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*Classical shannontheory noiseless
channel coding theorem - data compression

no isy / - channel capacity

why needed for us?Operational meaning of entropies.

Shannon's Noiseless Channel Coding Theorem

atis information?

how to describe/quantify.

model

informationIinformation
justimagine a file compressiononX ( file size of the zip file? (

infinitelibrary

setof alphabets x=Sa,b,... ·

random variable X=x with probability P()).CSEX.

information source
:random sequence X"EX,X2.. Xn. (n:length)

X"=x" =x,c.... -nwith probability P(K)
↑

Xi's are id. (independentand identically distributed) simplifiednotion

result as n+8, you can encode the message into nH(x) bits. PX(x),PXn(x2),.. .

#-EPKClogp() Shamon entropy. (log =logz)
-> p(x), p((Y),...

-

ex) PrSa3 = (/2. Pr967 =18.Pr(c) =1/4, PrEd) =8.

method 1:a-> 00,6 +0),(-10,d-11, you need In bits.

method 2:a+ 0,c - 10,b=110.de().

011010111 - a bed

#of bits per char-t +12 +6.3.2 =1. you need in bits.

dea ((=x,x ... ((n.n-> 0.

xi(5,2,... ,
(...7. Pa = P(()

#pical vs typical sequences.
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typical sc":# ofcups. # ofx=np... .

asymptotic equipartition theorem:almoseall sins are typical.

P(typical ((") = p,<PpUp... (all identical)

You encode onlytypical sequence
# ofexpicalsequententityare

plerror) ->0 as n + 0.

nR =log( (typical set 1) <- up,logp,-ypologpe-... =n (-EPalogpa) =nH(x).

9) is this optimal? versetheorem.

Shannon Entropy

*random variable X = x with prob.p(R).E,p() = 1.

i(x) =log hi=-logp() information content surprisal. (by Shannon).

H(X) =<i(X)] =-EpMlogpM1) Shannon entropy. meaning?

gradient -> *

ipeoge-x

ex)xE 94,2, ..., (d)

0 < H(X) = logd.

H(X) = 0 if pi = 1,pr =... =Pd = 0.

H(X) =logd ifp, ... -pd = 1/d. (f) thermodynamic entropy S =-klogR

*two random variables X, Y

X =x, Y=y with prob p(x,y).

-intentrollogp(x,y)) =
-,Syp(,3) logp)

if X.Y are independent, p(s, 3) = p(x(p (y)

H(X,Y) =- Ep(x)p(y)[logp(x) +dogp(y)] =- 5p(logp(x) - EP(2) logp(8)
= H(x) +H(Y) meaning?

conditional entropy
-

H(X(Y) =- [logP(x(Y)) =-5p(x,y)logp(x(y) =H(X,Y) - H(Y)) =EP(2)H(X(y)
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conditional probability p(18) =p)
H(x(Y) =- Ep(x,y)[logp(x,y)-dogp(y)] =H(X,Y) - H(Y).

= - [P(y)p(x(y)logp(x(y) =EP(4)H(X/3)

meaning?given information on Y, additional information needed for X.

tualinformation

I(X:Y) =H(x) +H(Y) - H(X,Y) =I(Y: X).

meaning?Information shared by two parties.

H(X) H(Y)

.xi)HIX)HOH

addition

x

H(X,Y) [H(X)+H(Y) ==> I(X:Y) = 0.

Longsubadditivities)
-H(X,Y,z) +H(Y) =H(x,y) +H(,)

Shannon's NoisyChannel Coding Theorem.

model Alice Bob

SEEnoTSnel
↳ I# ?

message me (1,2...., M3 -> codeword ( (m) =x,(m) (2 (m).. . (n(m)

channel N:x -y with prob.p(yl() ex) binary symmetric channel.

p(0(I) =p(I/0) =P

-interfa opP; : p(0(0) =p(1/1) =1- p

↑ i.i.d. (discrete memoryless channel)

rate R =M ofmessagebitsare
channel capacitymaximumpossible rate. maximum over what?encoding schemes.
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resultrandom coding. PODi(m) =Px(xi(m) i.i.d.

S uses M typical sequences chosen randomly. (You cannotuse all of them!

e. ie, you can finds the mostprobable on (whataboutoverlap?)

-

incoprs-mixz(x)eidea

( oi

x,y(5a,b,,d,...)

oopsc"(m):typical sequence.

P(x(m)) independentofm .

rearranging <"(m):an... a bb...b,.......
---

ap(a) mpy(b)
&

↓ ↓
upy(c)
->

on rearranging y(kV):a... a ........ I abs......~w

Y *
apyla)palas nplazp(bia npy(b)p(b(b)

npy(b)p(alb)

for given si(m), p(y"((()) = P(ylsxxp(y() same for every m.

"Conditionally typical sequence"

# plant log (#) = - EynpX(x) p(y(()) logp(y(x) =15Px(()H(Y(x)
=nH(Y(X).

..(nH(y(X) sequences of ycorrespond to one s"(m).

on the other hand, # ofy =5, npy(x)p(y(x) =np(y).

=>y" is also a typical sequence with distribution p(y).

#F =2nH()) you are allowed to use all of these

# ofallowed codewords :M =cntipx) =2n[H(Y)
- H(Y(x)]

=2n1(x
=3)

what aboutoverlap?

optimality?converse theorem=

ex) noiseless channel

p(x(y) =0x.y.H(Y(X) =5P(x)H(Y(x) =0.1(X:Y) =H(Y) - H(Y(X) =H(Y) =H(X).
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*sending classical information over noisyquantum channel

I quantum (
Quantum StateMerging

negative conditional entropy?

SCAB) =SCAB)- S(B) conditional entropy.

=- TrCPABlog PAB) +Tr (Palog PE)

if 14AB =E(10)+10>p + (Rx(B), SCA1B) = -140, meaning?

n ->0

jective

GORX/Anopies
of12
x

↓
R

# M copies of 147B'BR = 14)ABR.

A B' B

① if S(AlB)>0,A needs to send US(AIB) qubits to B

ex)(47ABR =E (10>10) +1k <11))AR1*B, SCAB) =1, S(B) =0. SCAIB) =1.

equivalently Aand B need to share USCAIB) additional Bell pairs mantamation
-

c

② if SCAIB) = 0, B can generate 147BBR locally

ex)(4)ABR =7 (10)1010 +1K(K(k)ABR, SCAB) =S(B) =1.S(A1B) = 0.

③ if SCAB)<0, B can generate 12KBBR locally

furthermore, A and Bhas already shared-nS(AIB) Bell pairs!

ex) (47ABR =E (10710 +1k/k)AB107p
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*quantum information theory

- quantum information theory (?!)

:quantum Shannon theory, new things with no classical analogue (distinguishability, entanglement,

von Neumann entropy,...), foundation of GM (nonlocality, contextuality, ...

- quantum information processing.

:communication, computation, metrology....

- quantum simulation

analogue (Hamiltonian egineering, state preparation, ...), digital.

- Applications to physics, chemistry....

Axioms of Quantum Mechanics

&xom1 (statespace)

Aquantumstately) completelydescribesa closedquantumsiteonenergy, particles in-
m

with other systems.
<4/27 =1.

xism2 (dynamics)

14(t =t)) ->14(t=tc)is a trytransformation 14(tn))= U (tn, t.) 14(t,)].

nut =un =1.

if (4(t)) =H14(t)), UCAniti) = e-iH(turti). anyunitary U can be written as

xom3 (projective measurements) U =ek with K being Hermitian.

An observable A is Hermitian.

A =A=E amPm. am -R (real number)

Pu =Pm. (projection). PmPn=0 for mtn. EPm = 1.

rojective measurementof A:14) -> pulse,I with probability (2/Pm/4)

1119) 1=4)norm.
Tom4 (composite systems)

system A:147AE TA

system B:14>pC B. Hilbert space dimension

=> system A+B:14)A*(4), 2 7** HB. d((x*7tB) =d(75x)d(1fB).
↑
tensor product. (physists like toomit.



7
*tensor product.

(4) =(9). 10)
=

(q).(47818)
=14210 =14,4) = (a()) = poi I

A =(j), B =(jf). ADB=(alse)blegul =

arein.....
(A0B)(4)x(0) =A(4)*B10).

tom5' (general measurements)

excicipraand
SMm3: setofmeasurementoperators s.t. EEn = I MiMm

=1. (EMmMh*])

Em= MMm:POVM element

SEm3:POUM (Positive - Operator Valued Measure)

Emko (positive- semidefinite), meaning (4/Em/4) 30 for any 14

(4/MmMm14> i
<010> 10

·

(0) =Mm14>

measurementoutcome:14) -it with probability pam)=1Mm121P =<4/Em/4).

ex) M. = < 14)(*). E=x14)(4)

Mz=x (k) (H). Ec =12(4)(H).( 2 Em =1.

Ms =1a- 1. Es =(1-42)1.

*axioms 34= axiom 3

Apply USA S.t. USA (47,910)A = (Mm14>s) *(m)Athis is unitary. Why? (9.01 Us USA14,0)
↑ =<0,014,0) = <014).

system ancilla
and measure the ancilla in S1m>A3.-projective measurement. Pm = Is *(m>A(M)

p(m) =1/PmUs*(4,0)1 =<4,0/Us (IsD/m><m1) USA 14,0) =<4/NMm/4>
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DensityMatrices (Density Operators

ex) & 10 +11]. whatwould you say aboutthis state?

② 10) - Elk

③ 10s with prob.I, IK with prob. t.

I measurements:p(0) = p(1) = in all cases.

X 1)
:(t) =f(10 +1k),1 =1(10) - 1K).

①p(t) =1,p()
=

0.2p(t) =0,pt) = 1.9p(t) = t,pH) = t.

pi?This with prob...Piii). SPiz1. PiZo.
operator (matrix).

NOTavector.

ensemble:collection of events.

when you have p, you haveonly a single event (one of 14i7's), notthe ensemble.

&

⑲8 =E10(01 +E(kx) =E1 jp =E(t>(+1 +11151 =E1.

two states are exactly the same!(no wayto distinguish

*pure states vs mixed states.

147:pure state (p =14><41)

&:mixed state ofnon-zero pi =2)

eevolution 14(2)) = U /4(t,)

p(t) =Up(ti) UT. why?

①stationvalue (A) =<4/A/4).

<AL =T(p). why?
A
trace.

* trace

J (p) =En<ulpln) .

In):basis statesare

0 =

I
x!

( Tr(p) =Ex: (basis independent).

80:: Tr(upu+) =Tr(p).

Tr (ABC) =Tr (BCA) =Tr (CAB). cyclic.
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composite Hilbertspace (ADIAB.

basis states:In>ADIMTE =(n. m).

nation (1>1*(m>B) (n(1*p(m))) =(n)*<n'/*(m>p<m)) =(n,m>(n',m/l.

XAB:acting on IAN/B

Tr (XAB) = <n,m/ XAB/n.m)
n,M

partial trace Tra(XAB) =AG/ XABIn>A:operator acting on IB.

TrB(XAB) =E p<m) XAB/m>B: 1/ IA.

Tr (XAB) =TrA CTUB(XAD)) =TrB (TrA(XAB))

*reduced density matrix.

state PAB of composite system A+B

state of system A(ignoring B) PA =TrB (PAB).

7 B ( "A) Pr=Tra(PAB).

why?for anyoperator XAonA, you can show

<XA) =<X**IB) =Tr[PAB(X**IB)] =TrACTrB(PAB) XA] =Tra (OAXA)

anylocal operation on A(unitary, measurement, whatever) cannotalter IB!

ex)14AB
=2 100)AB +P/IITAB.

8A =14(210)A() +18K(KB41).

PB =(9(/0)B(0) +18)(KB41).

A+B:pure -> Aor B alone:mixed!(When A, B are entangled).

* isa laid quantum state off $810 (=p =pt).

② Tr(p) =1

SchmidtDecomposition and Purification.

A:dimension dA. basis:107A. (KA...., IdA-KA .

⑪IB:"dB. basis:103B. 1DB...., ldb-1B.

AB:dimension dAdB

14ABE dBTCumIRLAM
-

-

#of basis states =dAdB.
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#recompositionfor purestatesan orthonormal basisases

#of basis states = min(dA,dB)

X:: Schmidt coefficient.

#of non-zero ii's:Schmidtrank / Schmidtnumber [min(dA,dB)

ex) two-qubitstate 14 =a (0) 10) +b/0) (K +c/K 10) +d11(1>

can be written as 12 =x, 10,710i) +x2102)(02)

sproof) 147 =nCumIn>1M]. singular value decomposition

can is a matrixD cum =(udv'nm=E UnedeeVtem
↑*

diagonalunitary

14) =Inm Une devim (n> (m)

Let 10) = Euneln) = stn m> (basis transformation)

102) =IVet(m>

Then, 14) =Edr(%e>(Pi )

PAB =E5xix*10:7a(0:/*10:>p<0:)

&A =TrB(PAB) =5(X:( 10:A<P:/

OB =TrA(PAB) =E (i/10:B(P:

Schmidtrank =1:pure state

>1:entangled state. (much more complicated for mixed PAB!

-Neumanuentryserogpl function ofa matrix

↓

S(p) =- T(plegp) f(M) =f(xy,0.. in the diagonalizing basis.

( (
⑪p

suppose IAB =EU:10:x10:p.

S(AB) =S(PAB) =0:pure state.

S(A) =S(PA) =S(EP:l4iL*<P:)) = - E P:log Pi.
=S(B).
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*if composite system A+B is in a re state,

S(AB) =0.

SCA) =S(B) is called the "entanglemententropy", which is an "entanglementmeasure".

S(A) =

90if
(A =10A(0).(43AN =10x10'>4)

logd If Ox =HE10:A>0.) IRADFEF1PA1, maximallyentangled)

->

anglement for bipartite mixed states

PABis

parable
ifyou can write OAD=EP:000. P.20, EP:=. whyhe
otherwise,

entanglement measure?

even discriminating between the two is very hard!Why?

purification
-

mixed statePA-I4>ARS.t. PA =Tra (12AR(41), R:reference system.

PAis Hermitian -> diagonalizable

(A =EPi(0:)A(4=) ->14AR = EN10:)A(i)R.

Quantum Operations (Quantum channels

&inonantum- forthe

WhateveryouseeM
Put= G(pin)

ex) unitary transformation

E(p) =uput.

ex) projective measurement.

E(p)
=

E(n>p
() =pin)e

8=(((0) +P(k)(x*(0) +p*(1))

E(p) =191" 10)(01 +18(k<1).
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*operator - sum representation (physically - motivated approach)

stemon"-Tu-e > 1-FIE
purificationone

E(p) =Treur [U(enr<01) 4
+

]
initiallyuncorrelated!

this is an sumption, see our motivation.

Wealso assume (tin=oat

18outin general ex.oSE
bases for ear.: (20), 124, 1227....

&(p) =Trenu[U(p*190> <e01) 4+]
=E(k/u((*190)<e01)U+(es)

=G,<e,1U(e.) p <e0/4
+

(ep)

Ei = <24/4/8) Kraws operator#=GENDERAtrace preservice.

5. (eo(U+1ek)<ep(U100)
=<20(4

+

1412) =1
.

* axiomatic approach

--PB. TAF in general.

xiom/ (linear map)

E(p,p +pc82) =p,5(p) +19(p). why?

axiom 2(completelypositive map)
-

&10 positive (semidefinite) operator.

E(0)10 positive map.

additional system R of anysize.

(In*E) (ORA) 10 completely - positive map. (f) transposition is positive, butnot

(i)(i) -> 15><i) completely- positive
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xom3 (trace-preserving map)

.T-2a.3cTPro.completely- positive trace-pressingelse

↑

Jamiolkowski (CJ) isomorphism

(f) M =EMisli>(i) En = 5Mislili) operator - state duality.

note I(EM=i (i>1(i)) *IB] 1k>alk)3 =5E Mikli>A(k>B
EA-B:[(15A) ->[(163), (((5):space of linear operators (square matrices) on it.

IRA=ElipliA. (unnormalized maximally - entangled state)

&A-BE NMBE (INDEA-B) (1)nA(1) =E l:TR<51*EA+B (1*1<51). Channel - operator duality.

why needed?SATBis CP iff ORB=0

Hermitian - preserving iffURB =

URB

· *

Idea proving <-is simple.

proving -> ?

SA+B is CPTP => URB10 => rRB:5,10k<Rp<*k) (unnormalized)

(01)p5 =30!(i)p!i)B
We will recover URB - SATB

define50.3(3)B+i)
Then, (IRQXEK) (x>

mA
=10k>
RB

=> EE,(>hA<4)E,
=
3,141)RB<0k) =2RB.

↓
&(i) ljk =RAT/E=EA-B (1*A(i)) for Va.j.

axiom 3 =>E=1.
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???
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Lindblad Equation (Master Equation)

in the sence of environment,

-F =- i[H,j]

p(t +dt)
=

p(t) +dedt =p - iHpdt + ipHdt
=(1 - i+dt) p(I+iHdt) +0(dt").

= EoPE.T. Eo =1- iHdt.

in the resence of environment,

Eo -> I - iHdt +Kdt +0(dt")

Ek =Lkat +0(dt).

p(t+dt) =5EkpEp =(1 - iHdt +kdt)f(t)(z +itdt +kd+) +120LkPLTdt + 0 (dtY)
=

- i[H,p]dt +kpdt +pk
+
dt +1Er[kPLTdt +0(dtY

- ETEx =1 +(k+kt)dt+ E0LLkdt +0(dtY) =1.
=>K =1Hermitian

k =- G, LYLk.

+iTH.p] + 5 (LPLT - E LiLn8 - to) Lindblad equation

L: Lindblad operator.

ex) suppose H =0. 1=W10x11. (tL = W1KX).

- 117

Glos
p(t) = ((-p(tf(t)) =1 -p(10)(0) +p) f(x) +fxet
j =- p(0)(0) +p(k <1 +f10x) +f*1k(0)

=2p10(01 - UP1K(1 - 2f10) (1) - 2f*1 (0)

P(t) =p(0)e
-Vtf(t) =f(0) -wta

-Vt/2

&(t) =
1 - p(0)e

-t

f(0)2
-It( f*(0)eu+/z place (

steady state:p =0 => p(0) =10(0) .
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Examples of Quantum Channels.

eral)measurement

SMm3 measurementoperators.

I MmMm
=2.

q(p) =Rm-Mh =MnomitoMurimmana
pins a measurement outcome m.

Pauli operators x =(96).Y =((j), z =(61).
bitflip. phase flip.

z(0) =10)
X(0) =11)

X (( =10) z(0) = - 10).

x
=

y
=

z
=

1,Xy=z,Yz =x.zX=Y.

YX = -z,zY=
-X,xz=-Y

-

easingchannels

2(p) =(1 - p)8 +pzpz.

E.=FPI, Ez =yz

&[((F)] =!

&parizingchannels

2(p) =(1 - p)p +pz

p =((fb) =12 +1x +1Y+1z
-

187 +X8X +Yp- +28z =2I.

2(p) =(1 - p)p +E(X(X +yjy +zpz)

#litudedamping tocol +N|
E= (80) =F10)1. E,PET =210541181150).

I.


