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algebraic fiber space :X—>Y ¥ d¥r3 2 2 smooth
morphism o] of o},

smooth 7} °F'd A% " weakly semistable reduction
Z N F3

2] 9] (weakly semistable morphism)

An algebraic fiber space {: X— Y is called a

weakly semistable morphism if

i) There are toroidal embeddings (Uyx=X),
(Ux<Y) such that Wr= £ux)

ii) £:X—3Y is toroidal with respect to
(Uﬁc')()/ Uy =YD

iii) f is equidimensional,

iv) all the fibers of f are reduced.

v) Y is smooth.

( X 7}A] smooth ©]9 f= semistable morphism)
X ( u_«(\c X > is a toroidal embedding if

it is locally isomorphic to (T - \/ )
T 7 7
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weakly semistable morphism 2 543t A4 L.

Lemma 3-2
If f: XY is weakly semistable , then X has

only rational Gorenstein singularities.

Well-known :
rational Gorenstein iff canonical Gorenstein.

\
MMPel|4 o] £0]Z Zo]4
Z]9) (canonical/terminal)

For a given variety X, let h:V— X be a birational
morphism. Then we can write

Kv = R k= 2 az:

i. @, =A(X,E;) is called the discrepancy of X at E;.

ii. X has terminal singularities if L«g%OLO(,E) 7o

iii. X has canonical singularities if “%\;EOL(?(,E) zo

Fact:
X : terminal — — X': terminal

(or canonical) (or canonical)



23] 3-3 (weakly semistable reduction)

For any -g- X—Y algebraic fiber space, there exists
a generically finite surjective morphism 2=
with Y' smooth projective

projective birational morphism )(——> Xx‘f\/ with
normal projective X' such that X -9\\/ is
weakly semistable :

(due to Abramovich-Karu)

- X' £ canonical singularity ¥ Zt<%.
- de Jong 9 alterationZ °|-834 % il



weakly semistable morphism 9 %83 A4 II.

(base change °l| %34 invariant)
Lemma 3-4

It #83 .X—>Y is a weakly semistable morphism,
- \(——)Y is a morphism with smooth
projective Y' such that -t (Y \Uy) is an snc
divisor on Y. , ) C U e N ) Horerdak
Then X '=)§X~(\( ——Y isalsoa weakly evbeddtg

semistable morphism:

)(/__P_).X




' X—X is a weakly semistable algebraic fiber
space with X = normal projective variety and
Y = smooth projective variety.
Suppose that the general fiber F is of general type.

®m
(i) Then &*00% is nef locally free sheaf on Y for any

mp>o,

Lj&m
(ii) If, furthermore, Var(f)= dimY , then —?* ;ﬁ/\(
is nef and big locally free sheaf on Y for some k>0.

Z9 (i)

')
STEP 1. f,,tb,;‘( 7} locally free 9 2 24l
(see Remark)

STEP 2. (nefness)
.%n X=X ¢\ S— Yo\ Flven \orooLw_’r,

—S:S:X’“‘X)‘YX’(‘('“X‘(X ——)Y
\_/;_\)ZS\/
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A3 (Effective vanishing theorem, Popa-Schnell)

1:X—DY is a surjective morphism with
X=smooth projective, Y=projective of dimension n.
L=ample line bundle such that |L| is free.

Then 4+ (Y, f05 @ 85) =
Lor oy 170 l?-van 0 2z nkek-n
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Lemma 2-5
V = projective variety

€ =locally free sheaf on V, ¢€=+o

If there is a line bundle M such that

2®5® \J\ is generated by global sections for
any s >0, then @ is nef.
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f:X—> Y is an algebraic fiber space with general
type F. Suppose X has canonical singularities.
Then X has a good minimal model X over Y.

([Birkar-Cascini-Hacon-McKernanl¥] 232 o] 33l A

59)

Sketch of proof:
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(ii) If, furthermore, Var(f)= dimY , then —g,,, ;ﬁ/\(
is nef and big locally free sheaf on Y for some k>0
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