
Lecture 3
.
Intersection form

-11m Any closed ,oriented 3-mfd
of 4-mfds

Can be obtained from S3

Last time by surgery along an
"
even
"
link

T
Thy [Lickorish

-Wallace]
all framings
are even integers

Y -553 (E) PL Kirby moves

Thy [Kirby ] Ref . SaveKev
,
Lectures on

S3(L) -553cL
'
) the topology of 3-mfds

( Lecture 4)
⇔ L

'
can be obtained from I

☐

by a sequence of moves (Kl) & (K2)

(Kl) Blow up /down

(K2) Handle slide

①



Surgery diagram & 4-mfd
"

☒
W: = Y

,
✗ [◦ it] Un(=

,

132×122 )

D.et w : a cobordism between Yi &Ye un2-handles
⇒ ! (up to isotopy)

⇔ W : a c.pt , oriented 4-
mfd

diffeo h :S
'
✗D2→ nb (K)

S.t. 2W = -Yi #Yz
s-t. h (s' ✗ to}) = K

& h (sixhats)=K'FEI 9e longitudeY
, % a pt on 2172 of the framing of K

T_hm Yi , I CY , : a framed link in Yi ↳the D.2×1>2

by h : 2122×1>2
⇒ 7-

W : a cobordism between Y '
→ nb(k)cM×4}

& Yz = Yi (E)

the 3-mfd obtained 1¥Yi×hi }
by surgery of Yi alongI fix /o}

☐

②



Rmk Not true in general in higherDef W : the trace of surgery
on L

.

dim
.

(obstruction : Stiefel -Whitney
Note W : the trace of I <S3

& Pontryagin numbers )
⇒ w is simply - connected .

CI Any closed , oriented 3-mfd

is a bdry of (simply-connected)

4-mfd .

Pt Y = S3 (L) (Lickorish-Wallace)

⇒④) ⇒ 2 ( B"uw)=y

B4
53 Y ☐

③



RmksIntersection form of 4-mfds _

• Qx : symmetric, bilinear form
✗ : a Cpt , oriented 4-mfd

over I.
balm

Qx : Hzlxi-KY-wsxotlzlxi-kf.org→ I • By fixing a basis of Ha /tors ,
defined by Qx is represented by

an nxn symmetric matrix
Q×(a, b) = I # ( Fan Fb)

Alg ↑
with entries in II.

an emb
. ori . surface . €:)

Fa§Éᵗb representing ac-tklx.TO/-msY--2X
+I ⇒ Qxla , b) = -11

If 2x is homology sphere

If × : closed ( by Poincaré duality)
,

or 24=01 (closed)
,

Q× : 1-14×51<7×01-14×1 E) →I detox = -1-1

(✗
, B) {dup , [×] > ( i.e.Qx is wnimodular)

④



Eg. ✗ = 5×5 EI
L : a framed link in 53

⇒ Hz(52×5)=71-6 [s}] >⑦ E{ [%]>
S2 W = B4 u trace 4-mfd

?⃝ s} (⇒ 2W = 53cL))

⇒ Qw is represented by
Q×= [& f)=:H the linking matrix of L

EI. ✗ = Gp2

°

:

f¥-a generator of Hzcw)
Rmk

Hz(Ep2 >E) = # { Kip']>
(ki) @ → h' Qqpz = [ I ] #4%

'

±?⃝ Y

' QEpz= [- I] (K2)
→ wIn general , Qx = - Qx

Y Y
Ey . Hz ( × ,#✗2) = Hz(✗1)⑦ Hzlxz)

a basis change in Hzcw)
① ✗ i# Xz

= Qx
,
⊕ Qxz ⑤



Algebraic aspects of Q Q is said to be definite

otherwise
,
Q is indefinite

Q : a symmetric bilinear form

over LEE
"

.
Q :L✗L→I • Type of Q

• rank (Q) =rk(Q)=rk€↳=n Dd Q is even if

Q (v.v) = 0 (mod 2)•

[⑧ IR n> : IR
"
✗ 1Rⁿ→ IR

for ttv c- In
b.+(Q) := #of positive eigenvalues Otherwise

,
Q is said to be odd

.

b- (Q) := * of negative eigenvalues Rmk Q is even⇔ Qlei
,
e-D= 0

( rk(Q)=b+ (Q) + b- (Q) {e. i.n.eu}
⇔

if Q is nondegenerated) a basisof L

• Signature of Q

Sig (Q) =b+ (Q) - b - (Q)

If 51g(Q) = b+ (Q) or b- (Q)
,

⑥


