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Settled cases of litaka Conjecture

An algebraic fiber space % . X\9Y with general
fiber F such that

1. F is of generel type,
(more generally F has a good minimal model)
2. Y is of general type, or

3. Y has maximal Albanese dimension.

There are many variations of Iitaka Conjecture.

Conjecture 1 (Popa)

If -Sl)(e\( is a smooth algebraic fiber space,

then
dimF €« (Y) = wlxX),

Equivalently, since dim F = dim X -dim Y,

doX —u (%) Z dam{— e (Y)
\ \
KeK) we X/

- Not true if f:X—Y is not smooth.
TN pasks o S“W S JV %omnmo\-eaei
Wk Qs)=A .
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Let U be a smooth quasi-projective variety

whcih can be considered as an open subset of some
smooth projective variety X : US X.
We can also assume that X\ U=D is a simple normal

crossing divisor on Y,

Now we define: |\ (W)= WK LY) L\Bx{LD)>
I
K\(—t D

~independent of the compactification Y
(23&F A 3 of Day 3).

Conjecture 2 (Popa)

Let £:X—>Y be an algebraic fiber space which is
smooth over an open subset VE Y. Then the

following holds:
KV )«W(F) Z k),

- Conj 2 implies Conj 1.

- Iitaka Conjecture + Popa's Conjecture 2
= If f:X—Y is smooth, then

KD = KLY ) « KETE) Wwols.

- Conj 2 holds when Y is an abelian variety,
Y=curve, Y=general type, dim Y-1=KCY) 55...



There is a numerical version of litaka conjecture

numerical Kodaira dimension

Conjecture

5: X—>Y is an algebraic fiber space with gen fiber F.
Then

Kelx) 2 Ke(F) + UelY) holds

- Kx) £ KeX) holds in general. o )

- known if KelT) T neplaced \o7° W) Wk(\()

- Abundance Conjecture predicts that KX = UeCX)

- "Okounkov body" was used in the proof.
(An Okounkov body associated to a divisor D
is a closed convex set in [ #™X \shich
encodes |((D) and volume VvolCD) ,simultaneously.
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Volumes also impose some restrictions on the fiber
spaces.

Vol (D)= Limseup VX mb) A= dmX

Kawamata's volume formula

- is an algebraic 1iber space such that
R Ga lgebraic fiber sp h th
X, X',  areof general type. Then

Vol y (Kx) - \/o\\(L\(‘c) . WEKE) |,
Ao X e Iam Tt .

Also, "=" holds iff % is birationally isotrivial.

-32 is birationally isotrivial if X s a \)YDAML‘?

b’(v bose *

Ke— X*w\fl
i
Yee X! o Sy R

A3 (Lazarsfeld-Mustata)
If > isbig, then for an Okounkov body L)
for D With Yespect = any )(./

(Brm %) vel gamae . @) = vol Qo) ol
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A3 [Chi-Kang Chang]
1:X—Y is an algebraic fiber space between normal
projective Q-Gorenstein varieties with general
fiber F. X has klt singularities and — K is effective
and the stable base locus "B ¢K+) does not
dominate Y. Then

\/CL’\<) < vl )+ LK)

o] o) = algebraic fiber space 2 ¥4

- litaka Conjecture over positive char field,

- Popa's Conjectures over positive char field,

- Kebekus-Kovac's Conjecture (settled by Taji)

- b-semiampleness conjecture of Prokhorov-Shokurov

£Z KR, \/owt-gl ), levtvdiellity voluma 24
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