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Quasi-static process

seeks to establish relationship the macroscopic

variables, which specify initial and final Thermodynamics
o and Statistical
equilibrium states of a system Mechanics

Peter T. Landsberg

P f(P, V,N,) :O

Isothermal process

This quasi-static process takes infinitely long time

Time does not appear in thermodynamics.



Finite-time process

Clausius inequality, macro & micro
The 2" J[aw of thermodynamics:

W The maximum work principle
W = AF = W, quasi—static work
AF = Fg-Fa W [N-em]
p{W} ﬁ% \
W,, =W — AF >0
j, . )= AF
AF <W> W [pN-nm]
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The excess work done in a finite-rate quench with respect to the quasi-static process is non-negative
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Linear response theory

The predicted v scaling behaviors for isothermal process
are widely used in the theoretical investigations,

W, =W — AF x v
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Experimental verification [

57 % ooy ()] - Traditional thermodynamics
= 05
RN W> AF
56.5 0.03 i
T35 10 20 50 100
ﬁ{, ; T/t Fxcess work
B
L IR R NI
W =W — AF
$ T.=31315Kk § T _=32315K
555¢F 4
% Quench speed v
551 4
0.03 Y
% 0 1 23 5 10 20 50 100 Vl/ex=W—AFOCU
54.5F % T/t .
2! | |
Copyright © Hui Don
i ,—-—ﬁ?—-i-i,-é—-i-?—-i-@- <~ Free energy change DY J
0 50 100 150 200 250

7(s) Y.H. Ma, R.X. Zhai, J.F. Chen, C.P. Sun, H. Dong, Phys.Rev.Lett. 125, 210601 (2020) 6



C. P. Sun, Journal of Physics A: Mathematical and General
21(7), 1595 (1988).

G. Rigolin, G. Ortiz, and V. H. Ponce, Phys. Rev. A

78(5), 052508 (2008).

Adiabatic perturbation theory

* Regular and analytic adiabatic perturbation theory

i [V(E) = H(A(t))[(1)) H\)|En) = ER[En) [to.t1], o M

Dynamical phase SRRV L M) 1A 1Al
and Berry phase C—)m(f)—/ IsE) —;.f ds(E2 06| ES)

i to to
A Ma oAy v A A (BN —EY) )
Wy = — dA Z o (AN (E2|ONED e Ag 7 AT T Em n(to) = Omn
Ao —

(Ep°10x | ) (Et10x, | ERY)

Transition probability

— 2 —2cos(O,,,.,
(I”'} # '”) e, T ( ﬂlﬂ)

> [[{ER° 00| Ep2) | N (Ept|0a, [Ept)|?
(Ep° — Ep0)? (Ept — Ept)? E)° —EN  Ept — Ejpt
IENIR
<En|OA|Em> <1

Adiabatic condition <
Eé o Eél
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2. Excess work and the second-order phase transition



Symmetry breaking and defects. Kibble-Zurek mechanism

H==J()) 0] -W ) oici, J(t)=-vt

Broken symmetry states after the phase transition:

>>—>>..=  TTTTTTTTTTTT ...
>—>—>>.. = b

Also possible “kinks”

>—>—>—>—>—>—> >...:>...TTT#¢¢¢¢¢%TT...

“kinks” density Is decribed by Kibble-Zurek mechanism

>—>—>—>
>—>—>—>

W.H. Zurek, U. Dorner and P. Zoller, Phys. Rev. Lett. 95, 105701 (2005).



Key point: The density of topological defects (vortex, Kinks)
depends on the speed of quench
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Zurek, Dorner, Zoller, Phys. Rev. Lett. 95, 105701 (2005)



Kibble-Zurek Mechanism

Linear quench: E(t) = vt

, E~ el

’—I/Z

T~ AT~ e

* Freeze-outtime: § Adiabatic stage
_ =
¢ rle(t)] = b~
* Characteristic length: e

& = elt)] = € mu i) =T

— Reaction time T
— Inverse transition rate le/(de/dr)l

P

Distance from the critical point €

* Average density of defects:

J J 1 Zurek, Phys. Report, 276, 177 (1996)
* — vV vz
(ne$> ~ ¢ ~ /(1+vz) Zurek, Dorner, Zoller, Phys. Rev. Lett. 95, 105701

(2005)

J. Dziarmaga, Advances in Physics, 59:6, 1063-1189

(2010)

Adiabatic stage




Work Statistics

* Two-point measurement scheme:

A \ / |n) =3

H. Tasaki, arXiv.:cond-mat/0009244, (2000)
J. Kurchan, arXiv:cond-mat/0007360 (2000)

H(to) i) = 2 Fon ||;_}L):12 H(tl)

n) =1

n) =20 — In) =0

" pf’)}bn:‘< tlatO‘n >
Work in single realization: Wy, = Ep(t1) — En(to) Y = (n(to) ’PO| n(to))

* Probability distribution function (PDF) of work:
P(W) — Z 5(W _ Wmn)pirlmpfv?

m,n

* Characteristic function of work (CFW)
Z(x) = / dW eV P(W)

=Tr -ﬁT (tl, to)eixﬁ(tl)ﬁ(tl, to)e_ixﬁ(to) 0

g

_ y [t (02) g—iA (t0) /50}

1. The Conservation of energy

(w) = Tr | po ¥ ()| = T | o (1)
2. Jarzynski’'s equality

(eP) =e P2 — (w) > AF

P. Talkner et.al., Phys. Rev. E, 75, 050102 (2007)



Scaling of Excess Work

e Cumulant CFW

G(x) = %IHZ(X) => G0

* Scaling behavior of average work?

n=1

A. Polkovnikov et.al., Rev. Mod. Phys., 83, 863 (2011)
A. del Campo, Phys. Rev. Lett., 121, 200601 (2018)

F. J. Go mez-Ruiz, J. J. Mayo, and A. del Campo, Phys. Rev. Lett., 124, 240602 (2020)



Adiabatic perturbation theory

+ A generic Hamiltonian  H [e(¢)], ¢ € [to, t1], € € [€o, €1]

Zan ) [un(t)) = i0an +i Y am(t) (un] O [tim) = Enan(t)

* (Gauge out the dynamical phase:

Oy, = — Z G (| Oy |11y €OV ()
m#£n
* Formal solution:

&n(t) p— / dt Z Aoy, un| at ‘um> 'Yn(t) 'Ym(t)]

to m#n
— —f de Z QA Un|a |um> i[Yn(€)—Fm ()]
€0 m#n

C. De Grandi and A. Polkovnikov, Quantum Quenching, Annealing and Computation,
(pp. 75-114) (2010)




Adiabatic perturbation theory

*  Assumptions: HZ—J(I)ZG; — WZGIZGZZH J(t) = —vt
1. Quasiparticle description (denoted by mode k). /
2. Low-energy dispersion at the QCP: wy, = c|k|*.

3. Single-excitation approximation.

* Forlinear quench:  &(t) = vt

Quasiparticle-excitation probability at mode k

3 o , o
pe= il = | [ de (15,154 02 [0, 07, o 2

) = 1 —Z dk
neac Ngnoo N pk‘ )dpk:

C. De Grandi and A. Polkovnikov, Quantum Quenching, Annealing and Computation,
(pp. 75-114) (2010)




Adiabatic perturbation theory

* Near QCP, the general scaling argument yields

k
@) = () (o lonos) =76

€]

»  Asymptotically, F(x) « xZ and G(x) o x~1/V for |x| >» 1.

* Change the variables
c = C,Ul/(zv—l—l) k — ¢,UV/(2:V—|—1)

* Scaling behavior in average density of quasiparticles

1) = [ e =it [ 20k

Cl% i) [ J 1+l zv ( ¢ )]
I, ce(gp)owle e (i

C. De Grandi and A. Polkovnikov, Quantum Quenching, Annealing and Computation,
(pp. 75-114) (2010)
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Adiabatic perturbation theory

« Convergence of K(¢): consider region S = {¢|¢p > 1}

i Z| |2V G (i) —1/v
(i) <o ) ¢

d’s i & sien(©) [ : ] :
/S,(Qw)dK((’b)O(/:?d / d¢ pave exp z/godg“é

e C(Critical dimension: d = 2(1 + zy)/y

1
d
/d ¢¢2 (1/v+z)

* Scaling behavior in average density of quasiparticles

)
v/ D) dy (2 4+1) < 2

dv

(Meg) = VFAT / (QW)dK(Cb) ~ v’ lnv dv/(zv+1) =2

v? dv/(zv+1) > 2

\

C. De Grandi and A. Polkovnikov, Quantum Quenching, Annealing and Computation,
(pp. 75-114) (2010)



Scaling of Average Work

* The quasiparticle description and single-excitation approximation implies

a specific form of CFW and cumulant CFW:

Z(x) ~ H(l — pi, + preX* ),
k

G(x) ~ > (1 — pi + pee™*®)
k

* Excess work:
k1= (w) ~p+ Y prw(k)
k

A. del Campo, Phys. Rev. Lett., 121, 200601 (2018)
F. J. Go mez-Ruiz, J. J. Mayo, and A. del Campo, Phys. Rev. Lett., 124, 240602 (2020)

F. Zhang and H.T. Quan, Physical Review E 105 (2), 024101 (2022).



Scaling of Average Work

* Scaling behavior of cumulants Kp R E DrWy
* & Is far away from the CP k

Low energy mode: ~ wg ~ const

)
v/ ) dy /(v +1) < 2 |
n-independent

K ™~ Zpk ~ § v?lnv dv/(zv +1) =2 same scaling behavior of FCS
k of quasiparticle excitation.

v? dv/(zv+1) > 2

\

Z. Fei, N. Freitas, V. Cavina, H. T. Quan, and M. Esposito Phys. Rev. Lett., 124, 170603 (2020)
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Example: 1D transverse Ising chain

* Hamiltonian:  H(e) = —J Y [6767,, + (e — 1)57]

=1
Critical exponent: d=z=v =1
* (a) &, & are far away from the CP

K ~ o1/

kK1 =N [,u + ’ul/ZJl/Qsl\/i/(%r)}
Ko = NuY2J%2e2(2¢/2 — 2) /7
k3 = Nv/2J3/2£34(6v/2 — 18 + 4v/6) /(37)

Z. Fei, N. Freitas, V. Cavina, H. T. Quan, and M. Esposito Phys. Rev. Lett., 124

10° 4

IOZ 2

10! -

10-3 10~ 10-! 107

, 170603 (2020)
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3. Excess work and the first-order phase transition



The mean-field model

mean field theory H = —J» oo, —H(t)Y o; oi==+1 i=1,2,..N

S (i7)
& ¢ system state M=73".0;
¢ ' ¥ » Under thermal fluctuations g;: +1 > ¥1 = M~ M, =M + 2
S

’ ) ¢ » The probability distribution of state P(M, t) evolves under

| .

. e e AP (M.t . Y 1,

(é‘)t 1§ (W, (M, H()P(M_y, 1) = Wy (M, H(t)) P(M, 1)].

n=%

Curie-Weiss model N _
where W (M, H) stands for the transition rate M - M, given by

| - NEM J
interaction strength J W (M. H (1)) — ;F exp{iﬁ’[?(ﬂfi 1) +H(t)]}
70 N

iInverse temperature S

» The equilibrium distribution reads
Pe4(M,H) = e PFaM) /7,

microscopic relaxation time To with the free energy

external field H(t)

Fy(M) = —JM?2/2N — HM — 3-1S(M)

J. Meibohm and M. Esposito, Phys. Rev. Lett. 128, 110603 (2022) =



The mean-field model

» Letm = M/N.In the limit N — oo, the equation of motion is
2m

dm(i) = f(m,t) = 2 sinh[8Jm + BH(t)] — — cosh[8Jm + BH (t)].
dt 70 T0
» There can exist one, two or three steady-state solutions depending on the protocol value H.

> steady state solutions: mg that let f(mg, H) = 0. Hysteresis implies ergodicity breaking

» For small and large values of H, the system has only

i Miop ]
1.0+ aeamommnnae . ] | .
: € ! T ; one steady state, I.e., the system Is monostable.
0.5 i Mgs | (iv)]
- ool :' ;' | » For intermediate values of H, there are three steady
I I Mmid i ] _ o
o5l ! ;'m(t) : states: Moy, Mpor, and , 1.e., the system exhibits
o ! o/ bistability.
_10" ‘ ' 'T""‘T | .
: (T) Mot W > The two black dots are the turning points (Hy, my),
Lol | " ] - -
T s o0 os T 1o where the metastability appears/disappears.
H
23

0=2.J=173=2



The mean-field model

I Mio , . . : :
Lo P T T > If H is tuned quasi-statically, the quasi-static state mg,
- /e ] - .
05} ! Mas 5 (iv) follows the lower branch my,¢, even when it is
: j f ] metastable, until the turning point (H,;, my). Then the
0.0r _ I .
; {oj Mmid 1m(t) system state switches to the upper branch mg,.
~0.5 i !
: -' ®
L ! ,_-—-"J . . .
L0 T e | T ' > The turning points satisfy
~1.5¢ O, . . . .. . W Ww ] f(m,H) =0,
-1.0 -0.5 0.0 0.5 1.0 ), F(m. H) — 0
C \ = U,
| which can be solved as(Hx,m+) = (£H" £m"),
Hysteresis
where .« _

Metastable states
1
H* = 3 {\/ BJ(5.J — 1) — arctanh(




_ The mean-field model

: My . R | |
o o ;, b » When H is tuned at a finite rate, at time 0, the system is
0.5¢ i/ Mes | (iv): prepared in the equilibrium state of H;, i.e., m(0) =
00" fN i ' mgs(H;), but at latter times m(t) # mgs (H(t)). This

: { i Mo 'mt) . . . .
_osh : ! mismatch becomes evident around the turning point.
z :
~1.0F i g
4 moo 11
- (i) S .(”). .('”.) o
0.5 1.0

—150
-05 0.0

» We illustrate the finite-time first-order phase transition with a particle moving in an

evolving potential landscape U (where U satisfies f(m,H) = —3d,,U/1y).
H=H"/4 H=H"

H:H{,

H = H

\,/ () \'/J (i) B R VAR ()

red circle: transient state m(t)

m

gray circle: quasi-static state mgg
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Scaling relation in large systems -- the delay time

» Consider the case where H(t) is tuned linearly

- ) t
H(?L} = H; + (Hf — Hz)f_
f
with the quench rate v = (Hr — H;)/tf and the time duration ty .

o T T T il il » While the potential landscape has drastically changed
Firans from bistable to monostable at the turning time t*, the
0.5| ' | transition of the system occurs later by a delay time
ool - ' m(t) te1, defined through m(t* + t4.)= m*.
sl . | > We shift the vari.ables: A = H.— H*,m = m-—-m*t=t
| o | — t*. The evolution equation is turned into
—I.UL*- _____ dm

— = f(m* +m, H* + vt)
20 25 30 35 40 45 dt



Scaling relation in large systems -- the delay time

» The evolution equation expanded around the turning point for slow quench approximation reads
d'm

f(m* +m, H* + vt)
df ‘

)
F;|:J)JT\/ 3.0 — 1mn? +\; ] }

» |t can be adimensionalized into I

— =u® +s,

ds
by rescaling the variables v = arn, s = ~i, where

2/3 3 \—1/3
o= (,SJ\/,SJ - 1) (31/-'31;) ,

2
v = (prvEr—1)" (ﬂ/?)” :

» Under the asymptotic boundary condition s = —oo,u = +/—s, it is solved in terms of the Airy function
Ai'(—s
u(s) = M
Ai(—s)
> In this way, the delay time can be computed as
3 —1/3
tael = — A [4\/” 3.J — 1)1 ] .
"0
where A7 = —1.019 represents the first zero point of the Airy Prime function.
P.Jung, G. Gray, R. Roy, and P. Mandel, Phys. Rev. Lett. 65, 1873 (1990).
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Scaling relation in large systems -- the delay time

> The transition time t;-qns to reach the monostable state

1of ettt e - ———— .
’ firans | is defined through
0.0} i i) Here m,4 stands for the non-degenerate root of
os| - f(m,H,) = 0. For ] > 1, m,4 can be approximated by 1.
| Lol
—1.0‘*‘ "‘ - T
20 25 30 35 40 45
t - .
» The transition time can be calculated as
— L 1-1/3
1000, _\= ) _ 3
;(a)...‘ -~ A ttrans — _4_1]_ —l\/-_}n](j)-] - l)_.E1
- e . ttrans ! 'TD
100¢ N
5 where A1 = —2.338 stands for the first zero point of
10t S . .
; the Airy function.
1 tdel -,::
: J. H. Li et al, Phys. D: Nonlinear Phenom. 395, 7 (2019).
107° 1077 1075 0.001 0.100 10

v
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Scaling relation in large systems -- the average work (mean field result)

» The work (per site) performed on the system is Loy ) e " \ ]
ts ) ’ ts ‘3 ;', s m, ': ivf:
w f dti—%H = —’L‘/ dtm(t). 0"; i S ( );
0 OH 0 s 00 i e 1
. ) ) ) J 2 [ | mid ','m(t)
with the Hamiltonian density H(m) = ——m* — Hm. “0s! ; i
l I e/
| - . I e B
» When the protocol is tuned quasi-statically, the work is wgs. st (i’o. N 0.((')') (i) 0 -
H
» The excess work, defined as we, = w — W, describes the extra 1§(b) ot
work when H is tuned at a finite rate rather than quasi-statically 0.100}
Wex = Vltrans(Mnd — m") £ o010l
, —A (1 + /1 — L 0.001;
Mean field result: ~ ! 57) 223 f
- - - g 1/3 ! 104 ,-°
[4\/,,.-3J(,,3J ) ),;—4 - | | |
0 107 10-5 0.001 0.100
v 29

F. Zhong et al, J. Phys. Condens. Matter 6, 7785 (1994).
C. N. Luse et al, Phys. Rev. E 50, 224 (1994).
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Scaling relations for small systems

» For small systems, fluctuations become non-negligible.

» The probability distribution of the system state P(M, t) evolves under the master equation

OP(M,t _—— 1 —— _
E% Doy Wi (Mg, H()P(M_y,t) = Wy (M, H(t)) P(M, )|,
n=-=4
» The site-averaged mean magnetization can be 1.0; ----- N =4 e
calculated from the solution of the master equatic . S N =10 ﬁ" !,'
1 ? N =80 ;" /
r I [
(m) = NE MP(M, t). = 0l ol |
M I [ |
| I.f IJ
~0.5 [
_ Iy
~1.0f ———————e - "I""’I, IIIIIIIIIIII
~1.0 -0.5 0.0 0.5 1.0
v =0.01 H

Y. X. Wu, J. F Chen, H. T. Quan, arXiv preprint arXiv:2401.15592
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Force (pN)

30 nm

J. Liphardt S. Dumont, S. B. Smith, |. Tinoco, JR., and C. Bustamenta, Science 296, 1832 (2002)

“Hysteresis” in nonequilibrium processes
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Scaling relations for small systems
» The average work done on a system during the manipulation can be computed from

(w) = —v /0 " dtim (b)),
(1ea) = ()

» For small systems, in the slow driving regime, the dynamics falls within the near-equilibrium regime

» The average excess work is — Wgs-

() = (wez) ~ v
» For large systems, when the quench rate is slow but not too slow, quasi-static work can be

approximated with that in the deterministic limit
(weg) o< v?/3

d e 0.100+
0 100:(3) e | 1(b) 7 :
B o et 0.010}
i o ] 0.50! . ] z
™y U.U].Ug ,-'" E ™y /,.." - 0.001 ]
Su : t'# ] Slu r’, L
e - et : numerical for N=10 | L ’ numerical for N=80 107}
0.001¢ ad 4 2 i

- s (Weg) X v 0.10f .o  ==—-- (Weg) ox V23 10-5
# [
_.1_ - L

107% . . . . ¥ 0.055. . . . . 107

1079 1072 10°* 0.001 0.01¢ 0.01 0.05 0.10 0.50
v v

Y. X. Wu, J. F Chen, H. T. Quan, arXiv preprint arXiv:2401.15592




Work distribution for small systems

» Stochastic thermodynamics brings us more than the average value of work. We can calculate

the probability distribution of work, which contains all the statistics of work fluctuation, and

verify the Jarzynski's equality.

0.30—

1 ——

K. Matsuo, J. Stat. Phys. 16, 169 (1977).

0.05

— t;=2
tr =5
ty =20

— t; =100

— ¢y =200

-60

—40

=20

0
W

40

Fig. Work distribution for N = 10
Y. X. Wu, J. F Chen, H. T. Quan, arXiv preprint arXiv:2401.15592

A. Imparato et al, Phys. Rev. E 72, 046114 (2005).

60

Jarzynski's equality

ZH;

—BW
(=)

]

Zu
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5. Summary



Summary

O We study the scaling relation between the excess work and the quench rate in the finite-
time second-order and the first-order phase transitions.

O For the second-order phase transition, the scaling exponents of the excess work depends on the
critical exponents.

O For the first-order phase transition, under mean-field approximation, the scaling is found to be

(Wer)~v2/3 While in small systems, the excess work is linear with the quench rate (Woy,)~v.

O The crossover in the scaling has its origin in the time-scale separation and ergodicity breaking.
In small systems, no phase transition occurs. The linear scaling relation can be explained with
the linear response theory.
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