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Yau's answer for Calabi's conjecture

In the study of compact Kahler manifolds, the first Chern class is
represented by the Ricci curvature of any Kahler metric. In 1954, E. Calabi
raised the following question:

Let (X.w) be a Kahler manifold. For a given (1,1)~form

2 in the first Chemn class c¢,(X). Is there a Kahler metric

@ which is cohomologous to w such that Ric(w) =0 ?

In 1978, S.-T. Yau solved this conjecture by solving complex
Monge-Ampere equations. A direct consequence is the existence of the
Kahler-Einstein metrics on compact Kahler manifold with nonpositive first
Chern class.

In this talk, we will discuss Calabi’'s conjecture and Kahler-Einstein

metric. We also talk about the sketch of Yau's solution.

Real Lagrangian tori in symplectic four-manifolds

The study and classification of Lagrangian submanifolds in symplectic
manifolds has been a central topic of modern symplectic topology. In this
talk, we address its historical results, and explore the topology of real
Lagrangian tori in monotone symplectic four-manifolds. In particular, the
existence and exoticness of real Lagrangian tori in del Pezzo surfaces are

discussed.
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Symplectic geometry and Hamiltonian dynamics

The aim of this series of lectures is to give an (incomplete) overview
on the interplay between symplectic geometry and Hamiltonian dynamics.
Starting from very basics on symplectic geometry, | will introduce several
symplectic measurements for symplectic manifolds and applications thereof.
If time permits, | will also mention recent studies on the systolic-type

inequality for Hamiltonian periodic solutions.

2 IBS-BaTisty einEt
Cartan-Fubini type extension problem

In the first talk | will define the VMRT associated to a family of
minimal rational curves on a Fano manifold of Picard number 1 and
describe some properties of it. | will also introduce the Cartan-Fubini type
extension problem and J.-M. Hwang and N. Mok’s result on the cases with
positive dimensional VMRT.

The aim of the second talk is to prove the Cartan-Fubini type extension
property for a double cover of projective space appearing in the joint
work with J.-M. Hwang. To do this we used a property of the flat
projective connection on a projective space and the explicit description of
the projective geometry of VMRT.
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Calibrated geometry and Vector cross products

Calibrated geometry is a study of submanifolds characterized by closed
forms with volume related conditions. The interesting cases of these forms
appear in manifolds with special holonomies such as Calabi-Yau manifolds
and G,-manifolds, and the related calibrated geometry derives more
attention thanks to mirror symmetry. In the first talk, we have a brief
introduction to calibrated geometry of manifolds with special holonomies
and give a uniform approach to these submanifolds along the vector cross
products. In the second talk, we discuss the comparison between
calibrated geometry of Calabi-Yau 3-folds and G,-manifolds induced by

holonomy reduction and mirror symmetry. This is a joint work with N. C.
Leung.

=

HF-2-HH University of Pittsburgh

BFAFER 20213 Michigan State University, USA, (K& <%: Thomas H. Parker)

Harmonic maps over nodal domain
using Deligne-Mumford moduli space

This talk consists of three parts. In the first part | will review basic facts
about harmonic maps in Riemann surfaces and consider the situation when
a sequence of harmonic maps converges away from finitely many points,
called bubble points. Next, | will introduce the brief notion of
Deligne-Mumford moduli space. Finally, | will describe how we can capture

the bubbles using Deligne-Mumford moduli space.
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L, Minkowski problem for electrostatic $-capacity

The Minkowski problem asks if a given measure on the unit sphere

arises as the surface area measure of a convex body. This problem has

been generalized to Z, Minkowski problem for electrostatic fB-capacity. In

this talk, we study a recent progress on this problem for various values p

and ‘B.
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Transverse foliations in Hamiltonian systems

The modern dynamical systems theory and symplectic geometry have
their origin in Poincare's work in Hamiltonian systems. Since then, both
research fields have successfully developed independently. Symplectic
Dynamics is a new research field trying to bring them closer together
again. Namely, it studies Hamiltonian systems utilising highly integrated
ideas from both research fields. In this talk, | will give a mild introduction
to the field of symplectic dynamics. In particular, | would like to talk
about a transverse foliation, which is a powerful tool to study the orbit
structure of a given Hamiltonian system, and some consequences of its

existence.
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lecie 2. Conformal Leplacians and the Yamabe problem
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Qutline

Part I.

e Basics on symplectic geometry
* Lagrangian submanifolds

e /-holomorphic curves theory

Part Il.
* Monotone symplectic four-manifolds
* |sotopy problems on real Lagrangian tori

References.
McDuff-Salamon

@ Introduction to Symplectic Topology
© /-holomorphic Curves and Symplectic Topology
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Part I. Lagrangian submanifolds in symplectic geometry
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What is symplectic geometry (At1l 7|5}et)?
The word ‘symplectic’ was coined by Hermann Weyl in his book ‘The classical
groups’, as the Greek-form of ‘com-plex’. Literally, it means twined together.

('R“M) _— (l\i\/n:))

* (XY) = (X1, Y1, - XnYn) € R
* Any smooth function H: R?" — R is called a Hamiltonian. U Q(wg‘\ wo)

; oH
X — il
e For (x(t),y(t)) consider { 6yaH (Hamiltonian equation)“"'{p
y =%
* ¢},: R?" — R*" the flow of the Hamiltonian vector field Xy = (57, — )

d
—0y) = Xu(@y)) #hxy) = (xy) for (xy) e RY.
E _ ;

e (Harmonic oscillator) H(x,y) %(XZ +y?) on R* Yy

U205
(Poincaré 1901) ﬁ x

(¢},)*wo = wo where wqy = Z dx; A dy; is the 2-form on R?".
i=1
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A pair (M,w) is called a symplectic manifold if R

e Mis a smooth manifold (of even dimension). —

w=v W""PW $o

d
® wisa2-formon Mthat is closed and non-degenerate.
The Hamiltonian vector field Xy of a Hamiltonian H: M — R is defined by

w(Xy,-) = dH.

Its flow gbf_/: M — M is called a Hamiltonian diffeomorphism.
is.hfy
Note. ¢}, is a symplectomorphism, i.e. (¢},)*w = w.
0 4 (4:)‘0«) = z w
d¢

XH

-
-
[

AT

Example dyxal
p v 5 = le\‘!:l) + JlYHw

° ([Rzn,wo) : Stomdard S\’m‘l akl 20 mo
® T*Q over any smooth manifold Q

* Orientable surfaces X, endowed with area form

* (CP",wrs), Kahler manifolds (M,J,w)

o §%,5°,... are NOT symplectic as they are closed and H?,, = 0.
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Remarkable features
Symplectic linear algebra (i.e. (V,w) = (TxM,wy) for x € M)

Let (V,w) be a symplectic vector space and W < V a subspace.
* (Symplectic) Wn W® = {0} (<= w|wis nondeq)
e (Coisotropic) W < W ~? Wiy® * symph
° (
(

Isotropic) W< W« (<= w|ly=0)

e (Lagrangian) W = W« (<= w|ly=0anddimW = 3dimV)
“Maximally degenerate”

Cf. We (V.g) = WA WE = {0} Lb %L “

o (R0
(Darboux) Every symplectic manifold locally looks standard.
Cf. g < S dx' ® dx’ does not always hold.

This motivates to study the global objects/invariants in symplectic manifolds.

Global invariant: [w] € H. (M), but what else? /765 Groaw
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Lagrangian submanifolds

w w
e A submanifold L = (M, w) is called Lagrangian if

®
wlrp =0 and dimL = %dim/‘/l

c [ \7¥¢‘(e-[l.. * w(XY)=o ) .n
Xxample. .
P H:R =R ~> gy K& (i )
(lﬂt, Wo) s 0 e choniad, Mok —r"= S.x--'ks. ’L°-1V
k Y
~ : ‘Pu“-o) = L, EE—
c h

“:I\* W, = w, Oor baus,

Pt R w) — (N, w)
Mo L‘ aren Qrea v

N "5\
L, s\«w’l T Lare
WX, X )=twlx ) =9

" Lw‘r'T" v
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Why Lagrangians?

Symplectic properties can be described in terms of Lagrangian submanifolds.
* (Symplectomorphism) Let ¢ € Diff(M). Then

¢*w =w <= Graph(¢) c (M x M,w @ (—w)) is Lagrangian.

Gr ¢ {“'1’”‘”)’79'&
* (Hamiltonian non-displaceability) ’[
Q. Consider a Lagrangian L ¢ (M, w).
Can one find a mechanical motion (i.e. Hamiltonian diffeomorphism)
¢ M — Msuch that ¢f(L) N L = &7 o, D,
(5", v) L ?‘; A

Lagr
* (Lagrangian embedding problem)

Q. Which closed smooth manifolds admit a Lagrangian embedding into (M, w)?
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o b
b & = R
Theorem (Gromov 198)5)

For n > 2 there exists no Lagrangian sphere S" in (R?", wy). J

Remark.

e If nis even, then this follows from topological reasons, namely for

orientable Lagrangian L" — (R?",wg) we have i
: P e
' n(n—1)

[L]e[L] = (=1)"7" x(L)

e This is a symplectic rigidity phenomenon as there exist a smooth
embedding of S” into R?".
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Gromov’s J-holomorphic curves theory (1985)
@ ¢
L] v
* Pick a Riemannian surface (Z,j). (In this talk, £ = S? or D?)

* Jis an almost complex structure on M if J is a fiberwise linear map of TM
such that /2 = —id. Veem:  J . TM—-T,M , 7=

e Asmooth map u: £ — M is called J-holomorphic if
duoj=Jodu,

where du: TX — TM is the derivative of u.
 Consider (s,t) € D* — C with j standard complex structure. Then

u: D> — Cis Jy-holomorphic < dsu + Jo(u)dsu = 0
— US — Vt, Ut — _VS (CR'eqn)

where Jo = jand u = (U, V).

N~
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Some basics on J-curves

Gromov’s key idea:

@ Use ‘compatible” almost complex structures on (M, w).

@ Study the family of J-curves, i.e. the moduli space of J-curves.
1w

e Jis called w-compatible if for X,Y e TM

w(X,JX) >0 forX#0
w(X,Y) = w(IX,JY) /%'Wf/

In this case, J induces the metric g/ = J-) on M.

* The space ¥ of w-compatible almost com complex structures on M is
non-empty and contractible. Detormotin fpue i luax-.

® let u: ¥ — M be J-holomorphic. Then the energy of u is given by
w: J-hdo

1 l
E(u) := 5 L |dul|? dvoly = Lu*w

Cul =CLv]) = Ecn=Ewv)
in Hy(M)

In particular, E(u) is a topological quantity.
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Theorem (Gromov 1985)

Let L = (R?",wq) be a closed Lagrangian submanifold. Then there exists a
non-constant holomorphic disc u: D> — R?" with u(6D?) c L.

"'u-. Tlowmwe
A = -
Upshot. we have HﬁR(L) £ 0. ( *Lv(‘b c m

* To see this, we observe E(u) = %Soz |du||? dvol > 0. Moreover,

E — % — */l: */l, =0
(©) JD2U%)’ szugJ LDZU iy

where 1 = 2 > (x;dy; — yidx;) is a 1-form on R2".
If the closed 1-form Ap|. on L is exact, then E(u) = 0, yielding a
contradiction.
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Proof of Gromov’s Theorem (i)

e Let {H'}p<1<1 be a family of Hamiltonians on R?" and pg € L.
e Foreach 0 < A < 1 consider u: D* — R?" satisfying

Osu + Jo(u)pu = VH (1)

u(eD*) c L
(907) < . watfm (1)
lu] =0 e m(R",L) ~ E,w,a7 boud
\“7\ po € Im u ~? "omall " dimeasm

\
Black Box. For suitable H and pg, the moduli space

M= {(Au)|0< A<, u: D* - R* satisfies (1)}
_ U Ay
O<a<l1

IS @ smooth mgnifold of dimension 1 with compact boundary

A\

OM = Mo v A4

and it admits a Gromov compactification J(.
13/16



consk ~——o /’R zn' %]
M W T
C < »s,\\;\ ~ _
iﬁg l ?Sufj(u))t =
i P % H7
® Q Q & — Q@ %-—
> L’——"‘ Ginsw

14/16



Conclusion

e J-holomorphic curves theory plays a key role in the geometry and
topology of Lagrangian submanifolds.

* |n particular, it gives an obstruction to Lagrangian embeddings.
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Thank you for your attention.

16/16



Real Lagrangian tori in symplectic four-manifolds
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Qutline

Part I.

® Basics on symplectic geometry
® | agrangian submanifolds

¢ J-holomorphic curves theory

Part Il.

® |Lagrangian isotopy problem

¢ [nvariant from J-holomorphic discs

® Real Lagrangian tori in symplectic del Pezzo surfaces
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Review N s
B n
@ (R, i)
e (Gromov 1985)

Let L = (R%",wy) be a closed Lagrangian submanifold. Then there
exists a non-constant holomorphic disc u: (D?,0D?) — (R?",L)

e In particular, for n > 2 there exists no Lagrangian S” in (R?", wy).

Tasks.
@ Look at Lagrangian tori.
© How to construct an invariant of L using J-holomorphic discs?

3/14



Lagrangian isotopy problem

Lo ~ L.
Question. Let Ly, L1 be Lagrangian submanifolds in (M, w). Are they
* smoothly isotopic? FuNoM e o F=lL Rl =L
ﬂ o< S
® Lagranglan |SOt0p|C? 3 Lt , odtey ! LA:]r sd. L, l:: L,
o -
° Hamiltonian isotopic? 4 1’:‘- MM Voniheisa ) ‘WLJ .
1 difkeo :

\-\umc.l'(’”ﬁ“\
. M—> L, = CP*(L) 7
Example. =R rt !

Loops in R% or S? bounding discs with different areas

('R’-‘ w°> - (Sz, w)

- =,
oM z
LaT' Lq,ﬁl’

L
R ri'/ ey \;fu
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Monotone and real Lagrangians
Let L  (M,w) be an orientable Lagrangian in a symplectic manifold.

* [ is called monotone if there exists 4 > 0 such that 2 € TalMl]

p(a) =A-wle) VYaem(ML),
L
where y; : m1(M,L) — 2Z is the Maslov class of L ©  wl) : oympp- s
(i.e. Lagrangian version of ¢4 (M)) ® plNe2z

® R: M — Mis called an anti-symplectic involution if
R’ =idy and R'w=-w
e [ is called real if 4 anti-symplectic involution R: M — M such that

L = Fix(R) := {xe M| R(x) = x}
submid
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Example.

C" =~ R2" with R(x, y) = (x, Rw--w
St(r1) x S(ry) < (R*, wp) Lagranglan torus
Loops in S2: monotone = real

v \P\l‘\ = Qng RW':]\- tn,-Y) S(\'JX S (vz) < (,lth)wu‘)

ot cm\\ Laar
Fl(R, 2 el tar" Y‘eal

x

Remark. M, L ) lw&%c) O O e

ﬂt((ﬂ' wi(g)
° |If L € (M,w) is monotone, the[n there exists"1 > 0 such that

c1(M) = - [w] [ Fone)

In this case, (M,w) is called monotone.

e Suppose that (M, w) is monotone. Then

real Lagrangian =, monotone Lagrangian
2
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Lagrangian tori in dimension 4

* There is a monotone Lagrangian torus Tcjis :@ (R*, wp).
(r) )

3 @ ot © Tder ‘
e (Chekanov 1996) Tt C
There is @ monotone Lagrangian torus Tchek < R* such that L
AN~ ~—~— 'ﬂ .
Lag . Ham o
Tcif =~ Tchek while Tciif % Tchek 3

* Let (M,w) be a monotone closed symplectic 4-manifolds. Then
diff _ae'xe®

—2
(1) M = S? x S? or Dy = CP*#kCP for0 < k < 8.
(2) the uniqueness of monotone symplectic structures

Such a (M,w) is called a symplectic del Pezzo surface.

3
e (Vianna 2014-2017) ar -

Every symplectic del Pezzo surface has infinitely many monotone
Lagrangian tori up to Hamiltonian isotopy.
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Invariant from J-holomorphic discs

Let L  (M,w) be a Lagrangian and J compatible almost complex str.

Goal. Construct an integer invariant of L
n(L,J) = #{u: (D?*,0D*) — (M,L) | u is J-holomorphic} € Z

0
such that oo hig
* n(L,J) is independent of the choice of J.

e ifLg H;m L1, then I’I(Lo) = I’I(Ll). A
pll) ) -2

S —

Assume:
L is monotone and orientable with minimal Maslov index N, = 2
AN\ —

fALH )= A we) Ja € (M, L) such that y; (@) = 2

8/14



oS

] M oy
- W - hilomeghic
© M(LJ) = {w (o‘,ao‘\—v(MM\ flr =2 } / A (0, +1)
“ w(ed) = P° w D M
F‘—Y\ Po el.. O’ 0

o vir-dimp.lL(L,J) = ny(D*) + £ — dimg Aut(D?, +1) - éml ¥
=n+l-2-n =J-2 =0 (+ {=2)

Theorem.

For generic J the moduli space Jt(L,/) is a compact smooth 0-manifold.

( loe L ) S el 4wk u
a1 . o Monstone WW}

Note. Vu € J((L,J) the energy E(u) > 0 is minimal. ( M«swn) @

v~ Compactness and dransversality on J((L,J)
® Uaibm eneryyy hound © M: osed Copt withat 9 ) © cptnes thm

Blwy: minimals C’- esbimabe —_—_
. “ MLT) = MILT)
Q 8\ “EEY Tl
s - N
- .- - - | N E )\1 (ﬂ e Seckion =ﬂ(."|3-}

Qume J/JSJ 3 5

B
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For generic J we define the count of J-holomorphic discs
n(L,J) := #M(LJ) e Z,

Claim. Jy and J; generic = n(L,Jy) = n(L,J1)

J
;)o ’——\éi;-” :rl 0 A |
os A €\ 0
«}‘“ L, 2303 )’" {(()M‘ \os}}l, keM(LJallj ./—’é—'
= U ML 3) ¢ et Bl o1
N swartk bnt)
Claim. L Him L, = n(LO) = n(Ll) b u (QH)J' ke

e J-dioe

Yo,

dutt)= b

3 ‘h{'“"“ .\ ct’(—l Lo\: L.
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Applications

* (Chekanov 1996)
There is a monotone Lagrangian torus Tchex < (R* wp) such that

Lag . Ham
Tciit =~ Tcheks while Tciir % Tchek

(. n<-|]_(:|if) = 2 and n(TChek) = 3)

* n(L) has a refined version, namely the disc potential W, € C[x{,...,x; ]

eg. Wi(1,...,1) = n(L)

e Vianna tori have all different disc potentials, so they are not pairwise
Hamiltonian isotopic.

11/14



Real Lagrangian tori in four-manifolds

® There is no real Lagrangian torus in ,[ng at all.

(P. Smith 1940) T e
Let o: X — X be a smooth involution with F = Fix(c). Then

x(X) = x(F) mod 2

dim X dimF
Y dimHi(X:Z;) = )| dimHi(F; Zy)
i=1 i=1

e Among del Pezzo surfaces (M, w), real Lagrang_ian tori can exist only if
, @ E3E
(M,a)) = 52 X 52, |D3, |D5, |D7

Tay ) %ﬁﬂm : :

12/14



tho*w‘ L“«V Tomd ﬁ&aﬂ = M.

Theorem (K. 2021) / + J

The Chekanov torus Tchek [N (52 x S2.w@ w) Is not real.

Remark. O~ 8“” @

* Tchek IS the fixed point set of a smooth involution. L
There is no smooth obstructions to Tcprek for being real. Q [\] -
/l---l IL, L=fR
* |Indeed, we prove that VR2)

n(L) e 27

L real Lagrangian torus — _ _
{WL(Xl,. . Xn) = Wi(x L. .,an)

Theorem (K. 2020) }

Every real Lagrangian torus in S? x S* is Hamiltonian isotopic to Tci.

l 2° M(—*M’M
W W wa. So%
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Thank you for your attention.

f
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Vector fields and Orbits

Vector field: V : R" — R" smooth.

Orbit: x : (a, b) — R" such that x(t) = V(x(t)), Vt € (a, b).




Hamiltonian vector field

e H:R?” - R Hamiltonian or Energy

o R?" — {Z:(Q1,---,C7n7P17---7Pn)}

OH OH oOH
VH(z) = (8—ql(z)’”"8qn( ), 6’p1(z) 3pn(z))
Hamiltonian vector field:
OH oOH
X v (3131 (2),. 8pn (Z) 8q1( 2 dqn (Z)>

where i is the complex structure on R?" = C".



Hamilton’s equations

Let x : (a, b) — R?" be an orbit of Xy: x(t) = Xy(x(t)).

If X(t) = (Ql(t)a ! qn(t)a pl(t)7 R pn(t)),

i OH
)=o) -

. 9H l<j<n Hamilton's equations
pi(t) = — 5 (x(0)

x(t): orbit of Xy <= x(t): solution of Hamilton's equations



Time-dependent Hamiltonian vector field

H :R°" - R, t e R time-dependent Hamiltonian

Time-dependent Hamiltonian vector field:

: OH; OH; OH; OH;
Xy, = —IVH; = | — - e, —
1= =1 VH = (@) @) = G (@)~ 5t (2))

If x(t) = (qi(t), ..., qn(t), pr(t), ..., pPa(t)) is an orbit of X,

Pi . : : .
¢ 1<i<n Hamilton's equations
5(8) = — 2 (1))
\P/ 6qi




Symplectic structures

Symplectic form on R>":
w: R x R*" — R

(viw) — v-iw

Hamiltonian vector field on R2":

w(v,Xy) = dH(v) Vv eR?"

Symplectic form on smooth manifolds M?":

A closed and nondegenerate 2-form w on M (w"” # 0)

Hamiltonian vector field Xy of H: M — R:
™ = T*M

W(-, Xpy) = dH
5 v = w(s,v)



Examples of symplectic manifolds

Example
n
e (R?", w=> dpiAdg), (q1,---,Gn,P1,-..,pPn) € R?"
i=1
n
o (T* Z pi Adqi), (qi,-..,qn) local coord. on @

(p1,--.,pn) fiber coord.
- phase space of a classical Hamiltonian system

o (X4, w = area), Kahler manifolds,

Darboux theorem (flexibility)

Every symplectic manifold (M, w) is locally isomorphic to
(R", 3 dp; A dg;).

— no local symplectic invariant -



Conservation of energy

Theorem: For H: M — R,

x(t) = Xu(x(t)) == t+— H(x(t)) is constant.

Proof
9 1(x(2)) = dH( () ()]

dt
w(x(t), Xu(x(t)))

W(Xu(x(8), Xu(x(1)) =0. O

It is natural to study energy level sets {H = E}, E € R.



e Central objects: periodic orbits of Xy

(X:]R—%{H:E}

x(t) = Xu(x(t))
| x(t+ T)=x(t), VteR, T >0

/\\

e Fundamental questions: existence?, how many?

e periodic orbits of Xy <+—  topology/geometry of (M, w)

® kerw|{H:E} — <XH>



Geodesics

Let (@, g) be a Riemannian manifold.
* 1 2
H:T°Q =R, Hlg,p)=3lplg
The flow of Xy is the cogeodesic flow of (Q, g).

e That is, the vector field G on TQ dual to Xy is the geodesic
vector field w.r.t. g.

o x(t) = (q(t),p(t)) orbit of Xy < q(t) geodesic of g
e Periodic orbits of Xy < closed geodesics of g
e Conservation of energy < speed is constant along a geodesic

e Orbits of Xy on {H = %} & arc-length paramterized geodesic

10



Mechanical systems

(Q, g) Riemannian manifold, V: Q — R

) 1
H:T*Q >R,  H(g,p):= 5\p\§+ V(q)

x(t) = (q(t), p(t)) orbit of Xy < x(t): solution of Hamilton eq

< q(t) solution of Euler-Lagrange eq:
G(t)+VV(q(t)) =0

Conservation of energy: 5|g(t)|2 + V/(q(t)) constant along t
= x(t) C {H = E} for some E >0

= q(t) C {V < E} potential well

11



Jacobi-Maupertuis principle

If E > maxV, then {V < E} = Q. Take
1
E—V(q)

. 1
F:T"Q—=R  F(q,p) = >1plg
Then

XH//XF on {H:E}:{F:].}
Take a metric

R 1
Bq(v,w) = - V(q)gq(v, w) v,w € T4Q.

Closed geodesics of (Q,&) = periodic orbits of Xg on {F =1}
—> periodic orbits of Xy on {H = E}

Will consider the case E < max V later.

12



Contact structures

Question. Does {H = E} always have a periodic orbit?
Answer. No, e.g. horocycle flow

Contact form on smooth manifolds N27—1:
A 1-form a on N s.t. a A (da)"~t #£ 0.

Weinstein conjecture: If {H = E} has a contact form « with
da = w on {H = E}, there is a periodic orbit.
Examples of contact manifolds:

e starshaped hypersurfaces in R?”
e fiberwise starshaped hypersurfaces in T*Q

e level sets of H(q, p) = %]p[ﬁ. + V(q) on T*Q
Note. Riemannian C Finsler C contact and symplectic

13



Variational method

For x : S =R/Z — R?",

1
dy(x) = E/SI/'X-th— /SlH(X) dt

Lemma: Crit ®y = {1-periodic orbits of Xy}
Proof:

A (x)[E] = %/Slié-xdtJr %/Slix-gdt—[gldf/(x)[g] dt
:/ i €dt— | VH(x)-€dt
S s1

Hence: doy(x)[¢] =0 V¢ <= ix=VH(x)
— x= Xy(x) ]

14



Hofer-Zehnder capacity

The Hofer-Zehnder capacity of (M,w) is

cHz(M,w) :=supmax H € [0, x]
H

where the supremum ranges over all H : M — R>q s.t.

e support of H is compact and # M,

e all nonconstant periodic orbits of H have period > 1.

15



Symplectic measurements

A symplectic capacity is a map ¢ : {(M,w)} — [0, +o0] such that

(i) (/\/ll,wl) > (MQ,WQ) —— C(Ml,wl) < C(MQ,WQ)
(i) ¢(M,sw) = |s|lc(M,w) VseR\ {0}
(iii) c(B?",dp A dq) = 7 = c(Bf x R*"2 dp A dq)

Gromov non-squeezing theorem (rigidity)

© ~

B,%” < B2 x R>"~2? symplectically <= R<r

—> volume preserving # symplectic 16



Almost existence property (Struwe, Hofer-Zehnder)

Theorem: cyz is a symplectic capacity.

Theorem: Let H: M — R. Assume cyz(M,w) < oo.

(i) For almost every E € R, {H = E} has a periodic orbit
(unless {H = E} = ().
(ii) If {H = E} admits contact form, it has a periodic orbit.

Tools to show cyz(M,w) < oo

Gromov-Witten invariants, Floer homology, etc.
Remarks and Open questions

o cyz(T? w) < oo for all w
o cyz(T?" dp A dg) < 00?
o Jws.t. cyz(T* w) = 0
o cyz(TZ2,Q) < oo for all closed (Q, g)7
17



Hofer geometry

¢t, Hamiltonian flow of H: [0,1] x M — R, i.e. L6t = Xp,(¢%)

£XHW — 0 — (qb;_l)*w —07)

Ham(M,w) = {6} | H € C2([0,1] x M)}

e oo-dim’l Lie group
e simple group, i.e. 7 nontrivial normal subgroup (Banyaga)
o TiyHam(M,w) = C*(M)/R

Normalization (reason: Xy = Xyic, ¢ € R):

compact M : / Hw" =0, noncompact M : suppH compact
M

18



Hofer geometry

Bi-invariant Finsler metric on Ham(M, w)

il
length({h o) = [ max H(e.x) = mi Hie,x) d

(equivalent to fol |H(t, )| e dt)

dHofer (¥, ) := inf{length({0} }recpo.1]) | Y = ¥, ¢k = ¢}
Hard part: dyofer(,id) > 0 Vi) # id.
If d bi-invariant pseudo-metric on Ham, either genuine or trivial:

{¢p € Ham(M,w) | d(v,id) = 0} normal subgroup
— it is either Ham(M, w) or {id}

e.g. fol | - || e dt, p # oo induces a trivial pseudo-metric 19



Displacement energy

For a subset U of (M,w), its displacement energy is
e(V) := inf{dHofer (¢,1d) | ¢ € Ham(M, w), $(U) N U = 0}.
It is also a symplectic capacity.
Energy-capacity inequality (Hofer, Zehnder, Usher ...)
cyz(U) < e(U)
Corollary: dyofer(1,id) > 0 for Vi) £ id  (dyofer is @ metric)

Proof: ¢ # id = ¢ (U) N U = ) for some open subset U C M
Ju: B2" < U for small € > 0 (Darboux thm):

me? = cyz(B*") < cuz(U) < e(U) < dyofer (1, 1d)

Note. Starshaped domains in R?” are displaceable.

Fiberwise starshaped domains in T*Q are not displaceable.
20



Revisited: Mechanical systems

(Q, g) Riemannian manifold, H(q,p) = %|p|§ + V(q)
Lemma: For E < max V, {H < E} is displaceable.

Proof: Choose a function f : @ — R with Critf C {V > E}. Take

of 0
F:T*Q—R F(q,p) =r(q) st. XF:_Zaq-ap-'

Note that Xg is nonsingular over {V < E}.
The flow of Xg eventually displaces {H < E}.

Corollary: cyz({H < E}) < o0 and {H = E} has a periodic orbit.
Proof: By displaceability, cyz({H < E}) < e({H < E}) < .

{H = E} contact = periodic orbit. ’



Floer homology

For H: (M,w) — R, suppose D = {H < E} satisfies
w=d\on D and AAdN"!>0ondD.

E.g. starshaped domain in R?", fiberwise starshaped domain in T*Q,
{H<E}C T*Q for H= %\p\Q + V(q)

e Chain modules
TN )

5
CFD)= @ zZne P Zz o
~ per. orbit zeCritf %1 B ¥
in {H=E} ¥ + LT AV HW =D
f:D — R small s.t HM(f) = H(D,0D) ’6+

e Boundary operators
0:CF(D)— CF(D)  7y— > nlv—, 1)+
Y+

e Floer homology of D: HF(D) := H(CF(D), 0) 7



Displaceability = HF =0

x € 0D = {H = E} is a leafwise intersection point of
¥ € Ham(M,w) if 1(x) = ¢/,(x) for some T € R.

Can define Floer homology HF (D, 1)) such that

e ‘generators’ are leafwise intersection points of 1),

o HF(D)= HF(D,1).

D displeaceable by ¥ = no leafwise intersection pt of ¢ on 9D
= HF(D)= HF(D,y) =0

23



Floer homology capacity

cHF(D) := minimal period needed to kill periofr
the fundamental class [D, 0D] ‘ R
-T2

In this scenario, cyr(D) = To.

HF(D) = 0 < cyr(D) < oo. ,

[D,3D]

“HF (D) = 0 for displaceable D" can be rephrased as
“e(D) <0 = CHF(D) < 00",

Theorem: (lIrie, K.) cyz(D) < cyp(D) < e(D)

Note. Sometimes e(D) = oo while cyr(D) < oc.

cyr(D) is the period of a certain periodic orbit on D.
24



Minimal period is not a capacity

In general, minimal period is not a symplectic capacity.

Tmin(OD) :=min{T > 0| T : period of a periodic orbit on 9D}

\

minimal minimal

D1 - D2 but Tmin(ﬁDl) > Tm,'n(aDz)

For convex domains in R?" minimal period is a symplectic capacity:

Dy C Dy convex — Tmin(aDl) < Tmin(3D2) 25



Revisited: Gromov non-sequeezing theorem

Why?
----------------
----------------
----------------
Answer:

red periodic orbit > blue periodic orbit
— symplectic size of the ball > symplectic size of the cylinder

26



Conjectures for convex domains

For convex domains D:
Conjecture 1. Every capacity ¢ agrees with the minimal period:

c(D) = Tmin(0D)
U
Conjecture 2. (Viterbo, 2000) A systolic inequality:
Tmin(0D)" < nlvolume(D)

U« Artstein-Avidan-Ostrover-Karasev, 2014

Conjecture 3. (Mahler, 1939)
R C R" centrally symmetric & convex, @* C R"” dual

<>1,o) dual | G g <o volume( Q) volume( Q™)

~~

. =volume(Qx Q*)
BL" BL” 27




Floer homology capacity = minimal period

Theorem (Abbondandolo - K., Irie)
For convex domains D in R?", cyp(D) = Tpin(0D).

period
N

A‘Mil\ 1 T"in

28



Applications to Billiard

(2 C R" bounded domain (billiard table)

Some results (Benci, Giannoni, Viterbo, Ghomi, Mazzucchelli, Albers, Irie,
Artstein-Avidan, Ostrover...)

e  closed billiard trajectory with at most n + 1 bounce points
with length crry(T2,92).
e Bounds on

lmin(R2) : length of a shortest closed Billiard trajectory on €

in terms of volume, diameter, or inradius of 2.
e For convex Q1 C Q5 CR”, lmin(21) < linin(2) 29



Systolic inequalities

For simplicity, consider Riemannian (52, g).
lmin(S?, g) = minimal length of closed geodesics of (52, g)

Theorem (Abbondandolo, Bramham, Hryniewicz, Salom3o)

If (52, g) is a surface of revolution or g is close to a Zoll metric,
lmin(S?,g)% < marea(S?,g) .

Equality holds iff g is Zoll.

In contact-symplectic language:

A =" pidg; 1-form on T*S? (primitive of w = >_ dp; A dg;)

a= A\

T#s2 contact form on T;S?

1
e e / a A da
27'(' T1*52

How Viterbo conj is related to Riemannian (Finsler) systolic inequality? 30
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2. Minimal rational curve

Minimal rational curve is a concept generalizing line A

Roughly speaking, if a morphism preserves minimal
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From now on, we assume that K is a minimal rational
component.
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3. Cartan-Fubini type extension theorem
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4. Cartan-Fubini type rigidity
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Motivation - harmonic functions

u: ) CR™ — R is a harmonic function if it satisfies
Au=0 on (. (1)

Harmonic functions are critical points of the Dirichlet energy
1 2 m
Eq(u) == [ |du|*dz™. (2)
2 Jo

Existence : find minimizer of Eq with fixed boundary data.
= obtain a weak solution.

Regularity : by standard PDE theory

= get smoothness.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Motivation - harmonic functions

u: ) CR™ — R is a harmonic function if it satisfies
Au=0 on (. (1)

Harmonic functions are critical points of the Dirichlet energy
1 2 m
Eq(u) == [ |du|*dz™. (2)
2 Jo

Existence : find minimizer of Eq with fixed boundary data.
= obtain a weak solution.

Regularity : by standard PDE theory

= get smoothness.

generalize to u : (M™, g) — R from a Riemannian manifold (M, g) with
Laplace-Beltrami operator A, satisfying A u = 0.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Motivation - harmonic maps

If target is (NN™, h), another Riemannian manifold :

AW?L2(M,N) map u: (M,g) — (N,h) is a (weakly) harmonic map if it
is a critical point of the Dirichlet energy

1
E(u):/ e(u) = 5/ |dul?*dvol,, (3)
M M
where it Bl
1, u' ou’
e(u) = |du\§dvol9 =359 5h¢j(u(az))ax %dvolg (4)

is the energy density.

M is a surface = harmonic map : conformally invariant.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Motivation - harmonic maps

u € C?(M,N) & local coordinates =

j .k
ou) Ou _0 (5)

ZXQQLi'+‘Syaﬂgljék:(lb)z§;;—-zi%;; =

where F;k: the Christoffel symbol of the metric 4 on N.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Motivation - harmonic maps

u € C?(M,N) & local coordinates =

j .k
ou) Ou _0 (5)

ZXQQLi'+‘Syaﬂgljék:(lb)z§;;—-zi%;; =

where F;k: the Christoffel symbol of the metric 4 on N.
Embed (N, h) — R isometrically =
7(u)(@) = Agu(z) + Ag(u(@))(du, du) = 0 (6)

where 7(u) = try(Vdu) € I'(u*TN) : the tension field of w,
Ay : the second fundamental form of N — RZL.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Motivation - harmonic maps

u € C?(M,N) & local coordinates =

j .k
ou) Ou _0 (5)

ZXQQLi‘+‘gfxﬁl?;k(lL)zizr—z§;i; =

where F;k: the Christoffel symbol of the metric 4 on N.
Embed (N, h) — R isometrically =

7(u) (@) = Agu(z) + Ag(u(z))(du, du) =0 (6)

where 7(u) = try(Vdu) € I'(u*TN) : the tension field of w,
Ay : the second fundamental form of N — RZL.

=> a semilinear second-order elliptic system of PDEs.

ex) If N = S§™ c R™"1, then harmonic map equation becomes

Au + |dul*u = 0. (7)
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Examples

e Any harmonic functions u : (M, g) — RE.
o Any geodesics u: R — N (or u : ST — N) parametrized linearly.

e Any holomorphic maps u : (M, g, J™) — (N, h, JV) between
Kahler manifolds.

@ Especially, if M, N are surfaces, any holomorphic or antiholomorphic
maps between them.

e For M, N surfaces, weakly conformal maps (i.e. differential
preserves angles at regular points).

@ For M a surface, weakly conformal and minimal branched
immersions (i.e. image is minimal at regular points).
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Existence of harmonic maps

Existence of harmonic maps are obtained by several different methods.
o If OM # () : using direct method (Morrey '48)

e If the action of W12(M, N) on my (M) is prescribed : using direct
method (Lemaire '79 and Schoen-Yau '79)

e If V has non-positive sectional curvature : using heat flow
(Eells-Sampson '64)

o If mo(IN) = () : using Morse theory with a-perturbation of energy
(Sacks-Uhlenbeck '81)
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Existence of harmonic maps

Existence of harmonic maps are obtained by several different methods.
o If OM # () : using direct method (Morrey '48)

e If the action of W12(M, N) on my (M) is prescribed : using direct
method (Lemaire '79 and Schoen-Yau '79)

e If V has non-positive sectional curvature : using heat flow
(Eells-Sampson '64)

o If mo(IN) = () : using Morse theory with a-perturbation of energy
(Sacks-Uhlenbeck '81)

@ There is NO harmonic map from 7?2 to S? with degree 1
(Eells-Wood '76)

@ There is NO non-trivial harmonic map u : B™ — N with
ulgpm = {pt} (Lemaire '79, Karcher-Wood '84)

11/39



Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Regularity of minimizing harmonic maps

A map u € WH2(M, N) is a minimizing harmonic map if for any Q C M,

1

E(u,Q) = 5 /Q e(u)dvol, < E(v, Q) (8)

for any v € WH2(Q, N) with v|pq = u|sn. Clearly,

{ minimizing harmonic maps} C { weakly harmonic maps }
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Regularity of minimizing harmonic maps

A map u € WH2(M, N) is a minimizing harmonic map if for any Q C M,

1

E(u,Q) = 5 /Q e(u)dvol, < E(v, Q) (8)

for any v € WH2(Q, N) with v|pq = u|sn. Clearly,

{ minimizing harmonic maps} C { weakly harmonic maps }

e If dim M = 2, any minimizing harmonic map is smooth. (Morrey
'48)

o If dim M > 2, 4 a non-smooth minimizing harmonic map.
(ex : w: B™ — S™71 defined by u(x) = ;.
Moreover, dimy (sing(u)) < m — 3. (Schoen-Uhlenbeck '82)
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Regularity of weakly harmonic maps

For weakly harmonic maps, situation is more difficult.
e If dim M = 2, any weakly harmonic map is smooth. (Helein '91)

@ More generally, for dim M = 2, any critical point of conformally
invariant Lagrangian is smooth. (Riviere '07)

o If dim M > 2, 3 a weakly harmonic map u : B3 — S? which is
discontinuous everywhere. (Riviere '95)
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Compactness and bubbles

Theorem 1 (Schoen-Uhlenbeck '82 or Luckhaus '38)

Let u, € WY2(M, N) be a sequence of minimizing harmonic maps. If
uy, — u weakly in Wh2(M, N), then uy — u strongly in W,-2(M, N)
and w is a minimizing harmonic map.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Compactness and bubbles

Theorem 1 (Schoen-Uhlenbeck '82 or Luckhaus '88)

Let u, € WY2(M, N) be a sequence of minimizing harmonic maps. If
uy, — u weakly in Wh2(M, N), then uy — u strongly in W,-2(M, N)
and w is a minimizing harmonic map.

For weakly harmonic maps with m = 2, we have

Theorem 2 (Sacks-Uhlenbeck '81)

(Compactness Theorem) Let u, € W2(M, N) be a sequence of
harmonic maps with uniformly bounded energy. Then there are at mostly
finitely many points x1,--- ,x; € M such that a subsequence (still
denoted by uy, ) converges to u in C1 away from {x;}. Moreover, u is
harmonic.

Those {x;} are called bubble points or energy concentration points.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Results about bubbles

@ Bubble can occur due to conformal invariance of energy.
ex) Let uy : S? — S? be a composition of stereographic projection
o : 5% — R? and rescaling x — Az and o 1.

E(uy) = 47 and uy — p weakly in W12 but NOT strongly.
limy—y0 |Vuy|?dvol, = 87d, as convergence of Radon measures.

@ In general, we have limit of energy densities as measures:

lim e(uy) = e(u) + Z M0y, - (9)

k— o0

Here there exists some g > 0 such that m; > ¢¢. This ¢ is called
energy gap.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Results about bubbles

Using renormalization process, we build bubbles, i.e. a harmonic map
¢; : S2 — N at each bubble point x; with g9 < E(¢;) < m;. More
refined analysis is done by Parker.

Theorem 3 (Parker, '96)

(Bubble tree convergence theorem) Let uy : M — N be a sequence of
harmonic maps with uniformly bounded energy. Then there are finitely
many harmonic maps ¢; : S* — N, u: M — N and a subsequence of uy,
(still denoted by uy, ) such that “bubbled map” @y, : M U; S — N
converges to u U; ¢; in “C° sense”. Moreover, the following “energy

identity” holds.
l

lim E(ug) = E(u) + Y E(¢:). (10)

k— o0 :
=1
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

More results about bubbles

Similar theorem is valid in many situations, including:
@ approxmiate harmonic maps with bounded ||7||;2 (Ding-Tian, '95)

@ approximate harmonic maps with bounded ||7||z» with 1 <p < 2
(Wang-Wei-Zhang, '17)

@ a-harmonic maps under entropy assumption (Lamm, '10)

@ bi-harmonic maps under bounded LP norm of bi-tension
(Wang-Zheng, '12)

@ half-harmonic maps (Da Lio, '15)

e harmonic maps with free boundary on S™ Cc B"*!
(Laurain-Petrides, '17)
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Generalize to changing domain

Can generalize bubble tree construction to “sequence of domains” 77
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— Harmonic maps

Generalize to changing domain

Can generalize bubble tree construction to “sequence of domains” 77
Warn!! The limit domain may be singular.
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— Harmonic maps

Generalize to changing domain

Can generalize bubble tree construction to “sequence of domains” 77
Warn!! The limit domain may be singular.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Harmonic maps

Generalize to changing domain

Theorem 4 (Parker, '96)

(Counter example) For any positive integer p and real number o > 0,
there is a sequence of harmonic maps uy : T, — N with
E(ui) < Eq < 0o where Ty, = St x S with degenerating metric such

that
TQ

lim FE(ug)=8pm + —. (11)
k— oo D

Counter example because « is arbitrary, while any nontrivial harmonic
maps ¢; : S? — N has E(¢;) > &o.
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Harmonic maps over nodal domain using Deligne-Mumford moduli space

— Deligne-Mumford moduli space

Riemann moduli space

Conformal invariance = see M as a complex curve (M, j) = C.
Let g be a genus of C.

M, = J(C)/Diff(C), Riemann moduli space, where J(C') : space of
complex structures and Diff (C') : diffeomorphism group of C.

Theorem 5 (Kodaira-Spencer '58)

For X a compact complex manifold, there exists a natural
correspondence between

{infinitesimal deformations of complex structure} <> H*(X,TX).

Especially, complex dimension of M is 3g — 3 if g > 2 (such a curve is
called stable).
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Stable nodal curves with marked points

Definition 1

A nodal curve is a quotient C' = C /7 where C is a smooth complex
curve with pairs of points, called nodal points or nodes, and 7 : C — C
is identification of pairs. A genus of nodal curve C' is (arithmetic) genus
of smoothing of C.

Definition 2

A marked nodal curve of type (g,n) (or just say (g,n) curve) is a nodal
curve of genus g with n-marked non-nodal points.

Definition 3
A (g,n) curve C' is said stable if 2g — 2+ n > 0.

This is equivalent to saying that Aut(C) is finite.
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— Deligne-Mumford moduli space

Stable nodal curves with marked points
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— Deligne-Mumford moduli space

Family of curves

Definition 4
A family of nodal curves is a proper surjective holomorphic map X = B
between complex manifolds whose fibers are complex nodal curves.

Locally, 7 : X — B has two types of charts: One is regular chart given
by m(x,b) = b. The other is nodal chart given by 7(x,y,b) = (zy,b).

Definition 5

A family of (g,n) curves is a family of nodal curves together with n
disjoint submanifolds S; called marked sections.

Definition 6

A deformation of (g,n) curve Cy is a family of (g,n) curves plus an
isomorphism between Co and w—1(by) called central fiber.
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— Deligne-Mumford moduli space

Deligne-Mumford moduli space

Deligne-Mumford moduli space is a set of isomorphism classes

M. = { isomorphism classes [C] of stable (g,n) curves }.  (12)
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— Deligne-Mumford moduli space

Deligne-Mumford moduli space

Deligne-Mumford moduli space is a set of isomorphism classes

M. = { isomorphism classes [C] of stable (g,n) curves }.  (12)

Several properties of Deligne-Mumford moduli space:

o Let M, , be a moduli space of smooth ones. Then M, ,, is its
compactification.

° ﬂg,n is a complex projective variety, and has orbifold structure.

@ There is a projection map, called forgetful map, given by
@ Mg 1 = Mg (13)

which forgets the last marked point and collapses unstable
component to a point.
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L Capturing bubbles using DM moduli space

Convergence of domains

Let C), be a sequence of (g,n) curves.

8

We say Cy, — Cy in a family m : X — B if it is a deformation of Cy with
isomorphisms ¢, : 7= 1(by) — Cy and by, — 0.

Definition

Since M, ,, is compact, we can choose a subsequence Cj, — Cj in a
family, for some Cy € M, ..
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Convergence of maps off the singular set

Definition 9

We say uy : C, — N converges to u : Cy — N off the singular set
S CCyin Ol if
@ Cy — Cy in a family
@ for any nodal point p ¢ S, uy, satisfies the zero neck property at p

© in every regular chart p ¢ S, the projected map @y, — @ in C' where
Up = Mg O Uk, U =mgoug and 7 : Cr N B(p,r) ~U x B — U are
the projections my.(x,b) = x.

Roughly, zero neck property means, both energy of u; and diameter of

image of uy, on the set Cy N B(p,r) converges to zero as first consider
lim sup,,_, ., then consider lim,_,q.

34 /39



Harmonic maps over nodal domain using Deligne-Mumford moduli space

L Capturing bubbles using DM moduli space

Results about singular set

e Singular set can be non-empty! (Parker '96)

o If images of uy, satisfies monotonicity condition (area of the neck

grows in quadratic sense), then singular set is empty.
(Parker-Wolfson '93)

o If ozn;ﬁ — 0, then singular set is empty. (Zhu '10)

o If all nodes are regular node, then singular set is empty. (P
submitted)

There are also several conjectures.
@ If uy are all in the same homotopy class, is singular set empty?
o If m (V) =0, is singular set empty?

More generally, we can require only partial zero neck property (requiring
zero energy limit but NOT zero distance limit). This direction is still
open.
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Regular nodes

Consider a sequence of (g,n) curves Cj, with Cx, — Cj in a family C.

Definition 10 (Regular node)

We say a node p € Cy is regular if there exist a family of (g,1) curves
7 :C — B with | < n and a forgetful map ® : C — C such that ®(p) is a
regular point.
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Regular nodes

Consider a sequence of (g,n) curves Cj, with Cx, — Cj in a family C.

)

We say a node p € Cy is regular if there exist a family of (g,1) curves
7 :C — B with | < n and a forgetful map ® : C — C such that ®(p) is a

regular point.

Definition 10 (Regular node

Not all nodes are regular!!

50 i858

P ¢ rejular noJe f’:non’rejuhar node F?non—rejular node
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Main theorem and its corollary

Theorem 6

Let ug : C, — N be a sequence of harmonic maps with uniformly
bounded energy. Then there is a way of marking points P, on C}, such
that uy : C;, = (Ck, Py) — N converges to u : Co — N off the singular
set S in C* where all points in S are non-regular nodal points.

Moreover, wu is harmonic on closure of each component Cy \ S separately.

Corollary 1

If Cy, are (0,n) curves, i.e. all homeomorphic to S?, then we can add
more marked points to get convergence without singular set.
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Thank You!
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Minkowski problem

» The Minkowski problem (1903) asks for necessary and sufficient conditions
on a non-negative finite Borel measure on S"~! to be the surface area
measure of a convex body in R”.

Notation
» Convex body: a compact convex set in R"” with nonempty interior.
» Minkowski addition: A+ B ={a+b:a€c A b¢c B}.

» Support function of a closed convex set L:
hL : Sn_l — R
€ — max{x-£:x € L}.

» Given a convex body K, there exists a non-negative finite Borel measure
S(K,-) on S"! (surface area measure of K) such that

dV(K + tL)
dt

= / h(§)dS(K,&), VYcompact convex set L.
gn—1

t=0*t

» Volume formula: .
V(K) =3 [ hel©)ds(k.9).



Minkowski problem

Necessary conditions
» S(K,-) is not concentrated on any great subsphere of S" ',

» K and K + x induce the same surface area measures S(K,-). Thus,

0= VK +3) = V(K) = 5 [ (ea(©) = () dS(K. 6

n

_ 1/ (x-€)dS(K,£) Vx eR".
sn—1

n

This implies that the centroid is at the origin:
¢dS(K,€) = o.
gn—1

Sufficient conditions

» Surprisingly, necessary conditions are also sufficient.



Discrete Minkowski problem

Theorem
Let &1,...,én € S" Y and fi,...,fy > 0 be such that

N
span(&1, ..., &6n) = R"  and Z ;& = o.
i=1

Then 3 a polytope P having &1, ...,&n as its unit normal vectors and satisfying
V"—l(F(Pvfi)) = fi,
where F(P,&;) is the facet of P with the normal &;.

|ldea of proof.

(i) For an N-tuple A = (o, ...,an) € RY with a; > 0, define
N
P(A) = ﬂ{x eER":x-& < aj}.
i=1

If V(P(A)) > 0, then P(A) is a polytope by the assumptions.
(i) Find a minimizer A* of ®(A) = L ™" aif on {A: a; >0, V(P(A)) > 1}.
(iii) Scale the polytope P(A").
]



Approximation

Theorem

Let 11 be a non-negative finite Borel measure on S"~' which is not concentrated
on any great subsphere of S ' and satisfies

| cdu©=o.
gn—1
Then there is a convex body K for which dS(K,-) = du.

Idea of proof.
(i) Approximate p by discrete measures {1k }ken with the same properties.
(ii) Find a sequence of polytopes {Px}«en.

(iii) Uniform diameter control of Py: for large k,

x|

CZS(Pkasn_l)nil ZV(Pk)Z_ <§7£> dS(Pk7€)Z|X|7 Vx € P
sn—1 +

n ]

(iv) Use the Blaschke selection theorem.

[



Uniqueness and regularity

Uniqueness (up to translations)

» Aleksandrov—Fenchel-Jessen theorem (or Brunn—Minkowski theorem):
S(K,:) =S(L,) = K and L are translations of each other.

» We may assume that o € int(K).

Regularity
» If u = f do, then h = hi satisfies the Monge—Ampére-type equation:

det(hj + hd;) = f.

> If f € C*(S"') is positive, then K is of C>*(S"™1).
» See Nirenberg '53, Cheng—Yau '76, Pogorelov '78, and Caffarelli '90.
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L, Minkowski problem

» Recall the variational formula for the Minkowski addition:

dV(K + tL)
dt

= [ m@dsk.e)
t=0t sn—1
» p-addition and p-multiplication: for p > 1 and K, L > o,
hii,0 = (b + hf)l/p and  h,k = (thf<)1/f’ (t-pK _ tl/”K) .

» The variational formula for the p-addition:

dV(K 45t L)
dt

- 1 /Sn—1 hL(E)pdSP(K’S)

for some Borel measure S,(K,-) on S""*. S,(K, ") is called the L, surface
area measure

> dS,(K,-) = he PdS(K,-). This allows p to be any real number.



L, Minkowski problem

L, Minkowski problem

» Find necessary and sufficient conditions on a Borel measure p on S" ! s.t.
hk PdS(K,-) = du

for some convex body K with o € K.

» Since L, Minkowski problem is not translation-invariant (when p # 1), one
must find a convex body which contains the origin.

Even L, Minkowski problem

» Find necessary and sufficient conditions on an even Borel measure 1 on
S" st
h}(_pdS(K7 ) = dp

for some origin-symmetric convex body K.



Even L, Minkowski problem

Review

» p =1 (classical Minkowski problem): Necessary and sufficient conditions
are NCG (Not Concentrated on Great subsphere of S"7!) & centroid = o.
The convex body is unique up to translations.

Even L, Minkowski problem

» p> 1 p# n: NCG is a necessary and sufficient condition. The convex
body is unique.

» 0 < p < 1: NCG is a necessary and sufficient condition. Uniqueness is
known only when n = 2.

> p<0: 77

Volume-normalized even L, Minkowski problem
» Volume-normalized problem: hy "dS(K,-) = V(K)du.

» NCG is a necessary and sufficient condition. The convex body is unique.



Even logarithmic Minkowski problem

Even logarithmic Minkowski problem (p = 0)

> So(K,:) = hkS(K,-) is called the cone-volume measure since

V(K) = %/Sn_l hi(€)dS (K, €).

» A necessary and sufficient condition is the subspace concentration
condition: V subspace L of R" with 0 < dim(L) < n,

p(LNs™) < %M(S”_l)dim(L)-
Moreover, if the equality holds, then 3 a complementary subspace L’ s.t.
u(l NS = %M(S”_l)dim(L’).

» Uniqueness is known only when n = 2.



L, Minkowski problem

Position of the origin
> K(o): collection of all convex bodies K with o € int(K).

» [C,: collection of all convex bodies K with o € K.

The case p > n

» Existence and uniqueness of K € K,y under NCH (Not Concentrated on
any Hemisphere of S"~1).

The case p = n (normalized Minkowski problem)

> Existence and uniqueness of K € K(,) under NCH.

Thecase 1 < p<n
» Existence and uniqueness of K € K, under NCH.



L, Minkowski problem

Thecase 0 < p <1
» Existence of K € K, under NCG.

» Existence of K € IC, under the following condition: either
L := spansupp u = R"
or
dim(L) < n—1 and possuppu # L.
» A necessary and sufficient condition in n = 2: supp(u) # {&, —£}.

The case p = 0 (Logarithmic Minkowski problem)

» Existence of K € K, under the subspace concentration condition.

» Non-uniqueness.

The case p < 0

» There are few results for discrete measures and smooth measures.

» Non-uniqueness.
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Minkowski problem for electrostatic p-capacity

Electrostatic capacity
» A set’s ability to hold electrical charge.
» Electrostatic capacity:

Cap(K) :/ VU dx,
R\ K

where U is the equilibrium potential of K:

AU=0inR"\ K, U=1ondK, and Ilim U(x)=0.

|x|— o0

Electrostatic p-capacity
» For 1 <p <n,

Cap,(K) = / VU dx.

RA\ K



Minkowski problem for electrostatic p-capacity

Review: formulas for volume

» Variational formula for volume:

dV(K + tL) B
| = medseo.
» Volume formula: .
VIK) = 1 [ €S (.<).

Formulas for p-capacity
» Hadamard variational formula for p-capacity:

dCap,(K + tL)
dt

=61 /S hi(€)dpp (K. £),

where 1, (K, ) = |V(Uo g 1)IPS(K,") is called the electrostatic
p-capacitary measure.

» Poincaré p-capacity formula:

Copy(K) = B [ ()i (K.©).

n—p



Minkowski problem for electrostatic p-capacity

» Find necessary and sufficient conditions on a Borel measure 1 on S" ! s.t.
duy(K,-) = du for some convex body K.

Minkowski problem for electrostatic capacity

Theorem (Jerison '96)

Letp = 2.
» (Existence) Necessary and sufficient conditions are NCG & centroid = o.
» (Uniqueness) The convex body is unique up to translations.
» (Regularity) If u = f do for some f € C*, f > 0, then K € c%e,

Minkowski problem for electrostatic p-capacity

» Existence and uniqueness have been extended to the case 1 < p < n by
Colesanti—Nystrom—Salani—Xiao—Yang—Zhang '15 and
Akman—Gong—Hineman—Lewis—Andrew '17.

» p-capcity-normalized Minkowski problem when 1 + p = n.
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L, Minkowski problem for electrostatic p-capacity

Variational formulas

» Variational formulas for volume:

dV (K + tL) B
= — [ h(©)ds(x.¢)

t=0t

dV(K 45t L) 1
dt t=0*t p

| merasir.o.

> Variational formulas for Cap,,:

dCap,(K + tL) _
| =D [ modmko)

dCapp(K +ptp L) p—1
dt N

| ey duesi.o).

t=0t p
where the L, p-capacitary measure pp (K, -) is given by

MP,P(K7 ) — hk_PNP(K7 )
= h PIV(Uo g H)(&)IPS(K, ).



L, Minkowski problem for electrostatic p-capacity

» Find necessary and sufficient conditions on a Borel measure p on S" ! s.t.
dupp(K, ) = du for some convex body K.

The case p > n
> Existence and uniqueness of K € K(,) under NCH.
Thecase 1 < p<n

» Existence and uniqueness of K € K, under NCH (for the
capacity-normalized problem when p +p = n).

Thecase 0<p<land1l<p<?2

» Existence for the (normalized, when p + p = n) discrete problem under
NCH and

n({—¢1) =0 whenever p({¢}) > 0.
The case p =0

» Existence for the discrete problem under NCH and the following condition:

any n elements of supp u are linearly independent.



Thank you for your attention!
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Recall

) (R4,Z = (X17X27.y17y2))

e wo = dy; ANdxy + dy> A dxo standard symplectic form

\
e H: R* - R time-independent Hamiltonian Oi@%\\

Q, 00 )= =8

o Xy(z) = (Hy,(z),Hy,(z), —Hx, (z), —Hx,(z)) -Hamiltonian vector field
$df = X (H@)
di@ =2

o 7(t) = Xy(z(t)) if and only if z(t) = (x1(t), x2(t), y1(t), y2(t)) satisfies
(Hamilton's equations:

e ¢!, : R* — R* the flow of Xy  Hamiltonian flow i

L@F &t&ﬁﬂ\ {)9(1‘) = H,,(z(t)) =12

yj(t) = —Hx(2(t))
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Preservation of energy

For every z € R* it holds that H(¢%,(z)) is constant, namely, it is
independent of t € R.

Hence, it suffices to study the dynamics of Xy restricted to the energy
level H=1(c), where c € R is a prescribed energy.

In other words, preservation of energy reduces the 4-dimensional study to
the 3-dimensional study.

We would like to reduce one more dimension by looking at a certain
geometric structure of H=1(c), called a transverse foliation.
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Poincaré gave a strong push toward a
qualitative point of view for studying
dynamical systems.

Figure: taken from Wikipedia
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Some history

wnwmens Volume 7, issue 1, December 1885

16 articles in this issue

Mittheilung, einen von Konig Oscar II gestifteten mathematischen Preis
betreffend
OriginalPaper = Published: 01 December 1885 Pages: | - VI

Sur un théoréme de M. Fuchs
H. Poincaré
OriginalPaper Published: 01 December 1885 = Pages: 1- 32

Sur un théoréme concernant les fonctions elliptiques
Edvard Phragmen
OriginalPaper = Published: 01 December 1885 = Pages: 33 - 42

Uber die Begrenzungen von Continua
Edvard Phragmén
OriginalPaper = Published: 01 December 1885 Pages: 43 - 48

Uber Systeme von Plancurven
H. Krey
OriginalPaper = Published: 01 December 1885 = Pages: 49 - 94

Déduction arithmétique d'une relation due a Jacobi
R. Lipschitz
OriginalPaper = Published: 01 December 1885 Pages: 95 - 100

Uber verschiedene Theoreme aus der Theorie der Punctmengen in einemn-
fach ausgedehnten stetigen RaumeG ,

Georg Cantor

OriginalPaper = Published: 01 December 1885 | Pages: 105 - 124

Die intermedidre Bahn des Mondes
Hugo Gyldén
OriginalPaper = Published: 01 December 1885 = Pages: 125 - 172

Uber die auflosbaren Gleichungen von der Formx 5+ux+v=0
C. Runge
OriginalPaper = Published: 01 December 1885 = Pages: 173 - 186

o
Uber [ Y ]i’;z und Verwandte Integrale
0

L. Schiafli
OriginalPaper = Published: 01 December 1885 Pages: 187 - 196

Beweis eines Satzes aus der Theorie der elliptischen Functionen
M. Falk
OriginalPaper = Published: 01 December 1885 Pages: 197 - 200

Untersuchungen iiber quadratische Formen
Hermann Minkowski
OriginalPaper = Published: 01 December 1885 | Pages: 201 - 258

Sur I'équilibre d'une masse fluide animée d'un mouvement de rotation
H. Poincaré
OriginalPaper = Published: 01 December 1885 | Pages: 259 - 380

taken from the journal website
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Some history

Seongchan Kim (KIAS)

Serve Masestit Konie Oscar II ha-
ben, in dem Wunsche einen neuen Be-
weis des Interesses zu geben, welches
AvLernOcHSTDIESELBE for die Entwick-
lung der mathematischen Wissenschaften
hegen und durch die Forderung der Her-
ausgabe der Acta Mathematica, die
sich ALLERHOCHSTDERSELBEN gniidigster
Protection erfreuen, bereits bezeugt ha-
ben, beschlossen, am 21. Januar 1889,
dem sechzigsten Jahrestage ALLERHOCHST-
DERSELBEN Geburt, einer wichtigen Ent-
deckung auf dem Gebiete der héheren
Analysis einen Preis zuzuerkennen. Die-
ser Preis wird in einer Medaille mit dem
Bilde Seiner MagmstiT, im Goldwerthe
von tausend Francs, und ausserdem in
einer Summe von zwei tausend fiinf hun-
dert Kronen in Gold bestehen (1 Krone

1 Franc 40 Centimes circa).
SeINe Majestit geruhten die Aus-
fithrung dieses Planes einer Commission
von drei Mitgliedern anzuvertrauen:
Herrn Carn Weigrstrass zu Berlin,
Herrn Cuaries Hermite zu Paris und
Herrn Gosta Mirrac-LEFFLER zu Stock-
holm, Chefredacteur dieses Journals. Die
Bemiihungen der Commission waren Ge-
genstand eines Berichtes, dessen nach-

Sa Masesté Oscar II désireux de
donner une nouvelle preuve de l'intérét
qu'ELLe porte a l'avancement des sci-
ences mathématiques, intérét qu'ErLLe a
déja témoigné, en encourageant la publi-
cation du journal Acta Mathematica,
qui se trouve sous Son auguste protec-
tion, a résolu de décerner le 21 Janvier
1889 soixantiéme anniversaire de Sa
naissance un prix a une découverte im-
portante dans le domaine de l'analyse
mathématique supérieure. Ce prix con-
sistera en une médaille, du dix-huitiéme
module, portant l'effigie de Sa MasgsTe
et ayant une valeur en or de mille francs,
ainsi qu'en une somme de deux mille cinq
cents Kronor en or (1 Krona = 1 franc
40 centimes environ).

Sa Masrste a daigné confier le soin
de réaliser SEes intentions a une com-
mission de trois membres: M. CarL
WeiersTRass a Berlin, M. Cuarres HEr-
MITE a4 Paris, et le Rédacteur en chef
de ce Journal, M. Gosta MirTAG-LEFFLER
a Stockholm. Le travail des commissaires
a été l'objet d'un rapport dont Sa Ma-
JESTE a pris connaissance, et voici leurs

Figure: Acta Math. 7 (1885), no. 1, I-VI.

Transverse foliations

January 25, 2022



“For a system of arbitrarily many mass points that attract each
other according to Newton's law, assuming that no two points ever

collide, find a series expansion of the coordinates of each point in

known functions of time converging uniformly for any period of
time.”

(taken from the website of the Mittag-Leffler institute)

PoTr) mYé

Aﬁ?eﬂ

N
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@ November 30, 1889. Mittag-Leffler received a telegram from
Poincaré: “l have found an error. Please stop the presses.”

@ December 1, 1889. A letter explaining the error reached
Mittag-Leffler.

- Mittag-Leffler let Poincaré work out a revised version, without
mentioning about the mistake in order to avoid attention.

- Mittag-Leffler tried to retrieve all the distributed copies, without
explaning why (today there are only two known copies left, both at the
Mittag-Leffler institute).

- Poincaré had to pay for the first printing. The expense was more than
the prize money.

@ January 5, 1890. Poincaré finished a revised version.

o1 (4] 0. =we.
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Surface of section
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Global surface of section

Let M be a three-manifold equipped with a smooth flow ;.

A global surface of section is an embedded compact surface X satisfying
the following properties:

(i) The boundary components of ¥ are periodic
orbits for ;.

‘ (ii) The flow v; is transverse to int(X).
' (iii) Every orbit in M\ OX hits int(X) infinitely
' often forward and backward in time.
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Open book decompositions

Let H: R* — R be a Hamiltonian and let ¢ € R be a regular value.

Theorem (Hofer-Wysocki-Zehnder, 1998)

If H=1(c) = S3 bounds a strictly convex domain in R*, then there is a
periodic orbit P € H=1(c) that binds an open book decomposition of
H=1(c) whose pages are disc-like global surfaces of section.

%H%CC)\ P:‘\LEgK a°> b 1 ny 9

des'
P D—0 A
° |__~__,_._9

4 retwn Y)’b?D
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Properties of the first return map

@ There is a one-to-one correspondence between periodic orbits different
from the binding P and periodic points of the first return map 1.

@ Y: D—Dis conjugated to an area preserving and orientation
preserving diffeomorphism ¢: D — D, where D C C is the open unit
disc.

Theorem

The diffeomorphism ¢ admits a fixed point, i.e. there is a periodic orbit
Q C H(c) different from P.

Proof. Assume by contradiction that there is no fixed point. Then by

Brouwer's translation theorem we find a non-empty open set U C DD such
that ¢"(U), n € N, are pairwise disjoint. Since U has a positive area that
is preserved by ¢, we derive a contradiction. %

oo > Area(D) > Area (Uneng"(U)) = ZArea(gb”(U)) = 00.

neN
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Denote by z5 € D a fixed point of ¢. We restrict ¢ to

the open annulus
D\ {z}, still denoted by 6. {EARE SO

Theorem (Franks)

Every area preserving homeomorphism of an open annulus admits either no
or infinitely many periodic points.

Corollary (Hofer-Wysocki-Zehnder)

If H71(c) = S3 bounds a strictly convex domain in R*, then there are
either two or infinitely many periodic orbits.

ot —’1( \r\,szgﬂ/ﬂ@ O\_\)/—\__)
H R —IR H Cmm+2; = o U

Coin a\ ol MINIMUM

gowall

Ins' = LD

pes!
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Transverse foliations

Definition

A transverse foliation adapted to (H™*(c), ¢%,) is a singular foliation F of
H~1(c) having the following properties:

@ the singular set consists of finitely many periodic orbits P4, ..., P,.

o every regular leaf of F is a properly embedded punctured sphere
> C H10)\ UflePj, which is transverse to the flow. Its closure is
an embedded compact surface ¥ with 90X C {Py,..., Ps}.

e
—
\
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ldea of a construction
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ldea of a construction
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The Hénon-Heiles system

b
H:R—R
reduce -
H: R R
Figure: taken from Wikipedia Q
S Y -

The Hénon-Heiles system describes the motion of a star in a galaxy:
@ the galaxy has an axis of symmetry.
@ the system preserves the total energy and the angular momentum.

Then one can reduce the system with three degrees of freedom to the
system with two degrees of freedom.
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The Hénon-Heiles system

The Hamiltonian is kinetic fﬁéﬁh]
4 Lo, 1 o 5 X3
H: R" = R, (X1,X2,)/1,Y2)'—>§|Y| +§|X| T -

There are two critical energy values 0 (global minimum) and % (saddle).
0L & 4% E? ‘%]’

15[
1.0+ (] 4 10

0.5 0.5

00t | 0.0
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@ On H_l(%): 3 three critical points (xi, x4.,0,0),i = 1,2, 3, such )
that (x{., x3.)'s are saddles of the potential. 0
e

@ Lyapunoff's theorem: 3 local families of unstable periodic orbits
emanating from these critical points, parametrised by energy.

o If E = % + ¢ for £ > 0 small enough, then the energy level H=1(E)
carries three Lyapunoff orbits P; g, P> g, P3 E.

e Each P; g bounds discs U,%E, U,-Z,E such that H=1(E) is separated by a
two-sphere S§; g = U})E UP gU U%E into two components. They are
transverse to the Hamiltonian flow.
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The Hénon-Heiles system

Denote by > £ the closure of the bounded component of H™*(E)\ U_;Si k.

(/|

ul, /

]‘E{\\

Question. Does 2 g admit a transverse foliation having the Lyapunoff
orbits P1 g, P> g, P3. as binding orbits?
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The Hénon-Heiles system

Theorem (de Paulo, K., Salomdo, Schneider and Vanderlinde)

Yes! More precisely, there is €9 > 0 such that for every E = % + € with
0 < e < g, the subset X g admits a transverse foliation Fg with the

following properties:
@ The singular set of FE is formed by the Lyapunoff orbits
P1.e, P> g, P3 e and another periodic orbit Q.
@ For every i, the rigid discs U,%E, U,-2,E bounded by P; g are regular
leaves.
@ For every i there is a rigid cylinder V; connecting Q and P; .
@ There exist 3 one-parameter families of discs, parametrised by (0, 1),

such that each such disc is bounded by Q. At each end, such family of
discs breaks onto the union of some rigid cylinder and some rigid disc.

y
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The Hénon-Heiles system
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Thank youl
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