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I. What is Quantum Phase 
Transition?



< Quantum phase transitions >



< Quantum phase transitions >





< Quantum phase transitions >

- transitions at zero temperature
- competing ground states I quantum phases )

- driven by quantum fluctuations k⇒ thermal fluctuations )

- non . analytic ity
in the ground state energy of infinite . lattice system

- control parameters other than temperature -

pressure
. magnetic field

,

composition ,

ooo

* quantum - classical mapping
d- dimensional quantum system

equivalent to cdti ) - dimensional classical system



II. What do we know about 
Classical Phase Transitions?



phase transition : abrupt change of the system

by the variation of external parameters

c liquid .

gas transition >

pressure
p

n for TPCTCTC
solid gas → liquid as p t

i
gas

"

liquid -

gas transition "

I I

/ : :

I I

>

Tp IT T
, temperature

To - - - - - -

, for T > To
,

continuous change in f
!

←
coexistence region

' no single phase for Tc Tc
, abrupt change in fin

,

Ii said 's "

Hee
'

,
l l

'
l ! '

" order parameter
"

fgm Pc felt ) of ( T ) = felt ) - Pg ( T )



< magnetic transition >

magnet no magnetization c paramagnetic ) for T > Tc
I finite magnetization C ferromagnetic) for TC Tc

alignment of spins ⇒ ferromagnetism
magnetization mT=fz5i n order parameter

"

Two kinds of phase transitions

D continuous phase transition

mnorder parameter is continuous at the transition \
critical phenomena show up To

'
T

② discontinuous transition n Tfinite jump in order parameter

coexistence of two phases
!

-

at the transition To
'

T



In a conventional transition

order parameter : first - order derivative of free energy

ex , m = -

I m : magnetization , f : free energy density
OH

H : magnetic field

⇒ phase transition : singularity in free energy
some derivative of free energy is not continuous at transition

critical phenomena : at continuous transition
,

physical quantities show powe - law behaviors

"

m - it .  
. tis cut .

aid
c

'

I

!yH To
>

T

^ H n ,
" / ! ( x

,
- IT - ti

'

multi . Heil
m Et

I
y

To
>

T H c
H

.



correlation length B
characteristic decay length for correlation function of order parameters
ex ) corr .

ftn
. Gir

'
. F 's = C Sir'sSTF 's > -

CSTF
, > . C STF's >

generally Girt ) - e
- ME

: exponential decay

at critical point To Girl - pd.IT :

power . law decay ( E -

- as )

5)
'

'

E - IT - Tel
- u

To
>

T

critical exponents : d
, B .

t
, 8

,
7

,

V

they depend only on symmetries of the system
spatial dimensionI
short - range ness of interactions

"

universality class "



< mean - field theory >

Weiss mean . field theory
nearest - neighbor Ising model

HIS ] = - H In Si - J
,

si Sj Si -

- It
, cijs : nearest - neighbor pairs

it J -

- o : partition function ZLH ]=
,

The
- B " Si

= L2coshltykizt ) ]N I p=Yk.T )

m= - i3F=ifhT⇒nZLHI=tanhlh¥) mii , # o : H meet ' 'd

Hm
,

= - EH Si #
H= - In Hi Si

,
nm .

 ofi

Hi  = Ht J

Egos
j

 = Ht Jj 's Sj > t Jz#Djs )

neglect fluctuations from mean value
H H + Z Jm

( z : number of nearest neighbors , M = Csi ) )

o : m = tanh
ftp.t.tt

) = tanh I Ht Hm )
KBT



Hamiltonian H= - HE Si - J j ,
lmtsillmtsj ) i 5i= Si - m )

=
- HE Si - J ( nitmsfitsj ) + Ij neglect

Hm ,
= - Isil Ht

,

Jm )

t
Jm

'  

pkzzNlil
HMF

= - C Ht Z Jm ) -2
Sit

IN 2- Jm '

i

free energy Fe - fast ln-z.ge
- BHMF

= IN z Jm
'

- KBTN In L2 cosh ( HIEI ) ]

minimize F : }Im=o=NzSm - NES tanh I HIFI )

⇒ m= tanh f Hf.zfm,

tanner:÷⇒ I' ÷:!⇒a¥⇒t¥ .

'
. TC Tc : M¥0

MIT )
of

.
) d -

- I
,

E- 2 : To ?#E- 2¥ , Tc
, exact  =o

disguise ties
:  

To :# =¥ Tc
.

exact  =enr# IT
= 2.3J 1h13



critical phenomena in mean - field theory
m -

- tanh I ht m )
⇒ ht It m = tanh - '

I m ) = mt Im '
+ O C Mt )

h = t.int Im '

I t  

= I - It  
: reduced temperature , h=p¥T )

① H -

- o
,

T → Ti
 

: m - C - t ,
B

m ( tt Im ' ) =  o  → m
-

= - est p -

- It
② F- Tc

.
Ht o : m - IHIYS

h = Im ' f =3

- r③ H=o ,
T → To : XT '

FELT It! , T → Tct : m -
. o

,
XT e kBi¥,

: hit -

- Xtfttni ) 2=1

④ Ho . Tito : Cu Effy
,

n , AT→ Ti : m = -3T
.

XT ' zk.cf.TT

E  = CHMF ) = - IN ZJmi) T 7 Tc : M '

- O
,

F-  o
, Ch -

- O

4=0
ii ) T → Ti : M=F3t

,
E = IZNKBCT - To )

.
CH ' IN kB



< phenomenological Landau theory >

Landau free energy Lcm ] ( m : order parameter )

D L should be
.

consistent with symmetries of the system

② near the transition

L can be expanded in a power series of m

Landau free energy density
L I ¥ = Egan I K

,
T ) m

"

③ find mowhich minimizes L

mo -

- o : disordered phase C T > To )

Moto : ordered phase I TC To )



< Landau theory for Ising model >

near To L -

- a. + a. me am
-

+ as m3ta×mx+ neglect

for H=o : L ( m ) =L ( - m ) ⇒ a ,
= Az -

- o

aft) -

- as"'t ta't't Oct 's t= : reduced temperature

Axl 't )= ay
"'t

Oct )

¥m=o  = santin-1494M
'

⇒ m -

- o or ¥atyt
to

⇒ aiko ay
' "

s o
,

ai
"

> 0if M= I finite tho
"

for Hto .

add - Hm of
.
) - HE Si

⇒ L= - Hm -1 at m 't Ibm" ( a= ai ' '

,
b -

- say
' "

)



I
T > To F-  Tc TCTC

at at at

✓
m

✓
amWin 'm

!

M=O M=O
M¥0

HII T 7 To F-  Tc TCTC

at at at

✓
m

iwm
I

global minimum

2L local minimum

Jm=0=
- H

tzatmtzb.ms
unstable n Ho

H=o : m
-

-

I OX.tff.TTto ( Tete )
M L

O t > o ( T 7 To )

Ha '
T

M > O

T
-1=0  

↳
>

m=o
MCO



critical exponents
D too : m - Ft A- I

0

It
> o ) t > o② H'  - o : 1=1

. # yet, o ,

⇒ c= - T 3¥ -

- I
to too

: finite jump 2=0

③ t -

- o ; H = 2b m
'

⇒ 8=3

④ O = ¥, f - Htzatmtzbm 3) It = - 1-1%7,1
,

12 at -16bar )

XT -

- LITT) -1=2 at #

bbm
'

t:÷÷ :: a



if no symmetry on m

L= - Hmt atm 't Ibm "
+ a

,m3H -

- o : Item = ( sat -13cm -1 2bm4m=o
-

As
m=o

.  
- chic '

. ft C ⇐
Fb )

tatted : two maxima and one minimum

at ad at⇒

V
.WimWinM=  O

m=  O M=  O

t , t 't tie Eat 't tot ,

discontinuous jump at f- ti : transition temperature

Mo -

- - ctcayb M

]LIMO ) -

- Mo
- ( at 't mot Ib mo

' )=o i

,

⇒ tight .
math .  - Etc

't 't



Allow some spatial variation of m

" local order parameter
" MCF )

Landau free energy functional

LCMCF 'D = fddf' I (

MIT
's )

Limit's ) = atmetIbm"
-

Hirsmir
's t Itmir's )

'

order parameter
( met 's > = -

STI
= fast I I ( Z : partition function )SH CF) SHE

'

I

generalized isothermalsusceptibilityXt IF ,
F 's =Samir's > g -

z

Fi ,

-

- k.TL#ilEfETrd=siILE Fine ,
- Effie , Effie , ]

=p÷ ICmirlmcr's > -

CMCFDCMIF'D ] = ftp.T G C F
.

F '

) - - correlation function"

translationally invariant system A CF
'

- F 's = KBT XTC F - F '

I

Fr transf
. Icfi , = KBT Itch )

static susceptibility x , =¥÷o I , c hi , = p÷EcE'=o ) = p.IT/ddFGcF)



correlation function

L=fddr→LIr

mir
's )'t

atmtzbm
"

-

Hartmut
's ]

§L⇒=o
⇒ - 253nF 's + zatmcrltzbmcrp - HIT

'

) -

- o

ftp.i,
: L - 8842 attbbmcr 'T ] XTIF

'
. F 's = Sir

'
- F '

I

1- [ - 8842 attbbmcr 'T ] GIF'
. F 's = Sir

'
- F '

I
KBT

for too
.

m=o : I

-5435
) Gir - F's -_k fir - T "

I 3 ,
Its = (zatjk

for too. m=±F¥: I -5435) GIF - F's -_k fir - T "
IEdt )feat )

"

Ect ) : correlation length n t
- Y '

v -

- I



I -5452) GIF - F's -_k fir - T "
)

I
( k '

+ g
-

2) El = FT
t -

- o I T=Tc ) : f- as → ICE
'

, To ) = pit
air

,
The fddhieik.FI - ¥ fddfeit.iq c Teter )

at  F- Tc
,

Gcn - pd 7=0

critical exponents for Ising model in Landau theory
4=0 , D= It

,
8=1

,
8=3

,
V= It .

7=0



< critical exponents for an . Ising model )

mean - field 217 Ising 3-D Ising
& 0 O O

.

Holt
)

B It £

0.32512
)

I I ¥1.240545)

8 3 1548214)

V It I 0.63012 )

N O ¥ 0.03213 )



< Breakdown of Landau theory >

Ginzburg criterion

I

fddrtGet 'll
⇐ , ( VE 51 Tld )ELG = fvddf' miri

.

fvddr' murti = mo
'

. gets
d

= Fitt . god Itt
- E ( Edt ) =Bo Itt

- E )

fvddrtacr-k.TT/t=4kaF#
kB

⇒ ELG =

4 Oc god , tix -dik I OC = F- ¥ )

Era ⇐ I ⇐ Itt
" . dk

D ¢okjg÷

i ) d > 4 : satisfied as too
.

correct critical phenomena

in de 4 : Landau theory is not self - consistent as t  → o

d- - x :
"

upper critical dimension "

beyond which critical phenomena from Landau theory
are correct



( upper critical dimension >

in general

fvddf
' Gert ) - XT - Itt

- t

fvddrtmcr'T n gd mo
-

n ftp.p-vd

ELAKI → Itt - ta Itt
- P - Vd

as t - so

rend - sp ⇒ d > HII = due

( = 2nd) of
.

) http -18=2
.



< Static Scaling Hypothesis > I B. Wid om
' 651

met .

h ) = TB Fmt I ht to ) for t > oI
I - TP Fm

-

cha - tf ) for too

= It IB Tim Chatto ) : scaling

hypothesis
for order parameter

m Him Tc Tc

⇒#\ T > To

H ,

To H '
T Http

one curve for each H all results

collapse

onto two curves

data collapse is perfect
only for correct  To

,
B ,

O

.



met .

h ) = TB Fmt I htt ' ) for t > o

( Scaling Laws from Scaling Hypothesis > the
. tp Fm

-

chic - tf ) for too

D time - reversal symmetry met ,
h ) = - met

,

- h )

⇒ Fini ( X ) = - Tim I - X ) :  odd function

② limit  of h → o : for t > omet
.

o ) =

I ftp.cmst for to

⇒ Tant to ) = o
, Fnicx ) → const as X - so

③ susceptibility X ,-lH=o ) = PITI
*  o

- HIB
- °

Fini
'

( 0 )

⇒ - f =p - O D= Btf

④ limit of h - so at  To Ct -

- o ) : mco ,
h ) n h' 18

if Tim ( X ) n Xd as X - is Bf =p -18

t  → o : Mco ,
h ) - Itt ? ( ¥,o)d = hi . Itp

- to Griffith

⇒ p - 10=0
,

D= 48 D= p . f



< Scaling

Hypothesis

for Free Energy >

f sit ,
h )

=L
-

tf
- d

Ff

Ihh
-

tf
) c too )

t singular part of free energy

D heat capacity : CH - - T (3¥)h=onttt : Tyco ) = const

② magnetization m= - fifty -

I .tf- d- off'f¥o )
h → o : 2 - d - O =p

③ susceptibility Xt = IFT - I - the
. d - 20

Ff
"

fFfp)

2- d - 20 = - f

⇒ Lt 2ft 8=2 Rush brooke

pf -

- B -18=2 - L - B Griffith



< Scaling Hypothesis for Correlation Function >

Air
,

th ) =pd. Fa ( Fitt
, )

" FIE
XT - f GIF , ddf '

n §
- ed -2+7

?
gd n 32-7 - Hive-7 )

J = V ( 2 - 7 ) : Fisher

dimensional analysis Cfs ] =L
- d

⇒ gf÷
,

-5
- d

- it Iud :
.

nd = 2 - d Josephson

g ¥Iffy = ⇒ dS =D ÷ = If .cz -21=2-2 : B - G

Griffith Fisher Jotsephson



III. How can we understand 
Quantum Phase Transitions?



< Quantum Ising Model >

Hamiltonian 7Iz= - 5¥
, , Jiff -

g Jizoix espin Is

cisj > : nearest neighbor Cnn .
) pairs

1st term ( J > o ) : ferromagnetic n
.

n interactions along Z - din
.

2nd term : magnetic field along X - dir
.

\
g : dimensionless coupling

at site i filth.=ctDlT7i
,

If the . =L - 1) It >
i

fixity .
 = I Hi

, filth .
 = IT >

i

eigenstates of Tix : I - hi  = pet ( IT > it It >
i

) ( Tix = -11 )

Hi = ¥442.

- It >
i

) I Tix -

-
- I )

[ If, If] =2i8jk Easy cap = x. g. z )



( Mapping : It classical Ising chain vs
. quantum Ising spin >

I - dim nearest - neighbor Ising model ( classical )

- BHIS ] = h In Si  tKEi SiSi
, ( Si  

=  It )

partition function I M spins )

Z ch
,

K ) = Tr exp [ h E Si  tK ?Sisi I ]
v

ZE C Sit Siti )

= Fsi , It exp L Ihl Sit Siti ) t K Si Siti ]

= Jg
,

Zz . . .EmTs
, S .

TS
. Ss - -

. Ts,yS,

transfer
matrix

Tss ' = exp L Ihl Sts
'

) t K S S
' ]

-

it
: '

÷ t.ch. ee:* ,

⇒ Z Ch
,

K ) =3
,

(

IM
) , , s ,

= tr (

IM
)



diagonal ization

1--5=5-45--1do'%)
2- ch

,
k ) -

- tr ( 5- ' IS I - ' IS .. . f- ' II ) -

- th 's - '

DMS
)

e-

M

=trCII'DM
) = tr CE

'T
=

AM-1dam
I X , > da )

I 11 - It = o =
d- ehtk - e

- K

I

- e
- K

a . e
- htk /

= d '
- 2ekcoshhdtek.ee

- 2K

eigenvalues I
, ,z=

ekcoshh
If e' Kosh. he - e 2kt e-

2K

= Ek L cosh ht ✓ sink ht e
- 4k ]

2-  = dintd !=AM[ itIT⇒AMM

free energy per spin

f = - k , Tend ,
= - J - k . Ten I cosh htI sink ht e

- 4k ]



spin correlation function

Gcisj ) = C Csi - Csi DC Sj - Lg . > ) > correlation in fluctuations

= s Sig . > - Csi > csj >

( Si > = ¥ Tr [ Sie
- AH ] = zttrl Tss

.

. .  . TsiiT . . ]

TM
= Tsin Si Sissi siTsi '

Sit ,= I this
'

I
'

filth )
, = LIE sisi .

= # tr ( 'S - ' 83515M)

two normalized eigenvectors of  I : It ( ab )
, TEC I )

E- labg) ⇒ E- ' tis -

- Ifk )

( Si > = edit kda

d. Mt dam ⇒ elk ,
h )



<

Sisitj
7 = I trig Fief,

IM
- I ,

= ¥ tr ( E - ' 8,5Dts - ' f. I DM
- I )

=

am!
"I, I e- t f gli

t 't I # IM
- tgtk-HI.IT

As e
'

t f.gg#yj
Gili ,

it j ) = Csi Sj > - Csi > s Sj > = f. g I,¥ )
I

n e
- JB

correlation length 5 = entry
. ,

for h = o
,

d ,
= 2 cosh K

, de 2 Sinh K

u : § =
1-

In cosh K



scaling limit ( critical region )

system size L = Ma ca : lattice spacing )

Has > I : a → o
,

I = Ha
,

L : fixed

Eg = en ee'dIEEE = 2e
- 2K

c Ks > is

A. seekL cosh htt sink ht e
- 4k ] = fats )

"
L I ± I can 't ( # 542]

= (F) "
T I t ( zag) I I -14525942 ]

f  = - kitten Z  = - Eth I Eiht GMT

= - Ia - kzIlnkcoshkff.tth.PT ]

= Eo t EH }
,

KL )
-

universal scaling function
deep .

on two dimensionless ratios 43 ,4C YI )



( Mapping : It classical Ising chain vs
. quantum Ising spin >

⇐
(

ee.h.tke.EE/=ekfehEZ+e-2kfx1=ekfeahfZtfzFx)zekflta(IF tzfIT ] + Oca . )

= e
- aka

( An a= - ofFx-life- Ia )

Z  = Tr

IM
= Tr e

-

Matta
± Tre

- H' at

7Ia= - FIX - IF 't
t Eo

( tf I Ma = Le
,

D= IT )



It classical Ising chain quantum Ising spin

- pH-

- KETETE,th

ETI
Hn a= - Efx . Ift

i

length of chain La inverse temperature ¥

inverse correlation length GI'

energy gap o -

- Ei - Eo

c imaginary time direction )



< quantum - classical mapping >

partition function of quantum Ising chain Cdt )

2-  = Tr e
- ANT

= Tr exp I - aids]
MT

( Lz = Mea = YT )

^ n

exp I - and
, ] = T

, Tat Oca ' )I.=explJga.EE?I.IEexpLJaEfEEEi, ]

2M basis States 11mi 's > ( mi
-

- II )

Jfl Imi 's > = Mj 12mi 's>

⇒

Fall
mis > = exp I Ja Im . m .

 11mi 's >
y 2 2

Me n

z  = I TlclmilllllITTallmillet ) 's >
{ Millyf- I

= I FiClmiceyl'T
,llmiceti ) 's > exp IJajmjlltl )Mj # Htt ) ]

I Millyf- I



amice) HTTllmillti ) 's > = II
,

Smiley

expj-gaf.it/micetiDform---H,mItICmlexpLJgaJx3lm
'

> = A exp [ 13mm ' I

expLJgafi-coshfgalhtsinhlT.ge ) Fx

m=m'=  It : cosh C Sga ) = A @
B

. . . D

m= - m '= It : sinkI Sga ) = Ae
- B

. . . ②

② ÷ ① : e-
2B

-

- tanh C Iga )

Z -

Time
,

expl % { Jamie ) mince ) -1 Bmicllmicltl ) } ]

" Quantum - Classical mapping
"

I dim 2- dim

[ d- dim
. ] I Cdt ) - dim

. ]



< ID Quantum Ising Model >

strong coupling limit I g > > 1)

ground state to > = TilI → si to leading order in Yg

so I fit to > n e
- l Xi - Fill 'S decay exponentially

( E : correlation length ,
3 T as g t )

.

weak coupling limit ( gal )

two degenerate ground states IT ) = Th IT >i ,
I D= Till Di

" spontaneous breaking " of zz symmetry ( to leading ordering )

( ol If to > → No
-

( to ) ( to > = IT > or It > )
Hi - Xjl → as

Solti to > = No
"

magnetization
"

,
order parameter

expectation : at least one
"

quantum phase transition " at g
-

- go



< quantum paramagnetic phase C gal ) >

7Iz= - GJ -285 - JE , Jiffi is

ground state to > = Till→ z . : energy Eo = - MJG t Oc Hg )

"

one - particle
" excited state Ii > = k-7itjf.cl

- Dj
< it Itai > = Eo -128J
silks lit D= city Its Ii > = - J

Fourier -transformed state Ik > = put jzeikxlj >

Halk >

=p'Tzeik%¥j>=pFCEot2gJ
- JEika-seikgeikxl.gs

-

( Eot2gJ ) Ij > - Jfljtl > t Ij - D )

=fEotEk)lk> withEk=2JIg - cos ka )

energy gap D= Eko = 2J C g - t ) : o t as g t



< ferromagnetic phase 1gal ) > ( d- 
- I )

HI - - 5¥
, , Tiff -

g Jiron
two degenerate ground states 117=17194 ,

It > = Til Its

single domain wall Ii > = jttilnsjjtiltsj
( it HIIi > = - MJ -12J I Eo -12J t Olg )

c it

#
slit D= city 541 i > = - GJ

Ik > = put jzeikxij ,

⇒ energy Eot Ek with Ek -

- 2511- gaska )

energy gap D= Eko = 2J Cl- g ) : o t asgf



< ferromagnetic phase 1gal ) > C d -

-

2)
HI = - J

, , Tiff -

g JEE
"

two degenerate ground states IT ) = IT Imi
, ( I D= Till Di )

single - particle States Ii > =

It>
i it 't 3.

< it HIIi > = - 214J-18J= Eo-18Jt 0cg )

sit

Asl
j > =CjI It,Ii> = o for it j

second-order degenerate perturbation

⇒ energy Eot Ek with Ek = JI 8 - ¥1 It coskxateoskya) ]

energy gap D=

EE'=o
=

8JCl
-

53287
: o t asgf



Exact spectrum of quantum Ising model I d -

- I )

D Jordan - Wigner transformation

tix -

- I - acitci (
fix I⇐

Cite o

,
y

{ if = - fjI - 2C jtcj ) ] CCitCit )

Citlci : fermion creation annihilationoperator

kit
, Cj 's = Sij ,

Ici
, Cj 's =L Cit

, Cj 's = o

⇐ c fig.
T=
zifje

Exert?f

⇒ Its = - JE [ Cit Cit ,
+ Citi Cit Cit Citi,

t Citi Ci -1811 - Icici ) ]

no conservation of fermion numbers



② Fourier transformation

Cee -

-

iyfjzcjetikh
I M -

- number of sites )

I cat.

iygzcjteikxj
⇒ He = JJq[ 21g-

cosckaycktcktisinlkalc-ktcktc.dk

's - g ]

③ Bogoliubov transformation
Uk -

- U - k
BEukck-ivkc.IR,

8kt =Ukckttivkc- he (
Vee - Uk

)
t

18k .tk/=UktVeE= I
, 12kt

,If's = 12k ,Kk } = o

Ck -

-

Uktktivkketrtanok-gsi.no#a(Uk--coszOk,Vk=sinzOt

)

He

Erkki
three - I ) - GJ } Ek -

- 2511+82 - 2g cos

ka
)

't



He Erkkithree - I ) - GJ } Ek -
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