽ ㎥そ㑭 ᶩⳁ䀑ⳁ f ㈁ ㌮ⳁ⌅⯅ mឥᴽ ◝ឩ䀁᜵ ᝙㊾ễᶍ�

f(x, y) = y2 − Pk(x)㈥ ῵㈡ 㞱㭩ㅹ㊪⠭べ ᶩ䀁ゕ ㈝ ᶩⳁ䀑ⳁ㈁ ㌮ⳁᴽ ㈝⚡ ⿵ញ

㈱ᴽ ⑕⑵┝㈁ ㌮ⳁ㈝ᶍ�

⑕⑵㈝ ➡ ⿭❑㈁ ㊾⑕㈁ 䀞ⶕ ᭝ㅒ㇩
 ㈭㈁㈁ ᶩⳁ䀑ⳁ㈁ ㊪⠭㈡ ⿭❑㊪⠭⌉㇭

ឞ⠩䀁⋍┝ 	㊪⠭ ⰶべ ᭁ㭩ᭁᴽ 㵢㈝㊹べ Ῑ∥ ㊾䀝㑩ᴽ
 ┰ ᛅ㈁ 㵢ⳁ䀅 ᝦㅙ⑵ ឞ

⠩䀁┝ ễᶍᴽ ᜬ㈝┙
 ᢡ 䀒㈁ ᝭⭙べ⯅ ㌮ⳁべ Ῑ␡ ㊪⠭ ㄡべ ㇉⑕䀖㈝ᭁ ⌅ᢡ䀖㈝

0㈝ ềᴽ ᝦㅙ␥ ᠕❭䀝᭥ ⳁṭ ㈱ᶍ�

Ῑ∥⯅ ㈥⛁㊪㈡ ᝦㅙ㈁ ゖ䀑ⳁ ◡㋅ᴽ ㈭㈁㈁ ⑕⑵┝ ㆭべ⯅ ㊾㈁ễ ᶍᚩ䀑ⳁべ

ᶩ䀁ゕ゙᠕䀁㑩⿳㇥┝⿱ễᶍᴽ⭕ⶍ㇭⿵ⳁ㈱ᶍ� ᢡ⑕ញ⿭❑㇩㈥⛁㊪㈡ᝦㅙ㈁
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ゖ䀑ⳁ ◡㋅␥ ㋅ᣙ䀁㑩 ⿳、ᶍ� ㈝ ◡㋅␥ 㼩᜵ ễ オឺ㇩ ⑕⑵べ᜵ ṵ⿭ᚽᶍ� ᢡᴽ

⑕⑵┝ ㆭべ ㊾㈁ễ ᶍᚩ 䀝⯆䀑ⳁ㈁ ㈥⛁ ㈝⌉㇭ ᠕⯚䀝⯅ ゙᠕␥ 㑭䀲䀱ᶍ� ᢡ㈁

⛒✾⌉㈁ ᣙ➡㇩ ㈝⚡ ᢡ㈁ ⚾⭕䀂ㆭ ᰥ◡べ ᾍそ㈱ぱᶍ� ᢡᴽ ⓥ㊩ ㊪㊱䀅 ㊱ᶑ㇭

㉊⿭ᭁᚩ┝ ᶍ㎺゙᝙㈡ オゖ㇭ ᶑⳅ゙᝙㈡ オゖ㇥⌅ ⚽ᩩ ⳁ ㈱ㇵ㇭ ➝ォᶍ� ᢡ

ᶍㇵべᴽ
 䀑ⳁ㈁ ㈺ㅒ ⛒ⶆ㇭ ㉁ ㊾㈁䀁ញ ㊱ᶑ㇭ ᚩ⌅㑩␝ᴽ ដ⯉㈝ ㎥そ㑩┝
 ㈝

◡㋅ᚩ ㎥そ㑭 䂾㮅㈁ 㵢㈝㊹㇭ ᚿᴽ �ᚩ䀑ⳁ␥ ゙᠕䀁ᴽ ◡㋅⌅ ⚽᪹ᶍᴽ ⭕ⶍ㇭

➝ォᶍ�

⑕⑵㇩ 㵢䈱㎥そ㑭᧝㈁㵢㈝㊹㇭ᚿᴽᶍᚩ䀑ⳁ㈁㌝㉕ゕ⠩ᴽᢡ⑕⑵┝㈁ㆭ⭪

べ Ῑ∥ ᝙㊾ễᶍᴽ ⭕ⶍ㇭ ➝㈝ᴽḙ ⯚ឞ䀁ォᶍ� ケ␥ ᾍそ ᶍㇵឥ ᛂ㇩ ⿭❑㊪⠭㇭

⮆ᚪ䀝 ➝㈹�

w =

∫ z

0
R(u, z) dz. 	����


ゕᣙ⯅ᶍㇵឥᛂ㇩◡㋅␥◥そ➥ⳁ㈱ᶍ�ˮ ㎥そ㑭⑕⑵┝ㆭべ㊾㈁ễ⿭❑䀑ⳁ⌅⯅

◝䀅ᶩ⌅ ᚩᣵ㈝ ᚩ㑩 ⿳ញ ⭪ⳁ䀑ⳁṭ ⿭ᵵ ᢡ⊙ ᜬ㈝ ㌝㉕䀁ᴽᚩ �˯�

3JFNBOO㇩ ㇉䀅ᛅ㈁ ㊹べ⯅ ◝䀅ᶩ ᚻ㇭ ᚿᴽ ⿭❑䀑ⳁべ ᶩ䀁ゕ ㈝ラ ㇉⭕䀅

◡㋅␥ 㼩ぱᶍ� ケ␥ ᾍ┝ ㋅�㌮ ⿭❑⚡⠭㈁ ㌝㉕ ◡㋅
 㐲 ᠖ⰵ㊪㇥⌅ ᶍㇵឥ ᛂ㇩

᧝㇭ ᚿᴽ ⚡⠭䂾ⶆ㈁ ㌝㉕ ◡㋅㈝ᶍ�
(
ak
zk

+ · · ·+ a2
z2

+ φ(z)

)
dz = f(z) dz

ゕᣙ⯅ φ(z)ᴽ IPMPNPSQIJD䀑ⳁ㈝ᶍ� ㈝◡㋅べ⯅㈝⊙㋅�㌮⿭❑⚡⠭㈝ dg(z)᧝㈝

ềṭ⌆ 䀁ᴽ ㇉⑕䂾䀑ⳁ g(z)ᚩ ロ㊭䈱 ㈭㈁⌅ ㎥そ㑭 ᢢ㊹ 	QPMF
ᾍ㇭ ᚩ㑩ṭ⌆ 䀉

ⳁᴽ はᶍ� 	-JPVWJMMF ㊾⑕⌅⠩㯙 g(z)ᴽ ㊪そṭ 䀅 ᛅ㈁ ᢢ㊹㇭ ᚩ㋡〥 䀅ᶍᴽ ᜬ㇭

⿵ ⳁ ㈱ᶍ�

㈝ ◡㋅べ ᶩ䀝 ⑕⑵㇩ ⒍ㅙ ㎺ㄽ䀅 ᝙ឥ㈡ ⑕⑵ ⠩ᾚⶆ㇭ ⛅᝕䀁ォᶍ� ㈝ᴽ m

ᛅ㈁⯅⌅ᶍ␡㊹ Pk 	k = 1, . . . ,m
べ⯅ PSEFS r ≤ nk㈡ᢢ㊹ᾍ㇭ᚿᴽ NFSPNPSQIJD
䀑ⳁ⌅⯅⯅⌅⯉䂾Ṯ⑦㈡ᜬ㈁ᛅⳁᚩ

∑
nk−g+1➝ᶍ㊪㑩⿳ᶍᴽᜬ㈝ᶍ� 	ゕᣙ⯅

gᴽ ដ┝㈁ ㌮ⳁHFOVT㈝ᶍ�

����ᯭべ 3JFNBOO㈁ 䀂⮆㈡ (VTUBW 3PDIᴽ ㈝➝ᶍ ᷽ ᚾ⋎䀅 ᝙ឥ␥ 㑆┮䀁ᴽḙ

��㈝⊙ 䀑ⳁᴽ ᧖ ᶍᚩ䀑ⳁゕ〥 䀅ᶍᴽ ⭕ⶍ㈝ +PTFQI -JPVWJMMF㈁ ㊾⑕⌅⠩㯙 ᭁパᶍ� ㈝ ㊾⑕ᴽ
 ᶔ䈵

⑕⑵┝ ㆭべ⯅ ㊾㈁ễ ㈭㈁㈁ �ᚩ 䀝⯆䀑ⳁᚩ 	0㈝ᭁ ᢢ 	QPMF
ឥ ᛂ㇩
㵢㈝㊹㇭ ᚿ㑩 ⿳㇥┝ ⭪ⳁ䀑ⳁ∥ᴽ

ᜬ㈝ᶍ� 3JFNBOO㇩ ᶍㇵឥ ᛂ㇩ ᝙ឥ␥ つぱᶍ� ㌮ⳁᚩ g㈡ ដ┝ ㆭべᴽ ⯉䂾Ṯ⑦㈡ ㋅�㌮㊪⠭㈝ gᛅ
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Lecture notes : 16th KIAS Geometry Winter School

Hyun Kyu Kim (email: hyunkyukim@ewha.ac.kr)

title: Basics on Teichmüller spaces of Riemann surfaces

date: 2021.Jan.19

references (ıÄX0 ã@ E‰):

Farb-Margalit, A primer on mapping class groups

Hubbard, Teichmüller theory

©\ (to understand) :

Riemann (1857) said : “a curve of genus g � 2 depends on 3g � 3 moduli”

(curveî Riemann surface| X¯. moduliî (complex) parameter)

Let S = topological 2-manifold

Today : S compact of genus g, oriented.

We fix any smooth structure on S.

Def. A holomorphic structure (or complex-analytic structure or complex structure)

on S is a maximal holomorphic atlas ⌃ on S.

(â ⌃ = {(Ui,'i)}i2I , where {Ui}i2I is an open cover of S, 'i : Ui ! 'i(Ui) ⇢ C di↵eomor-

phism to an open subset of C, and each transition map 'j � '�1
i is (bi)holomorphic)

! (S,⌃) is called a Riemann surface of topological type S.

Def. Riemann’s classical moduli space

M(S) := {holomorphic structures ⌃ on S}/Di↵
+
(S)

where the quotient means quotient by the action of pullback by orientation-preserving di↵eo-

morphisms S ! S.

(cf. {Riemann surfaces of topological type S}/isomorphism)

(cf. Mg)

want :

• parametrize all points of M(S) by parameters?

• structures on M(S)? topologize? manifold?
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\ Xò?

• ∞¸` (tÙ» ãT|)

• to quantize (Xò)Ã ‰ ⇠î ∆‡, ®Dì@ ı⌅(⌅X h⇠)D ‰⌅| ⌧‰)

¥�‡, M(S)| ıÄX$t, better idea to study:

Def. Teichmüller space

T (S) = {holomorphic structures ⌃ on S}/Di↵(S)0

where the quotient is quotient by the action of pullback by di↵eomorphisms S ! S isotopic

to identity.

Note: people write T (S) = {holomorphic structures ⌃ on S}/isotopy

We will see partially:

Thm (Fenchel-Nielsen ⇠ 1948) If g � 2, T (S) is homeomorphic to R
6g�6.

(we will see how the number 6g � 6 comes up)

We will not see:

Thm. 9(Weil-Petersson) Kähler metric on T (S).

Relationship with M(S)?

Def. Mapping class group

MCG(S) := Di↵
+
(S)/Di↵(S)0

(discrete group of components of Di↵
+
(S))

Note: MCG(S) acts ‘nicely’ on T (S), and T (S)/MCG(S) is homeomorphic to M(S)

(so T (S) is a universal cover of M(S))

Let’s study T (S). People say

T (S)
1:1 ! {hyperbolic metrics on S}/isotopy

(where a hyperbolic metric is a Riemannian metric with constant sectional curvature �1) holds
due to the ‘Uniformization Theorem’.

Thm (the Uniformization Theorem; Koebe, Poincaré, 1907) A simply-connected Riemann

surface is isomorphic (i.e. biholomorphic) to exactly one of C, P1, H2.

Here P
1
is the Riemann sphere (can be viewed as C[ {1}, and is homeomorphic to S2

), and

H
2
= {z 2 C | Im(z) > 0} is the upper half-plane. Note H

2
is naturally a Riemann surface,

2



whose holomorphic structure naturally inherits from that of C because H
2
is an open subset

of C. Note that both C and H
2
can be viewed as open submanifolds of P

1
.

Let’s use the Uniformization Theorem.

Start from a Riemann surface (S,⌃) of topological type S (i.e. [⌃] 2 T (S)).

Let p : eS ! S be a universal covering.

Claim. 9! holomorphic structure e⌃ on eS s.t. p : (eS, e⌃)! (S,⌃) is a local biholomorphism.

Then (eS, e⌃) is a simply-connected Riemann surface, so by the Uniformization Theorem,

9isomorphism

� : (eS, e⌃)! X

of Riemann surfaces, where

X 2 {C,P1,H2}.

How do we get the original (S,⌃) back? Quotient by the deck transformation group

Aut(p) := {h : eS ! eS homeomorphism s.t. p = ph}

(i.e. self-homeomorphisms h of eS that preserve the covering p, i.e. h making the diagram

eS h //

p
��

eS

p
��

S

to commute)

Facts from �⇠⌅¡:

(1) Aut(p) ⇠= ⇡1(S)

(2) Aut(p) acts properly discontinuously (and freely) on eS
(3) eS/Aut(p) is homeomorphic to S

Note : Consider the automorphism group of the Riemann surface (eS, e⌃):

Aut(eS, e⌃) = {h : eS ! eS homeomorphisms preserving e⌃}

(you may replace ‘homeomorphisms’ by ‘di↵eomorphisms’). Then the subgroups Aut(p) and

Aut(eS, e⌃) of Homeo(eS) satisfy
Aut(p)  Aut(eS, e⌃)

(by construction of e⌃)

3



Note : From the isomorphism � : (eS, e⌃)! X of Riemann surfaces, we get the isomorphism

Ad� : Aut(eS, e⌃)! Aut(X), h 7! � � h � ��1

of the isomorphism groups.

(consider the diagram

(eS, e⌃) � //

h
✏✏

X

✏✏
(eS, e⌃) � // X

)

summary (for a fixed x 2 S)

⇡1(S, x) ⇠= Aut(p)  Aut(eS, e⌃) Ad��!⇠= Aut(X)

Thm.

(1) The resulting homomorphism

⇢ = ⇢⌃ : ⇡1(S, x)! Aut(X),

called the monodromy representation (or holonomy representation) of ⌃, is well-

defined up to conjugation by an element of Aut(X).

(2) ⇢⌃ = ⇢⌃0 , ⌃,⌃0 represent a same point of T (⌃).

(3) ⇢ is faithful (i.e. injective) and (the image is) discrete.

Question: Aut(X)î ¥ªå ›ºò?

Thm.

(1) Aut(P
1
) ⇠= PSL(2,C) = SL(2,C)/{±Id}, for each � =

�
a b
c d

�
2 SL(2,C) (i.e. a, b, c, d 2 C,

ad� bc = 1), the associated automorphism f� 2 Aut(P
1
) of P1

= C [ {1} is f�(z) =
az+b
cz+d)

(2) Aut(C) ⇠= {
�
a b
0 1

�
2 SL(2,C) | a 6= 0} (so f : C! C given by f(z) = az + b)

(3) Aut(H
2
) ⇠= PSL(2,R)

Thm. Suppose that a Riemann surface Y is not isomorphic to P
1, C, C \ {a}, or a Riemann

surface of genus 1 (i.e. homeomorphic to the torus S1 ⇥ S1). Then Y has H
2 as its universal

covering Riemann surface.

Thm. For g � 2,

T (S)! Hom
df
(⇡1(S),PSL(2,R))/PSL(2,R)

4



sending [⌃] to [⇢⌃] is a bijection.

Here, the right-hand-side is the set of all group homomorphisms ⇢ : ⇡1(S) ! PSL(2,R)

defined up to conjugation by an element of PSL(2,R) such that ⇢ is faithful and (the image

of ⇢ is) discrete.

Can we see dim T (S)? (T (S) locally homeomorphic to R
N
, for which N?)

⇡1(S) has a presentation by 2g generators and 1 relation. Note that PSL(2,R) is a real

3-manifold. So, at least locally,

dimT (S) = (2g � 1) · 3� 3,

where �3 comes from the quotient action by the 3-manifold Lie group PSL(2,R). So

dimT (S) = 6g � 6.

What we didn’t see today : the hyperbolic metric description of T (S). We will see next time

a little bit (how a Riemann surface structure ⌃ on S induce a hyperbolic metric on S)
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Lecture notes : 16th KIAS Geometry Winter School
Hyun Kyu Kim (email: hyunkyukim@ewha.ac.kr)

title: Teichmüller spaces as cluster varieties
date: 2021.Jan.25

1 Continuing from last time : compact surfaces

Let S be a compact oriented surface. The Teichmüller space is

T (S) := {holomorphic structures ⌃ on S}/isotopy

which is in bijection with

Homdf (⇡1(S),PSL(2,R))/PSL(2,R),

the set of all group homomorphisms ⇢ : ⇡1(S) ! PSL(2,R), defined up to conjugation by

an element of PSL(2,R) (i.e. two homomorphisms ⇢, ⇢
0 : ⇡1(S) ! PSL(2,R) are viewed as

equivalent if 9� 2 PSL(2,R), 8[�] 2 ⇡1(S), ⇢0([�]) = � ⇢([�])��1; to be more precise, pick a

point x of S and replace ⇡1(S) by ⇡1(S, x)), such that ⇢ has discrete image in PSL(2,R) and

⇢ is faithful (i.e. injective).

For a point [⌃] of T (S) represented by the holomorphic structure ⌃ on S, let [⇢] = [⇢⌃] be

the corresponding point of Homdf (⇡1(S),PSL(2,R))/PSL(2,R) represented by the monodromy

representation homomorphism

⇢ : ⇡1(S) ! PSL(2,R).

Let

� := ⇢(⇡1(S))  PSL(2,R)

be the corresponding Fuchsian group (this just means a discrete subgroup of PSL(2,R)).

We have the commutative diagram of maps

(eS, e⌃) � //

p

✏✏

(H2
,⌃H2)

quotient
✏✏

(S,⌃)
� // H2

/�

for a unique map � : (S,⌃) ! H
2
/�, which is an isomorphism of Riemann surfaces, hence in

particular a di↵eomorphism from S to H
2
/�.

1



Note that H2 = {x+ iy 2 C | y > 0} = {(x, y) 2 R
2 | y > 0} has a standard hyperbolic metric

gH2 = dx2+dy2

y2 (a hyperbolic metric means a Riemannian metric with sectional curvature⌘ 1;

since we are dealing only with surfaces here, one can replace the ‘sectional curvature’ by the

‘Gaussian curvature’). The automorphism group of this Riemannian manifold (H2
, gH2) is:

Thm. The orientation-preserving isometry group

Isom+(H2
, gH2) := {h : H2 ! H

2 orientation-preserving di↵eomorphisms preserving gH2}

(here, h preserving gH2 means h⇤gH2 = gH2) coincides with the group PSL(2,R)  Homeo(H2)

of PSL(2,R) fractional linear transformations.

Hence

Isom+(H2
, gH2) = PSL(2,R) = Aut(H2

,⌃H2).

(preserving lengths and angles, i.e. being an isometry

$preserving angles, i.e. being conformal

$preserving complex structures, i.e. being holomorphic)

So �  PSL(2,R) is a discrete subgroup of Isom+(H2
, gH2), hence the quotient H2

/� inherits

the hyperbolic metric. We can then pullback this hyperbolic metric along the di↵eomorphism

� : S ! H
2
/�, to obtain a hyperbolic metric g[⌃] on S.

Thm. This hyperbolic metric g[⌃] on S is well-defined by [⌃] 2 T (S), up to isotopy, and this

assignment [⌃] 7! g[⌃] yields a bijection

T (S) ! {hyperbolic metrics on S}/isotopy

Some authors just define the Teichmüller space this way, i.e. as the space of all isotopy classes

of hyperbolic metrics on S.

2 Teichmüller spaces for non-compact surfaces

This time, let S be a non-compact oriented topological 2-manifold. We assume S is of finite

type, i.e. S is obtained from a compact oriented surface of genus g by removing n points, where

the removed points are called the punctures. We require

n � 1, �(S) = 2� 2g � n < 0.

Pick any smooth structure on S, so we may view S as a smooth oriented surface.
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Def. The Teichmüller space of S is defined as

T (S) = {complete hyperbolic metrics g on S}/isotopy

Here a hyperbolic metric g on S being complete means that, when S is viewed as a metric

space with the metric defined from the lengths of paths with respect to g (distance between

two points of S being the length of the shortest piecewise smooth path), S is a complex metric

space. And modding out by isotopy means modding out by pullbacks by self-di↵eomorphisms

of S isotopic to the identify di↵eomorphism.

It turns out that the above version T (S) is not so nice for our purpose.

For other versions to consider, we need to investigate the boundary behaviors of the hyperbolic

metrics g on S, i.e. the asymptotic behavior near the punctures. It is convenient to describe

such a behavior in terms of monodromy. First, we need:

Thm. The assignment to each hyperbolic metric on S its monodromy representation yields

the bijection

T (S) $ Homdf ;S(⇡1(S),PSL(2,R))/PSL(2,R),

where the right hand side is the set of all group homomorphisms ⇢ : ⇡1(S) ! PSL(2,R),

defined up to conjugation, such that ⇢ has discrete image, ⇢ is faithful, and ⇢ is of ‘type S’,

i.e. H2
/⇢(⇡1(S)) is homeomorphic to S.

From now on, a point of T (S) may be denoted by [g] (isotopy class of a hyperbolic metric).

Def. A non-identity element A of PSL(2,R) is called

• parabolic if |tr(A)| = 2;

• hyperbolic if |tr(A)| > 2;

• elliptic if |trA| < 2

(each is similar to ± ( 1 a
0 1 ) (a 6= 0), ±

�
� 0
0 ��1

�
(� > 0), ±

�
cos ✓ � sin ✓
sin ✓ cos ✓

�
(✓ 2 R))

Note. For [⇢] 2 T (S), the value ⇢([�]) is never elliptic.

Def. Let p be a puncture of S. (so p is not really a point of S) Let �p be a small simple

loop in S surrounding p. Let [g] 2 T (S), and let [⇢] be the corresponding conjugacy class of

monodromy representation homomorphisms ⇢ : ⇡1(S) ! PSL(2,R).

• p is a cusp with respect to [g] if ⇢([�p]) is parabolic;

• p is a funnel with respect to [g] if ⇢([�p]) is hyperbolic.
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(cusp@ funnel 8p: ⌧ 15å ‡Ò¸Y– 0XY ®∏YP, @�¸ P⇠ � “�·0X ∞E”)

Def. Define the cusped (or, punctured) Teichmüller space as

T u(S) := {[g] 2 T (S) | all punctures of S are cusps with respect to [⇢]}

and the enhanced (or, holed) Teichmüller space as

T +(S) :=

(
[g,O]

�����
[g] 2 T (S), O is a choice of orientation 2 {+,�}
per each funnel of S with respect to [g]

)

(I think u stands for ‘unipotent’)

The data O can be thought of as follows. For a funnel puncture p of S, there is a unique

geodesic in the homotopy class of the loop �p around p. The data O is a choice of an orientation

of this geodesic, per each funnel puncture p.

FACT. The enhanced Teichmüller space T +(S) is a smooth manifold di↵eomorphic to

T +(S) ⇡ R
6g�6+3n

,

and is equipped with a Poisson structure called the Weil-Petersson Poisson structure. The

cusped Teichmüller space T u(S), viewed as a subspace of T +(S), is a symplectic leaf with

respect to this Poisson structure. Moreover, T u(S) is di↵eomorphic to

T u(S) ⇡ R
6g�6+2n

,

possesses a Kähler structure compatible with the Weil-Petersson symplectic form, and can be

viewed as a universal cover of Riemann’s classical moduli space Mg,n.

One of the goals of today’s lecture is to partially understand the above FACT.

To start with, how do we investigate T +(S)? Say we do not know anything about the above

FACT yet. We should first topologize the set T +(S), and try to show that it is locally or

globally homeomorphic to some R
N . That is, we should find some charts, and maybe check
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if the charts we found are smoothly compatible with each other. One way to topologize the

set T +(S) is to use the model Homdf ;S(⇡1(S),PSL(2,R))/PSL(2,R). First, since ⇡1(S) is

a free group (why?), the set Hom(⇡1(S),PSL(2,R)) can be identified with the product of

bunch of PSL(2,R). As each PSL(2,R) is naturally a topological space, one can topologize

Hom(⇡1(S),PSL(2,R)) as (PSL(2,R))M for some M . Then Homdf ;S(⇡1(S),PSL(2,R)) can be

given the subspace topology, and finally Homdf ;S(⇡1(S),PSL(2,R))/PSL(2,R) the quotient

topology. But we will not do it this way.

Instead, just viewing T +(S) as a set, we will start finding charts for this set right away,

without giving it a topology first. Then you can use ‘(smooth) manifold chart lemma’ in the

end (see Lee’s book Introduction to Smooth Manifolds, 2nd ed., for example).

In fact, due to lack of time, we choose not to do this task for T +(S) today, but only for the

following yet another version of a Teichmüller space.

Def. Define the decorated Teichmüller space as

T d(S) := {[g, h] | [g] 2 T u(S), h is a choice of a horocycle at each puncture}

Here, a horocycle at a (cusp) puncture p with respect to a hyperbolic metric g on S means

a (smooth) curve in S that is perpendicular to all geodesics with respect to g emanating from

p. It can be viewed as a circle centered at 1.

So we have the following diagram of maps between di↵erent version of Teichmüller spaces

T d(S)

✏✏

T +(S)

✏✏
T u(S) �

�
// T (S)

where the vertical maps are maps forgetting decoration and orientation, respectively. The left

vertical map T d(S) ! T u(S) is a fiber bundle with fiber di↵eomorphic to R
n, and the right

vertical map T +(S) ! T (S) is a 2n-to-1 branched covering. Note that the bottom right T (S)

is the naive definition of the Teichmüller space, while the bottom left T u(S) is the most ‘nice’

5



version, which had been classically studied (called Tg,n, which is a universal cover of Mg,n).

One reason why people considered the upper versions T d(S) and T +(S) (in 1980’s and on)

is to obtain nice sets of coordinate systems, suitable for the quantization problem. However,

even without the quantization, these special coordinate systems turned out to be providing

prototypical examples of more general phenomenon, namely those of cluster A-varieties (or

cluster K2-varieties) and cluster X -varieties (or cluster Poisson varieties) which arose in the

21st century.

3 Coordinate system for the decorated Teichmüller space T u(S)

So, let us study coordinate systems for the various versions of Teichmüller spaces.

The original plan (for the last lecture) was to also review the Fenchel-Nielsen coordinate

systems for T (S) (and T u(S)), which is most classical (early 20c), and based on a choice of an

extra data called a pants (or trouser) decomposition of S. But let’s not do it.. These coordinate

systems turned out to be not suitable for the task of quantization.

The new sets of coordinate systems which arose in 1980’s require the choice of the following

data :

Def. An ideal arc in S is an unoriented simple path running between (not necessarily distinct)

punctures. An isotopy of ideal arcs means an isotopy (i.e. homotopy) within the class of ideal

arcs.

An ideal triangulation T of S is a collection of ideal arcs in S such that

(1) no arc of T bounds a disk;

(2) no two members are isotopic or intersect in S;

(3) the collection T is maximal among the collections satisfying (1)–(2).

Note: T divides S into ideal triangles

Note: We often consider T only up to (simultaneous) isotopy.

e.g. once-punctured torus

e.g. 3-punctured sphere

6



Note: T has 6g � 6 + 3n constituent arcs. (exercise)

Let’s now describe a coordinate system for the decorated Teichmüller space T d(S).

Choose one ideal triangulation T of S.

Given a point [⇢, h] 2 T d(S), how do we get coordinates, i.e. some set of real numbers

representing this point?

Stretch all ideal arcs of T to unique geodesics (‘shortest’ paths) with respect to g, in their

respective isotopy classes. (question: why possible? why unique? exercise!)

Then, if you try to measure the geodesic length of an arc e of T with respect to g, you get

1. Truncate both ends of e by the horocycles at the endpoint punctures, and then measure

the geodesic length �e of the remaining finite-length part of e. So, �e can be thought of as

the distance between the horocycles. In fact, �e is defined as the signed distance between the

horocycles. That is, if the horocycles are too big so that they truncate too much as in the

figure below, we set �e to be minus the distance between the horocycles.

Def. Penner’s lambda length for [g, h] 2 T d(S) at arc e of T is

�e,T ([g, h]) := exp(�e/2) 2 R>0.

Note that �e,T ([g, h]) does not depend on T , so one can write it as �e([g, h]).
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Thm. (Penner, 1980’s) For each ideal triangulation T , the map

T d(S) ! (R>0)
T

[g, h] 7! (�e([g, h]))e2T

is a di↵eomorphism.

In fact, at this point, we can’t say that this is a di↵eomorphism. We can only understand

this statement as saying that this map is a set bijection.

A crucial point is what happens if we choose a di↵erent ideal triangulation T
0. Easiest way to

choose a di↵erent T 0 is to replace exactly one arc k of T by another one; this process is called

a flip at k:

Then, only one arc changes, so �e,T = �e,T 0 for all arcs e other than k. What about the

coordinate �k0 = �k0,T 0 for the new arc k
0?

Thm. (“Ptolemy relation”) If a, b, c, d are sides of an ideal quadrilateral, and if k, k0 are two

ideal diagonals of this quadrilateral,

then the lambda length coordinate functions satisfy

�k�k0 = �a�c + �b�d

Note: this is an example of an “exchange relation”, which looks like

new · old = product + product.

Another example of such a relation is the famous Plücker relation for Grassmannians.

Note: so

�k0 =
1

�k
(�a�c + �b�d)
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Note: This pretty coordinate change formula justifies the strange factor 1/2 in the exponent

of the definition of the lambda length �e = e
�e/2.

Note: The actual “Ptolemy’s Theorem” is for the Euclidean lengths of the Euclidean quadri-

lateral inscribed in a circle. The above version of Ptolemy’s theorem is an incarnation of

‘Casey’s Theorem’ of 19c.

4 Cluster varieties

To touch upon the subject of cluster varieties, we now focus on the coordinate change formulas

only, and not the 2d geometry.

Per each ideal triangulation T of S, consider the set of commuting formal variables �1, . . . ,�N

(where N = |T | = 6g � 6 + 3n) enumerated by the arcs of T , and consider the split algebraic

torus

AT = (Gm)N = Spec(Z[�±1
1 , . . . ,�

±1
N ]),

which is an a�ne scheme whose ring of regular functions is the N -variable Laurent polynomial

ring. Such a data is called a seed.

For another ideal triangulation T
0, we would have another variables �

0
1, . . . ,�

0
N , and the

corresponding a�ne scheme

AT 0 = (Gm)N = Spec(Z[(�0
1)

±1
, . . . , (�0

N )±1]).

We glue the tori (Gm)N and (Gm)N for T and T
0 along the rational map which we denote by

µTT 0 : AT ! AT 0

which is defined by the coordinate change formulas for the lambda lengths. Namely, for exam-

ple, if T and T
0 are related by the flip at edge k, then µTT 0 is defined so that its pullback is

given by

µ
⇤
TT 0(�0

e) =

(
�e if e 6= k

1
�k
(�a�c + �b�d) if e = k,

where a, b, c, d are the arcs of T forming the ideal quadrilateral (in this counterclockwise orderr)

having k as a diagonal.
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Consider all possible ideal triangulations T of S, and glue all the tori AT together by these

maps µTT 0 , called mutations. The resulting scheme is an example of the cluster A -variety.

To be a bit more precise, a cluster A -variety is associated to a quiver (i.e. directed graph).

In our case, each ideal triangulation T yields a quiver QT constructed as follows: each arc of

T has a node of Q on it, and for each ideal triangle we draw the three arrows between the

nodes at the sides of this triangle, forming a counterclockwise 3-cycle. The cluster A -variety

constructed above is the cluster A -variety associated to the quiver QT .

Note: similar construction for the enhanced Teichmüller space T +(S) with exponentiated

(Thurston’s) shear coordinate functions Xe,T = e
xe,T (defined per each arc e of T ) yield the

cluster X -variety for the quiver QT .

Note: there is no subtraction involved in the coordinate change formula ; this allows us to

evaluate the cluster variety at a semi-field (which is like a field without subtraction), e.g. R>0.

Note: we can now use tools from the theory of cluster algebras and cluster varieties, to study

Teichmüller spaces. Especially for the quantization problem (with respect to the Weil-Petersson

Poisson structure on T +(S), which can be interpreted in terms of a generalized combinatorial

description for cluster X -varieties).

More details on cluster varieties and their quantization can be found in:

V.V. Fock and A.B. Goncharov, Moduli spaces of local systems and higher Teichmüller theory,

Publ. Math. Inst. Hautes Études Sci. 103 (2006), 1–211. arXiv:math/0311149

V.V. Fock and A.B. Goncharov, The quantum dilogarithm and representations of quantum

cluster varieties, Invent. Math. 175 (2) (2009), 223-286. arXiv:math/0702397
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How much area a fixed lenghted curve could contain?

Theorem (Isoperimetric inequality)

Let C = ∂Ω be a closed and embedded curve in R2. Then

4πA ≤ L2

and the equality holds iff C is a round circle.

Long history with many different proofs.

Today we focus on a proof which uses the curvature flow and its
implications on the concept of mass in general relativity.

Beomjun Choi Isoperimetric inequality



Curve shortening flow

Each point on a curve moves with the velocity of its curvature
vector.

More precisely, 1-parameter family of immersions

F : S1 × [0, T ] → R2

is a solution to the CSF if

∂

∂t
F (p, t) = #k(p, t).

Beomjun Choi Isoperimetric inequality



Theorem (Gage-Hamilton ’86)

Convex embedded curve shrinks to a point and becomes round.

Theorem (Grayson ’87)

Embedded curve becomes convex in finite time.

Computer simulations

Beomjun Choi Isoperimetric inequality



If #k = k#n with the inner unit normal #n,

∂tA = −
!

kds = −2π

and by the first variation formula of area (length)

∂tL = −
!

k2ds.

More generally, Mn
t = ∂Ωt in Rn+1 evolves by the velocity S#n,

∂tVol(Ωt) = −
!

Mt

SdVg

∂t|Mn
t | = −

!

Mt

SHdVg.
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Proof of isoperimetric inequality

Let C0 be given curve and Ct be the CSF which converges to a
round point as t → tmax.

∂t(L
2 − 4πA) = −2L

!
k2ds+ 8π2

≤ −2

"!
kds

#2

+ 8π = 0

Since L2 − 4πA → 0 as t → tmax by Grayson,

L2 ≥ 4πA at t = 0

and the equality case easily follows.
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Generalizations into two directions

• Non-Euclidean ambient space

• Higher dimensions

Theorem

For simply connected manifold (M2, g) w/ Gaussian curvature
K ≤ K0,

L2 ≥ 4πA−K0A
2

and the equality is attained for geodesic spheres which enclose
constant curvature K0 regions.

The more curved, the more area could be bounded. This suggests
an idea that the isoperimetric constant or profile could be used to
measure how much space is curved.
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Higher dimensions

Theorem

Let Mn be the boundary of the region Ω ⊂ Rn+1. Then,

Vol(Ω) ≤ Cn|Mn|
n+1
n

and the equality holds iff Ω is a round ball.

Let Mn
t = ∂Ωt ⊂ Rn+1 be a solution to the mean curvature flow.

i.e. velocity = H#n, H = λ1 + . . .+ λn.

∂t(CnA
n+1
n − V ) = −n+ 1

n
CnA

1
n

!

Mt

H2 +

!

Mt

H

≤
$
1− (n+ 1)Cn

n

%
Mt

H

A
n−1
n

&!

Mt

H
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Suppose we have the following:

1
%
M H ≥ n

(n+1)Cn
|M |

n−1
n

2 |Mt| → 0 and Vol(Ωt) → 0 as t → Tmax.

Then we have the isoperimetric inequality

Cn|M0|
n+1
n −Vol(Ω0) ≥ lim

t→Tmax

CnA
n+1
n − V = 0.

Note we have n
(n+1)Cn

= n|∂B1|
1
n and (1) is called the Minkowski

inequality in Rn+1.
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Theorem (Minkowski 1903, Alexandrov ’37 and others)

For convex hypersurfaces,

!

M
H ≥ n|∂B1|

1
n |M |

n−1
n

with the equality iff round spheres.

• For mean convex star-shaped hypersurfaces, by Guan-Li ’09

• For outward area minimizing hypersurfaces, by Huisken
(unpublished)

• Open for general mean convex hypersurfaces

Theorem (Huisken ’84)

Compact convex embedded hypersurface shrinks to a point and
becomes round in finite time.
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Another approach Hk-flow by F. Schulze (’08)

Consider the flow with the velocity Hk#n.

∂t(CnA
n+1
n − V ) = −n+ 1

n
CnA

1
n

!

Mt

Hk+1 +

!

Mt

Hk

Meanwhile we play with Hölders

!
Hk ≤ A

1
k+1

"!
Hk+1

# k
k+1

and (if k + 1 ≥ n)

"!
Hn

# 1
n

≤ A
1
n
− 1

k+1

"!
Hk+1

# 1
k+1

imply

!
Hk ≤ A

1
n

"!
Hn

#− 1
n
!

Hk+1

Beomjun Choi Isoperimetric inequality



∂t(CnA
n+1
n − V ) ≤ A

1
n

!
Hk+1

'"!
Hn

#− 1
n

− n+ 1

n
Cn

(

Theorem (Willmore inequality)

For immersed hypersurfaces

! "
H

n

#n

≥ A(∂B1)

and the equality iff round spheres.

implies

∂t(CnA
n+1
n − V ) ≤ 0
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Level set weak flow

Let Mt = ∂Ω0 ⊂ Rn+1 be a solution to Hk-flow with H > 0.
If u(x) := the time t when Mt arrives at x, then

)
*

+
div

"
∇u

|∇u|

#
= −|∇u|−

1
k on Ω0

u = 0 on ∂Ω0

• Weak formulation of flows defined through singularities

• Evans-Spruck and Chen-Giga-Goto at ’91
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Inverse mean curvature flow - definition

• A one-parameter family of mean convex embeddings
F (Mn, t) = Mn

t = ∂Ωt

F : Mn × [0, T ] → (M̄n+1, ḡ)

is a solution to the inverse mean curvature flow if

∂

∂t
F =

#ν

H
on Mn × [0, T ].

Here #ν(p, t) := outward unit normal.

H > 0

H−1ν
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Simple observations

• Expanding sphere solutions ∂BR(t) ⊂ Rn+1, R(t) = e
t
nR(0)

• ∂tdvol = dvol → ∂t|Mt| = |Mt|, |Mt| = et|M0|

• In Rn+1, Mt → λMt produce another solution
(unlike the mean curvature flow: Mt → λM t

λ2
)
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IMCF on compact hypersurfaces - background

• C. Gerhardt ’90 and J. Urbas ’90:
If M0 compact, smooth, star-shaped (〈F, ν〉 > 0) and strictly
mean convex, then smooth solution exists for t ∈ (0,∞) and
converges to a spherical solution after a rescaling.

• For non star-shaped case, singularities may develop.
e.g. mean convex torus in R3.

• G. Huisken, T. Ilmanen ’97
Defined a variational weak solution of the flow using level
sets, which allows jumps of the surfaces. They use this to
prove Riemannian Penrose inequality in General Relativity for
a single black hole case.

Beomjun Choi Introduction



The Geroch monotonicity formula

Geroch- the Hawking quasi-local mass of a connected 2-surface in
a manifold of nonnegative scalar curvature is non-decreasing under
the IMCF. For 2-surface M in (M̄3, ḡ),

mH(M) :=
|M |1/2

(16π)3/2

"
16π −

!

M
H2

#
.

Proof: Since |Mt| = et|M0|, ∂t|Mt|1/2 = 1
2 |Mt|1/2

∂tmH(Mt) =
|Mt|1/2

(16π)3/2

,
1

2

"
16π −

!

M
H2

#
− ∂t

!

Mt

H2

-
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Note ∂tH = −∆ 1
H − |A|2

H − Ric(ν,ν)
H and ∂tdvol = dvol imply

(∗) ∂t

!

Mt

H2 =

!

Mt

−2H∆
1

H
− 2|A|2 − 2Ric(ν, ν) +H2.

Recall the Gauss equation

Rmijkl = Rmijkl + (hikhjl − hilhjk)

⇒ K = R1212 = Rm1212 + λ1λ2 = Rm1212 +
1

2
(H2 − |A|2).

In dim 3, 1
2R = Ric(ν, ν) +Rm1212 and we get

−2Ric(ν, ν) = −R+ 2K + |A|2 −H2.
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∂t

!

Mt

H2 =

!

Mt

−2
|∇H|2

H2
− |A|2 −R+ 2K

= 4πχ(Mt) +

!

Mt

−2
|∇H|2

H2
− |A|2 −R

≤ 8π −
!

Mt

|A|2 (χ(Mt) ≤ 2 since Mt is connected )

= 8π −
!

Mt

1

2
H2 +

1

2
(λ1 − λ2)

2

≤ 1

2

"
16π −

!

Mt

H2

#

⇒ ∂tmH(Mt) ≥ 0.
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Isolated gravitating system in general relativity

Definition (Asymptotically flat manifold)

A complete manifold (M̄3, ḡ) is asymptotically flat (with order
τ ∈ (1/2, 1]) if there is a compact set K ⊂ M̄ and a
diffeomorphism

φ : R3 −BR(0) → M̄3 −K

such that φ∗g = δij + σij satisfies

|σ|+ r|∂σ|+ r2|∂∂σ|+ r3|∂∂∂σ| ≤ O(r−τ )

Definition (ADM mass)

mADM (M̄, ḡ) = lim
r→∞

1

16π

!

∂Br(0)
(gij,i − gii,j)ν

jdVgeuc

Beomjun Choi Riemannian Penrose inequality and applications



Schwarzschild metric

Schwarzschild metric of mass m > 0 is

(R3 − {0},
.
1 +

m

2|x|
/4
δij)

and note that

• r = m
2 is a totally geodesic sphere and is called (apparent)

horizon

• A({r = m
2 }) = 16πm2

• no compact minimal surface in {r > m
2 }

• mADM = m.
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Theorem (Riemannian Penrose inequality)

Let (M̄3, ḡ) be an asymptotically flat mfd with nonnegative scalar
curvature with minimal boundary M0 = ∂M̄ and no other compact
minimal surface in M̄ . Then

mADM ≥
0

|M0|
16π

.

Heuristic Proof: Let Mt IMCF from M0. By the monotonicity

mH(Mt) ≥ mH(M0) =
|M0|1/2

(16π)3/2

"
16π −

!

M0

H2

#
=

0
|M0|
16π

.

It is known that the Hawking mass of sufficiently round
(coordinate) spheres at infinity approaches to the ADM mass.
If we show Mt becomes sufficiently round spheres at infinity,

mADM = lim
t→∞

mH(Mt) ≥
0

|M0|
16π

.
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Theorem (Riemannian Penrose inequality)

Let (M̄3, ḡ) be an asymptotically flat mfd with nonnegative scalar
curvature with minimal boundary M0 = ∂M̄ and no other compact
minimal surface in M̄ . Then

mADM ≥
0

|M0|
16π

.

Heuristic Proof: Let Mt IMCF from M0. By the monotonicity

mH(Mt) ≥ mH(M0) =
|M0|1/2

(16π)3/2

"
16π −

!

M0

H2

#
=

0
|M0|
16π

.

It is known that the Hawking mass of sufficiently round
(coordinate) spheres at infinity approaches to the ADM mass.
If we show Mt becomes sufficiently round spheres at infinity,

mADM = lim
t→∞

mH(Mt) ≥
0

|M0|
16π

.
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Properties of weak solution

For M0 = ∂Ω0,

)
*

+
div

"
∇u

|∇u|

#
= |∇u| on Ωc

0

u = 0 on ∂Ω0

and Mt = ∂{u < t}.
• Ωt is outward area minimizing in the sense that

Ωt ⊂ Ω′ =⇒ |∂Ωt| ≤ |∂Ω|

• |Mt| = et|M0|
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Isoperimetric profile and mADM .

For Schwarzschild of mass m, (R3 − {0},
.
1 + m

2|x|
/4
δij), the

isoperimetric profile is the function

φm : [16πm2,∞) −→ R
|∂Br(0)| .−→ Vol(Br(0)−Bm

2
(0))

Key observation

φm(A) =
1

6
√
π
A

3
2 +

1

2
mA+O(A

1
2 ) as A → ∞.
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This motivates the following

Definition

miso(M̄
3, ḡ) = lim sup

|∂Ω|→∞

2

|∂Ω|(Vol(Ω)−
1

6
√
π
|∂Ω|

3
2 )

Theorem (Huisken, unpublished)

miso(M̄, ḡ) = mADM (M̄, ḡ)

The proof uses both MCF and IMCF.
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Key tool

Theorem (J.L.Jauregui-D.A.Lee, Huisken)

Under the MCF Mt, if mH(Mt) ≤ m′, then

φm′(A(t))− V (t) is decreasing in t.

Recall in isoperimetric inequality,

"!

M
H2

#1/2

≥ Λ for all M =⇒ ∂t

'
2

3

A
3
2

Λ
− V

(
≤ 0.

V (0)− A(0)

6
√
π

≤ φm′(A(0))− A(0)

6
√
π
− [φm′(A(t))− V (t)]

≤ φm′(A(0))− A(0)

6
√
π
+ v

implies
miso ≤ m′
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Other applications

By similar arguments, the flow (classical or weak) has been used in
the proofs of other geometric inequalities as well.

• Guan-Li Minkowski ineq for non-convex hypersurface in Rn+1

• Brendle-Hung-Wang Minkowski ineq for Anti-deSitter
Schwarzschild manifold

• Lee-Neves Penrose type ineq for asymptotically locally
hyperbolic space

• De Lima-Girão, Ge-Wang-Wu Alexandrov-Fenchel ineq for
different ambient spaces

• Bray-Neves another important application to the classification
of prime 3-manifolds with Yamabe invariant greater than RP3.
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Regularity of compact star-shaped solutions

Theorem (Huisken-Ilmanen ’08, H−1 estimate)

Suppose F : Mn × [0, T ] → Rn+1 is a smooth star-shaped IMCF
such that on Mn

0
0 < R1 ≤ 〈F, ν〉 ≤ R2.

Then there is cn > 0 such that for t > 0

1

H
≤ cn

"
R2

R1

#
max

1
1,

1

t1/2

2
|Mn

0 |
1
n e

t
n .

• Estimate does not depend on initial bound on H−1 or |A|2
• Uses only initial bounds of the support function 〈F, ν〉
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Theorem (Smoczyk (n = 2) ’00, Huisken-Ilmanen ’08)

Let F : Mn × [0, T ] → Rn+1 be a smooth compact sol of IMCF.

If 0 < H0 ≤ H ≤ H1, then |A|2 ≤ cn
H2

1

H0

1

t
.

• ∂H
∂t = ∆H

H2 − 2|∇H|2
H3 − |A|2

H = ∇ · (H−2∇H)− |A|2
H

• Huisken-Ilmanen showed the existence of smooth sol when M0

is C1, compact, star-shaped and has bounded non-negative
(weak) mean curvature.
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Non-compact solutions in Rn+1

An important observation

Example

If Γn−1
t ⊂ Sn is a IMCF, then the cones generated by Γt

CΓt = {rx ∈ Rn+1 : x ∈ Γt, r ≥ 0} ⊂ Rn+1

is a IMCF which is smooth except the origin.

Γn−1
t

CΓn
t

In simplest case, if CΓ0 := {(x, tan θ0 |x|)} is a round cone, then

CΓt := {(x, tan θ(t) |x|)} for t ∈ [0, T ∗) with T ∗ = ln
cosn−1 0

cosn−1 θ0
.
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Convex solutions in Sn and dualitiy

Theorem ( Gerhardt ’15, Makowski-Scheuer ’16)

Let Γ0 ⊂ Sn be smooth, strictly convex (hij > 0). There exist a
unique smooth IMCF, Γt, for t ∈ [0, T ) and the Γt converges to an
equator as t → T . (Note T = ln |Sn−1|− ln |Γn−1

0 |)

Gerhardt - for strictly convex solutions of F (λi) flow in Sn

Γt ⊂ Sn

xt = F (λi)ν
⇐⇒

Γ̃t = ν[Γt] ⊂ Sn

x̃t = −F̃ (λ̃i)ν̃

with F̃ (λ̃i) = F (λ̃−1
i ).

Gauss Map ν : Γ → SnΓt = ν[Γ̃t]

Γ̃t = ν[Γt]

Gauss Map ν : Γ̃t → Sn
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Non-compact solutions in Rn+1 - first result

Theorem (Daskalopoulos-Huisken ’17)

For n ≥ 2, let M0 ⊂ Rn+1 be C2 convex entire graph
xn+1 = u0(x), x ∈ Rn with:

(i) α0 |x| < u0(x) < α0 |x|+ κ for some α0 > 0 and κ > 0

(ii) 0 < c0 < H (〈F, en+1〉+ 1) < C0.

Then, there exists unique smooth IMCF Mt for 0 < t < T with
T = (n− 1) ln

3
1 + α2

0 and Mt becomes flat as t → T .

Solution no longer has a uniform lower bound of H, and hence
local estimate of H−1 was essential. Long time existence was a
hard part as H|F | (or H〈F, en+1〉) vanishes as t → T and they
had to capture this behavior.
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Non-compact solutions in Rn+1 - main existence result

Definition (Tangent cone at infinity)

Let M0 = ∂M̂0, M̂0 ⊂ Rn+1 non-compact convex set (containing
the origin). Then

∩$>0.M̂0 = CΓ̂0 for some convex set Γ̂0 ⊂ Sn.

We call it the tangent cone of M̂0 at infinity. Γ0 := ∂Γ̂0 in Sn and
we call CΓ0 the tangent cone of M0 := ∂M̂0 at infinity.

M0

CΓ0

Γ0

O
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Motivated from the previous observation and the scaling property
of the flow, we prove

Theorem (C.-Daskalopoulos ’18)

For convex M0 = ∂M̂0 ⊂ Rn+1, IMCF Mt exists for t ∈ (0, T ).

• Using P (Γ̂0) := the perimeter of Γ̂0 in Sn,

T = ln |Sn−1|− lnP (Γ̂0) ∈ [0,∞]

and it is maximal. i.e. no smooth solution exists for t > T .

• Let CΓt : = the tangent cone of Mt at infinity. Then
Γt ⊂ Sn is IMCF in Sn becoming flat as t → T .

Note Γ̂0 can be any convex set in Sn possibly be degenerate (e.g.
line, point, etc) and

P (Γ̂0) =

4
|Γ0| if Γ̂0 has non-empty interior in Sn

2|Γ0| if Γ̂0 has empty interior in Sn.
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Evolution of Singularity

Theorem (C.- Hung ’18)

If 0 ∈ M0 is singular in the sense that the (blow-up) tangent cone
T0M0 ∕= Rn, then 0 ∈ Mt until the tangent cone becomes flat and
T0Mt evolves by IMCF.

t = 0

t = ln 4
3
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Theorem (C.-Daskalopoulos ’18 + C.-Hung ’18)

For an arbitrary convex M0 = ∂M̂0 ⊂ Rn+1, a convex smooth
solution exists if and only if the density of M0 ≡ 1.

i.e. Θ0(p) = lim
r→0

|Br(p) ∩M0|n
ωnrn

= 1 for all p ∈ M0.

When Θ0(p) = 1? Θ0(p) =
|TpM0∩Sn|n−1

|Sn−1|n−1
with TpM0 : = the

tangent cone at p ∈ M0.

If we denote Γ0(p) = TpM0 ∩ Sn and Γ0(p) = ∂Γ̂0(p),

θ0(p) = 1 iff P (Γ̂0(p)) = |Sn−1|.

This also relates the case T = 0 (non-existence of solution).
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Lemma (C.-Hung)

If Γ̂0 ⊂ Sn convex and P (Γ̂0) = |Sn−1|, then Γ̂0 is either a
hemisphere or a wedge [we call it a (hard shell) taco].

i.e. Ŵθ0 = Sn∩
.
{(r sin θ, r cos θ) : θ ∈ [0, θ0], and r > 0}×Rn−1

/

for some θ0 ∈ [0,π] up to an isometry of Sn.

• Smooth flow exists iff all initial singularities are tacos.

• No solution exists iff asymptotic cone (cone at infinity) is a
taco. (⇒ no 1-dimensional convex non-compact IMCF exists)
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Theorem (C.-Daskalopoulos, main apriori estimate)

Let F : Σ× [0, T ] → Rn+1, n ≥ 2, be a convex compact IMCF
and suppose there exist δ ∈ (0,π/2) and a fixed unit vector
ω ∈ Rn+1 for which

〈F,ω〉 ≥ |F | sin δ on Σ× [0, T ].

Then
1

H|F | ≤ C

"
1 +

1

t1/2

#
on Σ× [0, T ]

for a constant C = C(δ) > 0.

δ

Mt
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Theorem (C.-Daskalopoulos (c.f. Huisken-Ilmanen ’08))

For Mt compact star-shaped IMCF with

0 < R1 ≤ 〈F, ν〉 ≤ R2 on M0

(the same condition of Huisken-Ilmanen), we have

1

H
≤ cn

"
R2

R1

# 1
1 +

1

t1/2

2
R2 e

t
n ,

(only |M0|1/n has been replaced by R2.)
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Thank you for your attention

Useful reference (for miso and Riemannian Penrose inequality)

• Huisken’s talk at IAS (available at youtube)

• J.L.Jauregui-D.A.Lee ’16

• Bray’s AMS notice
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Introduction

What does it mean that two Riemannian manifolds are “close”?

In other words, what is a suitable topology to equip a class of Riemannian
manifolds with?

Does the closure under that topology include spaces that are no longer
Riemannian manifolds, but have singularities?

These fundamental questions appear in various circumstances in geometric
analysis. In the first talk, I will survey some of the convergence results for classes
of manifolds with bound(s) on Ricci curvature or scalar curvature, including
Gromov compactness theorem, some aspects of Cheeger-Colding theory, and
Sormani-Wenger compactness theorem.
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Curvatures in Riemannian geometry

Let (M, g) be a Riemannian manifold and r its Levi-Civita connection. The
Riemannian curvature tensor R is a (1, 3)-tensor defined by

R(X,Y )Z = rXrY Z �rY rXZ +r[X,Y ]Z

for vector fields X,Y, Z.
Let p 2 M and u, v 2 TpM be linearly independent tangent vectors. The
sectional curvature of {u, v} is defined to be

K(u, v) =
g(R(u, v)v, u)

g(u, u)g(v, v)� g(u, v)2
.

Space forms: manifolds of constant sectional curvature.
Let ei be an orthonormal basis of TpM . The Ricci curvature Ric is a 2-tensor
defined at p by

Ric(X,Y ) =

nX

i=1

g(R(ei, Y )X, ei).

Ric is the trace of the curvature tensor with respect to g.
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Curvatures in Riemannian geometry

The scalar curvature R is defined by

R =

nX

i=1

Ric(ei, ei) =

nX

i,j=1

g(R(ei, ej)ej , ei).

Scalar curvature is the trace of Ricci curvature with respect to g.
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Gromov-Hausdor↵ Distance

Definition

The Gromov-Hausdor↵ distance between two metric spaces X,Y is denoted
by dGH(X,Y ) and defined to be

dGH(X,Y ) = inf d
Z

H
(�X(X),�Y (Y ))

where the infimum is taken over all embeddings �X : X ! Z,�Y : Y ! Z into
a complete metric space Z, and d

Z

H
is the Hausdor↵ distance in Z.
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Gromov-Hausdor↵ Distance

The following definition is an extension of tangent space at a point of a
Riemannian manifold to a metric space.

Definition

Let X be a metric space.
1 Let p 2 X. A pointed metric space (Y, q) is a tangent cone at p of X if

there exists a sequence ri ! 0 such that

lim
i!1

r
�1
i

dGH (Bp(ri) ⇢ X,Bq(ri) ⇢ Y ) = 0.

2 A pointed metric space (Y, q) is a tangent cone at infinity of X if there
exists a sequence ri ! 1 such that

lim
i!1

r
�1
i

dGH (Bp(ri) ⇢ X,Bq(ri) ⇢ Y ) = 0.
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Gromov-Hausdor↵ Distance

Gromov Compactness Theorem

If (Mi, gi) is a sequence of compact Riemannian manifolds such that
Ricgi � gi and diam(Mi, gi)  L for some fixed , L 2 R, then there exists a
subsequence which converges in Gromov-Hausdor↵ topology to a metric space.
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Convergence for sectional curvature: Alexandrov spaces

Let k 2 R. Denote by Mk the 2-dimensional simply connected space form of
curvature k.
Let X be a length space, i.e. a metric space such that for any p, q 2 X, there
exists a continuous path � from p to q that realizes the distance between p and
q, so that |�| = d(p, q).

Definition

X is Alexandrov space of curvature � k if for any triangle �pqr in X, there
exists a comparison triangle �p̄q̄r̄ in Mk such that d(p, q) = dMk(p̄, q̄),
d(q, r) = dMk(q̄, r̄), d(r, p) = dMk(r̄, p̄), so that for any s 2 qr and s̄ 2 q̄r̄ with
d(q, s) = dMk(q̄, s̄),

d(p, s) � dMk(p̄, s̄).

The class of Alexandrov spaces of curvature � k is closed with respect to
Gromov-Hausdor↵ convergence.
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Convergence for sectional curvature: Alexandrov spaces

Theorem (convergence for sectional curvature)

If (Mi, gi) is a sequence of Riemannian manifolds of dimension n with sectional
curvature � k that converges in Gromov-Hausdor↵ topology to a metric space
X, then X is a locally compact Alexandrov space of curvature � k.

(However, not all locally compact Alexandrov spaces are limits of Riemannian
manifolds.)

Alexandrov spaces of curvature � k what arise as limit of manifolds with
sectional curvature � k share many properties with Riemannian manifolds, for
example:

One can define the tangent space at each point, i.e. the “space of angles”,
and that notion coincides with the Gromov-Hausdor↵ tangent cone at that
point. The tangent cone of an Alexandrov space of Hausdor↵ dimension n

is an Alexandrov space of nonnegative curvature of Hausdor↵ dimension n.
Moreover, every point has a neighborhood homeomorphic to its tangent
space.
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Convergence for sectional curvature: Alexandrov spaces

On Alexandrov spaces of curvature bounded below and Hausdor↵
dimension 2, one can prove a generalization of Gauss-Bonnet theorem.

One can define parallel transport along a minimizing path, harmonic maps,
etc.

Theorem (splitting theorem for Alexandrov spaces)

If a locally compact Alexandrov space X of nonnegative curvature contains a
line, i.e. a minimizing path defined on all of R, then X is isometric to a metric
product R⇥ Y for some nonnegatively curved Alexandrov space Y .
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Cheeger-Colding theory

Cheeger-Colding theory contains information on the structure of and
convergence to Ricci limit spaces.

In geometry, a “rigidity theorem” says that if a geometric quantity such as
volume or diameter attains the possible maximal value for the given curvature
conditions, then the metric is a certain warped product.

Theorem (Cheeger-Gromoll splitting theorem)

Let (M, g) be a complete Riemannian manifold of dimension n of nonnegative
Ricci curvature. If M contains a line, then M is isometric to a product R⇥N

for some Riemannian manifold N of dimension (n� 1) of nonnegative Ricci
curvature.
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Cheeger-Colding theory

An “almost rigidity theorem” says that if the quantity is close to being maximal,
the metric is close (in a suitable distance) to a warped product.

Let (X, dX) be an arbitrary metric space, and f : (a, b) ! R a positive function.
The warped product (a, b)⇥f X is the topological space (a, b)⇥X equipped
with the metric d

0 given by

d
0
((r1, x1), (r2, x2)) = inf

ˆ
dX(x1,x2)

0

�
r
0
(t)

2
+ f(r(t))

2
�1/2

dt,

where the infimum is taken over continuous paths r : [0, dX(x1, x2)] ! [r1, r2]

with r(0) = r1, r(dX(x1, x2)) = r2.

Suppose that x1, x2 2 X and r1 < r2, r3 < r4. Then d
0
((r2, x1), (r4, x2)) is

determined only by r1, r2, r3, r4, dX(x1, x2), that is, for some function Q,

d
0
((r2, x1), (r4, x2)) = Q(r1, r2, r3, r4, d

0
((r1, x1), (r3, x2))). (1)
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Cheeger-Colding theory

Define F by

F(r) = �
ˆ

b

r

f(u) du. (2)

If X is an (n� 1)-dimensional Riemannian manifold with metric gX , then on
(a, b)⇥f X,

HessF = (F
00
� F�1

)g(a,b)⇥fX
.

Conversely, the existence of a function whose Hessian is conformal to the metric
implies that the manifold is a warped product.
Let (M, g, p) be a complete pointed Riemannian manifold, r the distance
function from p, and Aa,b the annulus Aa,b = {a  r  b}. If there is an “almost
warping” function F̃ , then the distance d induced by g on M is close to d

0.

Theorem (Cheeger-Colding [2])

Suppose that

Ricg � (n� 1)⇤. (3)

Let R > 0 and " > 0. There exists � = �(R, ",⇤) > 0 with the following e↵ect.
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Cheeger-Colding theory

Theorem (continued) (Cheeger-Colding [2])

Let 0 < a < b < R. Suppose that there exists F̃ : Aa,b ! R such that

range F̃ ⇢ rangeF , (4)

|rF̃ �rF| < �, (5)

1

vol(Aa,b)

ˆ
Aa,b

|rF̃ �rF| < �, (6)

1

vol(Aa,b)

ˆ
Aa,b

|HessF̃ � (H � F̃)g| < �, (7)

where F is defined on Aa,b by F(x) = F(r(x)) and H = F 00 � F�1
.
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Cheeger-Colding theory

Theorem (continued) (Cheeger-Colding [2])

Let x1, x2, y1, y2 2 BR(p) be such that

r(y1)� r(x1) = d(x1, y1), (8)

r(y2)� r(x2) = d(x2, y2). (9)

Then,
|d(y1, y2)�Q (r(x1), r(y1), r(x2), r(y2), d(x1, x2))| < ". (10)
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Cheeger-Colding theory

How can one find an almost warping function on a given manifold of
nonnegative Ricci curvature? If M has large volume growth, then harmonic
functions on annuli can be used. The key is finding a good cuto↵ function � so
that |r�| and |��| are bounded above.

Theorem (Cheeger-Colding [2])

Let 0 < a, b and 0 < ! < 1. Suppose that M has nonnegative Ricci curvature,

vol(Aa,b)

Area(r�1(a))
� (1� !)

´
b

a
f
n�1

(r) dr

fn�1(a)
, (11)

and

(n� 1)
f
0
(a)

f(a)
� �r on r

�1
(a). (12)

Then there exists F̃ defined on Aa,b so that the equations (4)–(7) in Theorem

0.1 are satisfied on Aa+",b�", where " can arbitrarily small if ! is su�ciently

small.
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Cheeger-Colding theory

Instead of solving the Dirichlet problem on annuli, one can also work on the
whole manifold by considering the Green function defined on all of M\{p}.

Definition

A smooth symmetric function G : M ⇥M\D ! R, where D is the diagonal, is

said to be a Green function (for the Laplacian) if it is the fundamental solution

of the Laplace equation, that is,

�yG(x, y) = �n(n� 2)!n�x(y),

where !n is the volume of the unit ball in the n-dimensional Euclidean space.

The normalization is chosen so that G = r
2�n on Rn if n > 3. If M is complete

then a Green function always exists (Malgrange-Ehrenpreis theorem).

Definition

A complete Riemannian manifold M is said to be nonparabolic if it possesses a

positive Green function G for the Laplacian. M is said to be parabolic otherwise.
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Cheeger-Colding theory

Nonparabolicity can be characterized in terms of the volume growth.

Theorem (Varopoulos [25])

If M is complete and has nonnegative Ricci curvature, and of dimension greater

than 2, then M is nonparabolic if and only if

ˆ 1

1

t

vol(Bp(t))
dt < 1

for some p 2 M .

It is possible to choose the minimal positive Green function (Li-Tam [17]).

Definition

M is said to have maximal volume growth if lim
r!1

vol(Bp(r))

!nr
n

> 0.

If n � 3, then maximal volume growth implies nonparabolicity.

Jiewon Park (Caltech) (KIAS 0XY ®∏YP ) Convergence of Riemannian manifolds with curvature bounded below I January 19th, 2021 18 / 34



References

Cheeger-Colding theory

We focus on the convergence at infinity of M to a cone, so we will take the
warping function f to be f(x) = |x|. Note that if (M, g) is the Euclidean space
Rn, then G = r

2�n. It is very useful to define the function b by

b = G
1

2�n , (13)

so that b = r on Rn.

When the sectional curvature K is nonnegative outside of a compact set D, Li
[16] proved that if M is moreover Kähler, then M\D is isometric to a product
of a compact Kähler manifold of nonnegative sectional curvature and a
connegatively curved Riemann surface with boundary, based on the estimates in
Li-Tam [17].
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Theorem (Colding-Minicozzi [7])

Let R > 0 and ⌦ > 1. Suppose that M has nonnegative Ricci curvature and

maximal volume growth, so that

VM := lim
r!1

vol(Bp(r))

!nr
n

> 0. (14)

Then there exists R0 > 0 and � > 0, depending only on ⌦, VM so that whenever

R > R0,

sup

r2(R,⌦R)

����
b

r
� V

1
n�2

M

���� < �, (15)

1

vol(AR,⌦R)

ˆ
AR,⌦R

����|rb|� V

1
n�2

M

���� < �, (16)

1

vol(AR,⌦R)

ˆ
AR,⌦R

����Hessb2 �
�b

2

n
g

���� < �. (17)

� can be arbitrarily small if VM is su�ciently close to 1.
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Cheeger-Colding theory

One can estimate the Gromov-Hausdor↵ distance between an annulus and a
discrete approximation of it by picking out points along the geodesic rays:

Theorem (Cheeger-Colding [2])

Let ⌦ > 1 and " > 0. Suppose that (M, g, p) is complete and has nonnegative

Ricci curvature and maximal volume growth, and of dimension n � 3. Then

there exists R0 = R0(",⌦) > 0 and a compact metric space X so that,

whenever R > R0,

dGH

⇣
(AR,⌦R, p), (A

C(X)
R,⌦R

, o)

⌘
< ", (18)

where C(X) = [0,1)⇥r X is the cone over X.

The diameter of X can be bounded from above by a factor determined by the
volume growth and the decay rate of the integrals of the gradient of b and
trace-free Hessian of b2.
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Cheeger-Colding theory

An important corollary of the above theorem is the following “volume cone is
metric cone” theorem.

Theorem (Cheeger-Colding [2], [3])

1 Let r > 0. Suppose that (Mi, gi, pi) is a sequence of complete Riemannian

manifolds with Ricgi � �(n� 1)⇤, diam(Mi, gi)  L, and

vol(B
Mi
pi

(r)) � V. Suppose that this sequence converges in

Gromov-Hausdor↵ topology to a metric space (X, d, p). Then the tangent

cone at p is a metric cone: it is isometric to a warped product

C(X) = [0,1)⇥r X, where the cross section X is a compact metric space.

2 Suppose that (M, g) is a complete Riemannian manifold with Ricci

curvature bounded below and maximal volume growth. Then the tangent

cone at infinity of (M, g) is a metric cone.
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Cheeger-Colding theory

In light of this theorem, one may consider the distance to the nearest cone.

Definition (Colding [6])

Let (M, g) be a complete manifold. We define ⇥r to be the scale-free distance

to the nearest cone, that is,

⇥r = inf

dGH

⇣
(B

M

p
(r), p), (B

C(X)
o (r), o)

⌘

r
(19)

where the infimum is taken over all complete metric space X. (⇥r is allowed to

be 1 depending on (M, g) and r.)

The preceding results give that ⇥r can be bounded by the weighted L
2-integral

of the trace-free Hessian on scale r. In fact, the proofs of the theorems above
give a precise relationship between ⇥r and the integral:
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Cheeger-Colding theory

Theorem (Colding [6], Theorem 4.7, Corollary 4.8)

Let " > 0. Let (M, g, p) be a pointed complete manifold of dimension n � 3

with nonnegative Ricci curvature and maximal volume growth, so that

lim
r!1

vol(Bp(r))

!nr
n

= VM > 0.

Then there exists C = C(", n, VM ) so that

⇥
2+"

r
 Cr

�n

ˆ
bCr

����Hessb2 �
�b

2

n
g

���� dvol, (20)

and

⇥
2+"

r
 Cr

�n

ˆ
bCr

����Hessb2 �
�b

2

n
g

����
2

dvol. (21)
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Ricci limit spaces

Let X be a noncollapsed Ricci limit space, i.e. (Mn

i
, gi, pi) ! (X, d, p) in

Gromov-Hausdor↵ topology where RicMn
i
� n� 1 and vol(B1(pi)) > v > 0.

[3] The volume measure of (Mn

i
, gi) converges to a unique measure on X which

is absolutely continuous with respect to the Hausdor↵ measure.

A point in X is called regular if any tangent cone at p is isometric to Rn;
otherwise it is called singular. Let R be the regular set and S the singular set.
Even for points in S, every tangent cone is a metric cone. Define the k-th

stratum Sk to be the set of points where tangent cones split in at most k
directions, that is,

Sk
(X) = {x 2 X : no tangent cone atx is isometric to Rk+1 ⇥ C(Z)}.

Then X is a stratified space: S0 ⇢ S1 ⇢ · · · ⇢ Sn�2
= S ⇢ Sn�1

= X, so that
Sn�1\Sn�2

= R. Moreover, dimSk  k, where dimension is the Hausdor↵
dimension.
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Ricci limit spaces

Theorem (codimension 4 conjecture [4])

If moreover |RicMn
i
|  n� 1, then dim(S)  n� 4. Here the dimension can be

taken to be Hausdor↵ or Minkowski dimension. Equivalently,
Sn�4

= Sn�3
= Sn�2

= S.

On a n-dimensional manifold of Ricci curvature bounded below, Ric � (n� 1)k,

Bishop-Gromov volume monotonicity says that the volume ratio vol(Bp(r))
B

Mk (r)
is

monotone nonincreasing in r.
The limit space has nonnegative Ricci curvature in the sense that the volume
monotonicity holds on the limit space when one replaces volume with the limit
measure of Cheeger-Colding.
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1. Convergence for scalar curvature bounded below

What can we say about convergence of manifolds with a lower bound on scalar
curvature only? In this case, we do not have Gromov’s compactness theorem
anymore.

Sormani and Wenger [25] defined the intrinsic flat distance between two
compact manifolds, using the measure-theoretic notions of integral currents and
weak convergence of metric spaces by Ambrosio-Kirchheim.

Let (X, d, T ) be an integer rectifiable current space, meaning that (X, d) is a
countably H

m rectifiable space and T is a linear functional on the space of
compactly supported “di↵erential forms” of degree m on X, so that on each
Lipschitz chart, T has integer multiplicities. One can define the mass M(T ) of
the current T .

An oriented Riemannian manifold (Mm, g) of finite volume is naturally an
integral current space, with T given by T (!) =

´
M ! for an m-form !. The

mass of T is then given by M(T ) = vol(M).

One can define the boundary of T in a manner so that Stokes’ theorem holds.
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Intrinsic flat distance

Let Z be a metric space and T1 and T2 be two m-integral currents on Z. the
flat distance between T1 and T2 is defined to be

dZF (T1, T2) = inf{M(Bm+1
) +M(Am

) : T1 � T2 = A+ @B}.

The intrinsic flat distance between two integral current spaces (X1, d1, T1)

and (X2, d2, T2) is defined to be

dF ((X1, d1, T1), (X2, d2, T2)) = inf

⇢
dZF (�1#T1,�2#T2) | �i : Xi ! Z

�

where the infimum is taken over all common complete metric spaces Z and all
isometric embeddings �i : Xi ! Z, where �i] is the push-forward map on
integral currents.

Theorem (compactness for scalar curvature [26])

If (Mj , gj) is a sequence of closed oriented Riemannian manifolds such that
diam(Mj)  D and vol(Mj)  V , then a subsequence converges in intrinsic flat
topology to a limit. The limit is an integral current space.
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Question: If (Mj , gj) has nonnegative (positive) scalar curvature, does the limit
space have “nonnegative (positive) scalar curvature” in some generalized sense?

Theorem (Gromov [10])

Let Mn be a smooth manifold and gj a sequence of Riemannian metrics with
Rgj � c. If gj converges in C

0 to a smooth Riemannian metric g1, then
Rg1 � c.

There are many approaches to define weak notions of scalar curvature on
singular metric spaces: using dihedral angles on a polyhedra [10], using Ricci
flow on C

0 metrics [2], · · ·
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For the ”small infinitesimal volume” sense of nonnegative scalar curvature, there
is a counterexample [1] using the “sewing” technique; A sequence of metrics gj
on S3 can degenerate into S3 with a curve identified to a single point. At this
singular point, it is unlikely that at this point, the limit space has positive scalar
curvature. In this example, there are minimal surfaces ⌃j in (S3, gj) such that
Area(⌃j) ! 0 as j ! 1.

Conjecture (Gromov-Sormani [11])

Let {M3
j } be a sequence of closed oriented 3-manifolds without boundary

satisfying

vol(Mj)  V, diam(Mj)  D,R(Mj) � 0,minA(Mj) � A > 0.

Here, minA(Mj) is defined as the infimum of areas of closed embedded minimal
surfaces on Mj . Then a subsequence of {Mj} converges in the intrinsic flat
topology to a limit space M1. Moreover, M1 has nonnegative generalized
scalar curvature and has Euclidean tangent cones almost everywhere.
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Theorem (P.-Tian-Wang [22])

Let {M3
j } be a sequence of closed oriented rotationallly symmetric 3-manifolds

without boundary satisfying

diam(Mj)  D,R(Mj) � 0,minA(Mj) � A > 0.

Then a subsequence of {Mj} converges in the intrinsic flat topology to a limit
space (M1, g1). Moreover, g1 is a rotationally symmetric C

0 metric such that
the warping function satisfies the nonnegative scalar curvature in distribution
sense. (M1, g1) has Euclidean tangent cones almost everywhere.
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Positive mass theorem: any n-dimensional complete asymptotically flat manifold
of nonnegative scalar curvature has nonnegative ADM mass. If ADM mass is 0,
then the manifold is Rn.

Question: If the ADM mass is small, is the manifold “close” to Rn?

Theorem (Stability of positive mass theorem [17])

For any ", D,A0 > 0 there exists � = �(", D,A) > 0 so that, if M is an
n-dimensional complete rotationally symmetric manifold of nonnegative scalar
curvature with no closed interior minimal hypersurfaces, such that either M has
no boundary or @M is a stable minimal hypersurface, with

mADM(M) < �,

then
dF (TD(⌃0) ⇢ M,TD(⌃0) ⇢ Rn

) < ".

Here ⌃0 is the (n� 1)-dimensional sphere or area A0, and TD denoted the
D-tubular neighborhood.
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Penrose inequality: If (M, g) si an n-dimensional complete asymptotically flat
manifold of nonnegative scalar curvature whose boundary is an outermost

minimal hypersurface, then mADM �
1
2

⇣
Area(@M)

!n�1

⌘n�2
n�1

, where !n�1 is the area

of the unit (n� 1)-sphere. If equality holds, then (M, g) is isometric to a
Schwarzschild manifold.

Question: If the ADM mass is small, is the manifold “close” to a Schwarzschild
space?

[16] Yes, at least in the rotationally symmetric case: the manifold is “close” to a
Schwarzschild space in a certain Lipschitz sense.
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2. Uniqueness/non-uniqueness of tangent cone

Let (M, g) be a complete non-compact manifold with nonnegative Ricci
curvature and maximal volume growth. Then the tangent cones of (M, g) are
metric cones by Cheeger-Colding theory.

In general, tangent cones may depend on the choice of rescalings {ri}; one
might see di↵erent cones at di↵erent scales.

Perelman [23], Cheeger-Colding [4]: examples that have non-isometric
tangent cones, constructed by finding multiply warped products with
“oscillating” warping functions.

Colding-Naber [8]: examples where the tangent cones are not only
non-isomorphic, but non-homeomorphic.

What if not only nonnegative Ricci curvature, but Ricci-flat? Hattori [15]:
example of a 4-dimensional hyperKähler manifold (with less than maximal
volume growth) that has infinitely many non-isometric tangent cones at
infinity.
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There are works proving uniqueness of tangent cone under additional
assumptions on the curvature, geometry of a tangent cone, algebraicity, etc.

Cheeger-Tian [5] showed that the tangent cone is unique if (M, g) is
Ricci-flat and has maximal volume growth, and a tangent cone is smooth
and integrable (which is an assumption on the deformation of the Einstein
equation on the cross section).

If one considers Kähler manifolds, Donaldson-Sun [9] proved uniqueness of
tangent cone at singularities of a limit of Kähler-Einstein manifolds, by
heavily using the algebraic structure of the limit space.

Most relevant to this talk:

Theorem (Colding-Minicozzi [7], Theorem 0.2)

Let Mn be a complete non-compact Ricci-flat manifold of maximal volume
growth. If one tangent cone at infinity has smooth cross section, then the
tangent cone is unique.
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3. Identification of scales

Theorem (Colding-Minicozzi [7])

Suppose that one tangent cone of (Mn, g) is smooth, i.e. it is in the form of
(R�0 ⇥N, dr2 + r2gN ) for some smooth compact Riemannian manifold
(Nn�1, gN ). Let A be the set of C2,� metrics g and positive C2,� functions w
on N , and define a subspace A1 of A by

A1 =

⇢
(g, w) 2 A

����
ˆ
N
w dµg = Vol(@B1(0))

�
.

Define the functional R : A1 ! R by

R =
1

2� n

✓
A�

r3�n

n� 2

ˆ
b=r

Rb=r|rb|

◆
.

Then R satisfies the  Lojasiewicz-Simon inequality for some ↵ < 1

|R(g, w)�R(gN , VM )|
2�↵

 |rR|
2
(g, w).
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The  Lojasiewicz inequality implies the critical decay
ˆ
b�r

b�n

����Hess
g
b2 �

�b2

n
g

����
2

g


C

log r1+�
. (1)

Denote by � : M ⇥ R ! M the gradient flow of b2 so that

d�t(x)

dt
= rb2(x).

In the special case of the Euclidean space (M, g, p) = (Rn, gEuc, 0), � is simply
a dilation map �t(x) = e2tx. If we perform a coordinate change to the metric
gEuc = dr2 + r2gSn�1 by s = log r, so that r�2gEuc = ds2 + gSn�1 is now a
cylindrical metric, then since r(�t(x)) = e2tx, it follows that

(r � �t)
�2

�
⇤
t gEuc = gEuc,

so the metric (r � �t)
�2

�
⇤
t gEuc is constant in t.

Question: a natural identification between scales?

For large r0 > 0 fixed and A > 0, would (some version of)
k(r � �t)

�2
�

⇤
t g � (r � �At)

�2
�

⇤
AtgkC1(g|@Bp(r0))   (t), and limt!1  (t) = 0,

hold? If so, � provides a good way of identifying scales.
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Theorem (P. [20])

Let (Mn, g) be a complete Ricci-flat manifold of dimension n � 3 and maximal
volume growth. Define the family of metrics g(t) by

g(t) = (b � �t)
�2

�
⇤
t g. (2)

Suppose that a tangent cone at infinity of M has smooth cross section. Let
A > 0. Then there exist constants r0,� > 0 so that for any r > r0 and
T > t > 0,

 
b=r

(
sup
v 6=0

����log
g(At)(v, v)

g(t)(v, v)

����

)
d�  Ct�

�
2 , (3)

where r0,� depend on (M, g) only, and C depends on (M, g) and A.
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Remark

The idea of conformally changing a given metric by a suitable factor of a
positive Green function of a linear elliptic operator has appeared in other works.
For instance Schoen used the Green function of the operator Lu = �u� u in
his solution to the Yamabe problem [24].

Remark

With the aid of some functional inequalities, there is no need to consider the
conformally changed metric g(t). For instance, suppose that the following
Hardy-Sobolev type inequality holds on M ,
ˆ
br

b�n
|f � f̄r|

2
 C

ˆ
br

b2�n
|rf |2 for any f 2 C

1
(M), lim

r!1
f = 0.

(4)

Then one can directly work with the rescaled metrics g̃(t) = e�4V
2

n�2
M t

�
⇤
t g and

obtain the same convergence of g̃(t). The proof carries through using of the

Hardy-Sobolev inequality applied to f = |rb|2 � V
2

n�2

M . One can conclude that
the above theorem holds with g(t) replaced with g̃(t).
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3. Matrix Harnack inequality

The Li-Yau gradient estimate for heat equation:

Theorem (Li-Yau [18])

Let (M, g) be a compact Riemannian manifold and f > 0 a positive solution to
the heat equation, @tf = �f . Suppose that M has nonnegative Ricci curvature.
Then for any t > 0 and any vector field V on M , we have

@tf +
n

2t
f + 2Df(V ) + f |V |

2
� 0. (5)

Later this was generalized to a matrix estimate by Hamilton:

Theorem (Hamilton [12])

Suppose moreover that M has parallel Ricci curvature and nonnegative sectional
curvature. Then for any t > 0 and for any vector field Vi on M , we have

DiDjf +
1

2t
fgij +Dif · Vj +Djf · Vi + fViVj � 0. (6)
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Taking the trace of this matrix inequality yields the Li-Yau gradient estimate,
although the curvature assumptions are stronger for the matrix inequality.
Matrix estimates have also been developed for other situations, such as the heat
equation on Kähler manifolds with nonnegative holomorphic bisectional
curvature by Ni-Cao [3], Ricci flow by Hamilton [14], Kähler-Ricci flow by Ni
[19], and mean curvature flow by Hamilton [13].

Theorem (Colding [6])

If (Mn, g) is nonparabolic and has nonnegative Ricci curvature, then

|rb|  1.

If equality holds at any point on M\{p}, then (M, g) ⇠= (Rn, gEuc).
In addition,

lim
r!1

sup

M\Br(p)
|rb| = V 1/(n�2)

M .
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On Rn, b2 = r2 and Hessb2 = 2g. Hence it is natural to ask whether
Hessb2  2g in general, or at least:

if Hessb2  Cg near p for some C, then does this bound on Hessb2 extend to M?

Theorem (P. [21])

Suppose that (Mn, g) is nonparabolic and satisfies the following two curvature
conditions:

R(rb, V,rb, V ) � 0 for any vector field V on M ,

|rRic|  ✏ for some ✏ > 0.

Suppose that

Hessb2  Dg on M\{p} for some D, and

Hessb2  Cg near p for some C  C(n, ✏).

Then Hessb2  Cg on M\{p}.
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Kähler-Einstein metric

Let X : compact Kähler manifold

Theorem (Aubin/Yau 1978)

If c1(X ) < 0, then 9!!KE s.t. Ric(!KE ) = �!KE

Let X : general type and fix !0 2 �c1(X ).

@@-lemma ) Ric(!0) + !0 = i@@F for some F 2 C1
(X ).

Definition (Elliptic MA eqn)

Find a solution ' 2 C1
(X ) satisfying

(
(!0 + i@@')n = e'+F!n

0

!0 + i@@' > 0.

Then !KE = !0 + i@@'.
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Kähler-Ricci flow

Theorem (Cao, 1985)

For all t > 0, there exists a family of Kähler metrics !(t) on X satisfying

(
@
@t!(t) = �Ric(!(t))� !(t),

!(t)|t=0 = !0.

Moreover, lim
t!1

!(t) = !KE . This is called the Kähler-Ricci flow (KRF).

Definition (Parabolic MA eqn)

Find a solution ' 2 C1
(X ⇥ [0,1)) satisfying

(
(!0 + i@@')n = e

@
@t'+'+F!n

0 ,

'(t)|t=0 = 0.

Define !(t) := !0 + i@@'(t).

4 / 23



Fiberwise KE and KRF

Setting

Let ⇡ : X n+1 ! Y 1 be a family of canonically polarized mfds, i.e.,

⇡ : X ! Y : proper holomorphic surjective submersion

Xy := ⇡�1
(y): general type, i.e., c1(Xy ) < 0

Theorem (Ehresmann’s fibration theorem)

Let ⇡ : X ! Y : proper surjective submersion

Then Xy
⇠= Xy 0(di↵eomorphic) for all y , y 0 2 Y

Let !: d-closed (1, 1)-form on X s.t. !y := !|Xy > 0 and [!y ] = �c1(Xy ).

) !KE
y = !y + i@@ y : KE metric on Xy (Aubin/Yau)

!y (t) = !y + i@@'y (t): KRF on Xy (Cao)
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Fiberwise KE and KRF

) 9 ⇢ := ! + i@@ : d-closed (1, 1)-form on X s.t. ⇢|Xy = !KE
y

9 !(t) := ! + i@@': d-closed (1, 1)-form on X s.t. !(t)|Xy = !y (t)

Remark

⇢ is called the fiberwise KE.

!WP =
R
X/Y ⇢

n+1 Weil-Petersson metric.

!(t) is called the fiberwise KRF.

lim
t!1

!(t) = ⇢
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Schumacher and Berman’s results

Theorem (Schumacher, 2012)

⇢ � 0 on X .

⇢ > 0 on X if ⇡ : X ! Y is e↵ectively parametrized.

Theorem (Paun, 2018)

⇢ extends across the singularities of the map ⇡ as a positive current.

Theorem (Berman, 2013)

!(t) � 0 on X if ! � 0.

!(t) > 0 on X if ! > 0 and ⇡ : X ! Y is e↵ectively parametrized.

Goal: Study a holomorphic family of non-compact complete Kähler mfds!
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Generalization to noncompact manifolds

Question: Which non-compact mfd admits a complete KE metric?

Definition (Bounded geometry)

We say that (X ,!) has bounded geometry of order k if for each p 2 X
there exists a holomorphic chart (Up, ⇠p) centered at p and constants
r ,C ,Ck > 0 independent of p satisfying

(i) Br (0) ⇢ Vp := ⇠p(Up) ⇢ Cn,

(ii)
1
C

⇣
�↵�̄

⌘


⇣
g↵�̄

⌘
 C

⇣
�↵�̄

⌘
,

(iii)

���g↵�̄
���
Ck (Vp)

 Ck .

where ! = ig↵�̄d⇠
↵ ^ d⇠� for the coordinates ⇠p = (⇠1, . . . , ⇠n).

For any functions u 2 C1
(X ), we define a norm by

kukk+✏ := sup
p2X

{
��u � ⇠�1

p

��
Ck+✏(Vp)

},

C̃ k+✏
(X ):= Banach completion of {u 2 C1

(X ) : kukk+✏ < 1}.
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KE and KRF on complete Kähler manifolds

Theorem (Cheng-Yau, 1980)

(X ,!): complete Kähler mfd with bounded geometry

Ric(!) + ! = i@@F for some fn F 2 C̃1
(X )

=) 9! complete KE metric !KE with Ric(!KE ) = �!KE

Theorem (Chau, 2004)

(X ,!): complete Kähler mfd with bounded curvatures

Ric(!) + ! = i@@F for some smooth bounded fn F on X

=) 9 Kähler-Ricci flow !(t) for all t > 0 and lim
t!1

!(t) = !KE

Theorem (Wu-Yau, 2020)

Let (X ,!): complete Kähler mfd with �C1 < Hol(!) < �C2 < 0

=) 9! complete KE metric !KE with Ric(!KE ) = �!KE
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Concrete and Fundamental Examples

Definition

A smooth bdd domain ⌦ ⇢⇢ Cn is called a strongly pseudoconvex domain
if 9 a smooth strictly plurisubharmonic defining function r on ⌦, i.e.,

⌦ = {r(z) < 0}, @⌦ = {r(z) = 0}, dr 6= 0 on @⌦ (def. fn)

i@@r > 0 on ⌦ (str. psh)

Remark

{strongly convex domains} ⇢ {strongly pseudoconvex domains}
bdd pcx. domain = increasing union of str. pcx. domains

11 / 23



Concrete and Fundamental Examples

Proposition (Cheng-Yau)

Let ⌦ be a bounded strongly peudoconvex domain in Cn.

! := i@@(� log(�r)) has bdd geometry, Ric(!) + ! = i@@F , F 2 C̃1
(⌦).

Proposition (Cheng-Yau)

Let (X ,!0) be a Kähler manifold with Ric(!0) < 0

Let ⌦ be a bounded strongly peudoconvex domain in X .

Then ! := �Ric(!0) + i@@(� log(�r)) has bdd geometry and satisfies

Ric(!) + ! = i@@F for some F 2 C̃1
(⌦).

Remark

In the above case, we have asymptotic boundary estimates of !KE

(Cheng-Yau, Lee-Melrose)
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Family of bounded strongly peudoconvex domains

Definition

⇡ : D ! S is a holomorphic family of str. pcx. domains if

⇡ : Cn ⇥ C ! C: coordinate projection map ⇡(z1, . . . , zn, s) = s

D: smooth domain in Cn+1, S := ⇡(D)

Dy := D \ ⇡�1
(y): smooth str. pcx. domain in Cn, 8y 2 S

) 9 !: d-closed smooth (1, 1)-forms on D such that !y := !|Dy is a

complete Kähler metric with bounded geometry.

) 9 ⇢: fiberwise KE on D

Theorem (Choi, 2015)

⇢ > 0 on D if D is strongly pseudoconvex in Cn+1.

⇢ � 0 on D if D is pseudoconvex in Cn+1.
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Results

Setting

⇡ : X ! Y : holomorphic surjective submersion

!X : Kähler form on X satisfying Ric(!y ) < 0, where !y := !X |Xy

D: C1-domain in X , S := ⇡(D)

Dy := D \ ⇡�1
(y): C1-bdd. str. pcx. domain in Xy , 8y 2 S

⇡ : D ! S : proper () Dy := D \ ⇡�1
(y): di↵eomorphic, 8y 2 S)

Theorem 1 (Choi, Y-)

If D is strongly pseudoconvex in X , ⇢ is positive definite on D.
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Results

Setting

⇡ : X ! Y : holomorphic surjective

W : 9 analytic set containing all singular values of ⇡ and ⇡|@D in S

For all regular fibers, the assumptions of Theorem 1 hold.

Theorem 2 (Choi, Y-)

If D admits a complete Kähler metric !̃D satisfying Scal(!̃y ) > C ,

then ⇢ extends to D as a positive current.
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Results

On the other hand, we also have !(t): fiberwise KRF

Theorem 3 (Choi, Y-)

Suppose that ! � 0 on D and strictly positive at least one point on each
fiber Dy . Then !(t) > 0 on D for all t > 0

Proposition

If D is pseudoconvex in Cn+1, there exist a defining function r of D s.t.
! := i@@(� log(�r)) satisfies the above assumption.

Corollary

⇢ � 0 on D if D is pseudoconvex in Cn+1.
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Horizontal lift and Geodesic curvature

⇡ : X ! Y with dimC(Y ) = 1

⌧ : a d-closed smooth real (1, 1)-form on X s.t. ⌧ |Xy > 0

v :=
@
@s 2 T 0

y (Y )

Definition

v⌧ : horizontal lift of v is a (1, 0) vector field satisfying
(1) d⇡(v⌧ ) = v
(2) < v⌧ ,w >⌧= 0 for 8w 2 T 0Xy

c(⌧): geodesic curvature of ⌧ is defined by
c(⌧) =< v⌧ , v⌧ >⌧

Remark

⌧n+1
= c(⌧) · ⌧n ^ ⇡⇤(ids ^ ds)

⌧ � 0 () c(⌧) � 0 (⌧ > 0 () c(⌧) > 0)
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PDE of geodesic curvatures

For each fiber Dy , consider geodesic curvatures c(⇢) and c(!(t)).

Proposition (Schumacher)

(��+ id) c(⇢) = k@v⇢k2,

where � is the Laplace-Beltrami operator of !KE
y .

Proposition (Berman)

✓
@

@t
��t + id

◆
c(!(t)) = k@v!(t)k2,

where �t is the Laplace-Beltrami operator of !y (t).

Use a non-compact version of elliptic and parabolic maximum principle!
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Almost Maximum principle

Theorem (Almost Maximum Principle)

Let (X , g) be a complete Riemannian manifold

Let f be a bounded from above smooth function on X .

(Omori, 1967) If sectional curvatures are bounded from below, there
exists a sequence of points {xk} 2 X satisfying

f (xk) > lim sup f � 1

k
, |df (xk)| <

1

k
, and Hessf (xk) <

1

k
g .

(Yau, 1975) If Ricci curvatures are bounded from below, there exists a
sequence of points {xk} 2 X satisfying

f (xk) > lim sup f � 1

k
, |df (xk)| <

1

k
, and �f (xk) <

1

k
.

20 / 23



Parabolic Maximum principle for KRF

Let (X , g) be a complete Riemannian manifold with bounded curvatures

Theorem (Weak maximum principle (Shi))

Let f be a smooth bounded function on X ⇥ [0,T ) satisfying

✓
@

@t
��t

◆
f � 0 whenever f  0.

If f � 0 on X at t = 0, then f � 0 on X ⇥ [0,T ).

Theorem (Strong maximum principle)

Suppose that sup

X⇥[0,T )
f (x , t) � 0 and f (x , 0) > 0 at some point x 2 X .

Then f (x , t) > 0 on X ⇥ [0,T ).
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Parabolic Maximum principle for KRF

Theorem (Weak maximum principle (Ni))

Let f be a smooth function on X ⇥ [0,T ) satisfying

✓
@

@t
��t

◆
f � 0 whenever f  0.

Assume that 9c > 0 such that f� := �min{f , 0} satisfies

Z T

0

Z

X
(�r)c(f�)

2 dVtdt < 1.

If f � 0 on X at t = 0, then f � 0 on X ⇥ [0,T ).
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Gauss curvature flow (GCF)

Let X0 : Mn ! Rn+1 be a smooth immersion.

Gauss curvature flow If X : Mn ⇥ [0,T )! Rn+1 satisfies

@

@t
X (p, t) = �K (p, t)⌫(p, t)

with X (·, 0) = X0, then the one-parameter family of hypersurfaces
⌃t = X (Mn, t) is said to be the Gauss curvature flow.
Here, K (p, t) is the Gauss-Kronecker curvature of ⌃t at X (p, t)
and ⌫(p, t) is the outward unit normal vector to ⌃t at X (p, t).

One of the higher dimensional versions of the curve shortening flow.
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Tumbling stone on a beach - phenomena in nature - Firey
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Modeling

A stone is subject to wear under impact from any random angle by
the sea.

Erosion is heuristically proportion to the measure of image of the
Gauss map.
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Example

Theorem (Hamilton ’94)

If a hypersurface has flat sides then the flat sides still exist under
the Gauss curvature flow for some time.

If the cube evolves under the mean curvature flow, then the flat
sides will disappear immediately. (SMP, heat exchange)
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Volume change with a constant speed

Under GCF, the volume V (t) enclosed by ⌃t satisfies

@

@t
V (t) = �

Z

⌃t

Kd�⌃t = �|Sn|

by an analogy of Gauss-Bonnet theorem.

Apply maximum principle to @
@tK = K (h�1)ijrirjK + K 2H

GCF must shrink to a point at T⇤ = V (0)/|Sn|.
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Relation to (Lp-)Minkowski problem

Given a Borel measure µ � 0 on Sn�1, find a convex body K such
that SK ,p = µ. (Existence and uniqueness?)

convex body K  ! Lp-surface area measure SK ,p = h1�p
K dSK

By the Brunn-Minkowski inequality, solutions to (classical)
Minkowski problem can be given by

inf

⇢Z

Sn�1
hL(X )dµ(X ), L 2 K n,V (L) � 1

�

and the uniqueness follows from the equality condition on the
Brunn-Minkowski inequality.

The self-similar solution to the Gauss curvature flow is the solution
to L0-Minkowski problem (p = 0, so called logarithmic Minkowski
problem).
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Preservation of flat sides

⇤: flat sides. � = @⇤: free boundary, the interface between flat
parts and non-flat parts.

• [Daskalopoulos–Hamilton ’99] short time; [Daskalopoulos–Lee
’04] long time.

• Chopp–Evans–Ishii showed that if X0 is smooth, free
boundaries does not move during some waiting time period.

• Choi found that the optimal rate of movement is C 1, 1
n�1 .

Therefore, regularity near free boundary is key to understand how
the stone evolves.
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Flat sides = one phase problem

GCF with flat sides can be formulated as obstacle problem ( ⌘ 0).
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Membrane with obstacle

Obstacle problem for membrane (variational inequality):

minimize
u� 

Z

D

1

2
|ru|2dx

Then �u = 0 in {u >  } and �u  0 in D.

Linear operator ! “flat side” = “obstacle”
Nonlinear operator ! “flat side” 6= “obstacle”

GCF with flat side 6= GCF with obstacle

Question: What is “obstacle problem” for GCF?
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Model for the flow with an obstacle

When a stone have a hard core, the hypersurface cannot penetrate
the hard core.

Di↵erence with the flat sides problem:

growing contact set vs shrinking flat sides

Focus on the neighborhood of the free boundary since this part is
important as in flat sides problem.
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Main results - stationary obstacle

Theorem (Lee–L. ’18, n = 2, ↵  1, stationary)

Let X0 and  be smooth strictly convex closed hypersurfaces.
Then GCF with an obstacle has a unique solution for t 2 [0,1)
with the optimal C 1,1-regularity. In particular,

1 0  �i  C , �i : principal curvature.

2 On the non-coincidence set X (x , t) 62 �,

0 < c(d(X ,⇤))  �i (X )  C ,

where d(X ,⇤) denotes the distance from x to {X 2 �}.
3 There is a finite time T⇤ such that ⌃t = � for all t � T⇤.

K becomes zero on the free boundary.
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Main results - moving obstacle

Theorem (Lee–L., all n and ↵ > 0, varying obstacle)

Let X0 and  be smooth strictly convex closed hypersurfaces.
Assume that  is a slowly contracting obstacle. Then the Gauss
curvature flow with an obstacle has a unique solution for
t 2 [0,1) with the optimal C 1,1-regularity. In particular,

1 The principal curvatures �i satisfy c(X0,�)  �i  C (X0,�).

2 There is a finite time T⇤ such that ⌃t = � for all t � T⇤.
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Free boundary in various fields

Physical phenomena
rolling stones, melting of ice (Stefan problem)

Geometry
collapsed geometry, degenerate solution to Minkowski problem

Economics and Finance
portfolio selection, American option pricing, transaction cost
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Thank you!
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Definition of capillary minimal surfaces

A capillary minimal surface ⌃ in a domain U is a minimal
surface ⌃ which meets @U in a constant contact angle along @U.
When the contact angle is a right angle, the surface is called a
free boundary minimal surface.
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Characterization results on capillary minimal surfaces

Nitsche (1985) The only immersed free boundary minimal disk
in B3 is an equitorial disk

Ros-Souam (1994) Generalized Nitsche’s result to space forms
S3,H3

Fraser-Schoen (2014) Generalized Nitsche’s theorem to Bn

Mcgrath (2018) Embedded F.B.M.A. in B3 symmetric to three
coordinate planes is a critical catenoid

Choe (2002) Generalized Nitsche’s result to domains bounded
by several planes and spheres
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Weierstrass represantation formula

The pair (g , dh) is called the Weierstrass data and it consist of a
Gauss map g(z) : ⌃ ! C [ {1} and a holomorphic di↵erential
dh = dx3 + idx⇤

3
where x3 is the third coordinate function defined

on the surface. X : ⌃ ! R3 can be represented by the real part of
the holomorphic curve as follows.

X (p) = Re

Z p

p0

✓
1

2

✓
1

g
� g

◆
,
i

2

✓
1

g
+ g

◆
, 1

◆
dh.
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Weierstrass represantation formula

With the Weierstrass data, various geometric invariants can also be
represented by the data.

ds2 =

✓
1

2
(|g |+ |g |�1)|dh|

◆2

= ⇤2|dz |2,

b(v , v) = Re

✓
dg

g
(v) · dh(v)

◆

where v is a tangent vector to the surface ⌃.

K = �

0

@
4
���dgg

���
(|g |+ |g |�1)2|dh|)

1

A
2

.
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Examples of minimal surfaces with Weierstrass data

Enneper’s surface and the higher order Enneper’s surface have the
following Weierstrass data defined on C.

g(z) = zk

dh = zkdz .

We can deform the Gauss map to get a surface with the
Weierstrass data as follows.

g(z) = zk + P(z)

dh = g(z)dz

where P(z) is a polynomial of degree n  k � 1.
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Examples of minimal surfaces with Weierstrass data

g(z) = z
z2 � R2

R2z2 � 1

dh =
�
1� 1

R2 + R�2
(z2 + z�2)

�dz
z
.

The above Weierstass data represents two Enneper’s surfaces
joined by the catenoidal neck. As it is geometrically observed that
the flux vector along the closed curve on the catenoidal neck is a
nonvanishing vector.
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Field of line elements

A smooth field of line elements is a vector field defined on a
region that is a family of curves such that at each point the vector
field is tangent to a curve through that point.
A field of line elements cannot be extended to a single point p then
the point p is called a singularity of the field of line elements.
An index of an isolated singularity p of the field of line elements is
defined as j where 2⇡j is a rotation number around a singular
point p.

EUNGBEOM YEON
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Examples of singularities

Figure: Examples of field of line elements with isolated singularities of
index 1, 5

2
and � 1

2
.
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We have the following theorem.

Poincaré-Hopf Theorem ([7])

If F is a field of line elements on a closed surface S of genus g
with finite number of singularities pi for i 2 I where I is a finite
index set. And denote jpi as the index of pi . then

⌃jpi = 2� 2g .
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Results on capillary minimal surfaces outside the unit ball

Theorem 1

Let X 2 (C 2(D 0,R3) \ C 1(D
0
,R3)) be a capillary minimal surface

in R3 \ B3 with finite total curvature and one embedded end.
Then it must be either part of the plane or part of the catenoid.
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Results on capillary minimal surfaces outside the unit ball

Theorem 2

There does not exist a capillary minimal immersion
X 2 (C 2(D 0,R3) \ C 1(D

0
,R3)) with finite total curvature, one end

asymptotic to the end of the Enneper’s surface, and vanishing flux
vector on the first homology class of the surface.
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Results on capillary minimal surfaces outside the unit ball

Theorem 3

Let U be a convex domain in R3 which is bounded by k(k � 1)

spheres. Let X 2 C 2,↵(D
0
,R3) be a capillary minimal surface in

R3 \ U with finite total curvature and one embedded end. If k > 1
, the surface with a catenoidal end cannot exist. Furthermore, the
surface with a planar end must be part of the plane.

EUNGBEOM YEON
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Two important Lemmas

Lemma 1

Let a minimal surface ⌃ be as in the main theorem. Let

�(z)dz2

be a Hopf di↵erential defined on the surface. And put
z2�(z) = ↵+ i�.

Then the harmonic functions ↵,� satistifes
↵ = � = 0

on the whole surface when the surface has the planar end. In case
the surface has the catenoidal end,

↵ = A, � = 0
for some nonzero constant A.

EUNGBEOM YEON

Existence and uniqueness results on capillary minimal surfaces via Weierstrass representation formula



Capillary minimal surfaces Preliminares Capillary minimal surfaces outside the unit ball B3

Two important Lemmas

Lemma 2

Let a minimal surface D 0 ! ⌃ be as in the Theorem 1 and assume
that it has the catenoidal end. Then all concentric circles centered
at the origin of D 0 become lines of curvature of the surface and
there is no umbilic point on the surface.

EUNGBEOM YEON
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Proof of theorem 1(main idea).

After we parameterize the surface with the inverse of the Gauss
map of the surface, we calculate second fundamental form along
the lines of curvature.
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Proof of theorem 2(main idea).

Part A

P

Part B

Part C

Main idea comes from the index calculation on the surface. We
can deduce that there is no boundary umbilic point since a
boundary umbilic point P will yield that lines of curvatures near P
would be like the figure above. Since we don’t have any positive
index other than the puncture, we get the result.
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Thank you.
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In this talk,

• Minimal surface = Complete minimal immersion of finite total

curvature

• Identify C2 and R4 via

(z ,w) 2 C2 $ (Re z , Im z ,Re w , Im w) 2 R4

• arXiv:2101.06836
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Embedded examples in R3

2
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Embedded ends in R3

The Weierstrass representation formula:

X : ⌃g\{p1, p2, · · · , pk} ! R3,

X = Re

Z
(�1,�2,�3)

with the following conditions:

• ⌃g is a closed Riemann surface of genus

g , and {p1, p2, · · · , pk} ⇢ ⌃g ,

• �i ’s are meromorphic 1-forms on ⌃g

with possible poles at {p1, p2, · · · , pk},
and at least one of them should have a

pole at each pi ,

•
P3

i=1 �
2
i ⌘ 0 and

P3
i=1 |�i |2 > 0,

• �i ’s have no real periods. 3

\ r T
(t.dz.임)=Ett.tt.tt
도아르0 ⇒ Eis

_

no rd periods → b=E0 , dGR

d log미

야0 → nologarithw.ie
growth

→planarendwnrereren.gl
addedde → a



Minimal surfaces with embedded planar ends

• Provide interesting minimal surfaces

• Related to Willmore surfaces in the round sphere

- (Bryant 84) Minimal surfaces with embedded planar ends in

R3 compactify to give Willmore surfaces in S3. All Willmore

spheres are given in this way.

- (Michelat 16, Hirsch and Mäder-Baumdicker 19) Morse index

of corresponding Willmore surfaces from the position of planar

ends.

4
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Existence and nonexistence in R3

• Nonexistence

- genus 0 with 2, 3, 5, 7 embedded planar ends

- genus 1 with 3 embedded planar ends

- genus g with 2 embedded planar ends, g � 0

• Existence

- genus 0 with d embedded planar ends, d 6= 2, 3, 5, 7

- genus 1 with 2d embedded planar ends, d � 2

5
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Kusner’s theorem

Theorem (Kusner 87)

Let M be a complete immersed minimal surface in R3
with finite

total curvature and M be the one-point compactification of M via

the stereographic projection S3 ⇠ R3 [ {1}. Denote by nx the

multiplicity at a point x 2 S3, and define n(M) = max{nx |x 2 R3}
and e(M) = n1. Then we have n(M)  e(M) with the equality if

and only if M is a union of planes.

[Idea] the conformal invariance of (| ~H|2 � 4K )dA and mean

curvature spheres

6

.am)=2→ nm)=1 , Embedded

I→ maimum principle X

* REversion Embedded plane ands)

I e(M)=2 →

embedded.XENT.MX
CR3 (StereoGraphic projection onx) , W(A)=if베해A=finAt4패×

Ma =M , min1mal W(A) =4t의M) 로4T

nx.xtim.mnmal Es 쓧嘉 Es www.imd



The Lagrangian catenoid in R4

The Lagrangian catenoid in R4 can be identified with

�
(z , 1z ) 2 C2 | z 2 C� {0}

 

up to rigid motions and scaling.

• It has total curvature �4⇡ and foliated by circles.

• Harvey and Lawson, Castro and Urbano (Special Lagrangian)

• Ho↵man and Osserman, Park (Minimal surface)
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Questions

In R4,

Q1: Do we have minimal surfaces with 2 embedded planar ends

and positive genus?

Q2: What about minimal surfaces with more than 2 embedded

planar ends?

8



Embedded planar ends in R4

Let X : ⌃g\{p1, p2, · · · , pk} ! R4 be a complete minimal

immersion of finite total curvature.

We say that X has an embedded planar end at pi if there exists

an open neighborhood Ui of pi such that

• the image X (Ui\{pi}) is asymptotic to a plane,

• it is a graph over the same plane outside some compact

subset,

• all height functions have no logarithmic growth.

9
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Embedded planar ends in R4

In terms of the Weierstrass data (�1,�2,�3,�4), the minimal

immersion X has embedded planar ends if and only if
8
<

:
min {ordpi�1, ordpi�2, ordpi�3, ordpi�4} = �2,

respi�1 = respi�2 = respi�3 = respi�4 = 0

for all i = 1, 2, · · · , k .

[Example](the Lagrangian catenoid in R4)

X (z) =
�
Re z , Im z ,Re 1

z , Im
1
z

�
2 R4, z 2 C� {0}

) The Weierstrass data can be computed as follows:

(�1,�2,�3,�4) = 2Xzdz = (dz ,�idz ,� 1
z2 dz ,

i
z2 dz)
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Main results 1

Theorem

There are no genus 1 complete minimal immersions of finite total

curvature in R4
with 2 embedded planar ends.

[Sketch of the proof] Let X : ⌃1\{p1, p2} ! R4 be given by the

Weierstrass data (�1,�2,�3,�4). By rotating the surface, we may

assume that the Gauss image at p1 is [1,�i , 0, 0] 2 P3.

8
>>>>><

>>>>>:

�1 = a0dz + ↵⌘1 + a1⌘2

�2 = b0dz � i↵⌘1 + b1⌘2

�3 = c0dz + c1⌘2

�4 = d0dz + d1⌘2

(⌘1: a meromorphic 1-form with

a double pole only at p1
⌘2: a meromorphic 1-form with a

double pole only at p2
↵ 6= 0, c1, d1 6= 0

a
2
1 + b

2
1 + c

2
1 + d

2
1 = 0)
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Sketch of the proof

12
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Main results 2

Theorem

If g 6= 4, there are no genus g hyperelliptic complete minimal

immersions of finite total curvature in R4
with 2 embedded planar

ends like the Lagrangian catenoid.

Question: Can we prove nonexistence for non-hyperelliptic cases?

13
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Main results 3 - more than 2 ends

Theorem

Let g � 1 and g + 2  d  2g + 1. For each (g , d), there exists a

complete minimal immersion of finite total curvature in R4
with d

embedded planar ends and genus g , that is symmetric with respect

to the origin and hyperelliptic if g � 2. Moreover, there are

embedded examples when g = 1 and d = 3.

[Example] P(z): the Weierstrass function on the square lattice

F (z) :=

✓
P0(z)

(P(z)�P( 12 ))(P(z)�P( 1+i
2 ))

, P0(z)

(P(z)�P( i
2 ))(P(z)�P( 1+i

2 ))

◆
2 C2

) Asymptotic to 3 planes: {z1 = 0}, {z2 = 0}, and {z1 + z2 = 0}
) Symmetry group: order 4 cyclic group generated by

14
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Further questions

• Classify all embedded ends in R4 including multiplicities or

logarithmic growth.

• Can we obtain a complete classification for 2-ended embedded

minimal surfaces in R4?
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덇ꅗ鮋ꉷ딇ꁷꙻꀧ딏딇똃떨듫쌈끿鯃꾳띔딇덇꺯ꋃꗯ꾫딘듗덎듗꾫딛ꀧ驐둃馓ꝡ닫ꃫꊂ싫驳馓鸯싯댤ꦫꪇꁷꀧ
쑻늿 ꬓ뒳싫驳 닛떨떔딋 깰쏯듗 뎔뒗쌛ꁷ�

.



騖듗 닟 꾫 딛ꁷ�

/*- 똃꺳듫 심꣋ 뎃髿 끯뀷뻯

ꁷ꜋ ꠻ꉳ 騖듗 딇댏鯃싫鯃 떗덣 똃꺳듫 骏심듗 딳끯 띭驳 鸫馓딣� 먯꣋심듓 떯돨듫 심꣋딇꥓ꗯ
뚤鬀듓꣏ꗳ똃꺳딇馓딸뚤됧싫騟덿驏ꃫ骏심딇덛띓ꝟ딇꜏鬀馓릻둣덣꺯뎃髿끯븷驳ꦯ떗끯
븷띓ꀧ ꡎ쌛ꁷ驳 ꪇ딋ꁷ� ꣏ꗳ 骓깔馣덣꺯듫 鵋뚓싯 뎃髿馓 딛덛驳 쁌씛 -21,黗 驐덣 끯썟ꖸ듗
긿됼싫鯃ꗯ 싫ꠇ꺯 鬀馓듫 ꯗ됼듏ꗯ 骓깔馣 骓둣듗 ꬔ驐덣 삟騿싫덿 -,黗덣 騋믯 심꣋ 꾫딘
鼋ꖸ듗 鯃둋딇鯃꜏ 쌛덇ꅗ 鮋 껄骏ꀧ 깔ꂓ떔듏ꗯ ꦋꦋ쌛ꁷ� 鮋 딇뒳꜏ ꋃ뗋 ꪇꠇ ꂌ끯 똃떨骏
骓깔馣덣꺯ꀧ뚤鬀덣꺯딏덇鸫ꀧ꩓쏧� 쁌씛꺯댤듫ꦯ떗쌇馓ꀧ骏심덣ꂓ쌇꺯麛꣇닟띓ꡎ싫驳
딛덛驳싯긿ꔟ듗삟騿싫ꀧ騖듏ꗯ딇꜏馣ꂌ싳꾫덙ꁷꀧ긿끷듗삟님싫띓ꡎ싯騖딇둣딋딇ꔏ驳
ꪇ딋ꁷ�
鮋ꕿ鸫 뚤鬀덣 ꉷ덇뎻 ꦯ떗ꆯ 꺯댤 꾫심듗 ꦮ닗ꉷ딇驳 딇쌇싫ꖷꀧ 鼋ꖸ듓 떨ꬓ돓 ꩗馯ꗯ

馯馯듫 심딣ꉷ 긿딇덣꺯 딇ꚗ띓驳 딛덛ꁷ� 끷떯ꗯ 똃꺳 쑗鯃듫 꾫심딣ꉷ 馓둇ꄃ 깔ꂌ꾫ꀧ 鼥띓
닝듓骓띔듗馓뗟騃鸫ꎣꀧ딿댏듫심딣ꉷ딇덛듏ꠃꂓ꜏딇덇릻믃릻믃ꦯ떗쌇鸫馗긿끷ꗯꬓ뻃
骓딇 뚏ꅗ싯 심꣋ 뎃髿馓 닗ꁛꔏ 떨ꬓ ꦩ듫 심딣 뱷ꤷꁛ삃듫 딣깰떔 뎃髿덣 씫딘듓 ꦧ馓 뷿ꁷꀧ
騖듗 닟 꾫 딛ꁷ� 뎛됋떔듏ꗯ 骓깔馣덣꺯 떨ꬓ馓 꾫띤싯 딣ꙟ ꎣꀧ 骓깔馣 떯똃馓 꾫딘싳 꾫
딛덛ꃫ 딣ꙟ듫 ꃨ듗 뼴뼴딇 ꪋ 騖듓 딇깔쎔딇덛ꁷ�
똃꺳듫 심꣋듓 뚤됧싯 馓꣋듗 뚤끿듏ꗯ 뎃髿ꆫ驳 낦덿鸫馓ꀧ 끯뀷뻯딇덛ꁷ� 딗鮛 닱덣꺯듫

鼏땔듓 떨ꬓ 떨맘듗 驃떨싫ꀧ 뚤됧싫ꠇ꺯ꅗ 뒳딏싯 鯃쐟뎓驳 뚤됧 馓꣋ꉷ듓 뫯깔믈 骓ꙟ덣 딣
끳듫 ꣋ꨟ 긿ꔟ듗 뎿ꖷ 鼦驳 딇ꖃ 鼏땔듗 뽈쌇꺯 딣끳듫 먳심딇 떨맘덣 ꦫ뎔ꆫꅗꗰ 쌛ꁷ� 딇듫
꾯鯃ꀸ듓 馔 馓꣋딇 떨맘듫 닛듗 ꝟꉷ驳 딇듫 딸ꁻ떣듗 떔鮌떔듏ꗯ 験뼳싫ꅗꗰ 쌛ꁷꀧ 떣骏
딇ꖚ騟 ꝟꉷ덇띗 닛ꉷ딇 딗鮛 닱덣꺯 驐땔쌇꺯 뫯똘꺳빰ꆫꀧ ꝷ둃 馯ꦼ떔딋 떨맘驃떨 끯뀷뻯딇
둇뎔ꆳ꾫딛덛ꁷꀧ떣덣딛ꁷ� 鮋ꜿ驳딇騖듓딇驃떨듗딇鷟덇鹇ꀧ딗鮛듫딣띛骏ꀸꖸ덣뷿騟
듫똇싯ꁷꀧ떣듗馗骏싳꾫덙ꁷ� 껋똘딇鸫뎔똃� 떨똃ꊄ듫딗鮛딇똞듓셜馓꜏ꦮꀧꬓ꬗딇ꔏ驳
깰馔ꆯꁷ�
딇ꖃ 鼏땔듓 鮋 鹇됼딇 뎛ꨨ骏 먳심骏 馬듓 騖딏 ꋟ 떨믫깔쏼骏 ꝱ꣏ꖷ꺯 ꂌ삟낋둓딇 ꆫ驳

긿쏧ꗯ鯟띓딇덇띓鯃ꅗ싫띓ꝟ딏ꦫ떔딋깔쏼덣꺯ꀧ떗쎓ꁿꔣꁷ驳ꪇ딋ꁷ� 뎛ꗯ -3껋鯃뚤ꦫ덣
끯썟ꖸ듫 ꅗ딘듗 鼦驳 뼳듫馓 ꨟ덇뗟듗 ꋟ 릿껄骏 ꦫꂓ롐듓 骏심骏 꾫심듗 骈ꬓ싫驳 鮋 驃骏
꜏ 馓띓驳 끯썟ꖸ ꅗ딘 鼏땔듗 ꨟ뎓듏ꠃ� 끯썟ꖸ ꅗ딘덣 ꦫꂓ쌛ꃫ 떗ꔏ骓맃긿 鯓끯띗 $蘶丰垔�
-2-4Ⓨ-223%듓 딇 鼏땔듗 뒗쌇꺯 ꂌ끯 髿싫鯃 덇ꖷ둳ꃫ -/껋鯃 뚤鬀 깃꺯 Ⓖ깃심驗ꡐⒽ듗 ꁷ끯
꠼삣듏ꗯ 馗쌜쌇꺯 뎃髿싳 떨ꅗ뎓ꁷ� 뜜 ꦫꂓ꜏ 싫ꖷ驳 쌇ꅗ 떨믫떔 ꦫꂓ馓 닗ꁛꔏ 떨쏨씛 鸫귯
떣듗 띓떔싫ꀧ 骏심떔 ꦫꂓ馓 ꆫ덇댏 쌛ꁷ� 끷떯ꗯ 딇ꋟ 뚤馗ꆯ Ⓖ깃심驗ꡐⒽ듓 똃꺳 쑗鯃듫 꾫심
ꦯ떗덣 驃떨떔 뎀싳듗 쌛ꁷ� 딗띗돯ꔓ骏 ꩤ딣쏋ꔓ듗 騃믫ꠇ꺯 똃꺳덣꺯ꀧ 깃심듗 닗ꀧ 긿ꔟꅗ
꩗ꗯ덙덛驳맘ꅗ騃듫鸻닗딛띓닝닫띓ꝟ -22,黗덣뚤馗ꆯ Ⓖ깃심驗ꡐⒽ듓 鮋 딇떗 -,,黗듫駀듗
驺ꦧꗯ ꟧鵻驳 -3껋鯃듫 ꦨ뒻骏 驐꺳띨듗 騃멣꺯 -4껋鯃 몛듫 뫯꺰떨骏 똃빯髿 鮋ꜿ驳 쏠떨싫�
뒳꾫꺰딇 鸫뎿 꾫 딛ꀧ ꦯ삣딇 ꆣꁷ驳 깰馔ꆯꁷ�
鮋ꕿ鸫딇ꖃ끯뀷뻯듓 -4껋鯃ꬓ뻃ꉷ덇뎷ꀧ꺯댤骏심듗馣ꂌ싫鯃덣ꀧ뎀ꬓ똄딇덛ꁷ� 鬀馓馓

심꣋듗뚏ꅗ싫驳떗꣋骏심딣꜏댤껄싫ꀧ끯뀷뻯딇싗됧싯끯鯃뎓띓ꝟ똃꺳듓딇ꖃ꩓쏧꜏떯ꂓꗯ
馣띓싫띓 ꡎ쌛ꁷ� ꦫꠇ덣 鬀馓 릻둣듫 띓둣딇 덙덇ꅗ 똃꺳듫 심딣ꉷ듓 ꝴ듓 ꦧ 뎀싳듗 ꁷ 쌛ꁷ�
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鮋ꝏ .6 떨댐됼듫 Ⓖ髿驳둣ꛫⒽ듫 싯 섫딇띓� 뎷꜋롐 껞랋 뚗덣꺯 끯딤싫ꀧ 骈끰듓 ꁷ듟骏 馬ꁷ�
(a+ b+ c)2+(a+ b− c)(−a+ b+ c) = 2(b+ c)(a+ b)+2ac = 2c(a+ b+ c)+2a(−a+ b+ c).

딇 끰듓 a2 + b2 = c2듗 ꝟ똄끯븷ꀧ ꠻ꉳ 꾫덣 ꂓ쌇꺯 껄Ꝑ싯ꁷ�

똃꺳 쑗鯃듫 깃심딣ꉷ ꠇꠇ듗 ꪇꠇ 똃떨듫 ꝣꁻ 骓ꜿ� 떨끌� 삣꺯� 끯驻듫 쎗馣� ꣇骓� 딿댏듫
심딣 ꊄ 덿ꕿ 뒗믫덣꺯 ꣈꣈씛 꾫심듗 뎃髿싫驳 鬀馓 슗ꗯ떰쁋 덙딇ꅗ 鬀馓덣 싗됧싯 鹇됼ꉷ듗
맗둟鸫馧ꁷ� 딇ꉷ듓꺯ꗯ듫髣ꛫ馓덙덇ꅗ싗됧싯騖ꉷ듗닟닗꺯ꝟꉷ驳鯃ꗰ듏ꗯ鸻驏듏ꠃꁷ꜋
심딣ꉷ듫ꦯ삣듗ꝛꖻ쌛驳ꦋꯗ싯鬀馓끯뀷뻯듗ꪇ돗쌛ꁷ� 딇騖딇똃꺳듫떓ꖸ딇덛ꁷꠇ떓ꖸ딇
덛듗騖딇ꁷ� 떨댐됼딇 -4黗듫뒳꧃ꅬ닛덣ꅗ덿ꕿ떓꾳듗鸻驏듏ꠃ딇馓둇ꄃꉷ덇딛ꀧ꾫심맘
Ⓖ髿驳둣ꛫⒽꀧ 떗 껋驗덣 싫鸫 ꦩ덣 덙ꀧ -3,,덿馯듫 싏빓驳ꔏ뀷 꾫馓 ꝟ똄끯븷ꀧ 骈끰띤딇ꁷ�0

/*. ꝷ馔껄骏 떔꾫뒳띗

-3./黗덣 꾫ꜿ떨뎻딇 鸫돧驳 딇騖듗 띤싗싯 騖듓 ꝷ꣋떨 $峪姬鍳� -2//Ⓨ-3.-%딇ꔏꀧ 뒳ꠘ싯
꾫심딣뎓띓ꝟ ꝷ꣋떨딇 뎃髿쌛ꃫ ꝡ듓 꾫심 鹇됼듗 ꁷ끯 떨ꜿ싯 騖듓 鮋듫 꼣딣 ꝷ馔껄$峪棙噵�
-24-Ⓨ-32/%딇ꁷ� 鮋馓떨ꜿ싯 Ⓖꝷ늻몰꺯띤됧Ⓗꀧ싳닗ꨗ띓ꝷ꣋떨듫꾫심 2,鬟骏ꝷ馔껄ꪋ딋딇
ꪇ물싫ꀧ鹇됼ꇣ鬟듏ꗯ딇ꚗ뗋딛듏ꠃ딇ꇣ鬟馓둇ꄃ싫鸫馓 Ⓖ떔꾫뒳띗Ⓗ딇ꔓ맘딇ꁷ� 딇맘듓
-1馯 떨ꅗ듫 꾫심 ꣋떯돓 숓딇ꗯ 딇ꚗ뗋 딛ꀧ 딤듓 맘딣딇띓ꝟ 똃꺳덣꺯ꀧ 딇 맘딇 ꝷ둃 뚤됧싯
뎀싳듗 쌛ꁷ� 鮋ꖃꄃ 딇 맘덣 꾫ꗰꆯ 띔馔깏馔쎨 ꣋떯 싫鸫ꀧ 둃ꜿ馓 ꪇ鯃덣 똓 딇깔싫ꁷ� 딇
꣋떯ꀧ -5껋鯃 ꝣ덣 딇깔쎔ꅗ 鮋듫 맘 Ⓖ릻鮏ꦼꡐ髿Ⓗ덣꺯 ꁷꚫꁷ� 鮋ꖃꄃ ꝷ馔껄듫 맘듫 숓딇ꀧ
깔ꂌ씛딇깔싫ꁷ� 싯鬀꾫심긿심쐟ꦯ쇯덣꺯딣껋씛ꁷꚫ띓ꝟ딇꣋떯ꀧ驃骏떔듏ꗯ /릻ꦼ떨끰듗
ꝟꉷ덇꺯 숓덇댏 싫ꀧ ꣋떯딇ꁷ� 鮋ꖃꄃ ꝷ馔껄ꅗ $닗ꝛꅗ%馬듓 ꦼ떨끰듗 ꝟꉷ덛ꁷ驳 ꪇ딇띓ꝟ
鮋ꀧ 딇騖듗 0릻ꦼ떨끰 $䉮䊽娞%딇ꔏ驳 ꬓ꜇驳 딛듏ꠃ ꦼ떨끰듫 驗꾫ꀧ 0馯ꦩ덣 뚏띓 닝닗꺯
/릻ꦼ떨끰 馬鯃ꅗ 싫ꁷ� 鮋ꜿ驳 딇騖듗 숋ꀧ 骏떨듓 뫯驳릻쌀듫 驗꾫꜏ ꦼ떨끰덣꺯 떯됋쌛ꁷ
麶덛ꁷ 싫ꀧ 닳ꝷ싯 驗깃듗 싫驳 딛ꁷ� 鮋ꀧ 닗ꝛꅗ 딇 뫯驳릻쌀듫 驗꾫꜏ 骄싫ꀧ 騖딇 릻둣듗

0髿驳둣ꛫꔏꀧ맘듫똇딿꜏싗딣덣騟먫듟닟ꖷ뚓긿ꔟ듓鯓쏠똘髣꾫ꁫ딇ꁷ� 鮋ꕿ鸫싗딣ꀧ騟듗ꕿ꺯딇꜏맑닗ꪇ띓
ꡎ쌛ꁷ� 쑻늿 鸫뚤덣 ꁷ꜋ 驐ꗯꗯ 딇 鹇됼듗 떤쌛듏ꠃ 鼓ꔏ둇 맘딗듗 닟騟 ꆫ덛ꁷ� 鮋ꕿ鸫 꾫심긿 심驗 ꦧ鯸덣꺯ꀧ 덇ꌷ
딏ꪋ 꾫심긿 심딣듫 셜馓꜏ ꦧ빨듏ꗯ ꩗ 듫ꦋ馓 덙ꀧ 깃꺯ꗯ 딋끰ꆫ덇 딛ꁷ�

0



싫鸫 뎿ꜿꀧ 騖듏ꗯ 딫ꡎ 깰馔쌛ꃫ 騖딇 닗ꁟ馓 묧뮴ꆫ띓ꝟ 鮋ꖚꃧꔏꅗ ꦼ떨끰듓 딘ꦼ $漰娞%
딇ꔏ驳 ꬛ꕿ댏 싫ꀧ 騖듗 딫 ꠻꜇驳 딛ꀧ 騖딇ꁷ�
ꝷ馔껄듓 싳닗ꨗ띓돓 馬딇 骈ꬓ싫驳 맘듗 떨ꜿ쌛듏ꠃ 딇 맘듗 늋 ꂌ끯ꀧ 뚤鬀 꾫심듫 딏딋딣

뎓듗 騖듏ꗯ ꪇ딇ꀧꄃ 돯 딇ꖃ ꬓ꬗덣꺯 뎷ꛫ꜏ ꨧ쌛ꀧ馓$ 쁌씛 딇깔쎔딇 딣끳듫 맘덣 ꎤ馬듓
똘ꛫ듫꣋떯꜏숓ꋟꀧ떗쎓뎷ꛫ馓덙ꀧ떣덣ꯗ뭃ꪇ닗ꝷ둃딇깔싯딏딇ꁷ� 딇덣ꂓ싯鮋ꖇꊂ싯
꺷ꠘ듗 닟닗ꪇ딣�

/*/ 꺯댤듫 꾫 馯黣骏 뚤鬀 꾫심덣듫 뎔쌸

덿鯃꺯ꀧ -2Ⓨ-3껋鯃 꺯댤듫 꾫심듗 딳끯 닟닗ꪋꁷ� 꾫심긿덣꺯 딇ꦋ 딫 닟ꖷ뗋 딛ꀧ 긿끷듓
-4,,黗딇떗덣꺯댤꾫심듓닗꣇ꜿꦋ띓꾫馓ꝟꉷ덇띓驳딇꜏쏯됼싯ꦼ떨끰듗鯃싫덣긿됼쌛ꁷ
싫ꃧꔏꅗ 딣뎃꾫 $sdkha jqi^an%꜏ 떯됋싯 ꠻ꉳ 꾫ꀧ 꾫ꔏ驳 ꬓ꜇띓 닝驳 댤 $i]cjepq`a%ꔏ驳
꬛ꖓ듏ꠃ딇ꀧ꺳꬗ꎣꀧ뎔뎀$깏馔쎨� 긿馔쎨%ꊄ듫鯃싫심떔딋ꂓ깔$ꅗ쎨%딣멇뎓驳驃볧쎗ꂓ떔
듫ꦋ듫 꾫馓 닗ꁛ덛ꁷꀧ 騖딇ꁷ� D]npodknja髣꾫듫 닗삃븇1덣 딫 꺷ꠘꆫ덇 딛띓ꝟ -4,,黗 驐
Hacaj`na듫 맘덣꺯 먫듟듏ꗯ 髿멇떔듏ꗯ Ⓚ둃ꜿ듫 댤듓 꺳꬗딇띓ꝟ 딇騖듗 꺳꬗듫 鯋딇ꔏ驳
쌇꺰싫驳 딇 鯋딇 꾾딣꜏ 냻꺯 꾫심듗 떗馯쌇ꅗ 닗꣇ ꣋떯馓 덙ꁷⓁꀧ 덋鮜딇 鸫뎻ꁷ驳 싯ꁷ�
떔덇ꅗ -3,,黗 딇떗덣ꀧ 닗꣇ꅗ 딇ꖃ 끰듏ꗯ ꬗꾫鸫 鮋 ꦩ듫 끷꾫ꉷ듗 ꅗ쎨딇 닗ꁟ 꾫ꔏ驳 깰馔
싫띓 닝닫ꁷ� 딇騖듗 ꀣ鸗 꾫 딛騟 쌇 뚓 ꎣ 싫鸫듫 뎛꜏ ꪋ 騖듓 ꠚ 黗 떗덣 뚤鬀덣꺯 뎇ꝃ 덇ꌷ
꾫심긿심쐟덣꺯딇빷ꜿ심딣 Qi^anpk >kpp]vveje馓馨뎃싫ꠇ꺯 >anjkqhhe馓쎗꾫꺳딇셿꣏꺳딇
닗ꁛꔏꀧ 騖듗 딇댏鯃싫ꠇ꺯 꼟꾫떣 닗ꔫ 덿ꕿ 딣ꜿ鯟띓 떨쏨싫騟 鼥딇꜏ 땃 ꄃ딇뻃꜏ 馓띓驳
딛듏ꠇ꺯ꅗ 딇 ꇣ 驴꺳딇 ꁷ꜇ꁷꀧ 騖듓 꺳꬗骏 鼏뜰鯃싫꜏ 긿됼싯 뜰ꠘ듗 뽈쌇꺯ꝟ 딇댏鯃싳
꾫딛덛ꁷꀧ騖듗꺷ꠘ쌛듗ꋟ뎓ꁷ� 쎗ꂓ떔馯黣듗馓띓驳딛ꁷꠇ딇ꇣ驴꺳덣꺯馬듓 x덣ꂓ싯
y 馥딇 꺯ꗯ ꁷ꜋ 꾫ꔏꀧ 騖ꝟ듏ꗯ 물꬗쌛듗 騖딇띓ꝟ 鮋ꋟꀧ 딇ꖃ 騖듓 떗쎓 꾫심떔 馯黣덣
ꉷ덇馓띓 ꡎ쌛듟듗 ꪇ덿뚓ꁷ�2

딇떯 둃ꜿ馓 깰馔쌇 ꪇꖷꀧ 騖듓 -2,,黗 驐덣 ꝛ뻟뎷 ꜿ믫馓 뚤鬀덣 돓꺯 딣끳듫 뀷끌딋
?h]reqo馓 늇 뒳븇ꜿꉯ 둣ꗳ듫 쌇꺷꺯꜏ 꺯骤驗 ꊄ骏 馬딇 ꨛ뎀싳 ꂌ끯듫 깔쏼딇 덇ꋳ듗鯟 싫ꀧ
騖딇ꁷ� 뚤鬀 긿ꔟꉷ듓 .,,,黗 떗ꬓ뻃 꾫심 $濼%듫 ꠻ꉳ 騖듓 꾫뎓ꁷ� 鮋ꜿ뀷먫ꖏ 꾫 $sdkha
jqi^an%돓 댤 $i]cjepq`a( 딣뎃꾫 딇됋듫 꾫덣 쌇ꂌꆫꀧ ꅗ쎨ꉷ% ꇣ 馓띓ꗯ 鸫鿫덇 딛ꀧ 騖딇
닗ꁛ덛ꁷ� 鮋ꖃꄃ ꝛ뻟뎷 ꜿ믫 ꊄ듓 ꂌ뎃씛 댤듫 딇ꗳ듗 꺷ꠘ쌛ꃫ 騖딇驳 딇騖딇 ꂌ끯 ꨛ뎀싯
뒳븇ꜿꉯ Ⓖ둣ꗳⒽ 떗ꦫꬓ 2鬟� 뜜 Ⓖ鯃싫둣ꪋⒽ듫 鹇됼딇덛ꁷ� 딇ꋟ 꺯댤 심딣ꉷ骏 뚤鬀 심딣ꉷ듓
꺯ꗯ꜏덇ꍎ騟딇쌇쌛듗띓馓ꝷ둃鬔鮛싫ꁷ� 鯃ꗰ듓덙덇꺯닟꾫덙띓ꝟ뚤鬀심딣ꉷ딇꺯댤덣꺯
ꅗ쎨듏ꗯ 꺷ꠘ싫ꀧ 꾫 馯黣듗 ꦮ닗ꉷ딇ꀣꔏ驳 麛꣇ 驳깰싯 騖듓 닗ꁣ띓$
驃鬀 -4껋鯃 몛 ꝷ꣋떨骏 -4껋鯃 뚤뎐듫 ꝷ馔껄덣 딇꜇鯃鯟띓 鮋ꉷ듓 꺯댤듫 ꝷ둃 ꪈ딴싯

ꦼ떨끰 딇ꗳ骏 딇듫 쌇꜏ ꅗ쎨딇ꔏ驳 뚏딸싫ꀧ 딇ꗳ듗 ꦮ닗ꉷ딇ꀣꔏ ꅬ댤듫 쐻뒻떔딋 驗깃ꨨ듗
떯ꂓꗯ 딇쌇싫驳 딈씣 꾫 딛ꀧ 끯馗딇 덙덛ꃫ 騖듓 닗ꁣ띓 싯ꁷ� 끷떯ꗯ 꾫ꜿ떨뎻듗 ꪇꠇ -3./
黗덣 딇ꉷ딇 떨ꜿ싯 꺯댤 꾫심듓 덿ꕿ 骈끰ꉷ듓 鯃싫심떔 ꅗ쎨듗 긿됼쌇꺯 꺷ꠘ 鹇띓ꀧ 뜰ꠘ듗

1=IO Jkpe_ao 03鬟 3쏋$.,,,黗 0둧%덣끷ꝃ닗삃븇ꗯ떯꠼듓 ̡Pa]_dejc Ckaiapnu =__kn`ejc pk Aq_he`̢딇ꁷ� ꁷ듟
Ꝕ뷿 맋똃� cookn5**rrr)\hn)jmb*ejpmi\gn*ijod^`n*-++++/*a`\(c\moncjmi`)k_a

2딇ꖃ鹇됼듗ꪇ돗쌇뚏ꀧ뎃髿馓뫯鮏덣鸫돧ꁷ� ?h]reqoꂌ끯$-2Ⓨ-3껋鯃%덣늃덿띗껋馯듫뒳븇ꜿꉯ쌇꺷꺯꜏ꯗ
髣싯ꦨ긿심뒗鼏꣋듏ꗯ딇鹇됼덣꺯꾫馯黣딇덇ꍎ騟긿됼ꆫ驳딛ꀧ馓꜏뎃髿쌛ꁷ� Ꝕ뷿� cookn5**`n^cjg\mncdk)
jmb*p^*do`h*00^0o/h2
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鮋ꝏ /6 꾫ꜿ떨뎻덣 鸫빓鸫ꀧ 릻鮏ꦼ 쇯鯃� 딇 끰듓 깏릻ꦼ떨끰 x3 + 8x = 1824돓 鮋 鮏 x = 12
꜏鸫빓鹋ꁷ� ꦋ띓꾫ꀧ岞듏ꗯ鸫빓鹇驳� 鮋듫 떯骄듓勘娞� 껋떯骄듓漰娞듗넏ꁷ� 鯇 鯃쏋ꉷ듓
싯딣돓듫 쏏ꅬ듗 싏싫鯃 뒗싯 騖딇ꁷ� ꊄ쏋ꀧ 꾾딣 䋱돓 쏏ꅬꆫ驳 ꃺ껛鯃쏋돓 갗껛鯃쏋ꀧ 馔馔
꾾딣 䞦 ꦢ 䉥骏 쏏ꅬꆯꁷ�

싫驳� 딇騖듗냻꺯ꦼ떨끰듗뒳ꅗ쌛듏ꠃ� 뒳ꅗ싯ꦼ떨끰듗쇯鯃싫ꀧ騖듓꺯댤듫쇯鯃ꨨ듗릻됼싯
릻鮏ꦼ $䒄岞娞%ꨨ듏ꗯ 鸫빓鹛ꀧꄃ� 딇騖덣꺯 쌇꜏ 髿싫ꀧ 驗깃듓 ꅬ댤 驳떗듫 ꦼꨨ딋 馯ꦼꨨ�
馯딘ꦼꨨ� ះ� 듗 긿됼쌛ꁷ� ꣏ꗳ 먯둣꾳듓 늃띓 닝닫驳 ꝣꗯ 꺯꾳쌛ꁷ� 뜜 딇ꉷꅗ 驗깃덣꺯ꀧ
꺯댤듫 鮏듫 骈끰듗 긿됼싫띓 닝닫ꁷ�
ꦫꠇ덣 똃꺳듫 딇깔쎔듓 깔쏼딇 ꁿꔣꁷ� 鮋덣騟ꀧ ꅗ쎨듗 馨됧싫ꀧ 꺯댤 심딣ꉷ딇 덙덛驳

鮋馓딐듓꺯댤꾫심맘덣꺯ꪈ딴싯ꦼ떨끰鯃쏋$릻鮏ꦼ%듓ꝷ둃ꯗ쐻뒻떔딇ꔏꀧ騖듗닟닗ꪇ驳
몛鯃덣릻鮏ꦼ듗ꅗ딘쌛ꃫ騖듗ꨗꜿ驳쑗鯃덣ꀧ먯둣꾳듗띔떤냻꺯쇯鯃싫驳숓딇ꀧ먯둣꾳듗
긿됼싯 馯ꦼ꾳듗 넏ꁷ�

/*0 똃꺳 꾫심덣꺯

닱덣꺯 -4( -5껋鯃깔쏼듗ꪇ驳깰驏ꃫ띛꣋듓덇랋꺯싯鬀듫꾫심딣ꉷ듓鯃싫심덣꺯덇ꖷ둓듗ꃯ
ꀣ鲛ꀧ馓싫ꀧ騖딇덛ꁷ� 鮋ꜿ驳鸫닗馓꺯딇騖딇싯鬀꾫심ꦯ떗덣ꅗ둓딇ꆫ덛ꀧ馓꜏꣏덇ꪇ騟
ꆯꁷ�
덿鯃鯟띓 쌛ꃫ 驳맃듓 ꠚ 馓띓 깔쏼듗 꺷ꠘ쌇 뚓ꁷ�
둃꺳 뚤鬀듫 -4껋鯃$ꝷ馔껄ꋟ鯟띓%돓똃꺳듫 -4껋鯃쑗ꦫꬓ듫꾫심딇떗뽈꾫심덣꺯꺯댤꾫

심ꅗ딘듏ꗯ떗쏫ꆫꠇ꺯鹇됼떔듏ꗯꀧ띓띓ꬓ띗싫驳깛ꗯ둇驃骏꜏鹇띓ꡎ싫ꀧ騖듓닗ꝛꅗꇣ
鸫ꔏ ꠻ꇣ 꺯댤듫 꾫심듗 떯ꂓꗯ ꦮ닗ꉷ딇鯃 덇ꖷ둳ꃫ 騖骏 骓ꖻ딛ꁷ驳 ꪇ딋ꁷ�
싯셋 띓鮛 딇댏鯃싫ꃫ -5껋鯃 쑗ꦫ듫 똃꺳듫 꾫심듓 딇 끯鯃덣 ꪇꠇ 딇깔쎔 ꊄ듫 먯딿떔딋

삣ꁻ듏ꗯ 꺯댤 꾫심듫 鯃쏋 ꬓ꬗듗 ꨗꝏ듏ꗯ냻 돗꩐싫騟 꺯댤듫 꾫심딇ꗳ듗 ꅬ댤듫 驗깃ꨨ骏
듈싼끯볃ꁷ驳 싳 꾫 딛ꁷ� 딇ꗯ냻 -4껋鯃 뚤鬀ꪇꁷ 쑻늿 쐻뒻떔딋 驗깃딇 馓ꀸ쌛驳 驃骏떔듏ꗯ
鸻ꩤ鯋듓 껋驗떔듏ꗯ 딋떨ꦮꀧ 먯꣋심딣馓 ꆳ 꾫 딛덛ꁷ� 鮋ꕿ鸫 鯋騟 ꪇꠇ 딇ꖃ 삣ꁻ듓 뎷삣딏
꾫ꅗ딛ꁷ� 둃ꜿ꾫심딇딇ꋟ꺯댤꾫심듫鯃쏋듫듫ꦋ꜏똃鮛딇ꔏꅗ닟닗ꪏ꾫딛덛ꁷꠇ $鮋ꜿ驳
鮋 쑗덣 딏ꪋ듫 ꦼ쌇馓 덙덛ꁷ驳 馓떨쌇꺯 깰馔싫ꠇ% 둃ꜿ 꾫심딇 ꯳꜇騟 ꦯ떗싳 꾫ꅗ 딛덛듗
騖딇ꁷ�
딇떯 ꅬ댤꾫심듫 쓸ꝰꅗ 馬듓 鼏ꜿꗯ 꺷ꠘ싳 꾫 딛ꁷ� 뚤鬀 꾫심딇 -/껋鯃鯟띓 꺯댤骏ꀧ

ꯗ髣ꅗꆫ띓닝ꀧ驗깃ꀸꖸ骏쐻뒻껄듗딣ꔤ쌛띓ꝟ鮋 딇쑗ꃧ ꦯ떗싫띓ꡎ싯騖듓ꦧꗯ쐻뒻떔
驗깃ꨨ $뜜깃馓띓꜏긿됼싯ꂌ끯듫벇쉻뻃%덣떗떔듏ꗯ듫똇쌛ꃫ騖딇딇뒳ꗯꪇ딋ꁷ� 딇ꖃ떣듓
쐻뒻떔딋ꦼꨨ덣ꝟ듫똇싫ꠇ딇騖딇쌀깔ꃧ딇깔듫ꦯ떗듗馓ꗯꝜꀧꁷꀧ騖듗ꪇ덿뚓ꁷ� 鮋ꜿ驳
딇騖듓 쎗딿덣ꅗ 떔됼ꆫꀧ 鼏ꜿ딇ꁷ�
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鮋ꝏ 06 뫯꺰떨듫 Ⓖ髿꾫ꕈⒽ덣 鸫빓鸫ꀧ 긿깔 $䭀胆% 馯黣� ꯗꗓ ꣋떯듫 -꛳Ⓨ0뒻덣 딏둧껄끳
$婊孭媄萕%듗 ꂓ들끯볃ꁷ�

0 ꦯ騿

ꇣꨛ랋 꼟딿ꀧ 둃ꜿ 꾫심딣 馓둇ꄃ 떗 껋驗떔듏ꗯ 馓딸 딫 닟ꖷ띗 긿ꔟ 馓둇ꄃ 싫鸫딋 ꠘ驴
$婳肜%뫯꺰떨 $兹螐鍳� -202Ⓨ-3-1%딇ꁷ� 뫯꺰떨듓 덇ꖷ꺯ꬓ뻃 끳ꅬ듏ꗯ 딇ꜗ鸿驳 ꣋뚤덣꺯ꅗ
딇ꋟ꣋덣뎔듫떨듗띓鹋딣끳듫븃싳닗ꨗ띓딋뫯ꠘ鯋$兹酙䡮� -142Ⓨ-203%듫닗ꉷ딋븃닗ꨗ띓
띤듏ꗯ 딘댤ꆫ덇 딣ꔣꁷ� 鮋ꅗ 뎔듫떨鯟띓 뎿ꔣ驳 鮓듗 딫 띦驳 넏듏ꠃ 꾫심骏 먯꣋심ꅗ 鯝딇
뎃髿쌛ꀧꄃ 驳뒗 骓띔덣 딛ꀧ 骓ꙟꗯ냻 鬀馓꜏ 뒗쌇꺯 딇 ꬓ꬗듗 뎃髿쌛ꁷ驳 ꪇ딋ꁷ�
鮋듫꾫심骓듓뚏딣심� 댤ꠘ심ꊄ듗ꦧ빨듏ꗯ싯騖듏ꗯ꾫심듫鼏ꜿ떔딋딇ꗳ떗馯꜏뒳심떔

骓떣덣꺯꺷ꠘ싫驳ꎣ뚏딣심듫덿ꕿ딇ꗳ듗꾫심떔듏ꗯ숓딇싫驳낉덇싯騖듏ꗯ삟님ꆯꁷ� ꋃꔏ
꺯 鮋듫 꾫심듓 鯃꾳떔딋 驗깃ꨨ딇 닗ꁛꔏ 꾫듫 ꪋ띛듗 ꣎ꀧ 騖듏ꗯ 쎗ꂓꗯ ꪇꠇ 꾫심 鯃몛ꗳ덣
쌇ꂌ싯 뎃髿꜏ 쌛ꁷ驳 ꪇꠇ 똞듗 騖딇ꁷ�
鮋ꕿ鸫 ꂌ끯덣 꾫꜏ 꺷ꠘ싳 꾫 딛ꀧ 먳심떔 딇ꗳ듓 뚏ꗯ 뚏딣심덣 ꦧ빨듗 ꇧ 騖딇驳 鮋ꅗ

딇덣ꦧ빨쌇꺯꾫듫듫ꦋ돓늃딗듗쌇꺷싫ꁷꪇꁛ쎗ꂓ떔딘딸덣꺯ꀧ뎷씛ꖷ鮏騃馓ꬓ똄싳굣ꝟ
닗ꁛꔏ 鮋 늃딗딇 떣꾳骏 뎃驗ꆫ덇 ꦋ끳떔딋 딇ꗳ듏ꗯ 믫ꬓꆫ鯃 뀐ꁷ�
鮋ꕿ鸫ꂌ끯듫깔쏼덣鼦驳ꪇꠇ뫯꺰떨듓ꂌ끯듫뫯먻ꁻ먳심骏뫯먻ꁻ꾫심딇ꂌ뎃씛뎃驗

ꆳ꾫ꦩ덣덙듗騖딇ꔏꀧ깰馔듗ꦧ빨듏ꗯ뎃髿싯騖딇驳띓鮛ꪇ닗ꅗ덇럧꾫 덙ꀧ꺳빰딇덛듗
騖딇ꁷ� 딇ꖃ 驃骏ꗯ 鮋ꀧ Ⓖ깃ꨨ뽈똘Ⓗ덣 鸫뎷ꀧ 깏꛳ ꎣꀧ 긿뒻ꨨ듗 긿깔 $䭀胆%덣 ꦧ빨듗 ꇣ덇
쌇꺰싫ꀧ ꊄ 댤롐듫 馯黣듗 듈싼끯븷ꖷ驳 鼋ꖸ싫뎓ꁷ�
딇 骏떨덣꺯 鸫빓鸯 騖딇 뚏딣심덣꺯ꅗ 꾫돓 뎃驗ꆯ 맗꣋떨� 맗믻 ꬓ딣듫 덿ꕿ ꅗ쇯ꉷ딇ꁷ�

뚏딣심듫 ꅗ쇯덣 ꂓ싫덿ꀧ 꺷ꠘꅗ 맑鯃 덇ꗈ驳 딇꜏ 긿됼싫ꀧ 떣꾳馓 ꊄ듓 麛꣇ ꦋ끳떔딇 ꆫ덇
늋꠻馓꩗ꗯ덙덇꺯ꂌ끯듫딇ꗳ듗떯ꂓꗯ닟꾫덙ꁷ� 딇ꖃꅗ쇯ꀧ삧骫鸫 20骫돓딇꜏쏯됼싫ꀧ
鯃ꪋ ꦼꨨꗳ딋 꾯뎇덣 鯃몛싫驳 딛ꁷ� 骫꜏ ꩓쎨싫ꀧ 덿ꕿ 馓띓듫 똃싼ꗳ떔 똃딤덣ꀧ 뎛꜏ ꉷꠇ
림똘 $螔爁%(髣릻 $䌉䠮%馬듓 됼덇ꉷ딇 딛듏鸫 髿멇떔딋 똃딤듫 듫ꦋꀧ 삟님싫鯃 덇ꗈꁷ� ꁻ띓
딇ꉷ듓 骫듫 쐻듫 듟댤딇鸫 뒗믫돓 꾯꺯꜏ ꦧ鵋ꀧ 騖듏ꗯ 꾯뎇� 똃싼ꗳ떔 ꦼꨨ딇ꔏꀧ 騖 떨ꅗ꜏
딇댏鯃싳 꾫 딛ꁷ�
딇ꖃ 鯃ꪋ떔 똃딤듗 ꦫꪈ쌇꺯 鯃ꪋ 꾫듫 ꧃뎇듗 ꦧ鵧 듫ꦋ딛ꀧ 騖듗 ꝟꉯꀧ 騖딇 뫯꺰떨딇

骓끿듗 ꇣ덛ꃫ 騖듏ꗯ 鮋듫 맘 Ⓖ髿꾫ꕈⒽ듫 ꝛ띓Ꝝ ꬓ꬗덣 鮋馓 驳닛쌇 鹋 ꅗ쇯꜏ /,덿馯꜏ 딇ꦋ
닟ꖷ뗋 딛ꃫ ꁷ꜋ /,덿馯돓 싻鱫 꾫ꗰ싫뎓ꁷ� 딇騖듓 덇ꌷ 듫ꦋ덣꺯 돗꩐싯 ꜿ뀷쁋꜏ ꝟꉷ덇鹋
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y R k j 9 8 e d 3 N
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9 y R k j e d 3 N 8
8 N 3 d e j k R y 9
e 8 N 3 d k R y 9 j
d e 8 N 3 R y 9 j k
3 d e 8 N y 9 j k R
N 3 d e 8 9 j k R y

0 = (0, 0) 5 = (1, 4)
1 = (0, 1) 6 = (1, 3)
2 = (0, 2) 7 = (1, 2)
3 = (0, 3) 8 = (1, 1)
4 = (0, 4) 9 = (1, 0)

6Q` 2t�KTH2-
7 + 8 = (2, 3) ≡
(0, 3) = 3

鮋ꝏ 16 뫯꺰떨듫 Ⓖ髿꾫ꕈⒽ덣꺯�됏롐� 9× 9뷿鯃듫 Knpdkckj]h H]pej Omq]na* 뎷꜋롐6 ꧄딣깰껄
꾯꾫ꅗ $櫣侵榄噵煹姝䭻%덣 셿싻ꆫ덇 딛ꀧ 骄껛쇯� $Z/2⊕ Z/5듫 ?]uhau p]^ha骏 ꅬ쎨딇ꁷ�%

騖딇ꁷ�3

0*- 뫯꺰떨듫 ꦯ騿

딇 ꅗ쇯ꉷ 馓둇ꄃ 쎗ꂓ 꾫심딣馓 骓끿듗 ꇣꀧ 騖 ꇣ 馓띓꜏ 덋鮜싯ꁷ�
먾ꨛ랋 騖듓딇ꦋ .,껋鯃ꝣ덣 G=EOP듫싯깔鮏髣꾫ꁫ삓딇ꦯ騿싯騖듏ꗯ딇ꦋ鬀떯떔듏ꗯ

뒳ꠘ싯騖딇ꁷ� 뜜 꺯댤덣꺯ꀧ Aqhan덣듫쌇꺯ꦯ騿ꆫ驳뎃髿ꆯ騖듏ꗯ닟ꖷ뗋딛ꀧ Knpdkckj]h
H]pej Omq]na꜏ Aqhanꪇꁷ 2,黗딇깔닱꺯꺯뫯꺰떨딇 9×9뷿鯃騖듫뎛꜏꾫ꗰ싫驳딛ꀧ騖딇ꁷ�
딇 ꃨ꬗덣 뫯꺰떨듓 딇 딇ꗳ듫 끯딤듏ꗯ 騃듫 딋떨ꦮ驳 딛ꁷ�
ꎣꁷ꜋騖듏ꗯ뫯꺰떨듫ꅗ쇯馓둇ꄃ싫鸫ꀧ Z/10듫骄껛쇯듫싯馓띓쎨빯돓ꅬ쎨딋ꅗ쇯꜏

꾫ꗰ싫驳 딛ꁷ� 딇騖ꅗ 싯깔鮏 髣꾫ꁫ덣 듫쌇 ꪇ驳ꆯ 騖듏ꗯ 馗ꁻ씛 ꝣ쌇꺯 딇 鬃딇 Z/2 × Z/5
鳇ꗯ 鸫빓鹇덇띗 騖듗 딇 ꇣ b]_pkn듫 cajan]pknꉷ듗 ^]oaꗯ 긿됼쌇꺯 骄껛쇯꜏ ꝟꉳ 騖딇ꔏ驳
싯ꁷ�
뜜둃ꜿꀧ뫯꺰떨딇쁓ꝃ꠼쇯� 뜜껄ꜿ심듏ꗯ꾫심떔딇ꗳ듗ꝟꉷ驳꺷ꠘ싳꾫딛ꁷꀧ꠼쇯꜏

ꋃꔏ꾫심듗떗馯쌛듏ꁛ鯟늋꠻馓덙ꁷ驳셜馓싫띓ꝟ� 鮋ꖏ덣ꅗ鮋馓ꦯ騿싯騖덣ꀧ쎗ꂓ꾫심듫
딇ꗳ덣 싼ꂌ싫驳 ꝷ둃 늋꠻馓 ꝡ듓 ꅗ쇯꜏ ꝟꉷ덇鹛ꁷ� 딇騖듗 덇ꍎ騟 ꪣ댏 싫ꀧ馓$
뫯꺰떨듫 뎃髿듫 骏떨듓 둃ꜿ馓 똞驳 鸫귻듗 鼏싫鯃 덇ꗈꁷ� 鮋ꀧ 鮋듫 끯ꂓ덣 뚏덇띗 딇ꗳ

ꉷ듫 껀ꗈ싫ꠃ 馓ꀸ껄딇 鼥듓 ꠼쇯꜏ 쌸쌇 ꝷ띗쌛ꁷꀧ 떣덣꺯 릿긿꜏ ꪇ鹏ꝟ 싫ꁷ� 鮋ꕿ鸫 鮋듫
꠼쇯馓 驃骏떔듏ꗯ 쁓ꝃ ꦼ쌸딇덛듟듗 띓鮛듓 닟驳 딛驳� ꋃꔏ꺯 鮋馓 덎덇鹋 딇 驃骏ꉷ듓 쁓ꝃ
꠼쇯덣꺯 둃뎃씛 $;% 맑듓 驃骏ꉷ딇ꁛ鯟 馓믫꜏ 딋떨싫鯃 덇ꖷ둇 騖딏鯟$
鮋ꖚ騟ꝟ ꝣ싫鯃ꀧ 덇ꖷ둇 騖딇 꾫심듫 ꦯ騿딇ꁷ� 딏ꦫ떔듏ꗯ 꾫심듓 둃ꜿ 뚏꩓덣꺯 댤끰

$삻뻇%듗 맑닗鹇ꀧ 騖딇ꔏ驳ꅗ 꺷ꠘ싯ꁷ� 딇 ꋟ ꦯ騿ꆯ 댤끰딇 떯ꂓꗯ ꆯ 댤끰딇ꃧꔏꅗ 딇덣
ꬓ덿싫ꀧ 듫ꦋ馓 쁓ꝇ 꾫 딛ꁷ�4 뫯꺰떨듫 驐둃ꀧ ꦧꗯ ̤딫ꡎꆯ 듫ꦋ $b]hoa ia]jejc%̥馓 ꬓ덿ꆯ
떯ꂓꗯ ꆯ 댤끰덣 쌇ꂌ싯ꁷ� 鮋ꜿ驳 꾫심덣꺯 딇ꖃ 驐둃ꀧ ꝷ둃 뚤됧싫ꁷꀧ 騖듗 꾫심듫 뎀긿꜏
뽈쌇꺯 닟驳 딛ꁷ� 뎛꜏ ꉷ덇 鮋ꜿ뀷 꾫심덣꺯 떯鼏듫 뎀꺷딇 ꦯ騿ꆯ 騖딇 뎀꺷듫 뎃髿鸫 ꎣꀧ
꣇싯듫 뎃髿듫 驃骏馓 닗ꁛꔏ� 꼟뒗 띓鮛듓 ꩗ꗯ 깰馔싫띓 닝ꀧ ̡ikjkeop̢ꔏꀧ 심삟듫 딇ꗳ듗
뜰ꠘ싫鯃 뒗싯 ꅗ髿ꗯ 뎃髿ꆣ驳 딫ꡎꆯ 驃ꗳ듗 ꅗ묯싫驳 딛ꁷꀧ 긿끷듗 ꪇ닗ꅗ 鮋ꖚꁷ� ꎣ ꔏ딇

3딇ꦋ 닟ꖷ뗋 딛ꃫ 騖듓 -/껋鯃 뚤鬀 깃꺯 Ⓖ댤쒫깃ꨨⒽ덣 꾫ꗰꆫ덇 딛ꁷ�
4덙ꀧ삻뻇듗똇딿싫ꀧ騖딇ꔏ驳뎷딋싫ꀧ騖듗 ̡b]hoa l]ppanj̢딇ꔏ驳ꬓ꜇驳ꁿ쇯ꠇ덣뎸뼳鸏馓ꪇ딋ꁷ驳깰馔싫ꀧ

騖딇 똞듓 뎛딇ꁷ� 싯셋 삻뻇듓 똇딿싫ꀧꄃ 鮋 듫ꦋ꜏ 딫ꡎ ꬓ덿싫ꀧ 騖듓 ̡b]hoa ia]jejc̢딇ꔏ驳 싫ꠃ 뚏鯃떔듏ꗯ 뎷ꀧ
쎯껄듗 ꪇꠇ 鸫귯 딏딇 딏덇鸯ꁷ驳 깰馔싫ꀧ 騖딇 鮋ꖃ 뎛딇ꁷ� 딇騖듓 뽈驗심덣꺯 뚏듫싫ꔏ驳 싫ꀧ ꇣ 馓띓 딫ꡎ딇ꁷ�

4



O* O* DkjcءU* D* DkjcءU* S* Gei 3

Becqna .* >ejkie]h atl]joekj $㪅⋏㨰㎆% ^u oujpdape_ atl]joekj ej CqEhFE^*

sde_d sehh ^a `eo_qooa` ej pda jatp oq^oa_pekj* Ej`aa`( Dkjc op]pao pda bkhhksejc
ej pda ranu jatp lnk^hai( Lnk^hai /1 ej pda o]ia oa_pekj ejrkhrejc pda ^ejkie]h
atl]joekj (x+ 28)3*

㐎㨰眰櫼⋂帆 廪市⊁⧆ 瞅㨰瞅⮊⡻≷⋂䅌 ⊂䫽⒚㿛

Pda ]^kra mqkpa ia]jo pd]p kja _]j ]hok d]ra pda ^ejkie]h atl]joekj ^u Dkjc̢o
oujpdape_ atl]joekj* Pdeo ha]`o pk pda jatp `eo_qooekjo*

.*0 Dkjc FakjcD]̢o ^ejkie]h atl]joekjo

=o iajpekja` ej pda lnarekqo oa_pekj( pda ikop bnamqajphu qoa` i]jelqh]pekj ej
Pe]juq]jodq eo ^ejkie]h atl]joekjo* Sa jks `eo_qoo pda nah]pekj ^apsaaj ^ejk)
ie]h atl]joekjo ]j` Dkjc FakjcD]̢o iapdk`o* Sa |nop odks pd]p ^ejkie]h at)
l]joekjo _]j ^a k^p]eja` ^u Odajs]e Fe]b]* Sa ]ooqia pd]p (x+ 1)n =

∑n
k=0 a

n
kx

k*
Pdaj kja d]o Pe]juq]jodq nalnaoajp]pekj kb (x+ 1)n+1 ]o bkhhkso*

- ann−1 * · · · ank ank−1 * · · · an1 -
- ann−1 · · · * ank ank−1 · · · * an1 -

- ann−1+1 * · · · * ank−1+ank * · · · * 1+an1 -

Pdqo kja d]o (x+ 1)n+1 =
∑n+1

k=0(a
n
k−1 + ank )x

k( ej kpdan skn`o(

an+1
k = ank−1 + ank .

Sa na_]hh pd]p pda ]^kra b]_p eo ej`e_]pa` ej Cqb] Me_dajcb]jcpq ej Oeuq]j Uqfe]j
^u _kjja_pejc hejao ^apsaaj pda qllan psk panio ]j` pda hksan pani( sde_d `k jkp
]lla]n ej U]jcDqe̢o pne]jcha ej Ukjcha @]`e]j $䂯盪⶞◯( -0,4%*

鮋ꝏ 26 쏠떨싫듫 Ⓖ髿딏띤Ⓗ덣 꺷ꠘꆫ덇 딛ꀧ 똃Ꝑ떗馯ꨨ�

슗ꁛ뮳馓 -3껋鯃덣 ꦋ떔꬗듗 긿됼싯 Ⓘ꩓꬗심Ⓙ듫 鯃몛 馯黣듗 ꝟꉳ 騖ꅗ 꾫심딇 ꠼쇯馓 닗ꁛꔏ
끳듫 똇딿꜏ 뜰ꠘ싫ꖷꀧ ꄃ 딛덛驳 껄骈쌛ꁷ驳 깰馔쌛ꁷ� 딇ꖃ 긿끷듓 딫ꡎꆯ ꠼쇯鸫 딫ꡎꆯ
듫ꦋ ꬓ덿돓ꀧ ꩗馯ꗯ ꦯ騿ꆯ 댤끰듓 꾫심 ꦯ떗덣 븃 ꯗ뚤듗 릻띓싫驳 딣멇ꗯ 뚤됧싯 듫ꦋ꜏
馓띗ꁷ� 뫯꺰떨듫 ꦯ騿ꅗ 馬듓 骓떣덣꺯 ꦧꔏꪣ댏 싳 騖딇ꁷ�

1 딇쌇

껋ꨛ랋 꼟딿ꀧ -4껋鯃 둃ꜿ鸫ꔏ듫 먯딿 꾫심딣딋 쏠떨싫 $憏忈䵴� -240Ⓨ-3.3%馓 ꦯ騿싯 驗깃ꨨ
딇ꁷ� 쏠떨싫ꀧ鸻댤쏠늻馓둇ꄃ뚤딋띤닛덣꺯빯덇鸫깃둣딇ꆫ덇쏯ꅬ싫뎓ꁷ� 鮋ꀧ Ⓖ髿딏띤Ⓗ
딇ꔏꀧ 맘듗 싯 鬟 鸻驏ꀧꄃ 딇 맘듓 -4껋鯃 몛ꦫ鯟띓 ꅬ댤 꾫심듗 몰 ꝰꔏ싫驳 鮋 驗깃ꨨ듗
돗꩐싫騟 쌇꺷싯 ꅬ댤덣ꀧ ꋃꗯ 덙ꀧ 맘딇ꁷ�5

쏠떨싫듫 꾫심듗 ꪇꠇ 꾫심듗 ꂓ물 쌇 麫鯃ꀧ ꬓ꬗딇 덙ꁷꀧ 騖듗 닟 꾫 딛ꁷ� 鮋ꀧ -3껋鯃
똃꺳깃심딇떗ꔓ듫쑗뒳뜰듏ꗯꡋ깇듗닦ꃫ騖듗ꝣ鷧씛믫둃驳ꅬ댤꾫심딇먯둣꾳骏馯ꦼ꾳듗
냻꺯 돗꩐싯 싫鸫듫 멇驗꜏ 딇ꙿꁷꀧ 騖듗 馯黣떔듏ꗯ ꎣ 驗깃떔듏ꗯ ꪇ덿뚿ꁷ�-, 쁌씛 驗깃
ꨨ덣꺯 쏠떨싫馓 ꪇ덿뚓 騖듓 먯둣꾳듗 긿됼싳 ꋟ ꠻ꉳ 驗깃듗 멇驗떔듏ꗯ 싳 꾫 딛ꀧ ꦼꨨ듗
쌇꺷싯騖骏싻鱫먯둣꾳듫뫯ꂓ딸떣딇ꠇ꺯ꅗꂓꬓ꬗듫깃심딣馓鼦믫驳긿됼싫띓ꡎ싯긿끷ꗯ
먯둣꾳ꗯ 쇯鯃ꆯ ꁷ쌀 $ꦼ떨%끰듓 끷떯ꗯ xn듏ꗯ 鸫龳ꅗ ꠻댤 릻딇馓 덙덇꺯 딇ꖃ 뒳ꜿ $ꦼ떨%
끰딇ꔏ驳 馗뚏싫驳 驗깃싳 꾫 딛ꁷꀧ 騖딇 딛ꁷ�

1*- 똃Ꝑ떗馯ꨨ

둃ꜿꀧ 덿鯃꺯 먯둣꾳ꗯ ꁷ쌀끰 驗깃듗 싳 ꋟ 둃ꜿ덣騟ꅗ ꪈ딴싯 ꁷ쌀끰 骄듫 떗馯 ꦼꨨ듗 쏠떨
싫馓덇ꍎ騟꺷ꠘ쌛ꀧ馓꜏ꪇꖷ驳싯ꁷ� 딇ꖃ 꺷ꠘ듓ꅬ댤듫꠻ꉳꁷ꜋깃꺯꜏ꪇ닗ꅗ떯ꂓꗯꆯ
꺷ꠘ딇덙ꁷ� 닗ꝛꅗꂓꬓ꬗듫ꅬ댤깃심딣ꉷ듓딇驗깃듗ꅗ쎨ꊄ듗깰馔싫ꠇ꺯ꝷꨛꁷ꜇騟쌇
驃쌛ꁷ驳ꪇ딋ꁷ� 鮋ꕿ鸫쏠떨싫ꀧ딇骄껛딇 -/껋鯃듫뜰끌馯ꦼꨨ듫驗깃ꦼꨨ骏ꎤ馬ꁷꀧ騖듗

5꣏ꗳ ꂌ끯 뚤鬀듓 꺯댤 꾫심듗 ꦮ닗ꉷ덿 뎃髿싫ꀧ 뚤딇덛띓ꝟ ꅬ댤 꾫심듓 딫 ꠻꜇驳 딛덛듟듗 딇ꦋ 닟닗ꪇ닫ꁷ�
싯셋 딏ꪋꅗ 딇ꦋ -3껋鯃 뚤ꦫ덣 骓쐻쏧ꔏꀧ 먯딿 꾫심딣馓 鸫돓꺯 ꅬ댤 꾫심듗 싯 ꁻ驗 鷟덇뎿ꖷ 鼦닫ꁷ� 딏ꪋ 꾫심
$쏧깃%듫 ꦼ쌸듓 꺯댤 꾫심 ꦼ쌸듏ꗯ듫 ꦯ떗딇덇꺯 딏ꪋ 꾫심긿馓ꉷ듫 뚏딸먫ꖏ 꺯댤 꾫심듫 뎔쌸듗 ꦮ띓 닝닫ꁷ驳
싫ꃧꔏꅗ ꅬ댤 꾫심 ꦼ쌸듏ꗯ듫 ꦯ떗骏ꀧ 똃鮛 ꁷ꜇ꁷ�

-,긿끷 馯黣떔듏ꗯ ꠻ꉳ 꾫심 ꣋떯馓 ꦼ떨끰 ꣋떯딇驳 ꋃꔏ꺯 먯둣꾳� 馯ꦼ꾳ꗯ 쌇驃ꆳ 꾫 딛듟듗 ꟏떓 ꝣ싯 騖듓 -3
껋鯃 뚤ꦫ듫 꾫심딣 ꦨ뒻딇덛ꁷ� 딇 떣덣꺯 ꦨ뒻듓 ꅬ댤 꾫심긿덣꺯 끯ꂓ꜏ 닱꺯馗 먯딿뎓ꁷ�

5



2 Dkjc FakjcD]̢o Pe]juq]jodq ]j` Vdajc_dajc G]eb]jcb]

1 0 0 0 0
∣∣ α,β, γ, δ

α αβ αβγ αβγδ

1 α αβ αβγ αβγδ

β (α+β)γ (αβ+(α+β)γ)δ

1 α+β αβ+(α+β)γ αβγ+(αβ+(α+β)γ)δ

γ (α+β+γ)δ

1 α+β+γ αβ+(α+β)γ+(α+β+γ)δ

δ

1 α+β+γ+δ

Becqna -* Dkjc FakjcD]̢o oujpdape_ atl]joekj lnk_aoo*

kb pda bn]_pekj DkOaqjc $⌉⋏% W5Y kn qoa` pda lnk_aoo( IkDkOaqjcF] $䁄⌉⋏⿇% ]o
ej Feqvd]jc Oq]jodq( ]j` ep eo ej`aa` pda oqi kb _ki^eja` iqhpelhe_]pekjo sdaj
a1 = a2 = a3 = 1* Bkn bkqn panio( lnk`q_po kb /)_ki^ej]pekjo i]u ^a UqOaqjc ^qp
da i]u d]ra d]` `e{e_qhpu ej `ao_ne^ejc lnk`q_po kb .)_ki^ej]pekjo kb bkqn panio
]o ] ola_e]h _]oa kb bn]_pekjo*

Ej pda bkhhksejc( sa _]hh pda jas iapdk` Dkjc FakjcD]̢o oujpdape_ atl]joekj kn
oeilhu oujpdape_ atl]joekj* Bkn pda _kjrajeaj_a ]j` cajan]hepu( sa sehh atlh]ej Dkjc
FakjcD]̢o oujpdape_ atl]joekj bkn pda atl]joekj kb (x+ α)(x+ β)(x+ γ)(x+ δ) ]o
] `e]cn]i ej pda Becqna -*

Kja _]j a]oehu |cqna kqp pda ]^kra lnk_aoo* Ej`aa`( pda |nop nks eo pda ]nn]u
kb 1 ]j` bkqn 0̢o( sdana 0 eo pda jqi^an kb b]_pkno kb pda iqhpelhe_]pekj pkcapdan
sepd pda ]nn]u kb α,β, γ ]j` δ ejopa]` kb pda |nop cqaoo $⚔⦽% ej pda Vdajc_dajc
G]eb]jcb]* >acejjejc sepd α ej Vdajc_dajc $ⴕ⋏% lnk_aoo( pda nkha kb pda |nop cqaoo
α eo nalh]_a` ej oq__aooekj ^u β, γ ]j` δ ej a]_d lnk_aoo kb Vdajc_dajc*

Qoejc Dkjc FakjcD]̢o oujpdape_ atl]joekj( kja eo ha` pk

x4 + (α+ β + γ + δ)x3

+ [αβ + (α+ β) γ + (α+ β + γ) δ ]x2

+ [αβγ + (αβ + (α+ β)γ )δ ]x

+ αβγδ.

Dkjc FakjcD]̢o oujpdape_ atl]joekj ]hok eilheao pd]p pda _ka{e_eajpo kb pda at)
l]joekj kb

∏n
k=1(x + ak) ]na lna_eoahu pda ahaiajp]nu ouiiapne_ lkhujkie]ho ej

a1, a2, · · · , an*
Sa _d]jca pda kn`anejc ej Dkjc FakjcD]̢o oujpdape_ atl]joekj* Deo kn`anejc eo

`apanieja` ^u pda kn`an kb α,β, γ ]j` δ* Pda lnk_aooao ]na _ha]nhu ]ll]najp sdaj
kja oaao pda `e]cn]i ej Becqna - `e]ckj]hhu bnki pda pkl necdp pk pda ^kppki habp*
Pda |nop `e]ckj]h `a]ho sepd α( ]j` ej oq__aooekj sepd β, γ ]j` δ* Pdana ]na psk
na]okjo bkn pda _d]jca kb kn`anejc* Benophu( kqn kn`anejc eo ikna b]iehe]n pk na]`)
ano* Ikna eilknp]jp na]okj eo pd]p Dkjc FakjcD] ]_pq]hhu ]`klpa` kqn kn`anejc(

鮋ꝏ 36 쏠떨싫馓 馯ꦯ싯 -릻끰ꉷ듫 骄껛 떗馯 닟驳ꜿ뜫 Ⓘ똃Ꝑ떗馯ꨨⒿ$Oujpdape_ Atl]joekj%* 0
릻끰 떗馯듫 驐둃꜏ ꪇ뎓ꁷ� 덿鯃꺯 ꠻ꉳ 깔꾫馓 馬듓 ꋟ듫 驗깃ꨨ딇 뜰끌馯ꦼꨨ딇ꁷ�

닟닗鹛ꁷ� 긿끷 떨쏨씛 ꝣ싫ꠇ 鮋ꀧ 꺷ꠘ딇 덙ꀧ -/껋鯃 뜰끌馯ꦼꨨ듫 驗깃ꨨ듗 ꁷ끯 닟닗鹛듗
굣ꝟ 닗ꁛꔏ 鮋 ꦼꨨ듓 ꁷ듟骏 馬듓 ꁷ쌀끰 骄껛듫 떗馯ꨨ딗듗 ꅬ댤덣꺯 뒳딏싫騟 꺷ꠘ쌇鹛ꁷ�

(x+ a1)(x+ a2) · · · (x+ an).

둃ꜿꀧ 덿鯃꺯 딣껋싯 꺷ꠘ듓 싫띓 ꡎ싫꥓ꗯ 쌇ꂌ 鼏꣋듗 딐덇ꪇ끯鯃꜏ ꦧꔓꁷ� ꁻ ꁷ듟
딇댏鯃ꀧ 띭덇 ꇣ딣� 둃꺳 딇 ꦼꨨ듗 깰馔싯 ꅬ댤 깃심딣ꉷ듫 ꦼꨨ듓 ꅗ쎨딇ꁷ� 뜜 馔 ꩓듫
鯋딇 $娞%馓 (x + ai)딋 n)릻둣 긿馔딘멇듫 ꬓ싏꜏ 驗깃쌇 鹇ꀧ 騖딇ꁷ� 鮋ꜿ驳 쎗ꂓ 덋덇ꗯꀧ
딇 骄껛듗 떗馯싯 ꁷ쌀끰듗 驗깃싫ꀧ 騖딇ꁷ� 쏠떨싫馓 떯닛싯 ꦼꨨ듓 ꁷ듟骏 馬듓 딏ꦫ쏧ꆯ
똃Ꝑ떯ꨨ$oujpdape_ `ereoekj%딇ꁷ� 鮋ꜿ驳 鮋 ꦼꨨ듗 꺷ꠘ싫ꁷ ꪇꠇ 딇騖듓 떯ꨨ $hkjc `ereoekj%
듗 떨ꜿ싯 騖딇 닗ꁛꁷ�-- 둃ꜿ馓 뎃髿싫덿 ꦰ쎓鹛驳 쏠떨싫馓 鮋듫 맘덣 떨ꜿ싯 꺷ꠘ듓 뒗
骄껛듫 떗馯ꨨ딇덇꺯 딇 딇ꜗ듓 똃Ꝑ떗馯ꨨ $oujpdape_ atl]joekj%딇ꔏ ꬓ꜇ꀧ 騖딇 싼ꂌ싫ꁷ驳
싫騳ꁷ�-.

딏ꦫ떔딋똃Ꝑ떗馯ꨨ듗닟닗ꪇꀧ騖듓 -릻끰 0馯듫骄 (x+α)(x+β)(x+γ)(x+δ)듗떗馯싫ꀧ
ꁷ듟 ꅗ쇯꜏ ꪇꀧ 騖딇 馓딸 뀐ꁷ�

1*. 쏠떨싫 驗깃ꨨ듫 딇쌇

딇쌇싫ꀧꦼꨨ덣ꂓ싫덿ꀧ .,-0黗싯鬀꾫심긿심쐟덿ꜗ심髣꜏뎇덛듗ꋟ JEIO덣꺯꺷ꠘ싫뎓驳
딇鹇됼듓 .,-1黗 -둧 ./딏덣꺯둋ꂓ심髣꾫심髣뒴껏뻃덣꺯뎇ꝃ떯2쐟꾫심髣뒴껋ꦋ鸫딣ꙟ띤
덣 ꁷ끯 꺷ꠘꆫ덇 끷ꖷ 딛ꁷ� 덿鯃꺯ꀧ 馗ꕈ씛 ꁷ끯 꺷ꠘ싯ꁷ�
둃꺳 -/껋鯃 뚤鬀듫 뜰끌馯ꦼꨨ듫 둣ꜿ꜏ ꦰ씛ꖷꀧ 뎃髿 骏떨듓 똃Ꝑ떯ꨨ듫 驗깃 骏떨듗 ꅗ

쎨듏ꗯ딿쎗싫ꀧ騖딇덛ꁷ� 똃Ꝑ떯ꨨ듗쎗ꂓ꾫심덣꺯꺷ꠘ싫ꀧꦼꨨ듓뚏덇띗ꁷ쌀끰듗 (x±α)

ꗯ鸫龛꠾骏鸫Ɤ띓꜏驗깃싫ꀧ hkjc `ereoekj骏떨덣꺯鸫빓鸫ꀧ骄껛骏ꃮ껛듗곤닗떨ꜿ싯騖
딇ꁷ� 딇騖듓鮋ꝏ骏馬듓ꂓ들듗맑ꀧ騖딇ꁷ� ꋃꔏ꺯딇骏떨덣ꀧ驗꼠쌇꺯 (x±α)馓鸫빓鸫騟
ꆫꠃ 딇 驗깃듫 驃骏ꗯ (x ± α)k듫 떗馯 骏떨딇 돗驃ꆯꁷ� 鮋ꕿ鸫 hkjc `ereoekj骏 똃Ꝑ떯ꨨ듫
驗꾫듫ꂓ들骓驗꜏떨Ꝑ싫ꖷꠇ싯롐덣꺯덇ꌷ驗꾫 α馓ꁷ꜋롐듫덇ꌷ α덣ꂓ들싫ꀧ띓꜏ꦰ쎓댏
싫ꠃ 딇ꀧ 馔 驗꾫듫 듫ꦋ꜏ ꅗ쎨덣꺯 ꦰ쎓鹇댏 싫ꀧ ꝷ둃 ꪈ딴싯 骏떨딇ꁷ�
鮋ꕿ鸫 뒗덣꺯 ꪋ 騖骏 馬딇

∏
i(x ± ai)듫 떗馯꜏ ꪇꠇ 鸫빓鸫ꀧ 驗꾫 aiꉷ딇 ꠻ꇣ 꺯ꗯ

ꁿꔏ꺯 ꅗ쎨骏 骄껛 + 鸫龪껛� 鮋ꜿ驳 똃Ꝑ떯ꨨ 긿딇듫 骓驗馓 딏꠼됧뎃쌇띗ꁷ� 馬듓 꾾딣 α

--ꅬ댤덣ꀧ hkjc `ereoekjꦼꨨ듗 꺷ꠘ싫驳 긿됼싳 鯃쏋馓 덙ꁷ�
-.싯鬀꾫심긿심쐟 쐟딸ꁫ딇껻ꃫ 꺯馨ꂓ 쏠껄긿 髣꾫ꁫ듫 딤ꠘ딇ꁷ�

-,



새로운 해설: 홍성사, 김영욱
α y

α

y

α2 αy

αy y2

α y

xαx yx

α y

α

y

α2

αy

1

(y + α)x = yx + αx

= yx + (y + α)α = yx + αy + α2

= (y + α)y + αy + α2 = (y2 + αy) + αy + α2
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�

α y

α

y

α2 αy

αy y2

əฝ -

�

α y

xαx yx

əฝ .

�

α y

α

y

α2

αy

əฝ /

մᯕ۵

yx+ (y + α)α = yx+ αy + α2 $-%

ᯕ Łࡹ ᯕᨕᕽ $-%ᮡ

(y + α)y + αy + α2 = (y2 + αy) + αy + α2 $.%

ಽ ᨕࡹ ᳑พᱽჶᯕ ݅ᮭŝ zᯕ ऽ్ӽ݅ $W0Y%�

- , , $ α
$-% α α2

- α
α

$.% - 2α

ᝅᱽಽ ༉ु Ⅹʑ ᔑᕽᨱᕽ ⲱ≫榞㧌䃨ᮥ ᔍᬊ⧁ ভ x2 = Aෝ x2 − A = 0ᮝಽ

ᔾb⦹ḡ ᦫᦥᕽ ⿹ᮥ ༉ࢱ ᧲ᙹಽ Ł״ ᭥᮹ ႊჶᮥ ᔍᬊ⦹ᩍ ₉ᔢᮥ ᭥⦽ ႊᱶ᜾᮹

ĥᙹෝ ᱶ⦹Ł
 ə ⿹ಽ A− α2ᮥ ┾⦽ äᮝಽ ᅕᯙ݅�

/₉ႊᱶ᜾ x3 = A᮹ Ğᬑᨱ ≰仳㧌䃨 ⪚ᮡ 旞枩䃨ᮡ (y + α)3ᮥ ᱥ}⦹ᩍ ₉ᔢ

ᮥ ᭥⦽ ႊᱶ᜾ y3 + 3αy2 + 3α2y = A − α3ᮥ Ǎ⦹ᩡ݅ $W-1Y%� ⦽⠙ ⲱ≫榞㧌䃨ᮡ

ᱽŒɝ᮹ Ğᬑ᪡ zᯕ aಽ
 ᖙಽ
 ᯕ׳ $= x%ෝ ₉ಡಽ y + αಽ ᯹௝ᕽ ݅ᮭŝ zᮡ

ŝᱶᮥ Ñℱ ₉ᔢᮥ ᭥⦽ ႊᱶ᜾᮹ ĥᙹ᪡ ᝅᮥ Ǎ⦽ äᮝಽ ⇵ᱶ݅ࡽ�

x3 = (y + α)x2 = yx2 + αx2 = yx2 + α(y + α)x

= yx2 + αyx+ α2x = yx2 + αyx+ α2(y + α)

= yx2 + αyx+ α2y + α3

$-%

鮋ꝏ 46 쏠떨싫듫 Ⓘ똃Ꝑ떗馯ꨨⒿ$Oujpdape_ Atl]joekj%듫둣ꜿ� 뒗듫ꅗ쎨ꉷ듓 .릻끰듫떗馯骏떨
듗 鸫빓鹋ꁷ� 됏롐듓 ꁻ 싯 ꨛ듫 딇쌀떗馯꜏ 긿됼싫ꀧ .,,,黗 떗듫 馯ꦼ꾳듗 鸫빓鹋ꁷ� 뎷꜋롐
ꇣ ꅗ쎨듓 ꁻ驗떔듏ꗯ 骄껛듗 숓덇馓ꀧ 骏떨듗 鸫빓鹇驳 딇꜏ 꾯릻떔듏ꗯ 늃ꠇ 뜰끌馯ꦼꨨ딇
ꆯꁷ� 딇꜏ 驗깃 骏떨骏 ꯗ髣싫덿 ꪇꠇ 닗ꔫ돓 馬딇 ꂓ들ꆯꁷ�

馓 ꦫꪈ쌇꺯 鸫뎷띓 닝鯃 ꋟ꣋딇ꁷ� 쏠떨싫ꀧ 딏ꦫ떔딋 똃Ꝑ떗馯ꨨ듗 꺷ꠘ쌛ꁷ� 딇騖듓 ꁻ꾯싯
딇쌀떗馯ꪇꁷ 쑻늿 ꪈ딴싯 騖딇띓ꝟ 딇 ꦼꨨ듫 둣ꜿ꜏ 딇쌇싫鯃덣ꀧ 딇 ꪈ딴싯 騖딇 쑻끳 뀐ꁷ�
돯 딇ꖃ ꠻꾯ꆫꀧ ꊂ싯 딏딇 딏덇鸫ꀧ馓$ 돯 ꃧ ꪈ딴싯 쎗깔딇 ꃧ 딇쌇싫鯃 꿿둇馓$

1*/ 뚤심髣덣꺯 ꧃둃ꀧ 뎛

딇꜏ 뒗쌇꺯 ꃧ 꿿둇 뎛꜏ 싫鸫 ꉷ딣� 딇 뎛ꀧ ꁻ꾯씛 딇 ꣋떯꜏ 떯鯃싳 굣ꝟ 닗ꁛꔏ 髣뒴덣꺯
덇ꌷ 騖듗 돯 馓꜇믫ꀧ띓덣 ꂓ싯 ꣋떯ꅗ 馬딇 떯鯃싫鯃 ꋟ꣋덣 뚤됧싫ꁷ�
뚤심髣 ꋟ 뜛듟쌇꺯 骈ꬓ싫ꀧ ꦼ떨끰 x2 = 2돓 鮋듫 댤꾫쌇

√
2꜏ 깰馔쌇 ꪇ딣� ꪇ뽈 꺳깰

ꁫꉷ딇 딇 ꦼ떨끰듫 쌇ꗯ x =
√
2ꀧ 돆듓 ꂈ딇驳 x = 1.4ꀧ 쁓ꝃ ꂈ딇ꔏ驳 싫끳ꁷ� 鸫ꀧ 덇ꌷ

鯃쐟덧馓 딇 꺷ꠘ딇 돯 ꝱꀧ 騖딋띓꜏ 덇ꍎ騟 꺷ꠘ쌇댏 싫ꀧ띓덣 ꂓ쌇꺯 驳ꦏ싯 떔딇 딛ꁷ� 딇
骏떨덣꺯 Ⓚꦼ떨끰 x2 = 2듫 댤꾫쌇馓

√
2딇ꁷⓁꔏꀧ ꝣ딇 딇깔싯 ꝣ딇ꔏ驳 ꀣ鸏騟 ꆫ덛ꁷ� 딇

꣋딸듗 떨듫꜏ 냻꺯 떨쏨씛 싫ꠇ Ⓚ떯骄쌇꺯 2馓 ꆫꀧ 댤듫 끷꾫 xꀧ Ⓘ떯骄쌇꺯 2馓 ꆫꀧ 댤듫
끷꾫Ⓙ딇ꁷⓁꔏ驳 늃騟 ꆯꁷ� 딇ꖚ騟 늃ꠇ 龗髿鸫 딇ꖃ 끰듫 ꂈ듓 ꂈ듏ꗯ 딋떨싳 꾫 덙ꁷꀧ 騖듗
닟 꾫 딛ꁷ� 鮋ꖃꄃ 뚤심髣 髣骏꺯ꀧ 딇ꖃ ꂈ듗 늃ꅗꗰ 馨됧싫驳 딛ꁷ�
딣 鮋ꕿꠇ 돆듓 ꂈ듓 ꣇덚딏鯟$ 긿끷 ꣇덚딇 돆듓띓ꀧ 딫 ꠻꜇騳띓ꝟ

√
2돓 1.4ꔏꀧ ꇣ ꂈ듗

ꯗ髣쌇 ꪏ 꾫ꀧ 딛ꁷ� 돆驳 鮋ꜗ듗 딫 ꠻꜇騳듏ꠇ 릻꺳듫 띛꣋듓 덇ꀣ롐딇 ꃧ 鸫듓馓 ꣏덇ꪏ 꾫
딛ꁷ� 딣 딇떯

√
2돓 1.4꜏ꯗ髣쌇ꪇꠇ덇ꌷ롐딇ꃧ鸫듓馓ꀧꯗ髣싫ꀧ鯃뚓듗껋둟댏딇댏鯃싳

꾫딛ꁷ�-/ 딇鯃뚓듏ꗯ Ⓘ덇ꀣ롐딇떨ꂈ덣ꂓ싯떨ꪇ꜏ꃧꝡ딇ꎣꀧꃧ떨쏨씛뚏ꀧ馓Ⓙ꜏ 깰馔싳
꾫딛驳骯링듓鯃뚓딇ꔏ驳깰馔ꆯꁷ� 鮋ꖃꄃ딇鯃뚓덣ꋃ꜇ꠇ떨ꂈ딇ꔏꀧ

√
2ꀧ꣋떯듫똃騇ꪇ

ꁷꃧ닟ꖷ뚏ꀧ騖딇덙ꀧꂈ딋ꦫꠇ덣뎷ꂈ 1.4ꀧ떔덇ꅗ딇꣋떯듫ꂈ딇 1.4돓 1.5긿딇덣딛ꁷꀧ
떨ꪇ꜏ 닟ꖷ뚏ꀧ 쑟꜀싯 ꂈ딗듗 닟닗ꪏ 꾫 딛ꁷ�

√
2馓 ꃧ 鸫듓 ꂈ딇ꔏ驳 싳ꝟ싯 鯃뚓듓 뀐騟

맑듗꾫덙띓ꝟꦫꂓꗯ 1.4馓ꃧ鸫듓ꂈ딇ꆫꀧ鯃뚓듓똞듓騖딇딛ꁷ� 鮋ꕿꠇ뚤심髣髣骏꺯ꀧ

-/ꅬ댤덣꺯ꀧ 1.4꜏ ꂈ듏ꗯ 늃驳 딛驳 딇騖듓 骈끰듏ꗯ Ⓘꦼ뎷긿믳 $娞䋹威䉨Ⓙ딇ꔏ驳 쌇꺯 싯 ꩓딇 1딋 떨긿馔쎨듓
ꂓ馔꺳딇 3딇ꔏꀧ ꓎딇ꁷ�

--
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鮋ꝏ 56 ?]n`]jk馓 ꦯ騿싯 /릻ꦼ떨끰 y3 + py + q = 0듫 鮏듫 骈끰�

√
2馓 ꃧ 鸾ꁷꀧ 騖듗 덇ꍎ騟 꺷ꠘ싫ꖷ驳 싫ꀧ 騖딏鯟$
둃ꜿꀧ똞듓꺷ꠘ듗맑띓ꡎ쌛덇ꅗ

√
2ꔏꀧꂈ듗ꝟꉷ덇긿됼싫ꀧ꺯댤꾫심딇쑻늿ꃧꦯ떗싯

騖듗 닟驳 딛ꁷ� 꺯댤꾫심덣꺯
√
2ꝟ 딫ꡎ ꝟꉳ 馯黣딇驳 鸫Ɤ띓馓 똞닗꺯 ꦯ떗싯 騖듓 닗ꁣ

騖딇ꁷ�
√
2ꅗ ꦯ떗싯 꺯댤 꾫심덣 鯃덿싯 ꦧ馓 딛듗 騖딇驳 딇騖듓 닱덣꺯 띓떔싯 ꦧ돓 馬딇

驗깃듫 쐻뒻껄骏ꀧ ꦫꂓꆫꀧ 뎀싳듗 싫驳 딛듟듗 띣딤싳 꾫 딛ꁷ� 딏ꦫ떔 .릻ꦼ떨끰듫 鮏듫
骈끰듗ꪣꅗ鮋쌇꜏鮋ꖃ끰듏ꗯ鮏쏋꜏냻꺯鸫빓鹇ꀧ騖딇 jqiane_]h싯ꂈ듗떔덇뚏ꀧ騖ꪇꁷ
ꝷ둃 딇쌇싫鯃 씫ꉷꁷꀧ 騖듗 닟 꾫 딛ꁷ� 딇騖듓 /릻ꦼ떨끰듏ꗯ 馓꺯 밇꜇ꁷ鼋듫 鮏듫 骈끰듗
ꪇꠇ ꃧ 쏨뎃싫ꁷ� 떯骄鮏骏 껋떯骄鮏듗 싻鱫 냻꺯 鸫빓鹋 /릻ꦼ떨끰듫 鮏듫 쇯쎗듗 馓띓驳ꀧ
鮋 꾫馓 ꅗꂓ멇 덇ꌷ 꾫딋띓 떗쎓 닟닗ꪏ 꾫 덙ꁷ� 딇ꖃ 꾫심딇 덇ꌷ 떣딇 똞듓 騖딋馓$

W鮋ꝏ� 밇꜇ꁷ鼋듫 骈끰Y

1*0 딇쌇듫 ia_d]jeoi

鹇馓덎듓ꂈ듓馗ꁻ씛ꝣ싫ꠇ딇騖딇ꁷ� 닱덣꺯떨ꝣꁷꙻ鯃덇ꖷ둇鯃ꨨ딋鯃싫심듗냻꺯끷꾫
驗깃듗 싫ꠇ꺯 驳깰싯 騖딇 ꠻덿꺯 驃鬀 ꦯ떗덣 딇꜇꜋ 騖먫ꖏ ꦼ떨끰 숓딇ꅗ

√
2돓 馬딇 떨ꝣ

꣇덚딋띓닟鯃덇ꖷ둇騖듗뽈쌇꺯딇쌇싫ꖷꁷꪇꁛ鯟쑻늿鯝듓딇쌇덣ꅗꁿ싫驳ꦯ떗싳꾫딛ꀧ
鯃쁓덣 ꅗꁿ쌛ꁷꀧ 騖딇ꁷ�
둃ꜿ馓 ꂓ꾫심듗 骈ꬓ싫ꠇ꺯 ꇣ 馓띓 깔ꦫꆫꀧ 骈ꬓ꜏ 싯ꁷ� 싫鸫ꀧ ꦼ떨끰듗 馓띓驳 鮏듗

髿쌇鹇ꀧꦼꨨ듗딈씛ꀧ騖딇驳� ꁷ꜋싫鸫ꀧꦼ떨끰ꉷ딇덋떯숓ꜿ驳덋떯닛숓ꜿꀧ띓鮋鹇Ꝝ듗
딇쌇싫ꀧ 騖딇ꁷ� 딇 ꇣ 馓띓 骈ꬓꀧ 돗떗씛 ꦫꂓꆫꀧ 骈ꬓ딇ꁷ� ꦼ떨끰듗 숋ꀧ 騖듓 뚏덇띗
깔쏼듗 馗ꁻ싫騟 ꦧ鵧 鸫馓꺯 鮏딇ꔏꀧ ꠼쇯덣 ꅗꁿ싫ꀧ ꦼꨨ딇ꁷ� 딇ꖃ ꦼꨨ듓 鮏덣 ꅗꁿ싫ꀧ
骏떨듗 딫 닟驳 딛듗 ꋟ 긿됼싫ꀧ ꦼꨨ딇ꁷ� 뜜 둃ꜿꀧ ꦼ떨끰듗 덇ꍎ騟 숋ꀧ띓 닟驳 딛驳 딇
骏떨듗닟驳ꜿ뜫ꎣꀧ骈끰듏ꗯꦧ鵧꺯딈씛騟ꆫꠃ딇骏떨듓 oeilhe|_]pekj듫뎃꼠딇ꁷ� ꦫꠇ덣
馛ꙻ닗 딇ꗳ 馬딇 ꦼ떨끰딇 덋떯 숓ꜿꀧ띓꜏ 딇쌇싫ꀧ 騖 ꦼ떨끰듗 馗ꁻ씛 쌇꺯 닟騟 ꆫꀧ 騖딇
닗ꁛꔏ ꦫꂓꗯ 馗ꁻ싯 ꦼ떨끰ꅗ ꪈ딴싫騟 싫驳 髿멇떔딋 ꦼ떨끰ꅗ 묧깔떔딋 $驗꾫馓 ꣋딣딋%
ꦼ떨끰듏ꗯ ꦧ鵧꺯 ꪇ닗댏 딇쌇馓 馓ꀸ쌇띗ꁷ�
둃ꜿ馓 龛닱덣 鼦딋 긿꣏듗 닟ꖷ驳 싫ꀧꄃ 둃ꜿ馓 딇쌇싫ꀧ ꀸꖸ딇 ꋋꖷ꺯 띔骓떔듏ꗯ 딇쌇

ꆫ띓 닝듗 ꋟ 둃ꜿꀧ 둃ꜿ馓 싯 ꨛ덣 삟님싳 꾫 딛ꀧ ꝟ븏ꝟ 삟님싫驳 딇ꖃ 騖듗 덿ꕿ 馯 ꠻닗꺯
ꁷ끯 삟님싫ꀧ 騖듗 ꦫꪈ싯ꁷ� 뜜 ꁻ꾯싯 ꅗ髿꜏ 뽈쌇꺯 덎듓 ꄃ딇뻃 $띓끰%듗 깔쏼듗 ꦧ鵋ꠇ꺯
ꦫꪈ쌇꺯ꄃ딇뻃꜏ꀫꖷ꺯딇꜏똘싼싻듏ꗯ냻깔쏼듫딇쌇덣馓鯟둟띗ꁷ� 딇꜏ꯗ뒳쌇꺯딇ꖚ騟
딇댏鯃싯ꁷ� 龛닱듫 깔쏼듗 긿띗듗 릠덇 딇쌇싫ꖷ 싫ꀧꄃ 긿띗鯃馓 릠듗 꾫 딛ꀧ ꨧ뒗馓 鮌씛
떯싯떔딇ꁷ� 鮋ꕿꠇ 둃ꜿꀧ 덿ꕿ ꦼ쌸듏ꗯ 긿띗鯃꜏ ꦧ鵧 鼦듏ꠃ 긿띗듗 릠驳 鮋ꖚ騟 릠씟
긿띗듗 ꠻닗꺯 둃ꜿ 닱듫 깔쏼듗 삣ꁻ싯ꁷ� 딇騖딇 딇쌇꜏ 쌸쌇 鸫馓ꀧ ꦼ쌸딇驳 딇듫 쌈끿듓
_kilhate|_]pekj딇ꁷ�
꾫심듫 骈ꬓꀧ 딇 ꇣ 馓띓꜏ ꠻ꇣ 쌇댏 싫ꀧ `ehaii]꜏ 馓띓驳 딛ꁷ� 싯 롐 骈ꬓꝟ 싫ꠇ�

끯븷ꀧ 딏ꝟ 딫 싫驳 뀷뀷ꗯ 닟닗꺯ꀧ 싫띓 ꡎ싫ꀧ 긿ꔟ딇 ꆫ騃鸫� ꦫꂓꗯ 깰馔듓 ꝡ듓ꄃ 닗꣇

-.



鮋ꝏ -,6 鹇馓 馓띗 ꅗ髿馓 똔듓 쁛듏ꗯ ꦧꔏꪇꀧ 騖딇ꔏꠇ 딇 쁛듗 ꅟꖷꪇꠇ꺯 떨ꪇ꜏ ꠻닗댏
싯ꁷ�

딏ꅗ 떯ꂓꗯ 쌇鹇띓 ꡎ싫ꀧ 긿ꔟ딇 ꆯꁷ� 뜜 뚤鬀듫 馯ꦼ꾳듓 鮋ꜿ뀷덣 ꯗ쌇꺯 닱롐덣 麛꣇ 믫
둃믯 ꦼꨨ딇ꁷ� ꦫꂓꗯ 鮋ꜿ뀷듫 ꦼꨨ듓 麛꣇ ꈷ롐덣 믫둃믯 ꦼꨨ딇ꔏ꺯 騃듫 -1,,黗 ꅬ닛 ꈷ뗋
딛덛ꁷ� 鮋ꜿ驳딇ꇣꦼꨨ듓끯馗듗ꋃꔏ덡믫ꔐꈷ믫ꔐ싯ꁷ� ꣏ꗳꦼ떨끰듫鮏듫骈끰骏馛ꙻ닗
딇ꗳꅗ 딇ꖃ 骓驗딇驳 1.4돓

√
2ꅗ ꝛ릿馓띓딇ꁷ� 鮋ꜿ驳 ꈷ롐 ꦼꨨ딇 ꉰ껋싳 ꋟꀧ ꈷ롐덣꺯

덎듓 덿ꕿ Ⓘ떨ꪇꉷ듫 骓驗Ⓙ馓 떯ꂓꗯ 삟님ꆳ ꋟ딇ꁷ�
딇騖딇 ꝱꁷꠇ 둃ꜿꀧ ꂈ듗 닟닫ꁷ� 鮋ꕿꁛ鯟 ꂌ딸듫 쐻뒻껄듗 鼥딇ꀧ oeilhebuejcꦼꨨꗳ骏

싻鱫� 끯馗딇 騋ꖷꅗ 딇쌇덣 馓鯰ꅗꗰ 쌇 뚏ꀧ _kilhatebuejcꦼꨨꗳ듗 ꅬ끯덣 馯ꦯ싫驳 딈쎓댏
싯ꁷꀧ 騖듗 닟 꾫 딛ꁷ� 끷떯ꗯ 쌜싫鯃ꀧ 뀐띓 닝ꁷ� 鮋ꕿ鸫 꾫심듫 떨깔덣 딇꜋ 꾫심딣ꉷ듓
딇騖듗싫驳딛ꀧ騖먫ꖏꪇ딋ꁷ� 鮋ꜿ驳뚤심髣심깰ꉷ덣騟

√
2ꀧꂌ딸꩗ꅗ둓딇닛ꆳ띓꠻꜇ꀧ

ꂈ딇띓ꝟ딇ꖃ騖骏ꁷ꜋騖ꉷ긿딇듫骓驗꜏딈씛ꅗꗰꇣꨛ랋ꀸꖸ듗븷둃ꀧ뚤됧싯뎃끈딇ꁷ�

1*1 딋骈띓ꀸ듗 딇쌇싫ꖷꠇ

뫯鮏덣ꊸꀇꖇ麷쁋둟뷿$@aal Jaqn]h Japskng%꜏骈ꬓ싫ꀧ긿ꔟꉷ덣騟뚤됧싯꣋떯ꀧ딇麷쁋
둟뷿馓 ꣇뀻 딏듗 싯 騖딋띓꜏ 꺷ꠘ싫騟 싫ꖷꀧ 끯ꅗ딇ꁷ� 딇騖듗 Ejpanlnap]^ehepuꔏ驳 ꬓ꜋ꁷ�
鮋ꜿ驳 딇騖듓 뒗듫 骓떣덣꺯 ꪇꠇ 麷쁋둟뷿꜏ 딇쌇싫ꖷꀧ 騖딇ꁷ� 딇騖듓 덇ꌷ ꣋떯딋馓$
딋骈띓ꀸ딇 ꣇덚듗 깰馔싫ꀧ 騖딋띓꜏ 뎃髿싫ꀧ 騖듓 ꝷ둃 덇ꖷ둇 ꣋떯딇ꁷ� 둃꺳 딇 딋

骈띓ꀸ딇 싫ꀧ 깰馔듗 닟닗鹏 꾫 딛ꁷ驳 싫ꃧꔏꅗ 긿ꔟ듓 딇騖듗 딇쌇싳 ꀸꖸ딇 덙ꁷ� 닗ꝛ
똃鮛ꝟ 딇쌇싳 꾫 딛듗 騖딇驳 鮋 딇깔듓 ꬛馓ꀸ싫ꁷ� 鮋 딇뒳ꀧ ꁻ꾯싫ꁷ� 딋骈띓ꀸ딇 깰馔싫
驳 딛ꀧ 鹇됼듗 둃ꜿ덣騟 떗ꁿ싳 꾫 딛ꀧ ꦼꨨ딇 덙ꁷ� 鮋鹸 鮋 麷쁋둟뷿 꼠듫 꾾딣 $saecdpo%
ꉷ듗 닟ꖷ뚏ꠇ 둃ꜿꀧ 驃鬀 ꁷ끯 뽈驗심듗 긿됼싳 꾫ꦩ덣 덙ꁷ� 鮋ꜿ驳 딏ꬓ듫 떨ꪇꝟ 닟닗鹏
꾫 딛ꁷ� 딇떯 딋骈띓ꀸ딇 ꎤꎤ쌇뗋꺯 둃ꜿ 덋덇ꗯ ꠻ꉳ 깔쏼듗 꺷ꠘ쌇뚓ꁷ驳 싫딣� 鮋ꖃꄃ
딋骈띓ꀸ딇깰馔싫ꀧ騖듓ꝷ둃ꪈ딴쌇꺯鮋깔쏼듗꬗ꛫ싫ꀧꄃꝟ -,ꝟ馓띓ꗯ꬗ꛫ싫驳딛ꁷꠇ
딇 -,ꝟ馓띓꜏ 鸫빓鹇ꀧ -,ꝟ馯듫 ꁻ덇馓 싗됧싫ꁷ� 긿ꔟ듓 딇ꖚ騟 ꝡ듓 ꁻ덇꜏ 딇쌇싳 ꀸꖸ딇
덙ꁷ� ꣋떯ꝛꁷ -,ꝟ ꁻ덇늼 ꝟꉷ덇꺯 딇댏鯃싯ꁷꠇ 둃ꜿꀧ 딇쌇싫鯃꜏ 셿鯃쌇댏 싯ꁷ�-0 ꁷ꜋
ꯗ뒳꜏ꉷꠇꨳ딇뜛뽈驗꜏驗깃싫ꠇ꩓꾫듫쏨꛳꬗셿꜏ꂈ듏ꗯ덎騟ꆫ띓ꝟ뽈驗꜏닗뚏똃鮛ꝟ

-0딇騖듓 끷꾫꜏ 딫 딇쌇싫鯃 뒗쌇꺯 끷꾫듫 똘ꛫꝛꁷ 鮋 껄띛듗 鸫빓鹇ꀧ 馯黣듓 ꝟꉯꀧꄃ 鮋 똘ꛫ馓 -,,ꝟ馓띓ꗯ
鸫鿯ꁷꠇ 鮋 딇ꗳ듓 띓鮛듓 딇쌇싳 꾫 덙듓 騖骏 ꎤ 馬ꁷ� 끷떯ꗯ 끷꾫 馓둇ꄃ 뒳ꜿ꾫꜏ 떯됋싫ꠇ 鮏쏋돓 e� π� Γ(x)
돓 馬듓 ꠚ 馓띓 鯃쏋꜏ 똃싼싫덿 긿됼싫덿 鮌씛 딏ꬓ꜏ 鸫빓鹇ꀧꄃ 딇騖딇 -,,ꝟ馓띓 鯃쏋ꗯ ꦧ鶟덇ꅗ 덇릻싏 鮋騖듗
긿됼싫덿 鸫빓鹏 꾫 딛ꀧ 끷꾫ꀧ ia]oqna 0덣 ꬛骏싳 騖딇ꁷ� 둃ꜿꀧ 끷꾫꜏ 馯꩗ ꂓ깔듏ꗯ ꪇ驳 ꠻ꇣ 딇쌇싳 ꦼꨨ듓
덙ꀧ 騖딇ꁷ�
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딇쌇싫ꀧ ꪇ뀷덣騟 ꪇ驳싳 ꋟꀧ 딇 ꬗셿듫 鯃ꂓ馥딇鸫 뫯ꂓ긿쑗쏨꛳떣 $I=L%ꝟ ꪇ驳싫騟 ꆫꀧ
騖骏 ꝛ릿馓띓ꁷ�
딇떯 떗ꬓ 딇쌇싫ꀧ 騖딇 닛 ꆯꁷꠇ� 똃鮛ꝟ딇ꔏꅗ 딇쌇싫ꖷꠇ 덇ꍎ騟 싫ꀧ馓$ 딇 ꬓ꬗듓

뒗듫ꦼꨨ듗쏯됼쌇댏싯ꁷ� 뜜딋骈띓ꀸ딇馓띓驳딛ꀧ꣇꾫싯馯黣馓둇ꄃ꺯둃ꜿ馓뚤됧싫ꁷ驳
깰馔싫ꀧ 馯黣ꉷ듗 곤驳 $딇騖딇 ba]pqna oaha_pekj딇ꁷ% 딇 馯黣ꉷ 긿딇듫 骓驗꜏ 뫯ꂓ싯 ꝡ딇
닟닗鹇ꀧ 騖딇 둃ꜿ馓 닗ꀧ 뒳딏싯 ꦼꨨ딇ꁷ� 끷꾫 馓둇ꄃ꺯

√
2꜏ 딇쌇싫鯃 뒗쌇꺯 Q[

√
2]듫

驗깃ꨨ듗딈씛ꀧ騖骏馬ꁷ� 딇ꖚ騟
√
2�

√
2+3ꊄ듫骓驗꜏닟騟ꆫꀧ騖딇鮋먾騋듟딋騖딇ꁷ�

ꦼ떨끰덣꺯ꀧ 멇듫 쏨ꂓ돓 鮋듫 馛ꙻ닗 鬃骏 鮋 뎀싳 骓驗馓 ba]pqnaꔏꠇ 꺳쎨꩓쏫덣꺯ꀧ aecaj
r]hqa鸫 oejcqh]n r]hqa돓 鮋ꉷ듫 뎀싳딇 ꂓ쇯떔딋 ba]pqna딇ꁷ�

2 鸫뎷鯃

꾫심듫 뎀긿꜏ 骈ꬓ쌇 ꪇꠇ꺯 뎛깔 ꦩ듫 긿끷듗 닟騟 ꆯꁷ� 뚤鬀듫 깃꺯ꉷ듓 Ⓖ髿딸깃꾳Ⓗ듫 쁓듗
ꨪ덇鸫띓 ꡎ싫ꀧꄃ 딇ꀧ 驐떗듏ꗯ 딋떨ꆯ 鹇됼듓 ꦧ鵓 꾫 덙驳 鮋ꂓꗯ ꂈ끈쌇댏 싯ꁷꀧ 뚤鬀듫
떗뽈듗 ꡎ ꨪ덇鸫ꀧ 騖딇ꁷ� 鸫ꀧ 똃꺳ꅗ 뒳髣돓 긿ꂓ긿깔듗 ꦧ빨듏ꗯ 뚤鬀 驐떗덣 뎛꼠ꆏ 딛
덛ꁷ驳 깰馔쌇 돧띓ꝟ 똃꺳듫 꾫심맘듗 ꪇꠇ꺯 똃꺳듫 심딣ꉷ듓 ꠻ꇣ 딣뒳꬗ꦼ싯 꾫심 骈ꬓ꜏
쌛ꁷ驳ꀣ鸏騟ꆫ덛ꁷ� 骈ꬓ싯꠼쇯ꅗ딣끳딇뚤됧싫ꁷ驳깰馔싫ꀧ騖딇驳鸻듫깰馔덣쒫ꇫꜿ띓
닝닫듏ꠃ� 딇꜏ 鯃꾳싫ꀧ ꦼꨨꅗ 딣끳듫 龛딇 닟닗ꪇꀧ 鮋ꂓꗯ듫 ꦼꨨ듗 긿됼쌛ꁷ� 딇ꖃ 떣듓
똃꺳 긿쐟馓 뒳髣덣 덐ꝷ딋 긿쐟ꔏꀧ 꺳딘騿骏ꀧ ꝷ둃 ꁷ꜋ ꠇ꠻딇ꁷ� 딇ꖃ ꠇ듓 둃ꜿ馓 딐듓
뎀긿맘骏 둃ꜿ馓 ꪋ 긿鮌딇 떯ꂓꗯ ꡎ ꪇ덿뚏ꀧ 騖 馬딇 ꀣ鲇띗ꁷ�
鮋ꔫ꺯 똃꺳듓 말듫떔 긿驳ꗯ 馓ꉰ릿 鼓ꔏ둇 鸫ꔏ뎓驳 딇ꀧ 딗鮛ꬓ뻃 끯驻딇鸫 딿댏듫 심딣

鯟띓ꝰꔏ쌇꺯꠻ꇣ鮋ꕿ쌛ꁷ� ꂌ뎃씛鮋ꉷ듓鮋ꉷ딇먫싯깔쏼덣꺯뫯꺳듗ꁷ쌛듏ꠃ鮋驃骏馓
쌀깔 똞듓 騖듓 닗ꁛ덛띓ꝟ 鮋 驃骏꜏ 鯃ꗰ싫덿 鸻鯃ꀧ ꄃꀧ 騟듏꜇띓 닝닫ꁷ� 딣끳듫 깛ꗯ둇
깰馔듗 鯃ꗰ싫驳� 馓꜇믫驳 ꧃둃鯃 똞騟 떨ꜿ싫驳� 鸻듫 맘덣꺯 뚤됧싯 騖듗 곤驳 ꠻닗꺯 떨ꜿ
싫ꀧ ꊄ 덿ꕿ 馓띓 鯃ꗰ듗 ꝟꉳ 騖듗 ꪏ 꾫 딛ꁷ� 딇騖듓 둃ꜿ 꺳똃馓 딫쌛ꃫ 騖딇驳� 띓鮛 馓딸
싗됧싯ꄃꅗ 둃ꜿꀧ 딖덇ꨗꜿ驳 싫띓 ꡎ싫ꀧ 騖딇ꁷ� 鮋ꜿ驳 딇ꖃ 뒳깃듓 둃ꜿ馓 鳀 딇덇鸫馓댏
싳 ꀸꖸ딇ꁷ�-1

-1싗딣ꅗ鯃ꗰ듗鸻鯃ꀧ騖덣ꂓ쌇꺯딣뚏깰馔싫驳鼋ꖸ쌇ꪇ띓ꝟ떨ꝣ뀐띓닝ꁷ� 鯃ꗰ싫ꀧꦼꨨ듓鯓쏠똘髣꾫덣騟
ꬓ빔쌇꺯 馨듫꜏ ꉷ덇ꪇ驳 낉듓 騖 뚤 싫鸫딇ꁷ�
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