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Day Graphness and curvature decay .
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Mean curvature evolution of entire graphs
"

compact case :

→ ☐ → •

t

in finite time
.

non- compact case : CSF exists {
infinite time

.

for a long time

consider a complete
,
non - compact

, properly embedded

curve 8 in the plane IR?

XX
not complete

.
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initia-data.to : curve given by a graph .

( with linear growth and bounded curvature
.
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East CSF of to exists for all time (-1--0)

Goat : study the behavior of CSF

for large time t

Q
.

What is preserved ? ( or controlled )

① Preservation of graph ness ?
=

Quantify the graphness ( w.r.t.kz - axis ).

( ñ , e.) > o or ocvv:=ñ5<¥
ñ
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Vt = v2 Kg < F. ez >
Ms = - KÉ .
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Maximum principle ?



We would like to use maximum principle in PDE

but the domain is non- compact .

✓ : IR ✗ [0.x) → 1122
.

Remand It does not hold for the heat equation .

Tychonov 's example :

7- U -1=0 S.t. {
Ut = Uxx in 112×-10.0 )

UC:o) = 0
.

On IR
.

*

Thm_ A function f- = fix ,-4 defined on a curve r

satisfies the inequality
f-
e
- Fss I adsf

for some constant a. If Ao = Sgp Iat
C N

,

then

sup f- s sup f-
Ft Ro

pf ) Day2☐

⇐ v is bounded at t=o ⇒ v remains bounded

by the same constant
.

pf). Ve - Uss - - f-V5 - K'VE 0
.

By Max
. principle , sup v E sup V.< N .
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Lor Po is a graph w.r.t.ee ⇒ Me : graph winter .

Def A curve has a linear growth ( x.ua#--o

if u E C
, by some constant

.
V = Fur
-

.

V= < Ñ , ez>
-1

.

⇐ % has a linear growth ⇒ a:-c) also has a linear growth .

② Curvature bounds
.
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⇐ If to has a linear growth and bounded curvature
,
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sup (KW) ← sup kN < N .
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Exercise to has a linear growth and bounded curvature
.

i.e. Sup V E C ,
,

sup K E Cz
.

to %

Show that
sup ⇐ KU) E C .

Ot

( sup K
'

E C.)Me
. .

+ K
' Et Kau's C

.
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.

K ← ¥ .

K → 0 as t-7 N .
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Day2- Rescaled solution and pf of Max . principle .

Reference
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Equalitycase

'

"

t
k - € .

be = kñ - €
a

f? Éde=2F 1+0--0 .

The curve will move out to infinity .

→ We need rescaling .

② rescaling .

• example : heat equation .

22¥z = GU .

Ñ( ✗F) = cue ax, be ).
=

deñ = cbd-cucax.be !

dxxñ = c-a-adxxucax.be ).
b- a- .
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,
a't )

.



• csF_

{
Ñl . . 2) = act ✗ ( a. t)

.

I = bet)
.

→ date __ b
'

.

Then f- = ao
,

I __ Cñ
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a÷ - É - i

Note that
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.
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.
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2=12-10212++1 ? Feel -_j¥ ft) .

deJ=Eñ - J
.

• Z=-log ( for compact case)

• T=jE ✗
.

T- v a- c.
.

E=É=E+k

deÑ→o .
E - C

.

11
as 2--0 '

Geek
.

⇒ K - ¥+1
~# .

GOI : behavior of Ñz for large 2
.

possible candidate : If I → o as 2-200
,

¥ñ - T
At e-✗

, ññ=J .

Or ft = I. (elliptic eq)
.



Maintain % satisfies VEC ,
,
KEG at -1=0

.

In addition# '

I 8
,
ñ5 ←↳ (1+1012)

'→
felon!

Then
,

the normalized solution Ñz"t=→
converges to a limiting curve To

satisfying ft = K
.

Rink *) ~ small oscillation at infinity .

w⇐r
Ct,ñ5~ it!# cation"

Rmk_ 8 asymptotically converges to

( expanding) self- similar solution .

✗f- = k f = Ftl to
.

: Sol of CSF
.



④ Proof of Maximum Principle .

R

{ ⑨e- Oss> feats .

⇒ supfssupf
ao := Supa < A. Me To

.✗

• Backward heat kernel :

For cxo.to) c- 1127-112
.

"""=¢×⇐! . e-
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,

1- < to
.

- eetess -- el - I%Él
.

• Monotonicity formula
.

f-30.gg/ffpds)--f,zCf+-fss)fdsPe-/pefp/k+zle-lx-xoFfds
← /pet fssleds



PI k :=supf < x .

No

Define fk = Max /f- K
,

0)
.

fk=0 at -1--0.

Goal : f , ⇐ 0 . ( <⇒ f- a- K )
.

ft - fss ← afs .

⇒ (f-E)e- ⑦E)⇐
=

2fklHd-i-lfidss7-2@sf.T
I
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Apply the monotonicity formula to (fk)
"

.
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ME 17
!!
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I
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① 1-4=1 ,zf±Ids .
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Daud : Asymptotic behavior Cpf of main -1hm).
in
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- E .

Flat-panel .

z = zlloglttl ) .

MainThm_ f. satisfies
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ez>
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2) K E Cz
.

3) ( 8. n>2£ Cz (1+192)
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oats 1

.

Then the normalized curve Js converges
for z → to to a limiting curve Td
satisfying = <F. ñ >

.

Rink 3) is necessary .

7-
a curve that

oscillates at infinity without
asymptotic convergence .

knownrg.at#Ic
. fort > 0 .

2) E E C for c- > 0
.



Goal : E- < E. ñ> → o as z → •
.

Claim : ( E- <F.ñ>YE C e- Kfor some
( locally ). P > 0 .

What is eq .
of ( E- < F. ñ> )

-em ?

J denotes the arc length of F.
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.

( Evolution equations )
.
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.
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Take @ <
2
,
and apply the Max

. principle

to f- v2 .

Then
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-
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.

Are we happy ? No .
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exponentially fast convergence
on compact sets .
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