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Beyond the black box
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Numerical experiment: learn group operation on abstract symbols
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Numerical experiment: learn group operation on abstract symbols
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Numerical experiment: learn group operation on abstract symbols
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Numerical experiment: learn group operation on abstract symbols https://arxiv.org/abs/2205.10343

® Generalization coincides with emergence of
structure in the representation Learning phase diagram:

® If decoder is too smart, you get memorization Of

(overfitting) comprehension
® If the decoded is too dumb, you get confusion

® Representation learning occurs only in
intermediate “Goldilocks zone”

® Grokking is the phase boundary of
comprehension

® The Goldilocks phase is reminiscent of g
“intelligence from starvation” in Darwinian g
evolution, where resource limitations drive -
discovery of more efficient solutions. 2 S
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Al Feynman 2.0: Pareto-optimal symbolic regression exploiting graph modularity
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Al Feynman 2.0: Pareto-optimal symbolic regression exploiting graph modularity
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Al Feynman 2.0: Pareto-optimal symbolic regression exploiting graph modularity
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Al Feynman 2.0: Pareto-optimal symbolic regression exploiting graph modularity
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Al Feynman 2.0: Pareto-optimal symbolic regression exploiting graph modularity

Use neural network fit to recursively discover simplifying properties & break problem into simpler ones:
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Al Feynman 2.0: Pareto-optimal symbolic regression exploiting graph modularity
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Al Feynman 2.0: Pareto-optimal symbolic regression exploiting graph modularity
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Complexity definitions:

William of Occam: Our compromise: Ray inISIEIi?lISI({)fif[

too vague to code up quantitative & fast to compute t00 hard %0 compute
Object Symbol  Description length L
Natural number n logs n
Integer m logs (1 + |m|)
Natural number m/n Lg(m) + Lg(n) = log,[(1 + |m|)n]

_1 2

Real number r log, (%), log(z)= 5log, (1 + 2?)

Parameter vector p > La(pi)
Parametrized function f(x;p) Lq(p) + klog, n; n basis functions appear k times




Benchmarks for numerical experiments:
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4+ 100 most famous/complicated equations from Feynman Lectures on Physics
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Benchmarks for numerical experiments:

4+ 100 most famous/complicated equations from Feynman Lectures on Physics
4+ 20 harder equations from graduate physics books
4+ 12 harder equations with generalized modularity

Examples:
. 1 Generalized symmetry,
Parallel resistors V = [R -+ R + R + R, ] Lo coswt soumapitiny
RI.C circuit IO — Vo - Genemllzed symmetry,
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w 1
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Wheatstone bridge Vo = (53 R1 e — + o YW1 separaviting
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Benchmarks for numerical experiments:

4+ 100 most famous/complicated equations from Feynman Lectures on Physics

4+ 20 harder equations from graduate physics books

4+ 12 harder equations with generalized modularity

4+ 10 probability distributions whose samples were converted to density estimates using normalizing flows

Normal distribution Fit distribution True distribution
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How you
can use
this:

Please email us about
collaborating on analyzing your
data or generalizing this to
other domains!

tegmark@mit.edu
https://ai-feynman.readthedocs.io/en/latest/

Al Feynman

Navigation
Installation
Usage
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FAQ

Quick search
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Quickstart

$ pip install aifeynman

$ python

>>> import aifeynman

>>> aifeynman.getdemos('example_data') # download examples from server

>>> aifeynman.launch("../example_data/", "examplel.txt", 30,
"140ps.txt", polyfit_deg=3, NN_epochs=500)

This example will get solved in about 10-30 minutes depending on what computer you
have and whether you have a GPU.

Here ‘example.txt’ contains the data table to perform symbolic regression on, with col-
umns separated by spaces, commas or tabs. The other parameters control the search:
here the brute-force modules tries combinations of the 14 basic operations in ‘140ps.txt’
for up to 30 seconds, polynomial fits are tried up to degree 3, and the interpolating
neural network is trained for up to 500 epochs.

Note that for now, AI Feynman is supported only for Linux and Mac environments.

More examples

python examples/example.py
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State of field over past decade:

- Schmidt Lipson Eurega! algorithm best
* Many generic algorithms
» Criticism of field for lack of benchmarks

www.sciencemag.org SCIENCE VOL 324 3 APRIL 2009 REPORTS |

Distilling Free-Form Natural Laws
from Experimental Data

Michael Schmidt* and Hod Lipson®>*

For centuries, scientists have attempted to identify and document analytical laws that underlie
physical phenomena in nature. Despite the prevalence of computing power, the process of finding
natural laws and their corresponding equations has resisted automation. A key challenge to finding
analytic relations automatically is defining algorithmically what makes a correlation in observed
data important and insightful. We propose a principle for the identification of nontriviality. We
demonstrated this approach by automatically searching motion-tracking data captured from various
physical systems, ranging from simple harmonic oscillators to chaotic double-pendula. Without any

section S4 in the supporting online material
(SOM)]. Unlike traditional linear and nonlinear
regression methods that fit parameters to an
equation of a given form, symbolic regression
searches both the parameters and the form of
equations simultaneously (see SOM section S6).
Initial expressions are formed by randomly com-
bining mathematical building blocks such as
algebraic operators {+, —, =+, X}, analytical
functions (for example, sine and cosine), con-
stants, and state variables. New equations are
formed by recombining previous equations and
probabilistically varying their subexpressions.
The algorithm retains equations that model the

avnarimantal Aata lhattear than Aathere and alan



Welcome to the Feynman Symbolic Regression Database!
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As opposed to linear regression, where a dataset is fit to a linear function of the given input variables, symbolic regression

tackles the much harder problem where the unknown function can correspond to any combination of mathematical symbols.

To facilitate development and testing of algorithms for this, this database contains 120 symbolic regression mysteries as
described in the paper Al Feynman: a Physics-Inspired Method for Symbolic Regression, Udrescu & Tegmark (2019),
arXiv:1905.11481.

Each regression mystery corresponds to a table of numbers, whose rows are of the form {xq,x5,...,y}, where y = f(x; x3,...);

the challenge is to discover the correct symbolic expression for the mystery function f. If you're eager to get started, simply

download and uncompress Feynman_with_units.tar.gz below and try dicovering 100 equations from the Feynman Lectures!
If that's too easy, please try the 20 more challenging mysteries in bonus_without_units.tar.gz. You'll find the correct answers

in the spreadsheets below. If you prefer the mysteries simplified by dimensional analysis, try the "without_units" files
instead, you'll also want to download units.csv, the unit table described in the paper.
Downloadable files:

e bonus with umtOS.tar.gz_ (11 GB)

e Feynman without units.tar.gz (1.7 GB)
e bonus without units.tar.gz (0.6 GB)
FeynmanEquations.csv
FeynmanEquationsDimensionless.csv
BonusEquations.csv
BonusEquationsDimensionless.csv
units.csv

NNRNRNRNRRRBNNRERRNRNNR

.1431209959193709
.4680655653881054
.7621479700455853
.9536888384746354
.1532278876457527
.9899434091665062
.2841783534277345
.3550853261290494
.7529820467784543
.2043936184306594
.3423962980280737
.4156715177406782
.0187117984150182
.5109507435415031
.5078719313855347
.4846972064278652
.1398682204221178
.7000728811732311
.3516545980830331

2.6157973581192184

2.7700644791483753
2.2073166947348444
1.4168131204210188
2.7336267945043491
1.5016008010765851
1.4250958039594244
2.5038413591290976
2.2555822345853405
2.6405850369222492
1.
2
1
1
2
1
2
1
1
1
2.

4441117081403013

.0552387587225684
.0577553334831364
.0672568295716016
.5932595628763617
.0771974670079432
.7401242687034313
.5010412666279194
.5155671571998763
.0329627134609363

0432144044920815

1.7508575540193472
1.7761705838854234
1.5378176974809339
1.2592849110534683
1.4218686278023172
2.5409132056932424
1.2255232096430668
1.4525468706453792
1.6148891450043024
1.4546229392136278
2.
2
1
2
2
1
2
1
2
1

8071816262301414

.5122383795854709
.4729243386484654
.9492633493443927
.7296063077362385
.3356870260708698
.0784556152016664
.5295642030291683
.4473327905843174
.4576627239471807

0.23452895063856676
0.15919403345867914
0.14429337334417677
0.15360014539410058
0.18514940761978987
0.17131474581788358
0.18928439532548705
0.15982929556091857
0.13519598787103054
0.
0
0
0
0
0
0
0
0
0
0.

33122650381723288

+25403615776576924
.16623813635214552
.19367199411465894
.25680582940703343
.12803644285479733
+17177799061908141
.17976791449866503
+23465391617605863
.14157574334122566

14873897153317067

https://space.mit.edu/home/tegmark/aifeynman.html

If you have questions, please contact Silviu at sudrescu@mit.edu
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Our focus: Intelligible Intelligence
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Machine-learning hidden symmetries

Ziming Liu and Max Tegmark

https://arxiv.org/abs/2109.09721

Al solves complex physics problems
by looking for signs of symmetry

Complicated physics problems are sometimes simpler than they appear, so
physicists have made a machine learning model to search for the simplicity

00POOOO

PHYSICS 18 May 2022
By Alex Wilkins

Concept image of artificial intelligence — machine learning is now being used to help physicists tackle complex problems
ktsdesign/Shutterstock



Machine-learning hidden symmetries

Ziming Liu and Max Tegmark

(b) Hidden

https://arxiv.org/abs/2109.09721

(c) Discovered Manifest
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What happens inside black holes? https://arxiv.org/abs/2109.09721
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Symbolic Pregression: Discovering Physical Laws from Distorted Video

Silvin-Marian Udrescu, Max Tegmark
Dept. of Physics & Center for Brains, Minds & Machines,
Massachusetts Institute of Technology, Cambridge, MA 02139; sudrescu@mit.edu

(Dated: September 14, 2020)

We present a method for unsupervised learning of equations of motion for objects in raw and
optionally distorted unlabeled synthetic video. We first train an autoencoder that maps each video
frame into a low-dimensional latent space where the laws of motion are as simple as possible, by
minimizing a combination of non-linearity, acceleration and prediction error. Differential equa-
tions describing the motion are then discovered using Pareto-optimal symbolic regression. We find
that our pre-regression (“pregression”) step is able to rediscover Cartesian coordinates of unlabeled
moving objects even when the video is distorted by a generalized lens. Using intuition from multi-
dimensional knot-theory, we find that the pregression step is facilitated by first adding extra latent
space dimensions to avoid topological problems during training and then removing these extra di-
mensions via principal component analysis. An inertial frame is anto-discovered by minimizing the
combined equation complexity for multiple experiments.

arX1v:2005.11212

I. INTRODUCTION an unsupervised algorithm learn that to predict the next
video frame, it should focus on the z- and y-coordinates
of the rocket, not on its color or on the objects in the
background? More generally, given an evolving data vec-
tor with NV degrees of freedom, how can we anto-discover
which n < N degrees of freedom are most useful for pre-
diction? Renormalization addresses this question in a
particular context, but we are interested in generalizing

A central goal of physics and science more broadly is to
discover mathematical patterns in data. Tor example,
alter four years of analyzing data tables on planetary or-
bits, Johannes Kepler started a scientific revolution in
1605 by discovering that Mars’ orbit was an ellipse [1].

There has been great recent progress in automating such
tasks with symbolic regression: discovery of a symbolic
expression that accurately matches a given data set |2
23]. Open-source software now exists that can discover
quite complex physics equations by combining neural net-
works with techniques inspired by physics and informa-
tion theory [22, 23].

However, there is an important underlying problem that
symbolic regression does not solve: how to decide which
parameters of the observed data we should try to de-
scribe with equations. Eugene Wigner famously stated

this. In Kepler's case, for example, the raw data corre-
sponds to two-dimensional sky images: how can a com-
puter algorithm presented with a series of images with
say N = 10° pixels antomatically learn that the most
useful degrees of freedom are the n = 2 position coordi-
nates of the small reddish dot corresponding to Mars?

The goal of our paper is to tackle this pre-regression
problem, which we will refer to this as “pregression™ for
brevity. Automated pregression enables laws of motion to
be discovered starting with raw observational data such

that “the world is very complicated and ... the compli-
cations are called initial conditions, the domains of reg-
ularity, laws of nature” [24], so how can the discovery of
these regularities be antomated? In Figure T, how can

as videos. This can be viewed as a step toward unsuper-
vised learning of physics, whereby an algorithm learns
from raw observational data without any human super-
vision or prior knowledge [25 27].

2005.11212v2 [cs.CV] 11 Sep 2020
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FIG. 1: Our pregression algorithm seeks to autoencode a sequence of video frames (left) corresponding to a specific type of motion into
a low-dimensional latent space (middle) where the laws of motion (right) are as simple as possible, in this example those of a quartic
oscillator. In the middle figure each point corresponds to the x and y of the rocket in a given frame, while points having the same color

and connected by a line belong to the same trajectory.
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(Also Schmidt & Lipson 2009, Science, 324, 81)
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Can ML discover new physics not put in by hand?

- Can ML discover new physics equations not put in by hand?
Yes!

- Can ML discover inertial frames not put in by hand?
Yes!
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Al Poincaré: Machine Learning Conservation Laws from Trajectories

Ziming Liu and Max Tegmark
Department of Physics, Massachusetts Institute of Technology, Cambridge, USA
(Dated: October 22, 2020)

We present Al Poincaré, a machine learning algorithm for auto-discovering conserved quantities
using trajectory data from unknown dynamical systems. We test it on five Hamiltonian systems, in-
cluding the gravitational 3-body problem, and find that it discovers not only all conserved quantities,
but also periodic orbits, regular/chaotic phase transitions and conservation breakdown timescales.

INTRODUCTION

While machine learning has contributed to many
physics advances, such as improving the speed or qual-
ity of numerical simulations, laboratory experiments and
astronomical observations [1-7], a more ambitious goal
is to design intelligent machines to make new scientific
discoveries such as physical symmetries [8-11] and for-
mulas via symbolic regression [12-16]. In this spirit, the
goal the present paper is to auto-discover conservation
laws from trajectories of dynamical systems.

Physicists have traditionally derived conservation laws
in a model-driven way, such as when Poincaré proved
[17] that the 3D gravitational 3-body problem has only
8 conserved quantities. In contrast, this paper aims to
discover conservation laws in a data-driven way, using
only observed trajectory data as input while treating the
underlying dynamical equations as unknown.

To the best of our knowledge, [11] has pursued the
goal closest to ours, but with an orthogonal approach de-
tecting symmetry with an auto-encoder, requiring hand-
crafted features precluding full antomation, and testing
on relatively simple examples. Other work linking con-
servation law and machine learning [9, 18-20] focus on
embedding physical inductive biases into machine learn-
ing, but not the other way around to automate physical
discoveries with machine leaning.

Our ambitious goal of automating conservation law dis-
covery is enabled by recent machine-learning techniques
for analyzing on manifolds, which are intimately related
to dynamical systems as summarized in Table I: viewing
each state as a point in a phase space R", the topological
closure of the set of all states on a trajectory form a mani-
fold M C R™. Each conservation law removes one degree
of freedom from the dynamical system and one dimension
from M, so the number of conserved quantities is sim-
ply n minus the dimensionality of M. The local tangent
space of M represents all local displacements allowed by
conservation laws, while the space perpendicular to the
tangent space is spanned by gradients of conserved quan-
tities.

We introduce our notations and Al Poincaré algorithm
in the Methods section. In the Results section, we test Al
Poincaré on five Hamiltonian systems and its ability to
discover conserved quantities (nmumerically and symboli-

TABLE I: Manifold/dynamical system correspondence

Manifold Dynamical System

Dimension Reduction Conservation Law

Tangent Space (Local) Conserved Quantity Isosurface

Orthogonal Space Gradients of Conserved Quantities

cally), periodic orbits, regular/chaotic phase transitions,
and conservation breakdown timescales.

METHOD

Manifold learning is an active field in machine learning
and has developed powerful tools [21-26] to explore and
visualize the latent structure of a low-dimensional mani-
fold embedded in high-dimensional space. However, none
of these methods is immediately applicable for our use
because they do not aim to exactly determine the mani-
fold dimensionality, instead focusing on performance on
downstream tasks (e.g., image/video generation) or on
visualization where that the dimensionality is a user-
specified input parameter. Moreover, the manifold di-
mensionality is poorly defined due to discreteness and
noise: we circumvent this by treating dimensionality as a
renormalized quantity that is a function of length scale
or.

Problem and notation: Hamiltonian systems play
an important role in classical physics [28]. A k-body
Hamiltonian system in d-dimensional space can be de-
scribed by a position vector q = (qV),---,q*)) € R
and a momentum vector p = (pM),-.. , p*)) e R
which is conjugate to q. We define the state of a Hamil-
tonian system as x = (q,p) € R?*¥. The system has a
Hamiltonian function Hy(q,p) and the canonical equa-
tions describing the dynamics are

OH,

= gp0 =Lk ()

dp'?) _ _0H, dq'?
dt aql’ dt

Conservation laws are important characteristics of
Hamiltonian systems, common examples including con-
servation of energy, momentum, angular momentum,
Runge-Lenz vector, magnetic moment, ete.. We express
a set of independent conservation laws as H;(q,p) = h;
(7 =0,....m—1), valid exactly or approximately for all
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Summary



Traditional ML

Unknown truth
produces data

Relaxation

Inscrutable
black box model

Simplification

Continuous: Embed discrete symbols & parameters in R
Dimensional: Add parameters to avoid topological problems

Discover & enforce dimensionality reduction
Discover & enforce modularity

Discover & enforce symmetries

Discover & enforce discreteness

Discover & enforce clever representations
Discover & enforce normal form

More intelligible model

Interpretable (by humans)
Verifiable (by algorithms)
Boundable
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Abstract: The goal of lossy data compression is to reduce the storage cost of a data set X while
retaining as much information as possible about something (Y) that you care about. For example, what
aspects of an image X contain the most information about whether it depicts a cat? Mathematically,
this corresponds to finding a mapping X — Z = f(X) that maximizes the mutual information
I(Z,Y) while the entropy H(Z) is kept below some fixed threshold. We present a new method
for mapping out the Pareto frontier for classification tasks, reflecting the tradeoff between retained
entropy and class information. We first show how a random variable X (an image, say) drawn
from a class Y € {1,..,n} can be distilled into a vector W = f(X) € R"~! losslessly, so that
I(W,Y) = I(X,Y); for example, for a binary classification task of cats and dogs, each image X
is mapped into a single real number W retaining all information that helps distinguish cats from
dogs. For the n = 2 case of binary classification, we then show how W can be further compressed
into a discrete variable Z = gg(W) € {1,...,mg} by binning W into mg bins, in such a way that
varying the parameter 8 sweeps out the full Pareto frontier, solving a generalization of the discrete
information bottleneck (DIB) problem. We argue that the most interesting points on this frontier

are “corners” maximizing I(Z,Y) for a fixed number of bins m = 2,3, ... which can conveniently
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