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- Title: Introduction to Riemann surfaces I, II
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- Title: Basics on Teichmuller spaces of Riemann surfaces

- Abstract: The Teichmiller space of a topological surface S can be viewed as the
universal cover of Riemann's classical moduli space which parametrizes all possible
Riemann surface structures on S. I will introduce several definitions of the
Teichmuller space. I will present how the Poincaré-Koebe Uniformization theorem
lets us go back and forth between the complex-structure definition and the
hyperbolic-metric definition. A smooth manifold structure on the Teichmiller space
will be discussed.

* 25%(¥)

- Title: Teichmiller spaces as cluster varieties

- Abstract: 1T will review some versions of Teichmdiller spaces of a non-compact
surface S, and two special coordinate systems of them. Each of these coordinate
systems require an additional choice of data, called the ideal triangulation of S. We
will investigate the coordinate change formulas associated to changes of ideal
triangulations. This will let us view the Teichmdiller spaces as positive real points of
certain cluster varieties.
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Z|H = (University of Toronto)

- Title: Geometric inequalities and inverse mean curvature flow

- Abstract: The inverse mean curvature flow, or the curvature flow in general, has
effective in  showing geometric inequalities such as isoperimetric inequality,
Alexandrov-Fenchel inequality, and Penrose inequality.

In the first part, we introduce basic notions and review such results with brief
sketches. Then we discuss the existence and asymptotic behavior of convex
non-compact inverse mean curvature flow, which is based on joint works with P.
Daskalopoulos and P.-K. Hung.
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- Title: Convergence of Riemannian manifolds with curvature bounded below

- Abstract: What does it mean that two Riemannian manifolds are “close”? In other
words, what is a suitable topology to equip a class of Riemannian manifolds with?
Does the closure under that topology include spaces that are no longer Riemannian
manifolds, but have singularities? These fundamental questions appear in various
circumstances in geometric analysis. In the first talk, I will survey some of the
convergence results for classes of manifolds with bound(s) on Ricci curvature or
scalar curvature, including Gromov compactness theorem, some aspects of
Cheeger-Colding theory, and Sormani-Wenger compactness theorem. In the second
talk, I will discuss firstly a method of identifying scales on certain noncompact Ricci
flat manifolds, and secondly, a compactness theorem for rotationally symmetric
manifolds with positive scalar curvature. The second work is joint with Wenchuan
Tian and Changliang Wang.
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- Title: Kahler-Einstein metrics, Kahler-Ricci flows, and their deformations

- Abstract: In the first talk, we will briefly review basics of Kahler Geometry and
discuss some recent developments with focus on Kahler-Einstein metrics and Kahler
Ricci flows.

In the second talk, we will study variations of these metrics along deformations of
complex structures. In particular, T will introduce my recent work with Young-Jun

Choi on fiberwise Kahler-Ricci flows on families of stronglypseudoconvex domains.
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- Title: Gauss curvature flow with an obstacle

- Abstract: Gauss curvature flow describes the shape of a tumbling stone on a
beach which is worn down by collision. Interestingly, it was observed by Hamilton
that the Gauss curvature flow preserves its flat sides for some time. Since the flow
with flat sides can be formulated as a free boundary problem with zero lower
obstacles, it is a natural question that how a flow with upper obstacles evolves.

In this talk, we address the (upper) obstacle problem for the Gauss curvature flow
that models a tumbling stone with a hard core which makes the erosion stop. In
particular, we focus on the shape of solutions near the obstacle and describe the
limit behavior. This is a joint work with K.-A. Lee.
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- Title: Existence and uniqueness results on capillary minimal surfaces via
Weierstrass representation formula

- Abstract: There are various results on the existence and uniqueness of capillary
minimal surfaces. Capillary minimal surface in a domain is a minimal surface
which meets in a constant contact angle along . If the contact angle is a right
angle then such a surface is called a free boundary minimal surface. A famous
Fraser-Li conjecture asks if the critical catenoid would be the only embedded free
boundary minimal annulus in a unit ball in . In this talk, I will describe some of the
recent results on the existence and uniqueness of capillary minimal surfaces mostly
exploiting a well known Weierstrass representation formula. First part of the talk will
include some results on the existence/nonexistence of a capillary minimal surface
outside the unit ball in . Second part of the talk will include some results and
observations regarding Fraser-Li conjecture based on a joint work with Jaehoon Lee.
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- Title: MINIMAL SURFACES LIKE THE LAGRANGIAN CATENOID

- Abstract: The Lagrangian catenoid in is one of the minimal Lagrangian surfaces
constructed by Harvey and Lawson. It is asymptotic to two -planes and has total
curvature . Since there is no minimal surface with two embedded planar ends , its
asymptotic behavior is only possible in high codimension. So it is natural to ask in
high codimension whether there is any other minimal surface with two complete
ends of the same type. In this talk, we discuss embedded planar ends in arbitrary
codimension. Then we prove some results on the non-existence of minimal surface
with two embedded planar ends and a positive genus.
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(1) B. Eynard. Lectures on compact Riemann surfaces. Doctoral. Paris-
Saclay, France. 2018. cel-02013559
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(2) Riemann surfaces, dr C. Teleman (Lent Term 2003)
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(3) A minicourse on moduli of curves, Eduard Looijenga (Lectures given
at the School on algberaic Geometry, Trieste, 1999)
Riemann surface®] moduli count 3g — 35 thoFst W oA A ct.

(4) David D. Ben-Zvi, Moduli spaces
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(5) Cohomological obstructions for Mittag—Leffler Problems, Mateus Schmidst,
arXiv:2010.11812v1 [math.CV] 22 Oct 2020
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There are three doors to access to the object called a Riemann surface:
differential geometry, algebraic geometry, and complex analysis. Historically
the concept of Riemann surface emerged as a geometric object to understand
and solve the problems in these areas. An access from algebraic geometry has
computational advantages, but it may hide the geometric intuitions behind
the computations. An access from differential geometry is quite a natural

approach, and I hope we can have a lecture series in this prospect in the



next years. In this lecture, I'll adopt complex analysis as the main tool for

explanation, because it captures the point with a small amount of machinery.

A Riemann surface is a smooth surface whose transition maps {¥y_v}
are biholomorphic. In other words, it is a surface equipped with a complex
structure. In this talk, we will consider the compact Riemann surfaces only.

Every Riemann surface is orientable, because the complex structure pro-
vides the orientation in each chart: v — y/—1v. Hence the only topological

invariant is the genus g (or the Euler characteristic y = 2 — 2g).

As T understand, the original definition of Riemann surfaces was given in
terms of conformality. A C'-map f : R? — R? is conformal (angle-preserving)
and preserves the orientation if and only if it satisfies the Cauchy-Riemann
equations. In this sense, a Riemann surface is an orientable surface equipped

with a notion of angles. (The metric (v,v) = 4/||v|| is not preserved, but we

can measure the angle on a Riemann surface). This gives hint to

U, v
[l []ol]
the fact that complex tori C/A may have different structures of Riemann
surfaces as the lattices are deformed.

Find pictures from David Xianfeng Gu’s gallery:

https://www3.cs.stonybrook.edu/ gu/gallery/RiemannSurface/index.html

The Riemann sphere S? is the Riemann surface of genus 0. It is the
sphere X2+Y?2+4 72 = 1 equipped with two charts given by the stereographic
projections ¢ (from the north pole) and ¢o (from the south pole):

X +iY X —iY

(XY, Z) =S and 9(X.Y.Z) = S

Note that the transition map ¥_,5 = ¢ 0 cbfl = 1/z is biholomorphic:

T X+ X2qy?2 T 1-z

X+iv\' 1+Z  (1+2)(X—iY) X —iY
14+Z

There is no (nonconstant) holomorphic function on the whole Riemann

sphere, due to the Liouville’s theorem. Hence we should consider the mero-

morphic functions instead. Riemann sphere can be regarded as a mathe-



matical object/construct on which we can run the complex analysis (on C),
observing the behaviour near co.

Every meromorphic function f on the Riemann sphere is a rational func-
P(z)
Q(z)

polynomial, the function f(z)- Hle(z —z;)™i is an entire holomorphic func-

tion : After killing the poles of f inside C by multiplying a suitable

tion which may have a zero/pole at co. It must be a rational function.

Atorus T, =C/(Z+71Z), T e H={z € C : Im(z) > 0}, has a structure
of Riemann surface of genus 1. The transition maps between two charts
are given by the translations, which are obviously biholomorphic. Again,
there is no (nonconstant) holomorphic function on the Riemann surface
T, because every doubly periodic holomorphic function is constant. Hence
we should consider the doubly periodic meromorphic functions on C. They
are the meromorphic functions ¢ on C* such that ¢(qw) = ¢(w), where
q = exp(2mi7). Indeed, C/Z = C* and a doubly periodic function on C can
be regarded as a function ¢ : C*/{q) — C. For example, the function

1 1 1
(CEESIP VN (="t
w € ZATL
is a meromorphic function on T (called the Weierstrass P-function), which
has a double pole at z = 0.

Notably, there is a moduli of Riemann surfaces of genus 1, produced
by the lattice point 7. For example, the Riemann surfaces {Tj, = C/(Z +
ibZ) : 1 < b} are not biholomorphic to each other. There is a 1-(complex)-
parameter family of complex analyses over a torus. (In contrast, there is a
unique complex analysis on S2.)

Right after Riemann defined the objects corresponding to “Riemann
surfaces”, he computed the moduli(= number of parameters) of Riemann
surfaces. For higher genus g > 1, “Riemann’s count” says there are 3g — 3
moduli of Riemann surfaces of genus g. We will see this number later in

the lecture on Teichmiiller space. This numbers are given as the first Cech



cohomology group of the holomorphic tangent bundle:

0, g=20
H'(S,05) = {1, g=1
3g—3, g>1

A concrete way to get Riemann surfaces is provided by the algebraic

equations. For a polynomial function P(z,y) € C[z,y], put
2 ={(z,y) : P(z,y) =0} C C~
This is a “branched covering” of C given by the projection (z,y) — x. On

opP
each neighborhood of (zg,y0) € ¥ such that a—(xo,yo) # 0, we can use x

as the coordinate of the “complex algebraic curve”. Let
oP
Esing = {(.T,y) : P(ajvy) =0 and Fy(ajay) = 0}
The z-coordinates of ¥;,4 are precisely the solutions to the equation
. oP
0 = Discriminant(P(z,-)) = Resultant | P(x,-), 8—(:13,) ,
Y

which is a finite set of isolated points. We can compactify ¥ by adding the
points at infinity: Embed ¥ into CP? and take the closure( “projectivization”).
The resulting object ¥ is a complex manifold outside a finite number of sin-
gularities at the points Xy, and possibly at the points of infinity (X \ ¥).
We need to “resolve” the singularities of ¥, which can be cooked according

to an algebraic recipe. Here are samples:

Sample 1 ¥: 22 +¢y?>=1 c C2%
The projectivization X is given by X2 +Y? = Z2 in CP? and the points
at infinity are:
Y\X = {(i:1:0), (-i:1:0)}.
It can be checked that these two points are smooth points of ¥ and the
surface ¥ is biholomorphic to the Riemann sphere by the Pythagorean triple

formula @ : C —» X:
2z 1—22
P(2)=——x, ——= .
() <1—|-227 1—|—z2>

4



This should be understood as the map ® : C — ¥ for z # +i and

O(+i) = (22:1—22: 14 2% = (4i:1:0).
z=x=i
(The inverse map is given by @~ 1(X : Y : Z) = X )
Y+Z

Sample 2 ¥: y=2% c C%
The projectivization X is given by Y Z2? = X3 in CP? with one point at
infinity:
Y\Y = {c0:=(0:1:0)}.

Near oo, the surface looks like a cusp C : 22 = 3. To resolve this singularity,

embed this piece C' into C? and “blow up” by adding the “slope” variable:
BlooC = {(z,z,w) € C> : 22 =23 2w = 2}.

This is union of two (complex) curves: BlooC = C; U Cy, where C is
projected down to C' and Cy is the w-axis. Since Cp is parameterized by
(x = t2, z = 3, w = t), Since the smooth curve (] is isomorphic to C
outside (x,z) = (0,0,0), we say that C; is a desingularization of C. (The
projection map C7; — C' is bijective, but it is not “biholomorphic” because
C' is not smooth at the origin.) The point (0,0) € C is called a cusp.

Now the resolution of singularity Y of ¥ is obtained by replacing the
piece C C X by Cj. It is again biholomorphic to the Riemann sphere via
2z (2,23).

More generally, starting from any graph curve ¥ : y = Q(z), we can
resolve ¥ C CP? to get a Riemann surface 3. which is biholomorphic to the

Riemann sphere.

Sample 3 To get a Riemann surface of genus g > 1 from algebraic equa-
tion, we need to start from a polynomial P(z,y) of degree > 3. Let X be
the plane curve associated to P(z,y) = y? — 23 + .

Note that Yging = {(0,0)}, but at this point %—I;(O, 0) = (1,0). So we can

use y as the local coordinate near (0,0). The compactified curve is given by
Y2Z — X3 + XZ3 = 0 and this has one point at infinity: co = (0 : 1 : 0).



Near oo, this curve looks like z — 2% + 223 = 0, which is smooth at (0,0).
Therefore, Y =Y in this case.

What is the genus of 37 Let us briefly introduce the classical construc-
tion of ¥ from the multi-valued function f(z) = v — . First, the pro-
jection map (z,y) — y is well-defined on X. In other words, the function
f(z) = Va3 — 2 is well-defined and it extends to a meromorphic function
on 3, or a holomorphic map ¥ — CP!. Recall that this is not single-valued
over C (or CP'). To explain more details of this phenomenon, observe that
the projection map 7(z,y) = = makes X a double (branched) covering of
CP!, with four branch points 1,0, and co. -+« - - -

Sample 4 Now we start from the polynomial: P(x,y) = y + 23 + 22y.
Note that the curve ¥ = {P(z,y) = 0} is smooth. But its projectivization is
given by Y Z2? + X3+ X?2Y = 0, which has a point at infinity co = (0:1: 0).
Near the point (z,2) = (0,0), this looks like C' : 22 + 23 + 2% = 0. It is

singular at (0,0), so we blow it up to get:
BlooC = {(z,z,w) € C3 : 22 + 23 422, 2w = 2}.

Let C) = BlooC' \ w-axis. Then along the curve Cp, we have

3.2
lim w? = lim a:72x = —1.
(z,2)—(0,0) (z,2)—(0,0) x

Hence in the limit (z,z) — (0,0), we have w — +i. We see that in this
case the projection 7 : C; — C' is bijective outside w-axis, and 771(0,0) =
(0,0, +4). This is a resolution of a nodal singularity.

A polynomial P(z,y) = 3? — H?Zl(x — x;) for distinct z;’s yields a

Riemann surface of genus g = — | These Riemann surfaces are called
the hyperelliptic curves, named after the elliptic curves which correspond to
the g = 1 case (d = 3,4). Similarly, we can associate a Riemann surface to
arbitrary polynomial P(z,y). In fact, the converse is also true:

Every compact Riemann sur face can be algebraically immersed into CP?,

with at most simple nodal points.



In this sense, the compact Riemann surface (in differential geometry or com-

plex analysis) is the same as the algebraic curve (in algebraic geometry).



As we have seen, the function theory on a Riemann surface S and the
geometry of S are closely related. First let’s establish a general fact which

we already observed for g = 0 and 1.
Theorem 1 There is no nonconstant (global) holomorphic function on S.

Proof. Let f be a holomorphic function. Since S is compact, | f(z)| has max-
imum at some point, say p € S. If we choose a chart U > p, the holomorphic
function fyy : U — C cannot attain the maximum absolute value inside U,
unless it is constant (maximum principle). Therefore, fyy is constant and

eventually f is constant by the identity theorem. O

Hence the space O(S) of holomorphic functions on S is nothing but C.
(There is no function theory on O(S).) And we should consider the following
objects:

e M(S): meromorphic functions on S
e 0'(9): holomorphic forms on S
e M!(S): meromorphic forms on S

A meromorphic function f € M(S) is nothing but a holomorphic map
S — CP'. It is not at all obvious if there is any nonconstant meromorphic
function on every Riemann surface.! In fact, there are plenty of them, but
they are subject to a strong constraints as we will see.

A holomorphic(meromorphic) form on S is a collection of 1-forms { fy(2)dz}
for some holomorphic(meromorphic) functions fy on each chart U C S such
that for each intersection U NV

fu(z)dz = fv(w)dw (w = ¢yv(2)).

Equivalently, a form on S is the collection of local functions {fy/} satisfying

fu(z) = (fv o duv(2)) - Py (2).

1This is okay if we admit the fact that every Riemnan surface can be algebraically

defined, because the curve P(z,y) = 0 has a projection map (z,y) — z.



More generally, we consider the kth order holomorphic(meromorphic) forms
in O%(S) (orinM¥(S)) given by a collection of {fy(2)dz*} satisfying

fo = (fv o duv) - dpv(2)k.

For example, the function f(z) = z on the Riemann sphere is a mero-
morphic function with a simple pole at oo, and the form w(z) = dz is a

meromorphic form which has a double pole at co: for 2/ = 1/z,

wz)=dz=4d(1/7) = (;;dz’.

This shows that there is no holomorphic form on CP!: a form f(z)dz in one

chart is transformed to —ﬁ f (%)dz’ in another chart.

The order of a function f = {fy} (or a form w = {fydz}) at p € S is
the order of fiy for a chart U > p. It is written as ord, f (or ord,w). the order
at p is zero if and only if fyy has neither a zero or a pole at p. Given a form

w € M(S), the residue of w at p is Res,w = c_1, where

—d
w= fu(z)dz, fu(z)= Z cjzj + analytic.
j=-1

In fact, Res, f of a meromorphic function f(z) on C is equal to Respw of the

form w = f(z)dz on the Riemann sphere. Cauchy’s theorem says that

1
Respw = —/ w,
271 Cp

where C), is a small anti-clockwise contour around p.

Exercise The order ord,f and the residue Res,w are independent of the
choice of the chart and coordinates. On the other hand, the coefficients c;

for j < —2 do depend on the choice.

Theorem 2 For w € M(S), the total residue is zero:

Z Resp(w) = 0.

9



Proof. The surface S can be polygonalized: there is a graph on S whose
faces are polygons entirely contained in a chart such that each pole of w lie
inside some polygon. The sum of residues is the sum of the integral along

each polygons, which cancels out each other. O

Corollary 3 There is no w € MY(S) with only one simple pole.

Given a nonzero f € M(S), the divisor of f is defined by

(£) =D _(ordyf)p.
peS
This is a formal Z-linear combination of points of S. Similarly, given a

nonzero w € M(S), the divisor of w is

(w) = Z(ordpw)p.
peS
Each nonzero meromorphic function/form has only finitely many poles and
zeros. (Why?)

Corollary 4 For g > 1, there is no f € M(S) with only one simple pole.

Proof. We use the fact that there is a nonzero holomorphic form w € O'(9)
for g > 1.2 If ord,(w) = k, then f¥*lw is a meromorphic form which has

only one simple pole (at p), which is a contradiction. O

The Riemann—Roch formula is the key tool to study the Riemann sur-

faces. We state a weaker version below.

Theorem 5 (Riemann’s inequality, a weaker version of Riemann—Roch)

Let S be a Riemann surface of genus g and x1,...,xq € S. For any posi-
tive integers mq, . .., mq, the space L(Z;-i:1 m;x;) of meromorphic functions,
which have a pole at x; with order < m; and holomorphic elsewhere, is a

C-vector space of dimension > (Zle mi)+1—g.

2This is a highly nontrivial fact. It is a key step to show that every Riemann surface is

an algebraic curve.

10



For example, there is a nonconstant meromorphic function if we allow

poles with Z?zl m; > ¢g. Riemann—Roch’s formula is:
H°(S,0(D)) = H'(S,0(D)) =d + 1 — g,
where D = Zle m;x; and H°(S,O(D)) = L(Zf:1 mMyT;).

Theorem 6 Let f be a nonzero meromorphic function. Then the number

of poles (counted with multiplicities) equals the number of zeros.

Proof. Let w = d(log f) = % If p is a zero (resp. a pole) of f of order k,
then Respw = k (resp. —k). The result follows from Theorem 2. O

I want to emphasize that unlike the objects in differential geometry, the
existence of certain function/form on S is a big issue. If you find some object

on S, then it will give you some clue to the symmetry (or a property) of S.

Theorem 7 Any two meromorphic functions f,g € M(S) are algebraically
related, that is, there exists a bivariate polynomial P such that P(f,g) = 0.

Does this look plausible to you? (For example, how do you see that any two
polynomials f(z) and g(z) are algebraically related??) As you see below, this
can be shown by using the fact that every meromorphic function on CP' is

rational.

Proof. Let d := Z ord,f. Then f can be thought as a d : 1 branched
p : poles
covering S — CP'. (This is another nice viewpoint for Riemann surfaces.)

For a small open set U C S with local chart =, Let z1, ..., z4 be the local
charts of f~1(U) such that f~!(x) = {21,...,2q4}. Let

o(z,y) = (y—9(21))(y —9(22)) - (y — g(2a))-

3This can be shown by linear algebra. Suppose deg f = m and deg g = n. For large N,

the vector space generated by fFg%’s for k < % and ¢ < % has dimension < %. On
the other hand, this space is contained in (l,z,z2, .. .,zN) which has dimension N + 1.
NZ

7 4mn

As N gets large enough > N + 1 and so there should be some polynomial relation

between f and g.

11



This is a polynomial in y, whose coefficients s;(z),1 < i < d, are meromor-
phic functions : U — CP'. These function can be extended to the whole
CP!, including the branch points. Therefore s; € M(CP!) and they are ra-
tional functions in z. This confirms that ¢(x,y) is a rational function in z
and y and ¢(f(z2),g9(2)) =0 on S. O

As an example, recall the Weierstrass P-function on T5:

w € LZ+TZ

Its derivative is given by

Plle)=-2 Y (z2—w)™

w € Z+TL

Then (P'(2))? = 4P(2)3—g2P(2)—gs for some go, g3 € C which are computed
from the lattice Z @ Zr. This gives the “algebraic equation” of T, given by

E={(z,y) € C* : y* = 42° — gow — g3}.
More details: Define
®:T, - E=FU{cc} CCP?

by ®(2) = (P(z) : P'(z) : 1). It can be checked that this is an embedding
of T, into CP? whose image is an algebraic curve (zero set of a plane cubic
curve). The coefficients go and g3 (more precisely, the j-invariant = g3 —27¢3)

provide the moduli of Riemann surfaces of genus 1 (= elliptic curves).
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6.1

11 githal 5hzL, o]u] Diophantus® ¥l QU %0] o] WA Al o] o w3t By A

ojufe] et o] FAl= o8 £k I 41 .
Fofl A gk uto} Zo] f7} 22441 uf o] BJMQJ ol (20,40) E & ST
o] £ Agsto] YErd 4

»4>

)& AT 1871 ¢ 410] o] B0 LA The B
oA gk, o120 D Diophantus7} 2 AH&-3 elct. £ 7} 33H40|L} 42441
o

o] Diophantus 7} A/ 8t HHEL o]

siE 7“°HHL H o]l o] W2 Fermat O] 1231 ol

Poincaré+= 01%71] 7} ol A= 73—?‘7]' /\ﬂ A2 U= ol WA fz,y) =
02 BEAT)E Bas oz o]2elal 24 X(C)©] 4 58] 1 249 genus(E
g ol mhet FepithE APdS dotdiglet g = 091 B-foll= ol 24 919 FE 5
Aol U3 X(Q) &= A= AHYIA PHQ)7F At ™ g =1°]H X(Q) &=
TAGOIAY ofH A ZHeto] Hef AA = o] 7o A HPAS A

2t UERE 4= Qlth= A2 Weierstrass7F H LAl o] 919] #+9] 2= Al 4 P,
Q, Ro] ?t A4 9ol sole= Fel FelH P+ Q + R = 0°]1, P = (z,y) ¥
o —P = (x,—y) 2t2l FAES A o5t Hrh= Diophantus ©] 2= & F5o} 4ot
tH g > 20| Faltings 7} Mordell @] o4& sl A3l 014 X(Q) 7F - FLS
A U
wrebA] 7H TAlo] 7he Fi2 g = 191 BREA 9] A ¢-o]
& el o] %] Poincaré7} 55353 Mordell®] 87t A
Hol At E(Q) &= w3719 ¥ag A== 7hghatolzte Zlolal o]
EQ~Z"aF
2t yebd & Qlek, 7|4 & Fe oA 4a? —ax — b 2] Frsli7t o7l 17 e
AN17rel whet 242} 72/ (2n—1)Z, Z./2nZ OV AL Z)27.x 7./ 2nZ7} Bth= Zo] 4 A
ot IE]1 7| A n e ZHzhe] A9o] < 5, < 6 B < 47} k= Mazur(1977) 2
Aol ol Alolth, T r = 147} &= 7 Ath= A2 Mestre(1983, 1984)
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6.2.1
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Toschi di Fagnano, 1682-1766) & Zo]t}, THFlei= 1714 9] lemniscate 2] &9 Zo]&
AL5HA T lemniscate= SRR p? = cos20 2 Ao H I F o] FIE o]Fo%]
oA Befe] fAdoltt. o] o] Zo] 7%3&_—3

m (6.1)
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ol BFAAE o] o] 2] 7}2] AL 41 9T Al A tste] 1750 Aoll= eFd A o]
47t 4TS Fohgiet. Tk ALES WS Tkt ALg g ws gl

ob et cha Tt 28wl Aolch:
de dy
VI—zt /1y




6.2 Ef

Fol WrEb AL At

25

& A

Al
~

NP EREE

ki

e 2 4§

oful g gotr 7] fIsto] WA ARl tE HAL u = sins

=
1—

o] 717

o]

du

V1—wu?

S = arcsinu

-/

A7 w = uyv/1 — v2 + vy/1 — u? O]t}

£ oot 7] gfste] e

7}

FH, u = sinz, v = siny ©|t}. ©]A|

©

1o

y 2t

w = sinz = sin(x + y)

dr

V1—rd

uyv1—v2+ovyv1—u?
dr
I

sin x cosy + cos z siny

(6.2)

:/“’

=)

V31—t
uv1l—vt+ oVl —ut

(6.3)

w =

1+ u?0?

Hol vzt

tel 4241 (52
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dv
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6.2.2

2ac2(1]

E2ZFC 2 (Adrien-Marie Legendre, 1752-1833)+= I}2] o] E-{-3F 7} of 4] Efjoit &5
Wk, 2 megs 6 (1793 well 0] AR B glglont ek AEstgln 1
pelo] xR & S it g,

27} BAARE TR B AL e Qe vhshA R |sheka BAjoA R
o}, 1788dof TS 10 AWA AE “El 9] 59 o] HE gt
Zarlebar =lo] 9ink, o] =RoA AL o JdutH o

P ) o
/ PAr (b ge@soln, R a2hg4el AZD)
Zo| 4Rg ekl ohwl A
Q dt
VI-B) - )
=2 8 5 lve Ae BT I+ 9714 ¢ = sing 2hal 2|¥hsto] A2 55

Qd¢
V1= csin® ¢
= HHEle ™ o714 ¢ & o] A9 1 E39tS (amplitude), ¢ & ©] A9 B
4 (B #modulus) 211 B3t} 1% o] ]z Egt0] B o
V1—c?sin® ¢ 2l BH o0 o] §-& uhetA] EfUd A RS
At Al HrobEo] 2 Al 0411177}115 A= I it T1o W=

/ = /\/(1—22)(1 222)

2 BA/VsT AL A1F ARl £RAT,

— ’” 1— 222
/ Adp = 0 1_—Z2dz
2 BEEE A2 Al2E, 192
@ do = @ dz
o (I+nZsin?g)A / (1 —a222) /(1= 2%)(1 - 222
B2 BREE AR A3F et Role B3tk o714 a, n 5] AGE Bas

o dy

IMémoire sur les intégration par d’arc d’ellipse. (1788)
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w— / g (6.4)
ol 7bg
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6.3.1
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9Poincaré, Henri, Sur les propriétés arithmétiques des courbes algébriques, J. Math. pures et appl., Série 5,

t. 7 (1901), pp. 161-233.

1%Mordell, L. J., On the rational solutions of the indeterminate equations of the third and fourth degree,
Proc. Cambridge Phil. Soc., Vol. 21 (1922) pp. 179-192.
Weil, André, Sur un théoréme de Mordell, Bull. Sc. Math., Série 2, t. 54 (1930), pp. 179-192.
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aPs+b=—P4
= wEA 7, o7} ulEAA] (b.8) TEAZ| B2 P9t P& o] WAL uhEA] 7]
53, wetd @ = Py, Py, P32 4]
42 — gox — g3 — (ax + b)* =0 6.9)
o] §jj7F "t 7] A P, P, P37]' M2 ohe 71e zZtp = wi. u Q%Q_O_Eﬂ g 4]
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P+ P+ P = %7
ab
PiPy+ PPy + PPy = =3 = 2,
b? gs
PiPyPy=— + 28
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N
flo
1

references (-5-55}7] =):

Farb-Margalit, A primer on mapping class groups
Hubbard, Teichmaller theory

<

&3 (to understand) :
Riemann (1857) said :  “a curve of genus g > 2 depends on 3g — 3 moduli”

(curve= Riemann surfaced 2]0].  moduli+= (complex) parameter)

Let S = topological 2-manifold

Today : S compact of genus g, oriented.

We fix any smooth structure on S.

Def. A holomorphic structure (or complex-analytic structure or complex structure)
on S is a maximal holomorphic atlas 3 on S.

(& 2 = {(U;, ;) Yier, where {U;};cr is an open cover of S, ¢; : U; — ¢;(U;) C C diffeomor-
phism to an open subset of C, and each transition map ¢; o cp;l is (bi)holomorphic)
— (S,3) is called a Riemann surface of topological type S.

Def. Riemann’s classical moduli space
M(S) := {holomorphic structures ¥ on S}/Diff*(9)

where the quotient means quotient by the action of pullback by orientation-preserving diffeo-
morphisms S — S.

(cf. {Riemann surfaces of topological type S}/isomorphism)

(cf. My)

want :
e parametrize all points of M(S) by parameters?

e structures on M (S)? topologize? manifold?



9 a}?

o ATE (SHy 2o
e to quantize (SPHATF THE = ¢lal, Robe2 F7H9]9] 3H4)S thfoF "t
ARE, M(S)E FH35}2H, better idea to study:

Def. Teichmiiller space
T (S) = {holomorphic structures ¥ on S}/Diff (S)o

where the quotient is quotient by the action of pullback by diffeomorphisms S — S isotopic
to identity.

Note: people write T (S) = {holomorphic structures ¥ on S} /isotopy

We will see partially:

Thm (Fenchel-Nielsen ~ 1948) If g > 2, T(S) is homeomorphic to R%9~6.
(we will see how the number 6g — 6 comes up)

We will not see:

Thm. 3(Weil-Petersson) Kdhler metric on T(S).

Relationship with M(S)?

Def. Mapping class group
MCG(S) := Diff ™ (S)/Diff (S)o

(discrete group of components of Diff " (5))

Note: MCG(S) acts ‘nicely’ on T(5), and 7 (S)/MCG(S) is homeomorphic to M(S)
(so T(S) is a universal cover of M(S))

Let’s study 7(S). People say

T(S) &) {hyperbolic metrics on S} /isotopy

(where a hyperbolic metric is a Riemannian metric with constant sectional curvature —1) holds

due to the ‘Uniformization Theorem’.

Thm (the Uniformization Theorem; Koebe, Poincaré, 1907) A simply-connected Riemann

surface is isomorphic (i.e. biholomorphic) to exactly one of C, P*, H?2.

Here P! is the Riemann sphere (can be viewed as C U {oo}, and is homeomorphic to S?), and

H? = {2z € C|Im(z) > 0} is the upper half-plane. Note H? is naturally a Riemann surface,



whose holomorphic structure naturally inherits from that of C because H? is an open subset
of C. Note that both C and H? can be viewed as open submanifolds of P!.

Let’s use the Uniformization Theorem.

Start from a Riemann surface (S, X) of topological type S (i.e. [X] € T(9)).

Let p: S — S be a universal covering.

Claim. 3! holomorphic structure S on S s.t. p: (5,%) — (S, %) is a local biholomorphism.

Then (§,§]) is a simply-connected Riemann surface, so by the Uniformization Theorem,

disomorphism
P:(5,8) =X

of Riemann surfaces, where
X e {C,P', H?}.

How do we get the original (S, X) back? Quotient by the deck transformation group
Aut(p) := {h: § — S homeomorphism s.t. p = ph}

(i.e. self-homeomorphisms h of S that preserve the covering p, i.e. h making the diagram

~ h ~

S——8§

N

S

to commute)

Facts from |44

(1) Aut(p) = m ()

(2) Aut(p) acts properly discontinuously (and freely) on S
(3) §/Aut(p) is homeomorphic to §

Note : Consider the automorphism group of the Riemann surface (§ , f))
Aut(S, %) = {h: § — S homeomorphisms preserving ¥}

(you may replace ‘homeomorphisms’ by ‘diffeomorphisms’). Then the subgroups Aut(p) and
Aut(S, ) of Homeo(S) satisfy
Aut(p) < Aut(S,X)

(by construction of X)



Note : From the isomorphism ® : (g, i) — X of Riemann surfaces, we get the isomorphism
Adg : Aut(S,3) = Aut(X), hr— ®ohod !

of the isomorphism groups.

(consider the diagram

)

summary (for a fixed x € )

9

T (S, x) = Aut(p) < Aut(S, 5) 258 Aus(x)

Thm.

(1) The resulting homomorphism
p=ps:m(S,z) = Aut(X),
called the monodromy representation (or holonomy representation) of ¥, is well-
defined up to conjugation by an element of Aut(X).
(2) ps = psr & X, % represent a same point of T(X).
(3) p is faithful (i.e. injective) and (the image is) discrete.
Question: Aut(X )= o]@A AAAHL?

Thm.
(1) Aut(P') = PSL(2,C) = SL(2,C)/{£Id}, for each o = (2%) € SL(2,C) (i.e. a,b,c,d € C,

ad — be = 1), the associated automorphism f, € Aut(P!) of P! = CU {0} is f,(2) = ?jig)

(2) Aut(C) = {(a?%) € SL(2,C)|a # 0} (so f:C — C given by f(z) =az+b)
(3) Aut(H?) = PSL(2,R)
Thm. Suppose that a Riemann surface Y is not isomorphic to P1, C, C\ {a}, or a Riemann

surface of genus 1 (i.e. homeomorphic to the torus S x S'). Then Y has H? as its universal

covering Riemann surface.

Thm. For g > 2,
T(S) — Hom¥ (r(S), PSL(2,R)) /PSL(2, R)



sending [X] to [px] is a bijection.

Here, the right-hand-side is the set of all group homomorphisms p : 71(S) — PSL(2,R)
defined up to conjugation by an element of PSL(2,R) such that p is faithful and (the image

of p is) discrete.
Can we see dim 7(S)? (T(S) locally homeomorphic to RY, for which N?)

71(S) has a presentation by 2g generators and 1 relation. Note that PSL(2,R) is a real
3-manifold. So, at least locally,

dim7(S) = (29 —1)-3 -3,
where —3 comes from the quotient action by the 3-manifold Lie group PSL(2,R). So

dim7(S) = 6g — 6.

What we didn’t see today : the hyperbolic metric description of 7 (.5). We will see next time

a little bit (how a Riemann surface structure ¥ on S induce a hyperbolic metric on S)
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1 Continuing from last time : compact surfaces

Let S be a compact oriented surface. The Teichmiiller space is
T (S) := {holomorphic structures ¥ on S} /isotopy
which is in bijection with
Hom¥ (7,(S), PSL(2,R))/PSL(2, R),

the set of all group homomorphisms p : m1(S) — PSL(2,R), defined up to conjugation by
an element of PSL(2,R) (i.e. two homomorphisms p, p’ : m1(S) — PSL(2,R) are viewed as
equivalent if 3o € PSL(2,R), V[y] € m1(S), p'([7]) = o p([7]) o~} to be more precise, pick a
point  of S and replace m1(S) by 71 (S5, z)), such that p has discrete image in PSL(2,R) and

p is faithful (i.e. injective).

For a point [X] of T(S) represented by the holomorphic structure ¥ on S, let [p] = [px] be
the corresponding point of Hom¥ (71 (S), PSL(2,R))/PSL(2, R) represented by the monodromy
representation homomorphism

p:m(S) — PSL(2,R).

Let
[':= p(m(S)) < PSL(2,R)

be the corresponding Fuchsian group (this just means a discrete subgroup of PSL(2, R)).

We have the commutative diagram of maps

(S,%) —2= (H2, Sype)

Pl lquotient

($,5) " ~H2T

for a unique map ¢ : (S,%) — H?/I", which is an isomorphism of Riemann surfaces, hence in

particular a diffeomorphism from S to H?/T.



Note that H? = {z + iy € C|y > 0} = {(2,y) € R? |y > 0} has a standard hyperbolic metric
_ da2+dy?
gm2 = — gz (

since we are dealing only with surfaces here, one can replace the ‘sectional curvature’ by the

a hyperbolic metric means a Riemannian metric with sectional curvature= 1;

‘Gaussian curvature’). The automorphism group of this Riemannian manifold (H?, g2) is:
Thm. The orientation-preserving isometry group
Isom™ (H?, gg2) := {h : H? — H? orientation-preserving diffeomorphisms preserving gyz
(here, h preserving gg2 means h*ggz = ggz) coincides with the group PSL(2,R) < Homeo(H?)
of PSL(2,R) fractional linear transformations.
Hence
Isom™ (H?, ggg2) = PSL(2,R) = Aut(H?, Sgpe).

(preserving lengths and angles, i.e. being an isometry
+»preserving angles, i.e. being conformal

©preserving complex structures, i.e. being holomorphic)

So I' < PSL(2,R) is a discrete subgroup of Isom™ (H?, gy2), hence the quotient H?/T" inherits
the hyperbolic metric. We can then pullback this hyperbolic metric along the diffeomorphism
¢ : S — H?/T, to obtain a hyperbolic metric gis; on S.

Thm. This hyperbolic metric gy on S is well-defined by [X] € T(S), up to isotopy, and this
assignment Y] — gisy) yields a bijection

T(S) — {hyperbolic metrics on S}/isotopy

Some authors just define the Teichmiiller space this way, i.e. as the space of all isotopy classes
of hyperbolic metrics on S.
2 Teichmiiller spaces for non-compact surfaces

This time, let S be a non-compact oriented topological 2-manifold. We assume S is of finite
type, i.e. S is obtained from a compact oriented surface of genus g by removing n points, where
the removed points are called the punctures. We require

n>1, x(S)=2-29g—n<0.

Pick any smooth structure on S, so we may view S as a smooth oriented surface.



Def. The Teichmiiller space of S is defined as
T(S) = {complete hyperbolic metrics g on S}/isotopy

Here a hyperbolic metric g on S being complete means that, when S is viewed as a metric
space with the metric defined from the lengths of paths with respect to g (distance between
two points of S being the length of the shortest piecewise smooth path), S is a complex metric
space. And modding out by isotopy means modding out by pullbacks by self-diffeomorphisms
of S isotopic to the identify diffeomorphism.

It turns out that the above version 7 (S) is not so nice for our purpose.

For other versions to consider, we need to investigate the boundary behaviors of the hyperbolic
metrics g on S, i.e. the asymptotic behavior near the punctures. It is convenient to describe

such a behavior in terms of monodromy. First, we need:

Thm. The assignment to each hyperbolic metric on S its monodromy representation yields
the bijection
T(S) <> Hom¥5 (1(S), PSL(2,R))/PSL(2, R),

where the right hand side is the set of all group homomorphisms p : m(S) — PSL(2,R),
defined up to conjugation, such that p has discrete image, p is faithful, and p is of ‘type S’,
i.e. H2/p(71(S)) is homeomorphic to S.

From now on, a point of 7(S) may be denoted by [g] (isotopy class of a hyperbolic metric).
Def. A non-identity element A of PSL(2,R) is called

e parabolic if |tr(A4)] = 2;
e hyperbolic if |tr(A)| > 2;
o elliptic if |trA| < 2

(each is similar to = (§ ) (a #0), £ (5 ,%) (A>0), £ (=6 sinf) (6 € R))

Note. For [p] € T(S), the value p([y]) is never elliptic.

Def. Let p be a puncture of S. (so p is not really a point of S) Let 7, be a small simple
loop in S surrounding p. Let [g] € T(S), and let [p] be the corresponding conjugacy class of

monodromy representation homomorphisms p : 71(S) — PSL(2,R).
e p is a cusp with respect to [g] if p([7p]) is parabolic;

e p is a funnel with respect to [g] if p([yp]) is hyperbolic.



(cusps} funnel F2: 4] 158] WETFsHel 715tst Agohin, AGF 4 29 “43715} )

Def. Define the cusped (or, punctured) Teichmiiller space as
T(S) :={lg] € T(S)|all punctures of S are cusps with respect to [p]}

and the enhanced (or, holed) Teichmiiller space as

per each funnel of S with respect to [g]

TH(S) = {[970]

lg] € T(S), O is a choice of orientation € {+,—} }

(T think v stands for ‘unipotent’)
The data O can be thought of as follows. For a funnel puncture p of S, there is a unique
geodesic in the homotopy class of the loop 7, around p. The data O is a choice of an orientation

of this geodesic, per each funnel puncture p.

FACT. The enhanced Teichmiiller space T (S) is a smooth manifold diffeomorphic to
7'+(S) ~ R69—6+3n

and is equipped with a Poisson structure called the Weil-Petersson Poisson structure. The
cusped Teichmiiller space T“(S), viewed as a subspace of TT(S), is a symplectic leaf with

respect to this Poisson structure. Moreover, T*(S) is diffeomorphic to

Tu(s) ~ RGQ*GJrQTL’
possesses a Kdhler structure compatible with the Weil-Petersson symplectic form, and can be
viewed as a universal cover of Riemann’s classical moduli space Mg .

One of the goals of today’s lecture is to partially understand the above FACT.

To start with, how do we investigate 71 (S)? Say we do not know anything about the above
FACT yet. We should first topologize the set 7(S), and try to show that it is locally or

globally homeomorphic to some RY. That is, we should find some charts, and maybe check



if the charts we found are smoothly compatible with each other. One way to topologize the
set TH(S) is to use the model Hom%(m((S), PSL(2,R))/PSL(2,R). First, since m(S) is
a free group (why?), the set Hom(m(S),PSL(2,R)) can be identified with the product of
bunch of PSL(2,R). As each PSL(2,R) is naturally a topological space, one can topologize
Hom((S), PSL(2,R)) as (PSL(2,R))™ for some M. Then Hom% (1 (S), PSL(2,R)) can be
given the subspace topology, and finally Hom% (7 (S), PSL(2,R))/PSL(2,R) the quotient
topology. But we will not do it this way.

Instead, just viewing 77 (S) as a set, we will start finding charts for this set right away,
without giving it a topology first. Then you can use ‘(smooth) manifold chart lemma’ in the

end (see Lee’s book Introduction to Smooth Manifolds, 2nd ed., for example).

In fact, due to lack of time, we choose not to do this task for 7+ (S) today, but only for the

following yet another version of a Teichmiiller space.

Def. Define the decorated Teichmiiller space as
T4S) := {[g,h] | [g] € T“(S), h is a choice of a horocycle at each puncture}

Here, a horocycle at a (cusp) puncture p with respect to a hyperbolic metric g on S means
a (smooth) curve in S that is perpendicular to all geodesics with respect to g emanating from

p. It can be viewed as a circle centered at oco.

)

So we have the following diagram of maps between different version of Teichmiiller spaces

TS) TH(S)

|

TH(S)——=T(5)

where the vertical maps are maps forgetting decoration and orientation, respectively. The left
vertical map T4(S) — 7T%(S) is a fiber bundle with fiber diffeomorphic to R™, and the right
vertical map 7(S) — T(S) is a 2"-to-1 branched covering. Note that the bottom right 7(S)

is the naive definition of the Teichmiiller space, while the bottom left 7%(S) is the most ‘nice’



version, which had been classically studied (called 7y ,, which is a universal cover of M, ).
One reason why people considered the upper versions 7%(S) and 7+(S) (in 1980’s and on)
is to obtain nice sets of coordinate systems, suitable for the quantization problem. However,
even without the quantization, these special coordinate systems turned out to be providing
prototypical examples of more general phenomenon, namely those of cluster A-varieties (or
cluster Ko-varieties) and cluster 2 -varieties (or cluster Poisson varieties) which arose in the

21st century.

3 Coordinate system for the decorated Teichmiiller space 7"(5)

So, let us study coordinate systems for the various versions of Teichmiiller spaces.

The original plan (for the last lecture) was to also review the Fenchel-Nielsen coordinate
systems for 7(S) (and T%(.5)), which is most classical (early 20c), and based on a choice of an
extra data called a pants (or trouser) decomposition of S. But let’s not do it.. These coordinate

systems turned out to be not suitable for the task of quantization.

The new sets of coordinate systems which arose in 1980’s require the choice of the following
data :

Def. Anideal arc in S is an unoriented simple path running between (not necessarily distinct)
punctures. An isotopy of ideal arcs means an isotopy (i.e. homotopy) within the class of ideal

arcs.

An ideal triangulation T of S is a collection of ideal arcs in S such that
(1) no arc of T bounds a disk;

(2) no two members are isotopic or intersect in S;

(3) the collection T is mazimal among the collections satisfying (1)-(2).
Note: T divides S into ideal triangles

Note: We often consider T only up to (simultaneous) isotopy.

e.g. once-punctured torus




Note: T has 6g — 6 + 3n constituent arcs. (exercise)
Let’s now describe a coordinate system for the decorated Teichmiiller space T4(S).
Choose one ideal triangulation T of S.

Given a point [p,h] € T%(S), how do we get coordinates, i.e. some set of real numbers

representing this point?

Stretch all ideal arcs of T to unique geodesics (‘shortest’ paths) with respect to g, in their

respective isotopy classes. (question: why possible? why unique? exercise!)

—
stoned Lmgth = S ER

Then, if you try to measure the geodesic length of an arc e of T' with respect to g, you get
oo. Truncate both ends of e by the horocycles at the endpoint punctures, and then measure
the geodesic length §, of the remaining finite-length part of e. So, §. can be thought of as
the distance between the horocycles. In fact, . is defined as the signed distance between the
horocycles. That is, if the horocycles are too big so that they truncate too much as in the

figure below, we set d. to be minus the distance between the horocycles.

. <  qodese <Ll
In u\(\u@vvj CoVor H : — S‘QDJ@W '8"‘{7[%1)'#({

Def. Penner’s lambda length for [g,h] € T(S) at arc e of T is
Ae,r(lg, h]) := exp(de/2) € Rso.

Note that Ae7([g, h]) does not depend on T', so one can write it as Ac([g, h]).



Thm. (Penner, 1980’s) For each ideal triangulation T, the map

THS) = (Rx0)"
9, 8] = (Ae([g, ) eer

is a diffeomorphism.

In fact, at this point, we can’t say that this is a diffeomorphism. We can only understand

this statement as saying that this map is a set bijection.

A crucial point is what happens if we choose a different ideal triangulation 7”. Easiest way to
choose a different T” is to replace exactly one arc k of T' by another one; this process is called

a flip at k:

Then, only one arc changes, so Ae7 = Ao for all arcs e other than k. What about the

coordinate Ay = A\ v for the new arc k'?

Thm. (“Ptolemy relation”) If a,b,c,d are sides of an ideal quadrilateral, and if k, k" are two

ideal diagonals of this quadrilateral,

then the lambda length coordinate functions satisfy
AArr = AaAe + ApAg
Note: this is an example of an “exchange relation”, which looks like
new - old = product 4 product.

Another example of such a relation is the famous Pliicker relation for Grassmannians.

Note: so 1
A = 7()\(1)\0 + )\b>\d)
Ak



Note: This pretty coordinate change formula justifies the strange factor 1/2 in the exponent
of the definition of the lambda length X\, = e%/2.

Note: The actual “Ptolemy’s Theorem” is for the Euclidean lengths of the Euclidean quadri-
lateral inscribed in a circle. The above version of Ptolemy’s theorem is an incarnation of

‘Casey’s Theorem’ of 19c.

4 Cluster varieties

To touch upon the subject of cluster varieties, we now focus on the coordinate change formulas

only, and not the 2d geometry.

Per each ideal triangulation T" of S, consider the set of commuting formal variables A1,..., Ay
(where N = |T| = 6g — 6 + 3n) enumerated by the arcs of T, and consider the split algebraic
torus

A7 = (G)N = Spec(ZNF, ..., AH),

which is an affine scheme whose ring of regular functions is the N-variable Laurent polynomial

ring. Such a data is called a seed.

For another ideal triangulation 7", we would have another variables Aj,..., Xy, and the

corresponding affine scheme
Aps = G) = Spec(ZI(V)E, ..., (\y) 1),
We glue the tori (G,,)" and (G,,)" for T'and T" along the rational map which we denote by
prr  Ar — A

which is defined by the coordinate change formulas for the lambda lengths. Namely, for exam-
ple, if T and T” are related by the flip at edge k, then pupv is defined so that its pullback is
given by

Ae ife#k

*/>\,e:
prr () {QQMHAMwiu_h

where a, b, ¢, d are the arcs of T forming the ideal quadrilateral (in this counterclockwise orderr)

having k as a diagonal.



Consider all possible ideal triangulations 7" of S, and glue all the tori Ay together by these
maps ppyr, called mutations. The resulting scheme is an example of the cluster o/-variety.
To be a bit more precise, a cluster o-variety is associated to a quiver (i.e. directed graph).
In our case, each ideal triangulation T yields a quiver ()7 constructed as follows: each arc of
T has a node of @ on it, and for each ideal triangle we draw the three arrows between the
nodes at the sides of this triangle, forming a counterclockwise 3-cycle. The cluster «7-variety

constructed above is the cluster o-variety associated to the quiver Q7.

Note: similar construction for the enhanced Teichmiiller space 7+ (S) with exponentiated
(Thurston’s) shear coordinate functions X, = e*e7 (defined per each arc e of T') yield the

cluster 2 -variety for the quiver Qp.

Note: there is no subtraction involved in the coordinate change formula ~» this allows us to

evaluate the cluster variety at a semi-field (which is like a field without subtraction), e.g. Rsg.

Note: we can now use tools from the theory of cluster algebras and cluster varieties, to study
Teichmiiller spaces. Especially for the quantization problem (with respect to the Weil-Petersson
Poisson structure on 7 (S), which can be interpreted in terms of a generalized combinatorial

description for cluster 2 -varieties).
More details on cluster varieties and their quantization can be found in:

V.V. Fock and A.B. Goncharov, Moduli spaces of local systems and higher Teichmdiller theory,
Publ. Math. Inst. Hautes Etudes Sci. 103 (2006), 1-211. arXiv:math/0311149

V.V. Fock and A.B. Goncharov, The quantum dilogarithm and representations of quantum
cluster varieties, Invent. Math. 175 (2) (2009), 223-286. arXiv:math/0702397
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How much area a fixed lenghted curve could contain?

Theorem (Isoperimetric inequality)

Let C = ON) be a closed and embedded curve in R%. Then

4T A < L?

and the equality holds iff C' is a round circle.

Long history with many different proofs.

Today we focus on a proof which uses the curvature flow and its
implications on the concept of mass in general relativity.
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Curve shortening flow

Each point on a curve moves with the velocity of its curvature
vector.

More precisely, 1-parameter family of immersions
F:S'x[0,T] — R?
is a solution to the CSF if
0
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Theorem (Gage-Hamilton '86)

Convex embedded curve shrinks to a point and becomes round.

Theorem (Grayson '87)

Embedded curve becomes convex in finite time.

Computer simulations
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If k = k7 with the inner unit normal n,
8tA = —/k'dS = —27

and by the first variation formula of area (length)

oL = — / k%ds.

More generally, M = 0 in R”T! evolves by the velocity ST,

aNol() = — [ Sav,
M

o, M| = —/M SHAV,.
t
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Proof of isoperimetric inequality

Let Cy be given curve and C; be the CSF which converges to a
round point as ¢t — tyax.

Op(L* — 4mA) = —2L / k*ds + 8m*

2
§—2</kds> + 8Tt =0

Since L? — 41 A — 0 as t — tyax by Grayson,

L?>47A at t=0

and the equality case easily follows.
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Generalizations into two directions

® Non-Euclidean ambient space

® Higher dimensions

For simply connected manifold (M?,g) w/ Gaussian curvature
K < Koy,

L? > 4rA — KyA?

and the equality is attained for geodesic spheres which enclose
constant curvature Kq regions.

The more curved, the more area could be bounded. This suggests
an idea that the isoperimetric constant or profile could be used to
measure how much space is curved.

Beomjun Choi Isoperimetric inequality



Higher dimensions

Let M™ be the boundary of the region Q0 C R™*1. Then,

n+1

Vol(2) < Cp,|M™| ™=
and the equality holds iff €2 is a round ball.

Let M = 9€; C R™"! be a solution to the mean curvature flow.
l.e. velocity = Hn, H =X+ ...+ \,.

n 1
n M, M,
H
. {1_(n+1)0nfML "
n A n Mt
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Suppose we have the following:

" n—1
@ |y H = e M|
® |[M;| — 0 and Vol(2;) — 0 as t — Thax.

Then we have the isoperimetric inequality

Co|Mo| ™ — Vol(Qg) > lim C,A™" —V =0.
t—Tmax
Note we have =iy = n\E)Bl\n and (1) is called the Minkowski

inequality in R*+1.
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Theorem (Minkowski 1903, Alexandrov '37 and others)

For convex hypersurfaces,
1 n—1
/ H > n|0By|» | M| »
M

with the equality iff round spheres.

® For mean convex star-shaped hypersurfaces, by Guan-Li '09

® For outward area minimizing hypersurfaces, by Huisken
(unpublished)

® Open for general mean convex hypersurfaces

Theorem (Huisken '84)

Compact convex embedded hypersurface shrinks to a point and

becomes round in finite time.

Beomjun Choi

Isoperimetric inequality



Another approach H*-flow by F. Schulze ('08)

Consider the flow with the velocity H"7.

\ 1
O,(Cr A — vy = T an%/ gl [ gF

imply
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Theorem (Willmore inequality)

For immersed hypersurfaces

J (2 2om

and the equality iff round spheres.

implies
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| evel set weak flow

Let M, = 00y C R™! be a solution to H*-flow with H > 0.

If u(x):= the time t when M, arrives at x, then
( Vu 1
div| = | = —|Vu| * Q
; iv <|Vu|> Vu| on )
LU = 0 on 890

® \Weak formulation of flows defined through singularities
o and at '91

Beomjun Choi Isoperimetric inequality



Inverse mean curvature flow - definition

® A one-parameter family of mean convex embeddings
F(M™ t) = M}» = 0

F:M"x[0,T] — (M" g)

Is a solution to the inverse mean curvature flow if

Here 7/(p,t) := outward unit normal.
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Simple observations

t

® Expanding sphere solutions Bp;) C R", R(t) = en R(0)
® Oidvol = dvol — Oy| My| = | M|, | M| = et| My

e In R*"!, M, — AM; produce another solution
(unlike the mean curvature flow: M; — AM )
A

Beomjun Choi Introduction



IMCF on compact hypersurfaces - background

o '90 and '90:
If My compact, smooth, star-shaped ({F,v) > 0) and strictly
mean convex, then smooth solution exists for t € (0, c0) and
converges to a spherical solution after a rescaling.

® For non star-shaped case, singularities may develop.
e.g. mean convex torus in R3.

o 97
Defined a variational weak solution of the flow using level
sets, which allows jumps of the surfaces. They use this to
prove Riemannian Penrose inequality in General Relativity for
a single black hole case.

Beomjun Choi Introduction



The Geroch monotonicity formula

- the Hawking quasi-local mass of a connected 2-surface in

a manifold of nonnegative scalar curvature is non-decreasing under
the IMCF. For 2-surface M in (M3,§),

mp (M) := (‘1]:;’;52 (167r—/MH2>.

| 8t|Mt‘1/2 _ %‘Mt|1/2

Proof: Since |M;| = et| M,

M Y2 1 5 5
o (M) = ot | 167r—/MH _at/MtH
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Note 0, H = —A% — @2 — mg,y) and O;dvol = dvol imply

1 _
(*) 0 | H?= / —2HA = — 2|A|? — 2Ric(v,v) + H?.
My My H

Recall the Gauss equation
Rmijke = Rmyjp; + (hikhj — hihi)
- _ 1
= K = Ri919 = Rmi919 + Mo = Rmq919 + 5([’[2 — |A|2).
In dim 3, %E = m(v, V) +R—m1212 and we get

—2Ric(v,v) = —R + 2K + |A]* — H*.

Beomjun Choi Riemannian Penrose inequality and applications



< 81 — / |A|* (x(My) < 2 since M; is connected )
M

1 1
=87 — [ —H*+ 5 (1 - Ag)?
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Isolated gravitating system in general relativity

Definition (Asymptotically flat manifold)

A complete manifold (M?, g) is asymptotically flat (with order
T € (1/2,1]) if there is a compact set K C M and a

diffeomorphism

¢ :R> — Bp(0) = M° — K
such that ¢*g = 0;; + 0;; satisfies

0| + 7|0c| 4+ r2|000| + r3|0000| < O(r~ ")

Definition (ADM mass)
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Schwarzschild metric

Schwarzschild metric of mass m > 0 is

(R® — {0}, (1 + %)4%‘)

and note that

® r = is a totally geodesic sphere and is called (apparent)
horizon

o A({r="71}) = 16mm?
® no compact minimal surface in {r > 2}
® MApDM = M.

Beomjun Choi Riemannian Penrose inequality and applications



Theorem (Riemannian Penrose inequality)

Let (M?,g) be an asymptotically flat mfd with nonnegative scalar
curvature with minimal boundary My = OM and no other compact
minimal surface in M. Then

| Mo

MADM = 16—7T

Beomjun Choi Riemannian Penrose inequality and applications



Theorem (Riemannian Penrose inequality)

Let (M?,g) be an asymptotically flat mfd with nonnegative scalar
curvature with minimal boundary My = OM and no other compact
minimal surface in M. Then

| Mo

MADM = 16—7T

Heuristic Proof: Let M; IMCF from M. By the monotonicity

| Mo|'/? | Mo
mp (M) > my(My) = (167)3/2 167 — /M H? )| = T6r
0

It is known that the Hawking mass of sufficiently round
(coordinate) spheres at infinity approaches to the ADM mass.
If we show M; becomes sufficiently round spheres at infinity,

. My
MADM = tliglo mp (M) > ‘16—#'

Beomjun Choi Riemannian Penrose inequality and applications



Properties of weak solution

For MO = 690,

(
div (%) = |Vu| on QS

\UJZO on 890

'\

and M; = 0{u < t}.

® (), is outward area minimizing in the sense that
) C 0 — \Gﬂt\ < |8Q]

o |My| = e[ Mo

Beomjun Choi Riemannian Penrose inequality and applications



Isoperimetric profile and mapy.

For Schwarzschild of mass m, (R* — {0}, (1 + %)462-]-), the
isoperimetric profile is the function

bm : [16mm?, 00) — R
0B, (0)| — Vol(B,(0) — Bm (0))
Key observation

1 3 1
(/bm(A) — ﬁfb + imA —- O(A

N~

) as A — oc.

Beomjun Choi Riemannian Penrose inequality and applications



This motivates the following

Definition

2

S (Vol() = o)

6/

mZSO(M?’, g) = limsup

|02 —00

Theorem (Huisken, unpublished)

The proof uses both MCF and IMCF.

Beomjun Choi Riemannian Penrose inequality and applications



Theorem (J.L.Jauregui-D.A.Lee, Huisken)

Under the MCF My, if mg(M;) < m’, then

Gm! (A(t)) — V() is decreasing in t.

Recall in isoperimetric inequality,

1/2 2 A
(/ HQ) >Aforall M — 8t<——2—V>§O.
M 3 A

V(0) = 502 < om(A©) = 52 = [om (A®) - V(0]
A()

implies
/
Miso < M

Beomjun Choi Riemannian Penrose inequality and applications



Other applications

By similar arguments, the flow (classical or weak) has been used in
the proofs of other geometric inequalities as well.

° Minkowski ineq for non-convex hypersurface in R™*!

o Minkowski ineq for Anti-deSitter
Schwarzschild manifold

o Penrose type ineq for asymptotically locally
hyperbolic space

o Alexandrov-Fenchel ineq for
different ambient spaces

° another important application to the classification
of prime 3-manifolds with Yamabe invariant greater than RP?.

Beomjun Choi Riemannian Penrose inequality and applications



Regularity of compact star-shaped solutions

Theorem (Huisken-llmanen '08, H ! estimate)

Suppose F : M"™ x [0, T] — R"™! is a smooth star-shaped IMCF
such that on My

0< Ry < (F,v) < Rs.
Then there is ¢,, > 0 such that fort > 0

Ry 1 Lt
S Cn, (R_l) max(l, m) ‘MO ‘n en.,

® Estimate does not depend on initial bound on H~! or |A|?
® Uses only initial bounds of the support function (F,v)

Beomjun Choi Estimate on H !



Theorem (Smoczyk (n = 2) '00, Huisken-llmanen '08)
Let F': M™ x [0,T] — R"™ be a smooth compact sol of IMCF.

H21

If0 < Hy < H < Hy, then |A]* < an
ot

2|V H|? Al? _ A2
° 8—H:A—H—|—’—%IV-(H 2VH)_!T|

° showed the existence of smooth sol when M
is C'!, compact, star-shaped and has bounded non-negative
(weak) mean curvature.

Beomjun Choi Estimate on H !



Non-compact solutions in R}

An important observation

If F?’_l C S" is a IMCF, then the cones generated by 1';

CTy = {rz e R"*! : x €Ty, r >0} c R*™

is a IMCF which is smooth except the origin.

In simplest case, if CI'g := {(z,tanfy |z|)} is a round cone, then

cos" 10

cos" 10y

Beomjun Choi Non-compact solutions

CI'y ;= {(x,tan0(t) |x|)} for t € [0,T*) with T* = In



Convex solutions in S and dualitiy

Theorem ( Gerhardt '15, Makowski-Scheuer '16)

Let I'g C S™ be smooth, strictly convex (h;; > 0). There exist a
unique smooth IMCF, Ty, fort € [0,T) and the I'y converges to an
equator ast — T. (Note T = In [S"~1| —In|T{7}|)

Beomjun Choi Non-compact solutions



Convex solutions in S and dualitiy

Theorem ( Gerhardt '15, Makowski-Scheuer '16)

Let I'g C S™ be smooth, strictly convex (h;; > 0). There exist a
unique smooth IMCF, Ty, fort € [0,T) and the I'y converges to an
equator ast — T. (Note T = In [S"~1| —In|T{7}|)

- for strictly convex solutions of F'()\;) flow in S”

ft — V[Ft] C Sn
Fr = —F(\)D

Beomjun Choi Non-compact solutions



Non-compact solutions in R - first result

Theorem (Daskalopoulos-Huisken '17)

Forn > 2, let My C R™*! be C? convex entire graph
Tnt1 = uo(x), x € R™ with:

® oo || < ug(x) < ag |x| + k for some ag > 0 and Kk > 0
@ 0 <c <H(<F,6n_|_1>—|—1) < ().

Then, there exists unique smooth IMCF M; for 0 <t < T with
T =(n—1)In+/1+ a2 and M; becomes flat ast — T.

F
u (
v\
(o]

Solution no longer has a uniform lower bound of H, and hence
local estimate of H~! was essential. Long time existence was a
hard part as H|F'| (or H(F, e,+1)) vanishes as t — T and they
had to capture this behavior.
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Non-compact solutions in R”"! - main existence result

Definition (Tangent cone at infinity)

Let My = 6’]\%, Mo C R™*! non-compact convex set (containing
the origin). Then

ﬂ€>0€M0 = Cfo for some convex set fo C S™.

We call it the tangent cone of MO at infinity. I'g := afo in S and
we call CI'y the tangent cone of My := 0Mj at infinity.

Beomjun Choi Non-compact solutions



Motivated from the previous observation and the scaling property
of the flow, we prove

Theorem (C.-Daskalopoulos '18)
For convex My = GMO C R IMCF M, exists fort € (0,7T).
o Using P(I'y) := the perimeter of I'y in S",

T =1In|S" ! — In P(Ty) € [0, 0]

and it is maximal. i.e. no smooth solution exists fort > T'.

® [et CI'; : = the tangent cone of M; at infinity. Then
I['y CS™is IMCF in S™ becoming flat ast — 1.

Beomjun Choi Non-compact solutions



Motivated from the previous observation and the scaling property
of the flow, we prove

Theorem (C.-Daskalopoulos '18)
For convex My = GMO C R IMCF M, exists fort € (0,7T).
o Using P(I'y) := the perimeter of I'y in S",

T =1In|S" ! — In P(Ty) € [0, 0]

and it is maximal. i.e. no smooth solution exists for t > T'.

® [et CI'; : = the tangent cone of M; at infinity. Then
I['y CS™is IMCF in S™ becoming flat ast — 1.

Note T’y can be any convex set in S” possibly be degenerate (e.g.
line, point, etc) and

P(ly) To| if Ty has non-empty interior in S™
0) = .
2|lg| if I'g has empty interior in S™.

Beomjun Choi Non-compact solutions



Evolution of Singularity

Theorem (C.- Hung '18)

If 0 € My is singular in the sense that the (blow-up) tangent cone
ToMy £ R"™, then 0 € M; until the tangent cone becomes flat and
ToM; evolves by IMCF.

Beomjun Choi Non-compact solutions



Theorem (C.-Daskalopoulos '18 + C.-Hung '18)

For an arbitrary convex My = OMy C R™1, a convex smooth
solution exists if and only if the density of My = 1.

i.e. Og(p) = lim B:(p) O Mol

r—0 wnrn

=1 for all p € M.

Beomjun Choi Non-compact solutions



Theorem (C.-Daskalopoulos '18 + C.-Hung '18)

For an arbitrary convex My = OMy C R™1, a convex smooth
solution exists if and only if the density of My = 1.

i.e. Og(p) = lim B:(p) O Mol

r—0 wnrn

=1 for all p € M.

When ©(p) = 17 O(p) = T =L with T,,Mj : = the

tangent cone at p € Mj.

If we denote I'g(p) = T, Mo N S™ and I'y(p) = 8f0(p),

Oo(p) = 1 iff P(To(p)) = |S™7 1.

This also relates the case T' = 0 (non-existence of solution).

Beomjun Choi Non-compact solutions



Lemma (C.-Hung)

If Ty C S™ convex and P(I'g) = |S*~1|, then L'y is either a
hemisphere or a wedge |we call it a (hard shell) taco).

ie. Wy, = S"N({(rsind,rcosd) : 6 € (0,0, and r > O}XRn_l)

for some 0y € [0, 7| up to an isometry of S™.

® Smooth flow exists iff all initial singularities are tacos.

® No solution exists iff asymptotic cone (cone at infinity) is a
taco. (= no 1-dimensional convex non-compact IMCF exists)

Beomjun Choi Non-compact solutions



Theorem (C.-Daskalopoulos, main apriori estimate)

Let F: ¥ x [0,T] — R*! n > 2, be a convex compact IMCF

and suppose there exist 6 € (0,7/2) and a fixed unit vector
w € R for which

(F,w) > |F|sind on X x [0,T].
Then

1 1
—<C<1—|—m> on ZX[O,T]

H|F| —
for a constant C' = C(9) > 0.

Beomjun Choi Main estimate



Theorem (C.-Daskalopoulos (c.f. Huisken-llmanen '08))
For M; compact star-shaped IMCF with

O<R1§<F,V>§R2 on My

(the same condition of ), we have

1 RQ 1 t
— < — _— n
= G (}21) (Htl/z)RQe ’

(only |Mo|'/™ has been replaced by R.)

Beomjun Choi Main estimate



Thank you for your attention

Useful reference (for m;s, and Riemannian Penrose inequality)

® Huisken's talk at IAS (available at youtube)
e J.L.Jauregui-D.A.Lee '16
® Bray's AMS notice

Beomjun Choi Main estimate
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Introduction

@ What does it mean that two Riemannian manifolds are “close” ?

@ In other words, what is a suitable topology to equip a class of Riemannian
manifolds with?

@ Does the closure under that topology include spaces that are no longer
Riemannian manifolds, but have singularities?

These fundamental questions appear in various circumstances in geometric
analysis. In the first talk, | will survey some of the convergence results for classes
of manifolds with bound(s) on Ricci curvature or scalar curvature, including
Gromov compactness theorem, some aspects of Cheeger-Colding theory, and
Sormani-Wenger compactness theorem.
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Curvatures in Riemannian geometry

Let (M, g) be a Riemannian manifold and V its Levi-Civita connection. The
Riemannian curvature tensor R is a (1, 3)-tensor defined by

}%(}(}'}’)23 =VxVyvZ —-—VyvVxZ+ ‘7[}(ﬂy]27

for vector fields X,Y, Z.

Let p € M and u,v € T, M be linearly independent tangent vectors. The
sectional curvature of {u, v} is defined to be

g(R(u,v)v,u)

Bl v) = e )glv, ) — g(u,0)®

Space forms: manifolds of constant sectional curvature.

Let e; be an orthonormal basis of 1), M. The Ricci curvature Ric is a 2-tensor
defined at p by

n

Ric(X,Y) = Zg(R(ei, Y)X, e;).

Ric is the trace of the curvature tensor with respect to g.
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Curvatures in Riemannian geometry

The scalar curvature R is defined by

R = zn:Ric(ei,ez Z g(R(ei,ej)e;, e;).
i=1

1,7=1

Scalar curvature is the trace of Ricci curvature with respect to g.
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Gromov-Hausdorff Distance

The Gromov-Hausdorff distance between two metric spaces X, Y is denoted
by dap(X,Y) and defined to be

der(X,Y) = inf dfj (ox (X), oy (Y))

where the infimum is taken over all embeddings ¢ox : X — Z, ¢y : Y — Z into
a complete metric space Z, and d% is the Hausdorff distance in Z.

January 19th, 2021
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Gromov-Hausdorff Distance

The following definition is an extension of tangent space at a point of a
Riemannian manifold to a metric space.

Let X be a metric space.

Q Let p € X. A pointed metric space (Y, q) is a tangent cone at p of X if
there exists a sequence r; — 0 such that

lim r; 'dgg (By(r;) C X, By(r;) CY) =0.

71— 00

@ A pointed metric space (Y, q) is a tangent cone at infinity of X if there
exists a sequence r; — oo such that

lim r; 'dgg (By(r;) C X, By(r;) CY) =0.

71— 00
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Gromov-Hausdorff Distance

Gromov Compactness Theorem

If (M;,g;) is a sequence of compact Riemannian manifolds such that
Ricy, > kg; and diam(M;, g;) < L for some fixed k, L € R, then there exists a
subsequence which converges in Gromov-Hausdorff topology to a metric space.

4
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Convergence for sectional curvature: Alexandrov spaces

Let £ € R. Denote by M;, the 2-dimensional simply connected space form of

curvature k.
Let X be a length space, i.e. a metric space such that for any p,q € X, there
exists a continuous path v from p to ¢ that realizes the distance between p and

g, so that |y| = d(p, q).

X is Alexandrov space of curvature > k if for any triangle Apgr in X, there
exists a comparison triangle Apgr in My, such that d(p, q) = ds, (D, q),

d(q,r) = dp, (q,7), d(r,p) = dag, (T, p), so that for any s € gr and 5 € ¢gr with
d(Qv S) — de (Cja E),

d(p, S) > de (pa §)°

The class of Alexandrov spaces of curvature > k is closed with respect to
Gromov-Hausdorff convergence.
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Convergence for sectional curvature: Alexandrov spaces

Theorem (convergence for sectional curvature)

If (M;,g;) is a sequence of Riemannian manifolds of dimension n with sectional
curvature > k that converges in Gromov-Hausdorff topology to a metric space
X, then X is a locally compact Alexandrov space of curvature > k.

(However, not all locally compact Alexandrov spaces are limits of Riemannian
manifolds.)

Alexandrov spaces of curvature > k£ what arise as limit of manifolds with
sectional curvature > k share many properties with Riemannian manifolds, for
example:

@ One can define the tangent space at each point, i.e. the “space of angles”,
and that notion coincides with the Gromov-Hausdorff tangent cone at that
point. The tangent cone of an Alexandrov space of Hausdorff dimension n
is an Alexandrov space of nonnegative curvature of Hausdorff dimension n.
Moreover, every point has a neighborhood homeomorphic to its tangent
space.
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Convergence for sectional curvature: Alexandrov spaces

@ On Alexandrov spaces of curvature bounded below and Hausdorff
dimension 2, one can prove a generalization of Gauss-Bonnet theorem.

@ One can define parallel transport along a minimizing path, harmonic maps,
etc.

Theorem (splitting theorem for Alexandrov spaces)

If a locally compact Alexandrov space X of nonnegative curvature contains a
line, i.e. a minimizing path defined on all of R, then X is isometric to a metric
product R X Y for some nonnegatively curved Alexandrov space Y.
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Cheeger-Colding theory

Cheeger-Colding theory contains information on the structure of and
convergence to Ricci limit spaces.

In geometry, a “rigidity theorem” says that if a geometric quantity such as
volume or diameter attains the possible maximal value for the given curvature
conditions, then the metric is a certain warped product.

Theorem (Cheeger-Gromoll splitting theorem)

Let (M, g) be a complete Riemannian manifold of dimension n of nonnegative
Ricci curvature. If M contains a line, then M is isometric to a product R x N
for some Riemannian manifold N of dimension (n — 1) of nonnegative Ricci
curvature.
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Cheeger-Colding theory

An “almost rigidity theorem” says that if the quantity is close to being maximal,
the metric is close (in a suitable distance) to a warped product.

Let (X,dx) be an arbitrary metric space, and f : (a,b) — R a positive function.
The warped product (a,b) x s X is the topological space (a,b) x X equipped
with the metric d’ given by

dx (x1,x2)

&' ((r1,21), (r2, #2)) = inf / (' (87 + F(r(0))?)

0

1/2 dt.

where the infimum is taken over continuous paths r : [0, dx (%1, x2)] — [r1,72]
with 7(0) = r1,r(dx (1, x2)) = 72.

Suppose that x1,22 € X and r; <1y, r3 < 1r4. Then d'((ro, 1), (14, x2)) is
determined only by 71,79, 73,74, dx (x1,x2), that is, for some function Q,

d'((r2,21), (ra, 22)) = Q(r1, 72,73, 74, d ((r1,71), (r3,72))). (1)
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Cheeger-Colding theory

Define F by ,
F(r) = / £ () du. 2)

If X is an (n — 1)-dimensional Riemannian manifold with metric gx, then on
(a,b) x5 X,

Hessr = (F o f_l)g(a,b)xfx.
Conversely, the existence of a function whose Hessian is conformal to the metric
implies that the manifold is a warped product.

Let (M, g,p) be a complete pointed Riemannian manifold, r the distance
function from p, and A, the annulus A, = {a < r < b}. If there is an “almost

warping” function F, then the distance d induced by g on M is close to d'.

Theorem (Cheeger-Colding [2])

Suppose that
Ric, > (n — 1)A. (3)

Let R > 0 and € > 0. There exists 6 = §(R,e,A) > 0 with the following effect.

y
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Cheeger-Colding theory

Theorem (continued) (Cheeger-Colding [2])

Let 0 < a < b < R. Suppose that there exists F : Aqp — R such that
range F C range F, (4)
IVF —VF| <6, (5)
: / IVF — VF| <6, (6)
vol(Aap) Aoy
vol(jléla,b) /Aa b |Hess = — (H o Fg| < 6, (7)
where F is defined on A, by F(z) = F(r(z)) and H = F o F~L.

Jiewon Park (Caltech) (KIAS 7|5tat H25tW )  Convergence of Riemannian manifolds with curvature t January 19th, 2021 14 /34



Cheeger-Colding theory

Theorem (continued) (Cheeger-Colding [2])

Let z1,22,y1,y2 € Br(p) be such that
r(y1) —r(z1) = d(x1, 1), (8)
r(yz) — r(r2) = d(w2,y2). (9)
Then,
d(y1, y2) — Q (r(z1),7(y1), 7(22), 7(y2), d(@1, 22))| <e. (10) |
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Cheeger-Colding theory

How can one find an almost warping function on a given manifold of
nonnegative Ricci curvature? If M has large volume growth, then harmonic
functions on annuli can be used. The key is finding a good cutoff function ¢ so
that |V¢| and |A¢| are bounded above.

Theorem (Cheeger-Colding [2])

Let 0 < a,band 0 < w < 1. Suppose that M has nonnegative Ricci curvature,

vol(Ag p) o f; [t () dr
Area(ri(a) = 0 T i) ()
and #(a)
(n—1) (a) > Ar on r " (a). (12)

Then there exists F defined on A, 5 so that the equations (4)—(7) in Theorem
0.1 are satisfied on Ayycp—c, Where € can arbitrarily small if w is sufficiently
small.
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Cheeger-Colding theory

Instead of solving the Dirichlet problem on annuli, one can also work on the
whole manifold by considering the Green function defined on all of M\ {p}.

A smooth symmetric function G : M x M\D — R, where D is the diagonal, is
said to be a Green function (for the Laplacian) if it is the fundamental solution

of the Laplace equation, that is,

AyG(z,y) = —n(n — 2)wndz(y),

where w,, is the volume of the unit ball in the n-dimensional Euclidean space.

4

The normalization is chosen so that G = 72=" on R" if n > 3. If M is complete
then a Green function always exists (Malgrange-Ehrenpreis theorem).

Definition
A complete Riemannian manifold M is said to be nonparabolic if it possesses a
positive Green function G for the Laplacian. M is said to be parabolic otherwise.
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Cheeger-Colding theory

Nonparabolicity can be characterized in terms of the volume growth.

Theorem (Varopoulos [25])

If M is complete and has nonnegative Ricci curvature, and of dimension greater
than 2, then M is nonparabolic if and only if

dt < oo

/100 Vol(l;p(t))

for some p € M.

It is possible to choose the minimal positive Green function (Li-Tam [17]).

Definition

1(B
M is said to have maximal volume growth if lim vol(Bp(r)) > 0
r— 00 Wn "

If n > 3, then maximal volume growth implies nonparabolicity.
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Cheeger-Colding theory

We focus on the convergence at infinity of M to a cone, so we will take the
warping function f to be f(x) = |x|. Note that if (M, g) is the Euclidean space
R"™, then G = r?~". It is very useful to define the function b by

b= G, (13)
so that b = r on R"™.

When the sectional curvature K is nonnegative outside of a compact set D, Li
[16] proved that if M is moreover Kahler, then M\ D is isometric to a product
of a compact Kahler manifold of nonnegative sectional curvature and a

connegatively curved Riemann surface with boundary, based on the estimates in
Li-Tam [17].
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Theorem (Colding-Minicozzi [7])

Let R > 0 and €2 > 1. Suppose that M has nonnegative Ricci curvature and
maximal volume growth, so that

Vg = lim Y250 (14)

r— 00 Wp "™

Then there exists Ry > 0 and d > 0, depending only on €, Vs so that whenever
R > Ry,

b 1

sup |- — V7| <6, (15)

re(R,QR) | T
! / Vb — Vi 2| < 6 (16)

VO](ARQR) AR.aR M ’
1 Ab?
/ Hessyz — ——g| < 0. (17)
VOI(AR,QR) AR QR n

0 can be arbitrarily small if Vs is sufficiently close to 1.
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Cheeger-Colding theory

One can estimate the Gromov-Hausdorff distance between an annulus and a
discrete approximation of it by picking out points along the geodesic rays:

Theorem (Cheeger-Colding [2])

Let 2 > 1 and € > 0. Suppose that (M, g,p) is complete and has nonnegative
Ricci curvature and maximal volume growth, and of dimension n > 3. Then
there exists Ry = Ry(e,§2) > 0 and a compact metric space X so that,
whenever R > Ry,

don ((Aran,p), (AZGh:0)) <e, (18)

where C(X) = [0,00) X, X is the cone over X.

The diameter of X can be bounded from above by a factor determined by the
volume growth and the decay rate of the integrals of the gradient of b and
trace-free Hessian of b2.

21/34

Jiewon Park (Caltech) (KIAS 7|5tat H25tW )  Convergence of Riemannian manifolds with curvature t January 19th, 2021



Cheeger-Colding theory

An important corollary of the above theorem is the following “volume cone is
metric cone” theorem.

Theorem (Cheeger-Colding [2], [3])

Q Letr > 0. Suppose that (M;, g;,p;) is a sequence of complete Riemannian
manifolds with Ric,, > —(n — 1)A, diam(M;,g;) < L, and
vol(B)%i(r)) > V. Suppose that this sequence converges in
Gromov-Hausdorff topology to a metric space (X, d,p). Then the tangent
cone at p is a metric cone: it is isometric to a warped product
C'(X) = [0,00) x,- X, where the cross section X is a compact metric space.

@ Suppose that (M, g) is a complete Riemannian manifold with Ricci
curvature bounded below and maximal volume growth. Then the tangent
cone at infinity of (M, g) is a metric cone.
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Cheeger-Colding theory

In light of this theorem, one may consider the distance to the nearest cone.

Definition (Colding [6])

Let (M, g) be a complete manifold. We define ©,. to be the scale-free distance
to the nearest cone, that is,

don ((BY (1),p), (BS (), 0))

r

O, = inf (19)

where the infimum is taken over all complete metric space X. (©,. is allowed to
be oo depending on (M, g) and r.)

v

The preceding results give that ©, can be bounded by the weighted L*-integral
of the trace-free Hessian on scale r. In fact, the proofs of the theorems above
give a precise relationship between ©,. and the integral:
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Cheeger-Colding theory

Theorem (Colding [6], Theorem 4.7, Corollary 4.8)

Let e > 0. Let (M, g,p) be a pointed complete manifold of dimension n > 3
with nonnegative Ricci curvature and maximal volume growth, so that
1(B
lim OBy
r—00 Wn "
Then there exists C' = C'(e,n, V) so that
Ab?
Ot < C'r_”/ Hessyz — ——g| dvol, (20)
b<Cr n
and )
24¢€ —n Ab2
0.7 <Cr Hessyz — ——g| dvol. (21)
b<Cr n
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Ricci limit spaces

Let X be a noncollapsed Ricci limit space, i.e. (M, g;,p;) = (X, d,p) in
Gromov-Hausdorff topology where Ricpm > n — 1 and vol(B1(p;)) > v > 0.

[3] The volume measure of (M, g;) converges to a unique measure on X which
is absolutely continuous with respect to the Hausdorff measure.

A point in X is called regular if any tangent cone at p is isometric to R";
otherwise it is called singular. Let ‘R be the regular set and S the singular set.
Even for points in S, every tangent cone is a metric cone. Define the k-th
stratum S” to be the set of points where tangent cones split in at most k
directions, that is,

S¥(X) = {z € X : no tangent cone atzis isometric to R x C(2)}.

Then X is a stratified space: S'Cc St Cc---Cc 8" 2 =8 c 8" ! =X, so that
8”_1\8”_2 — R. Moreover, dim S*¥ < k, where dimension is the Hausdorff
dimension.
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Ricci limit spaces

Theorem (codimension 4 conjecture [4])

If moreover |Ricp»| < n — 1, then dim(S) < n — 4. Here the dimension can be
taken to be Hausdorff or Minkowski dimension. Equivalently,

Sn—4 — 8n—3 — Sn—2 — S.

v

On a n-dimensional manifold of Ricci curvature bounded below, Ric > (n — 1)k,
vol(By(r)) -

Bishop-Gromov volume monotonicity says that the volume ratio —57] 1S

monotone nonincreasing in 7.
The limit space has nonnegative Ricci curvature in the sense that the volume

monotonicity holds on the limit space when one replaces volume with the limit
measure of Cheeger-Colding.
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1. Convergence for scalar curvature bounded below

What can we say about convergence of manifolds with a lower bound on scalar
curvature only? In this case, we do not have Gromov's compactness theorem
anymore.

Sormani and Wenger [25] defined the intrinsic flat distance between two
compact manifolds, using the measure-theoretic notions of integral currents and
weak convergence of metric spaces by Ambrosio-Kirchheim.

Let (X,d,T) be an integer rectifiable current space, meaning that (X,d) is a
countably H™ rectifiable space and 7' is a linear functional on the space of
compactly supported “differential forms” of degree m on X, so that on each
Lipschitz chart, T has integer multiplicities. One can define the mass M (T') of
the current T'.

An oriented Riemannian manifold (M™, g) of finite volume is naturally an
integral current space, with T' given by T'(w) = [,, w for an m-form w. The
mass of T is then given by M (T) = vol(M).

One can define the boundary of T' in a manner so that Stokes' theorem holds.
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Intrinsic flat distance

Let Z be a metric space and 17 and 15 be two m-integral currents on Z. the
flat distance between T} and 15 is defined to be

dZ(Ty,Ty) = inf{M(B™) + M(A™) : Ty — T, = A+ OB}.

The intrinsic flat distance between two integral current spaces (X1, d1,71)
and (X5, ds,T3) is defined to be

dr((X1,d1,T1), (X2,d2,T2)) = inf {d.%(¢l#T17§b2#T2) | @i 0 Xy — Z}

where the infimum is taken over all common complete metric spaces Z and all
isometric embeddings ¢; : X; — Z, where ¢, is the push-forward map on
integral currents.

Theorem (compactness for scalar curvature [26])

If (M, g,) is a sequence of closed oriented Riemannian manifolds such that
diam(M;) < D and vol(M;) <V, then a subsequence converges in intrinsic flat
topology to a limit. The limit is an integral current space.
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Question: If (M}, g;) has nonnegative (positive) scalar curvature, does the limit
space have “nonnegative (positive) scalar curvature” in some generalized sense?

Theorem (Gromov [10])

Let M"™ be a smooth manifold and g; a sequence of Riemannian metrics with
Ry, > c. If g; converges in C to a smooth Riemannian metric g, then
R, >c

There are many approaches to define weak notions of scalar curvature on
singular metric spaces: using dihedral angles on a polyhedra [10], using Ricci
flow on CY metrics [2], - - -
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For the "small infinitesimal volume” sense of nonnegative scalar curvature, there
is a counterexample [1] using the “sewing” technique; A sequence of metrics g;
on S® can degenerate into S® with a curve identified to a single point. At this
singular point, it is unlikely that at this point, the limit space has positive scalar
curvature. In this example, there are minimal surfaces X; in (S°, g;) such that
Area(X;) — 0 as j — oo.

Conjecture (Gromov-Sormani [11])

Let {MJ?’} be a sequence of closed oriented 3-manifolds without boundary
satisfying

VOI(Mj) S V, dlam(Mj) S D,R(MJ) Z O,mmA(M]) Z A > 0.

Here, minA (M) is defined as the infimum of areas of closed embedded minimal
surfaces on M. Then a subsequence of {1} converges in the intrinsic flat
topology to a limit space M.,. Moreover, M., has nonnegative generalized
scalar curvature and has Euclidean tangent cones almost everywhere.

Jiewon Park (Caltech) (KIAS 7|5tat H25tW )  Convergence of Riemannian manifolds with curvature t January 20th, 2021 5/23



References

Theorem (P.-Tian-Wang [22])

Let {Mj?’} be a sequence of closed oriented rotationallly symmetric 3-manifolds
without boundary satisfying

diam(M;) < D, R(M;) > 0, minA(M;) > A > 0.

Then a subsequence of { M} converges in the intrinsic flat topology to a limit
space (M., goo ). Moreover, g, is a rotationally symmetric C® metric such that
the warping function satisfies the nonnegative scalar curvature in distribution
sense. (M, goo) has Euclidean tangent cones almost everywhere.
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Positive mass theorem: any n-dimensional complete asymptotically flat manifold
of nonnegative scalar curvature has nonnegative ADM mass. If ADM mass is 0,
then the manifold is R™.

Question: If the ADM mass is small, is the manifold “close” to R"?

Theorem (Stability of positive mass theorem [17])

For any e, D, Ay > 0 there exists § = d(e, D, A) > 0 so that, if M is an
n-dimensional complete rotationally symmetric manifold of nonnegative scalar
curvature with no closed interior minimal hypersurfaces, such that either M has
no boundary or OM is a stable minimal hypersurface, with

mADM(M) < 5,

then
dr (TD(EO) C M, TD(EO) C Rn) < E.

Here 3y is the (n — 1)-dimensional sphere or area Ay, and Tp denoted the
D-tubular neighborhood.
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Penrose inequality: If (M, g) si an n-dimensional complete asymptotically flat
manifold of nonnegative scalar curvature whose boundary is an outermost

Area(OM)

Wn—1

n—1 .
, where w,,_1 iIs the area

minimal hypersurface, then mapum > % (

of the unit (n — 1)-sphere. If equality holds, then (M, g) is isometric to a
Schwarzschild manifold.

Question: If the ADM mass is small, is the manifold “close” to a Schwarzschild
space”?

[16] Yes, at least in the rotationally symmetric case: the manifold is “close” to a
Schwarzschild space in a certain Lipschitz sense.
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2. Uniqueness/non-uniqueness of tangent cone

Let (M, g) be a complete non-compact manifold with nonnegative Ricci
curvature and maximal volume growth. Then the tangent cones of (M, g) are
metric cones by Cheeger-Colding theory.

In general, tangent cones may depend on the choice of rescalings {r;}; one
might see different cones at different scales.

@ Perelman [23], Cheeger-Colding [4]: examples that have non-isometric
tangent cones, constructed by finding multiply warped products with
“oscillating” warping functions.

@ Colding-Naber [8]: examples where the tangent cones are not only
non-isomorphic, but non-homeomorphic.

e What if not only nonnegative Ricci curvature, but Ricci-flat? Hattori [15]:
example of a 4-dimensional hyperKahler manifold (with less than maximal
volume growth) that has infinitely many non-isometric tangent cones at
infinity.
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There are works proving uniqueness of tangent cone under additional
assumptions on the curvature, geometry of a tangent cone, algebraicity, etc.

@ Cheeger-Tian [5] showed that the tangent cone is unique if (M, g) is
Ricci-flat and has maximal volume growth, and a tangent cone is smooth
and integrable (which is an assumption on the deformation of the Einstein
equation on the cross section).

@ If one considers Kahler manifolds, Donaldson-Sun [9] proved uniqueness of
tangent cone at singularities of a limit of Kahler-Einstein manifolds, by
heavily using the algebraic structure of the limit space.

Most relevant to this talk:

Theorem (Colding-Minicozzi [7], Theorem 0.2)

Let M™ be a complete non-compact Ricci-flat manifold of maximal volume
growth. If one tangent cone at infinity has smooth cross section, then the
tangent cone Is unique.
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3. ldentification of scales

Theorem (Colding-Minicozzi [7])

Suppose that one tangent cone of (M", g) is smooth, i.e. it is in the form of
(R>o X N,dr? 4+ r?gy) for some smooth compact Riemannian manifold
(N"=1 gn). Let A be the set of C%P metrics g and positive C%* functions w
on IV, and define a subspace A; of A by

A = {(g,w) c A’/Nwd,ug - v01(aBl(0))}.

Define the functional R : A1 — R by

1 r3—n
R = A — Ry—,.|Vb| ] .
2—77,( n—2/b:T b_‘ ‘)

Then R satisfies the tojasiewicz-Simon inequality for some a < 1

|R(gaw) - R(gNavM)|2_a S ‘VRlz(ng)
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The Lojasiewicz inequality implies the critical decay

2 12
/ - Ab
b>r

C
Hess), — —g¢
Denote by ® : M x R — M the gradient flow of b? so that

< . (1)
= 1
,  logrith

n

dP,(x)
dt
In the special case of the Euclidean space (M, g,p) = (R™, gguc, 0), @ is simply
a dilation map ®;(z) = e?*'x. If we perform a coordinate change to the metric
GFue = dr? + 12ggn—1 by s = logr, so that 7 ?gguc = ds® + ggn—1 is Now a
cylindrical metric, then since 7(®;(x)) = e?*'x, it follows that

= Vb3 ().

(T o (I)t)_zq)nguc — YJEuc>

so the metric (r o ®;) ?®} gp, is constant in t.

Question: a natural identification between scales?

For large 9 > 0 fixed and A > 0, would (some version of)

[(r o @) 2 @5 g — (10 Par) *Ph,0lle=(glop, ) < ¥(), and limyo0 9(t) = 0,
hold? If so, ® provides a good way of identifying scales.

v
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Theorem (P. [20])

Let (M™,g) be a complete Ricci-flat manifold of dimension n > 3 and maximal
volume growth. Define the family of metrics g(t) by

g(t) = (bo ;) @7 g. (2)

Suppose that a tangent cone at infinity of M has smooth cross section. Let
A > 0. Then there exist constants rqy, 5 > 0 so that for any r > rg and
9(At)(v,v)

T >t>0,
sup
fb:fr {’U#O g(t) (U, U)

where rq, B depend on (M, g) only, and C depends on (M, g) and A.

log

} do < Ct™*, (3)
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The idea of conformally changing a given metric by a suitable factor of a
positive Green function of a linear elliptic operator has appeared in other works.
For instance Schoen used the Green function of the operator Lu = Au — w in
his solution to the Yamabe problem [24].

With the aid of some functional inequalities, there is no need to consider the
conformally changed metric g(t). For instance, suppose that the following
Hardy-Sobolev type inequality holds on M,

/ b f — fr]F < C/ o>~V f|? for any f € C°(M), lim f = 0.
b<r

b<r r— 00
(4)
2

Then one can directly work with the rescaled metrics g(t) = e=4Vii t®*g and
obtain the same convergence of g(t). The proof carries through using of the
2

Hardy-Sobolev inequality applied to f = |Vb|?> — V.= . One can conclude that
the above theorem holds with g(t) replaced with g(t).

\
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3. Matrix Harnack inequality

The Li-Yau gradient estimate for heat equation:

Theorem (Li-Yau [18])

Let (M, g) be a compact Riemannian manifold and f > 0 a positive solution to
the heat equation, 0;f = Af. Suppose that M has nonnegative Ricci curvature.
Then for any t > 0 and any vector field V on M, we have

Ouf + o-f +2DF(V) + fIVI2 2 0. (5)

o

Later this was generalized to a matrix estimate by Hamilton:

Theorem (Hamilton [12])

Suppose moreover that M has parallel Ricci curvature and nonnegative sectional
curvature. Then for any t > 0 and for any vector field V; on M, we have

1
DiDjf+Q_tfgij+Dif"/3+Djf'%+f%‘/}20° (6)

o
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Taking the trace of this matrix inequality yields the Li-Yau gradient estimate,
although the curvature assumptions are stronger for the matrix inequality.
Matrix estimates have also been developed for other situations, such as the heat
equation on Kahler manifolds with nonnegative holomorphic bisectional
curvature by Ni-Cao [3], Ricci flow by Hamilton [14], K&hler-Ricci flow by Ni
[19], and mean curvature flow by Hamilton [13].

Theorem (Colding [6])

If (M™, g) is nonparabolic and has nonnegative Ricci curvature, then
Vb < 1.

If equality holds at any point on M\{p}, then (M, g) = (R", gguc)-
In addition,

lim sup |Vb| = Vj\lf/(n—2).
"7 M\ B (p)
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On R™, b® = r? and Hessp2 = 2¢g. Hence it is natural to ask whether
Hessp2 < 2g in general, or at least:

if Hessyz < C'g near p for some C, then does this bound on Hessy2 extend to M?

Theorem (P. [21])

Suppose that (M™, g) is nonparabolic and satisfies the following two curvature
conditions:

e R(Vb,V,Vb, V) > 0 for any vector field V on M,
@ |VRic| < e for some € > 0.
Suppose that
@ Hessyz < Dg on M\{p} for some D, and
@ Hessy2 < Cg near p for some C' < C(n,e).
Then Hessyz < C'g on M\{p}.
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Kahler-Einstein metric

Let X: compact Kahler manifold

Theorem (Aubin/Yau 1978)

If Cl(X) < 0, then JlwkEg s.t. Ric(wKE) = —WKE

Let X: general type and fix wg € —c1(X).
d0-lemma = Ric(wg) + wg = iOOF for some F € C>®(X).

Definition (Elliptic MA eqn)

Find a solution ¢ € C°°(X) satisfying

(wo + i00p)" = e?TF ]
wo + i00¢ > 0.

Then wike = wo + i00¢.
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Kahler-Ricci flow

Theorem (Cao, 1985)

For all t > 0, there exists a family of Kahler metrics w(t) on X satisfying
{ Few(t) = —Ric(w(t)) - w(t),
w(t)|t=0 = wo.

Moreover, |lim w(t) = wke. This is called the Kahler-Ricci flow (KRF).

t— 00

Definition (Parabolic MA eqn)

Find a solution ¢ € C*°(X x [0,00)) satisfying

{ (wo + i00p)" = e%90+90+Fw8,
©(t)|t=0 = 0.

Define w(t) := wg + i00¢(t).
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Fiberwise KE and KRF

Let m: X" — Y1 be a family of canonically polarized mfds, i.e.,

@ m: X — Y: proper holomorphic surjective submersion

o X, :=7"1(y): general type, i.e., c1(X,) <0

Theorem (Ehresmann’s fibration theorem)

Let m: X — Y : proper surjective submersion

Then X, = X,/ (diffeomorphic) for all y,y" € Y

Let w: d-closed (1,1)-form on X s.t. w, :=w|x, > 0 and [w,| = —c1(X).

= W/t = wy + 1001, KE metric on X, (Aubin/Yau)
wy(t) = wy, +i00p,(t): KRF on X, (Cao)
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Fiberwise KE and KRF

= 3 p:=w+ i00y: d-closed (1,1)-form on X s.t. p|x, = W;fE

3 w(t) := w+ i00¢: d-closed (1,1)-form on X s.t. w(t)|x, = w,(t)

@ p Is called the fiberwise KE.

° wyp = [, Iy p" 1 Weil-Petersson metric.

@ w(t) is called the fiberwise KRF.

° et =s
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Schumacher and Berman’s results

Theorem (Schumacher, 2012)
@ p>0on k.
@ p>0onX ifm: X — Y Is effectively parametrized.

Theorem (Paun, 2018)

p extends across the singularities of the map ™ as a positive current.

Theorem (Berman, 2013)

@ w(t)>0on X ifw>0.
@ w(t)>0onX ifw>0and7w:X — Y is effectively parametrized.

Goal: Study a holomorphic family of non-compact complete Kahler mfds!
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Generalization to noncompact manifolds

Question: Which non-compact mfd admits a complete KE metric?

Definition (Bounded geometry)

We say that (X,w) has bounded geometry of order k if for each p € X
there exists a holomorphic chart (Up,&p) centered at p and constants
r, C, C, > 0 independent of p satisfying

(i) B.(0) C V, :=¢&p(Up) CC,
(i) & (8,5) < (£5) = € (805).
(iii) ) < C..

CK(Vp)
where w = ig,zd§% A df_ﬂ for the coordinates £, = (€L,...,¢&M).

8o

For any functions u € C*>°(X), we define a norm by

Hqu—l—e = ;S).lEJ)B{HU © ‘g;chkjLe(\/p)}?

Ck+¢(X):= Banach completion of {u € C®(X) : Ul e < 00}
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KE and KRF on complete Kahler manifolds

Theorem (Cheng-Yau, 1980)
@ (X,w): complete Kahler mfd with bounded geometry
o Ric(w) + w = idOF for some fn F € C>(X)
— ! complete KE metric wke with Ric(wke) = —wkE

Theorem (Chau, 2004)

@ (X,w): complete Kahler mfd with bounded curvatures
@ Ric(w) + w = iOOF for some smooth bounded fn F on X
—> 3 Kahler-Ricci flow w(t) for all t > 0 and |lim w(t) = wke

t—o0

Theorem (Wu-Yau, 2020)

Let (X,w): complete Kahler mfd with —C; < Hol(w) < —C, <0

— ! complete KE metric wke with Ric(wke) = —wkE
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Concrete and Fundamental Examples

A smooth bdd domain 2 CC C" is called a strongly pseudoconvex domain
if 4 a smooth strictly plurisubharmonic defining function r on €2, i.e.,

@ Q={r(z) <0}, IN={r(z)=0}, dr#0o0ondQ (def. fn)
@ i00r >0 onQ (str. psh)

@ {strongly convex domains} C {strongly pseudoconvex domains}

@ bdd pcx. domain = increasing union of str. pcx. domains

11/23



Concrete and Fundamental Examples

Proposition (Cheng-Yau)

Let ) be a bounded strongly peudoconvex domain in C".

w = i00(— log(—r)) has bdd geometry, Ric(w) +w = i0OF, F € C=(Q)

v

Proposition (Cheng-Yau)
Let (X,wqo) be a Kahler manifold with Ric(wp) < 0

Let Q be a bounded strongly peudoconvex domain in X.
Then w := —Ric(wp) + i00(— log(—r)) has bdd geometry and satisfies
Ric(w) + w = iOOF for some F € C>®(Q).

In the above case, we have asymptotic boundary estimates of wkg
(Cheng-Yau, Lee-Melrose)
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Family of bounded strongly peudoconvex domains

Definition

w: D — S is a holomorphic family of str. pcx. domains if
@ m:C" x C — C: coordinate projection map w(z1,...,2n,S) =S
@ D: smooth domain in C"1, S := 7(D)

o D, :=Dnn Y(y): smooth str. pcx. domain in C", Vy € S

= J w: d-closed smooth (1, 1)-forms on D such that w, := w|p, is a
complete Kahler metric with bounded geometry.
= 1 p: fiberwise KE on D

Theorem (Choi, 2015)

@ p >0 on D if D is strongly pseudoconvex in C"1,

@ p> 0 on D if D is pseudoconvex in C"t1.
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Setting
@ m: X — Y: holomorphic surjective submersion

® wx: Kahler form on X satisfying Ric(w,) < 0, where w, := wx]|x,
@ D: C*®-domain in X, S :=mx(D)
o D,:=Dnn1(y): C>®-bdd. str. pcx. domain in X, Vy € S

o m:D — S: proper (= D, := DN n~Y(y): diffeomorphic, Vy € S)

v

Theorem 1 (Choi, Y-)

If D is strongly pseudoconvex in X, p is positive definite on D.
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@ m: X — Y: holomorphic surjective

@ W: d analytic set containing all singular values of m and m|gp in S

@ For all regular fibers, the assumptions of Theorem 1 hold.

Theorem 2 (Choi, Y-)

If D admits a complete Kahler metric &p satisfying Scal(&,) > C,

then p extends to D as a positive current.
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On the other hand, we also have w(t): fiberwise KRF

Theorem 3 (Choi, Y-)

Suppose that w > 0 on D and strictly positive at least one point on each
fiber D,,. Then w(t) >0 on D for all t > 0

Proposition

If D is pseudoconvex in C"t1, there exist a defining function r of D s.t.
w := i00(— log(—r)) satisfies the above assumption.

@ p >0 on D if D is pseudoconvex in C"1. \
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Horizontal lift and Geodesic curvature

m: X — Y with dimg(Y) =1

7: a d-closed smooth real (1,1)-form on & s.t. 7|x, >0

vi=2 ¢ T,(Y)

@ v, horizontal lift of v is a (1,0) vector field satisfying
(1) dn(vy)=v
(2) <veyw>,=0forVwe T'X,

@ c(7): geodesic curvature of T is defined by
c(7) =< vy, vy >,

o 7™ = c(r)- 7" A *(ids A d5)
0 7>0<=<¢(r)>0 (1>0<«<=c¢(7)>0)
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PDE of geodesic curvatures

For each fiber Dy, consider geodesic curvatures c(p) and c(w(t)).

Proposition (Schumacher)
(=2 + id) c(p) = [|0v,||?,

where A is the Laplace-Beltrami operator of w)’fE :

Proposition (Berman)
0 _ _
(5~ 2+ id) c(w(e) = v

where A, is the Laplace-Beltrami operator of w,(t).

Use a non-compact version of elliptic and parabolic maximum principle!
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Almost Maximum principle

Theorem (Almost Maximum Principle)

Let (X, g) be a complete Riemannian manifold

Let f be a bounded from above smooth function on X.

@ (Omori, 1967) If sectional curvatures are bounded from below, there
exists a sequence of points {x,} € X satisfying

1 1 1
f(xx) > limsup f — o |df (xk)| < m and Hessf(xx) < 8

@ (Yau, 1975) If Ricci curvatures are bounded from below, there exists a
sequence of points {x,} € X satisfying
1 1 1

f(Xk) > limsup f — ;, ’df(Xk)‘ < ;, and Af(Xk) < F
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Parabolic Maximum principle for KRF

Let (X, g) be a complete Riemannian manifold with bounded curvatures

Theorem (Weak maximum principle (Shi))

Let f be a smooth bounded function on X x [0, T) satisfying

(% — At) f >0 whenever f <0.

Iff >0o0n X att=0, then f >0 on X x [0, T).

Theorem (Strong maximum principle)

Suppose that sup f(x,t) >0 and f(x,0) > 0 at some point x € X.
Xx[0,T)

Then f(x,t) >0 o0on X x [0, T).
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Parabolic Maximum principle for KRF

Theorem (Weak maximum principle (Ni))

Let f be a smooth function on X x [0, T) satisfying

(% — At) f >0 whenever f <0.

Assume that dc > 0 such that f— := — min{f,0} satisfies

-
/ /(—r)C(f_)2 dVidt < oo.
0o Jx

Iff >0o0n X att=0, thenf >0 o0on X x[0,T).
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Thank you for your attention.
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Gauss curvature flow (GCF)

Let Xp : M" — R"*! be a smooth immersion.

Gauss curvature flow If X : M" x [0, T) — R™! satisfies

& X(p.t) = ~K(p. 0(p. 1)

with X(-,0) = Xp, then the one-parameter family of hypersurfaces
Y = X(M", t) is said to be the Gauss curvature flow.

Here, K(p, t) is the Gauss-Kronecker curvature of >; at X(p, t)
and v(p, t) is the outward unit normal vector to X; at X(p, t).

One of the higher dimensional versions of the curve shortening flow.
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Tumbling stone on a beach - phenomena in nature
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Modeling

A stone is subject to wear under impact from any random angle by
the sea.

(Gauss Curvature)

Erosion is heuristically proportion to the measure of image of the
Gauss map.
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Theorem (Hamilton '94)

If a hypersurface has flat sides then the flat sides still exist under
the Gauss curvature flow for some time.

If the cube evolves under the mean curvature flow, then the flat
sides will disappear immediately. (SMP, heat exchange)



Volume change with a constant speed

Under GCF, the volume V/(t) enclosed by ¥ ; satisfies

0
“V(t)=— | Kdog, = —|S"
5 V(D) =~ [ Kdox, = -5

by an analogy of Gauss-Bonnet theorem.
Apply maximum principle to %K = K(h_l)’jV;VJK + K°H

GCF must shrink to a point at T, = V/(0)/|S"|.
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Relation to (L,-)Minkowski problem

Given a Borel measure ¢4 > 0 on S"1 find a convex body K such
that Sk , = p. (Existence and uniqueness?)

1—
convex body K <—  Lj,-surface area measure Sk , = hy PdSk

By the Brunn-Minkowski inequality, solutions to (classical)
Minkowski problem can be given by

inf {/S b (X)du(X), L € K™ V(L) > 1}

and the uniqueness follows from the equality condition on the
Brunn-Minkowski inequality.

The self-similar solution to the Gauss curvature flow is the solution
to Lo-Minkowski problem (p = 0, so called logarithmic Minkowski
problem).
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Preservation of flat sides

A: flat sides. [ = OA: free boundary, the interface between flat
parts and non-flat parts.

e [Daskalopoulos—Hamilton '99] short time; [Daskalopoulos—Lee
'04] long time.
e Chopp—Evans—Ishii showed that if Xy is smooth, free

boundaries does not move during some waiting time period.

1
e Choi found that the optimal rate of movement is ="

Therefore, regularity near free boundary is key to understand how
the stone evolves.
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Flat sides = one phase problem

free Bwndavsa_

GCF with flat sides can be formulated as obstacle problem () = 0).
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Membrane with obstacle

Obstacle problem for membrane (variational inequality):

1
minimize /—\Vu\zdx
p 2

u>1p

Then Au=0in{u >} and Au<O0in D.

Linear operator — “flat side” = “obstacle”
Nonlinear operator — “flat side” # “obstacle”

GCF with flat side # GCF with obstacle

Question: What is “obstacle problem” for GCF?
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Model for the flow with an obstacle

b 5{’0\6 |€

When a stone have a hard core, the hypersurface cannot penetrate
the hard core.

Difference with the flat sides problem:

growing contact set vs shrinking flat sides

Focus on the neighborhood of the free boundary since this part is
important as in flat sides problem.
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Main results - stationary obstacle

Theorem (Lee-L. '18, n =2, a < 1, stationary)

Let Xo and W be smooth strictly convex closed hypersurfaces.
Then GCF with an obstacle has a unique solution for t € [0, o00)
with the optimal C11-regularity. In particular,

Q 0 < \; <C, X\;: principal curvature.
@ On the non-coincidence set X(x,t) & ¥,

0 < c(d(X,N)) < \i(X) < C,

where d(X,\) denotes the distance from x to {X € ®}.
© There is a finite time T, such that 2+ = ® for all t > T,.

K becomes zero on the free boundary.
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Main results - moving obstacle

Theorem (Lee-L., all n and a > 0, varying obstacle)

Let Xo and W be smooth strictly convex closed hypersurfaces.
Assume that WV is a slowly contracting obstacle. Then the Gauss
curvature flow with an obstacle has a unique solution for
t € [0,00) with the optimal C1'1-regularity. In particular,
© The principal curvatures \; satisfy c(Xp, ®) < \; < C(Xop, P).
@ There is a finite time T, such that 2 = ® for all t > T,.
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Free boundary in various fields

Physical phenomena
rolling stones, melting of ice (Stefan problem)

Geometry
collapsed geometry, degenerate solution to Minkowski problem

Economics and Finance
portfolio selection, American option pricing, transaction cost
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Thank you!
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Definition of capillary minimal surfaces

A capillary minimal surface X in a domain U is a minimal
surface 2 which meets QU in a constant contact angle along OU.
When the contact angle is a right angle, the surface is called a
free boundary minimal surface.

Existence and uniqueness results on capillary minimal surfaces vic
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Characterization results on capillary minimal surfaces

Nitsche (1985) The only immersed free boundary minimal disk
in B3 is an equitorial disk

Ros-Souam (1994) Generalized Nitsche's result to space forms
S3, H3
Fraser-Schoen (2014) Generalized Nitsche's theorem to B"

Mcgrath (2018) Embedded F.B.M.A. in B> symmetric to three
coordinate planes is a critical catenoid

Choe (2002) Generalized Nitsche's result to domains bounded
by several planes and spheres

Existence and uniqueness results on capillary minimal surfaces vic
EUNGBEOM YEON



Capillary minimal surfaces Preliminares Capillary minimal surfaces outside the unit ball B3

© Preliminares

Existence and uniqueness results on capillary minimal surfaces vic
EUNGBEOM YEON



Capillary minimal surfaces Preliminares Capillary minimal surfaces outside the unit ball B3

Welerstrass represantation formula

The pair (g, dh) is called the Weierstrass data and it consist of a
Gauss map g(z) : £ — CU {oo} and a holomorphic differential
dh = dx3 + idx3 where x3 is the third coordinate function defined
on the surface. X : £ — R3 can be represented by the real part of
the holomorphic curve as follows.

- [ (32 0) 43 +0) )0

Existence and uniqueness results on capillary minimal surfaces vic
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Welerstrass represantation formula

With the Weierstrass data, various geometric invariants can also be
represented by the data.

1 B 2
os? = (5(1e1 + lg Dldhl) = A2ldz,

b(v,v) = Re (f v) - dh(v))

where v is a tangent vector to the surface X.

4|98
g

(Il + [g|=1)?|dhl)

Existence and uniqueness results on capillary minimal surfaces vic
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Examples of minimal surfaces with Weierstrass data

Enneper’s surface and the higher order Enneper’s surface have the
following Weierstrass data defined on C.

We can deform the Gauss map to get a surface with the
Weierstrass data as follows.

g(z) = 2"+ P(z)
dh = g(z)dz

where P(z) is a polynomial of degree n < k — 1.

Existence and uniqueness results on capillary minimal surfaces vic
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Examples of minimal surfaces with Weierstrass data

22—R2

g(2) T YR2,2 1
1 > o\ dz
dh:(l_R2—|—R_2(Z —|—Z ))?

The above Weierstass data represents two Enneper’s surfaces
joined by the catenoidal neck. As it is geometrically observed that
the flux vector along the closed curve on the catenoidal neck is a
nonvanishing vector.

Existence and uniqueness results on capillary minimal surfaces vic
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Field of line elements

A smooth field of line elements is a vector field defined on a
region that is a family of curves such that at each point the vector
field is tangent to a curve through that point.

A field of line elements cannot be extended to a single point p then
the point p is called a singularity of the field of line elements.
An index of an isolated singularity p of the field of line elements is
defined as j where 27 is a rotation number around a singular
point p.

Existence and uniqueness results on capillary minimal surfaces vic
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Examples of singularities

AN

Figure: Examples of field of line elements with isolated singularities of

' 5 1
iIndex 1, > and >

Existence and uniqueness results on capillary minimal surfaces vic
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We have the following theorem.

Poincaré-Hopf Theorem ([7])

If F is a field of line elements on a closed surface S of genus g
with finite number of singularities p; for i € | where | is a finite
index set. And denote j,, as the index of p;. then

Sjp =2 — 2g.

Existence and uniqueness results on capillary minimal surfaces vic
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Results on capillary minimal surfaces outside the unit ball

Let X € (C2(D/,R3) N CY(D',R3)) be a capillary minimal surface
in R3\ B3 with finite total curvature and one embedded end.
Then it must be either part of the plane or part of the catenoid.

Existence and uniqueness results on capillary minimal surfaces vic
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Results on capillary minimal surfaces outside the unit ball

There does not exist a capillary minimal immersion

X € (C3(D',R3) N CY(D',R?3)) with finite total curvature, one end
asymptotic to the end of the Enneper’s surface, and vanishing flux
vector on the first homology class of the surface.

Existence and uniqueness results on capillary minimal surfaces vic
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Results on capillary minimal surfaces outside the unit ball

Let U be a convex domain in R3 which is bounded by k(k > 1)
spheres. Let X € C>%(D',R3) be a capillary minimal surface in
R3\ U with finite total curvature and one embedded end. If k > 1
, the surface with a catenoidal end cannot exist. Furthermore, the
surface with a planar end must be part of the plane.

Existence and uniqueness results on capillary minimal surfaces vic
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Two important Lemmas

Let a minimal surface 2 be as in the main theorem. Let
®(z)dz*

be a Hopf differential defined on the surface. And put
22®(2) = a +if.

Then the harmonic functions o, 0 satistifes
a=p=0
on the whole surface when the surface has the planar end. In case
the surface has the catenoidal end,
a=A, =0
for some nonzero constant A.

Existence and uniqueness results on capillary minimal surfaces vic
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Two important Lemmas

Let a minimal surface D' — X be as in the Theorem 1 and assume
that it has the catenoidal end. Then all concentric circles centered
at the origin of D' become lines of curvature of the surface and
there is no umbilic point on the surface.

Existence and uniqueness results on capillary minimal surfaces vic
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Proof of theorem 1(main idea).

Lines of

/_’ curvature

De
2z
@)
. w :‘Hll)
2= W A
w -?\o\\e
% (D)

(Tt 5
D

After we parameterize the surface with the inverse of the Gauss
map of the surface, we calculate second fundamental form along
the lines of curvature.

Existence and uniqueness results on capillary minimal surfaces vic
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Proof of theorem 2(main idea).

Main idea comes from the index calculation on the surface. We
can deduce that there is no boundary umbilic point since a
boundary umbilic point P will yield that lines of curvatures near P
would be like the figure above. Since we don't have any positive

index other than the puncture, we get the result.
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Thank you.
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In this talk,

e Minimal surface = Complete minimal immersion of finite total

curvature

o Identify C? and R* via

(z,w) € C? < (Re z,Im z,Re w,Im w) € R?

e arXiv:2101.06836



Embedded examples in R
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Embedded ends in R3

The Weierstrass representatlon formula: \ / T

X :Z\{p1,p2, - Pk} — R e 4
($. $..85)= (%""'% RE AR l%*'"}k

-

X = Re/(¢17¢27¢3) ‘Zcbf‘ao =P Q,:—Zb
"o reog. Peﬁods —~ b=c=0 , deR

with the following conditions:

d lag (2
® >, is a closed Riemann surface of genus ﬁb&

g and {p17p27 T 7pk} C ng d=0 —b WO Qﬁmﬂt‘mﬁ\ﬁ
_, _— arewd/\
o qﬁ,. S are n?eromorphlc 1-forms on >4 - Plaumr ond
with possible poles at {p1,p2, -, px}. e~y

and at least one of them should have a d£0 —~p co:Ee»\oav:loS)~ erd

pole at each p;,

o S0 ¢?=0and X7, |¢i? >0,

® ¢;'s have no real periods. 3



Minimal surfaces with embedded planar ends

X —b aﬂae\omi.c
e Provide interesting minimal surfaces
e Related to Willmore surfaces in the round sphere J‘;g My
- (Bryant 84) Minimal surfaces with embedded planar ends in
R3 compactify to give Willmore surfaces in S3. All Willmore
spheres are given in this way.
- (Michelat 16, Hirsch and Mader-Baumdicker 19) Morse index

of corresponding Willmore surfaces from the position of planar

ends.



Existence and nonexistence in R3

e Nonexistence

- genus 0 with 2, 3, 5, 7 embedded planar ends

~1genus 1 with 3 embedded planar ends

-Jgenus g with 2 embedded planar ends, g > 0  Scloen

e Existence

- genus 0 with d embedded planar ends, d # 2,3,5,7
- genus 1 with 2d embedded planar ends, d > 2



Kusner’s theorem

» €M)=2 - nIM)=\ , ewdeadded
Theorem (Kusner 87) o o woxism pm«,lex

Let M be a complete immersed minimal surface in R with finite
total curvature and M be the one-point compactification of M via
the stereographic projection S® ~ R3 U {oco}. Denote by n, the
multiplicity at a point x € S3, and define n(M) = max{n|x € R3}
and e(M) = ny,. Then we have n(M) < e(M) with the equality if
and only if M is a union of planes. * [K-version (embedded plamar evds)

H MW=L <6 omosded. .
[Idea] the conformal invariance of (|H|? — 4K)dA and mean

curvature spheres

XM . My C\Rs (Sﬁareoam?\m. Q\’o\')ecénv\ w\x) WM )= %;gﬁ WdA = ':TS‘M:“‘%A*‘NV\:

Moo =M , widwell. WA ) = 43 €M) 2 4T Nx

> M S,
4/mo=m, i), € 7@ D e i) :



The Lagrangian catenoid in R*

The Lagrangian catenoid in R* can be identified with
{(2)€C?|2€C— {0}  wimmal

. . . . ~ - _ -‘-
up to rigid motions and scaling. 2=re"e,(ve7*‘,-|&e‘ = wd(r.0, )

{
_ | +smd(0.r.0,~ )
e It has total curvature —4m and foliated by circles.

e Harvey and Lawson, Castro and Urbano (Special Lagrangian)

e Hoffman and Osserman, Park (Minimal surface)

22 (f'
= A%\MVWQC belavior , r—9.% j . B )/(
- Aﬂwfw&c. 2 \a\mes ) (




In R*

Q1: Do we have minimal surfaces with 2 embedded planar ends

and positive genus?

Q2: What about minimal surfaces with more than 2 embedded

planar ends?



Embedded planar ends in R*

Let X : . \{p1,p2, -, Pk} — R* be a complete minimal

immersion of finite total curvature.

We say that X has an embedded planar end at p; if there exists
an open neighborhood U; of p; such that

e the image X(U;\{p;}) is asymptotic to a plane,

e it is a graph over the same plane outside some compact

A
subset, ﬁ
e all height functions have no logarithmic growth. ""‘Qﬁ?\(‘&ﬁ




Embedded planar ends in R*

In terms of the Weierstrass data (¢1, @2, @3, ¢4), the minimal
immersion X has embedded planar ends if and only if

)
min {ord,. @1, ord,. @2, ord, @3, 0rdp da} = —2,

\resp,(bl = reSp, P2 = resp 3 = resp o4 = 0

Gowss oX &0 Mo
forall i=1,2,--- k. (0.04.-%),(1.-ra0] €F°

[Example](the Lagrangian catenoid in R*) Zéi=o w» qedic Q

N\‘\vas
X(z) = (Re z,Im z,Re ,Im 1) e R*, z € C - {0}

envbedded Q\nm evds
4+ on-e some n&w&
. ~b ends ke

(01, 62, 02.00) = 2Xodlz = (dz, —idz, ~ 2, 52) . Logggion

T R ,
=Re§(¢‘.¢;.¢,.¢.,) ctenod..

= The Weierstrass data can be computed as follows:
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Main results 1

Theorem M AL/ )@ X

There are no genus 1 complete minimal immersions of finite total

curvature in R* with 2 embedded planar ends.

[Sketch of the proof] Let X : ¥1\{p1, po} — R* be given by the oo
Weierstrass data (¢1, @2, @3, ¢4). By rotating the surface, we ma;I/ /

assume that the Gauss image at py is [1,—/,0,0] € P3 C=d=0 ~b ,
A MM tt’mc'«'le'
(n1: a meromorphic 1-form with

)
1= 00z + am + a7 a double pole only at p;

) P2 = bodz — iamy + bime 12: @ meromorphic 1-form with a
¢3 = codz + 11 double pole only at p»
| P4 = dodz + dimp @ 7 0, epr=ed) Ci#0or dut0

a?+ b3 + ¢z + df =0)
”\"’\a.eﬂ\“ﬁ:@):(b _ogtte&?eml;s ! ! ”



Sketch of the proof

T «C
T +T cwser) ey 5.3

\
”\\ = P('%H% [} "\12 ?(%‘_?(?1.)&%

Tee-2, Pa=-1, Gaa) T8

T
x@= e (@bt e)

R
= Xigz)= Regh OO ‘
_ o (Tta) =
= Re 2 (éudt.éhcﬁ\')f h{ o)LQhét'%#*)

= \Jo + Reg:.f(¢t.¢t.¢3.¢?)

0=". \
P): Weierstoss P-Gonction
&= P(L), ea=P(F) . es=P(T
(P)'= 4(p-e)@-e)R-€3)

T W

wse \) b2 ¢'i‘f'i¢ 2 K .,
M, =Q(‘t)<\% s M=

(\)&\“Pc\’ﬂ\l
z¢2‘__—=g = ) ?oQSMaQ. T, TF®)=0 ?(‘bg .(4’«- mmrr\nlc Hunctions
perods

= Tz0 L $xd=0 vt oy o smple e,
b3 belStids) Wwe o vell pereds B wo o

12



Main results 2

\g == X . Q(. v ‘:.\) res ‘w:veSV;bQ:Q,
Rk U= QuaetilE ®Gted) | e L)oo Yoz}
= \: ry& Ue:bYS@NZQ &JW“"

Theorem =2 K~ R’ w24) (= 5eaem9.'\al Weerseross repn )
If g # 4, there are no genus g hyperelliptic complete minimal

immersions of finite total curvature in R* with 2 embedded planar

ends like the Lagrangian catenoid.

Question: Can we prove nonexistence for non-hyperelliptic cases?

13



Main results 3 - more than 2 ends

Theorem

Lletg>1and g+2<d<2g+ 1. Foreach (g,d), there exists a
complete minimal immersion of finite total curvature in R* with d

embedded planar ends and genus g, that is symmetric with respect
to the origin and hyperelliptic if g > 2. Moreover, there are

embedded examples when g =1 and d = 3.
R T e o

[Example] P(z): the Weierstrass function on the square lattice

<A

(o] \

" P'(z2) _ _P'(z) , 2 2, €
Fl2): ((mz)—P(;))(P(z)—Pu;»)’ (P<z>—P<;>)(P<z>—P<1g'>)> : %{
}

2,
= Asymptotic to 3 planes: {z; =0}, {zo =0}, and {z1 + 2 =0

= Symmetry group: order 4 cyclic group generated by (? ;)

14



Further questions

e Classify all embedded ends in R* including multiplicities or
logarithmic growth.

e Can we obtain a complete classification for 2-ended embedded
minimal surfaces in R*?

15



The Elements cf Fuclid

(XTovxela) (E vrAeldng)




Ruler and Compasses (T 1F, 4E3R)

Rope Stretchers
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Pythagorean School




A. Gaudi (1852-1926)
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ntoni Gaudi
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Yo soy gesmel” i’ qgo"
Quiere decir sinté?’

Antoni Gaudi

" . )
r icitly
maq geomeﬂ'“" f

i
t ef!
he"efore Im 2

Antoni Gaudi
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Figure 21, Dugram of tablet held up for Pythagoras, (From Bellon,
Desmizzione. Photo: Clark Art Institute Library.)
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Had it been possible to calculate the year, the round of seasons,
simply by multiplying the cycle of the moon, mankind would have

saved a lot of trouble.
But we might have also lacked the incentive to study the

heavens and to become mathematicians.

— Daniel Boorstin, The Discoverers, 1985.
11



Incommensurablity of side and diagonal (Irrationality of v/2)

2 — v = —(2(x+ y)? — (2x+ y)2)

X : side, y . diagonal

12



Plato's The Republic

TR0 AT LR O

Book VII

the knowledge at which geometry
aims Is

knowledge of the eternal,
and not of aught perishing and tran-
sient.




Copernicus, 1543
NICOLAI CO

PERNICI TORINENSIS
DE REVOLVTIONIBVS ORBI®
um cceleftium, Libri vi,

Habesin hoc opereiam recens nato,& xdito,
ftudiofelector, Motus fellarum , tam fixarum,
qudm erraticarum,cum ex ueteribus, tum etiam
exrecentibus obferuationibus reftitutos:& nos
uis infuper ac admirabilibus hypothefibus or=
natos.Habes etiam Tabulas expeditifsimas , ex
quibus eofdem ad quoduis tempus quim facilli
me calculare poteris.Igitur eme,lege, fruere.,

Rpopidrms ¥his ddm,

Norimberg= apudIoh, Petreium,
Anmno M. D, XLilL,




Gregorian Calendar

1582. 10. 4. (2)
1582. 10. 15. (2)

Christopher Clavius (1538-1612)

15



1607, Elements | - VI,
Matteo Ricci (0|05, RIS,
1552-1610) 2} MLt} A ZA|
(1R FLR%, 1562-1633) 7} EH

‘B2 Bk, IR, £49F, BHE, 5,
TI5(3W) s 012 7tX] E2 #HE
CHE = 20k= (OIZAE-Y A9l A
He| = &) #TAFO| Betrt.”
A et "HoF(How much, EE)"E
o|0|StALCt [F7]&F].

1867, Elements VII-XIII,
o= M I A} Alexander Wylie 2}
== dL2te| o|MeEH(ZFER) O
o

 Matthear Riccins Macerat-é Soc. %
| grom? 6’ Ariiine Fidei in @yna Srnarum
|

.é'/ @m;u J/dé//m.r Sinarum Kofdlll
@:/ gfly;tcln.:;ryqyﬂ.ﬂr.' Y ‘- /

Jrepagator.




The Elements, Book |

U=E I=E = U=1

The whole is greater than a part.

e

17



Book |

|-47

axb=(a+b—c)xc+(a—c)x(b—2c)

43
47

2021

18



Pythagorean Points

---------- @-(20,99)
- 37
10

44

36
9

56 22 49
5 29 15 4o

8
35

en
036,77

17

51
24

58

5 9 13 17 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77 81 85 89 93 97101

25

z=(3+4i)/5, =z

Angles of a Pythagorean triangle are incommensurable.
Pythagorean points in S are of infinite order.

k

19

39 39 5 39 12 46

(k=1...,61)
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» Book [I-13

& = a’>+ b°> —2abcosl

20



Book V (Eudoxus of Knidos)

» The ratio of two segments is called logos.

» Theory of analogia, i.e., proportion.

a:b=c:d

Whatever is capable of increase or diminution, is called magnitude, or quantity.
. money ... weight ...

Mathematics is the science which investigates the means of measuring quantity.

L. Euler, Elements of Algebra, 1770.

21



Book VII, VIII, IX: Theory of integers

» Book VII-1,2, X-2,3: Euclidean Algorithm

cf. Descartes-Sturm, Rule of Signs

» Book IX-20. There are infinitely many primes.

22



» Book XI, XII, XIIl - Finite Symmetries in E3
Prism (D,), Pyramid (C,), Platonic Solids (T, O, 1)

Frobel

23



1637, Descartes, Discours de la METHODE

DISCOU!S

Pour bien conduise (a raifoo, & chercher

la verieé dans ks foenses,
L FPLwee

, LA DIOPTRIQVE

! LES METEORES.

A ET

! LA GEOMETRIE
Qo fout des ofiiy de cote ManoDL,

A Lavor

De Mmprimeiede [ax Marer

€15 13 ¢ xaxvwir

Awec Prinslge.

DE LA METHODE

f-A-->B

Dy(p) = lim ~ (F(p+tv)—F(p)) € B

t—0 t

24



A Euclidean space is
a metric space isometric to R”
for some natural number n.

El ~R

1997. 9. 19.

n

O\

R"%O(n)

Rn

25



Logic is a most excellent instrument
to govern our reasoning.

— Galileo

Truly I begin to understand that although logic is a most
excellent instrument to govern our reasoning, it does not
compare with the sharpness of geometry in awakening
the mind to discovery.

— Galileo in Two New Sciences, 1638

S. Drake, Mathematics and Discovery in Galileo’s Physics, Historia Mathematica 12 (1974),
129-150.

26



Etc

Geometry: geo:"earth”, metron:"measurement”
Euclid did not once mention the ruler and compasses [Klein].

Coxeter, Squaring the Circle

O O

O O

Tom Lehrer (1928-):
» Elements (https://www.youtube.com/watch?v=AcS3NOQnsQM)
» New Math (https://www.youtube.com/watch?v=UIKGV2cTgqA)
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valuel} singular value®} 752] &&o] t #A 9l feature©|C}.

gho]| A = eigen

6 U7
5810] AALS TR BHA oY Yo AR S 27 g =9 A2 (e 55
HojuA] Zsted ol FAloz JAH W& vhE & glal o2 g55fof ftote 59
AEe & glojus Zlojth U 24k fu et AHAMS S vtg ez S= 4Rl o &5 9
Aokl zhsh EARE 2410] fotAlS WA 249 SRS 2 B ARy oot 3RS
sithl =71A H it 383 51 KAl S5ttt AZshe 2ol Hol Adzto] $=2A
Ao, o] 5 7I&cte Y= A9 wo] LotEe Tt2o] YRS ARSIt ol F2
2 A7 fatof] HupQl Ate] et YAk U o WRolt o W 227t ¢l
AP Q2] 7} & Ab=o] Al 2 & Hore Zl ol ARG

2N 22 FYA AR 7S et Ukl ol da R H AlZolut Afope] StA
7HR] rebshiA R 22fsint. Fis] 12 250l ARt AdRolA A4S ot silen 1 Zatvt
T 2 A2 olUAAIT 2 AukS 71550 V1= Hle A=A R ARl Aze
A7tg 7158, 7h2 XA v 7] £ AFelstal, gl AoA ot Zle Hal "ot e
st & o3 7HA 7152 BE AE & 4 Y o7l S AR ASIE Zlolal, A5 7
TotHE f2= doiw il 5HA] ohe Zlojot. Z2]al o3 {Ak2 927} & o]ojurtof

SUALE 7122 7] Z1o] oA AHE AZet s RAIR AT AR gk 7Sk Y e P EE waolA
RESiA o2 Solum AL A F shtolct.
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