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Basis of thermodynamics

lies in its fundamental inequalities.

ZtOt > O
Second law
TC
N<ne=1-— Q > kgT In2
1y,
Carnot bound Landauer’s principle

Clarifying the relationship is a crucial part of thermodynamics.



Novel Thermodynamic Tradeoff Inequalities

Thermodynamic Uncertainty Relation

current-like observable : J(I') = — JT(f)

Varl[J_]
VAS > 2 (steady state)
(o)™ = (kg = 1 unit)

relative uncertainty

Var[J ] VarlJ ]

2 2
Ao bt

2
PE Tradeoff Ja)

trade-off relation: we have to pay thermodynamic cost for
reducing uncertainty




Novel Thermodynamic Tradeoff Inequalities

TUR

EB

CSL

PE Tradeoff

Steady-state TUR

(overdamped Langevin system + Markov jump process)

Barato and Seifert, PRL 114, 158101 (2015)
VarlJ] Gingrich etal, PRL116, 120601 (2016)
(J >2 T = Dechant and Sasa, JStatMech 063209 (2018)
T

Hasegawa and Vu, PRE 99, 062126 (2019)

TUR with an arbitrary state
(overdamped & underdamped Langevin + Markov jump process)

Varl[J_] R
- X >2 O =10,—50,— wa,
(O{J:)*

Koyuk and Seifert, PRL 125, 260604 (2020)
JSL, Park, Park, PRE 104, L052102 (2021)

T

thermodynamic second law: 2_> 0

A 2
(0(0,)) -0
Var[O_]

TUR: stronger bound 22> 2



Novel Thermodynamic Tradeoff Inequalities

Entropic Bound

current-like observable : J (I') = — Jf(f)

2 Dechant and Sasa, PRE 97,062101(2018)
<JT> < )(TZT

Lee, Kim, Park, JSLPRR 5, 013194 (2023)

(J.) rirreversible current

X, - (positive) system-dependent constant

EB:stronger bound X > (J.)*/y, > 0
PE Tradeoff

Derived only for Langevin dynamics, not for Markov jump process




Novel Thermodynamic Tradeoff Inequalities

Classical Speed Limit p(0)

r=r

-': \ p()

]
]
]
]
]
]
]
! .
’ Y
’
’ .
’ .
’ ~

2
dy(p(0), p(7))
~H Teg Z ~H
a2 X
Shiraish, Funo, Saito, PRL121, 070601 (2018)

_ 4i(p(0),p())

T

dy(p, q) : distance between p and g

7% : mobility (dynamical activity or diffusivity)

PE Tradeoff 7l =1 AR

trade-off relation: we have to pay more
thermodynamic cost for faster transition




Novel Thermodynamic Tradeoff Inequalities

Power-Efficiency Tradeoff

P < E‘”(’/]C . ;7) Shiraishi, Saito, Tasaki PRL 117, 190601 (2016)
_ Dechant and Sasa, PRE 97, 062101 (2018)

P = W/z, : engine power th

1% Q:( engine )

tradeoff between efficiency and power ch
TC

= : system-dependent constant

Derived for Langevin dynamics (steady-state, cyclic)

PE Tradeoff Markov jump process (steady-state)




Novel Thermodynamic Tradeoff Inequalities

Are these relations independent!?

Or can they be understood within a single
unified framework!?

Ztot > O

Second law

SN\

PE Tradeoff n<ne=1-— Q > kzT In2

P < En(ne—n) Carnot bound Landauer’s principle




Unified Hierarchical Relationship

valid for Langevin systems

Markov jump processes

PE Tradeoff

P < En(nc—n)




Setupl: Langevin System

Setup |: N-dimensional Langevin systems
X(1) = AX, wt) + B(x, wt) « &(t, o)

X = (X, Xy, -+, Xy) | : state

A=(ALA,, -, A" : drift force

@ : parameter controlling speed of protocol

E= (.6, éN)T : Gaussian white noise

B(x, wt)B'(x, wf)/2 = D(x, wt) : diffusion matrix

Fokker-Planck equation
3. p(x, 1: ) = — VIJ(x, £ ) J = <A(x, of) — [VID(x, a)z‘)]T> PX. 15, )



Setupl: Langevin System

Setup |: N-dimensional Langevin systems

Entropy production

Stot rdtjdx J'D~(x @0d
i 0 p(Xa ta S, 0))

(AT o %) = [dx ATJ
Observable (I": trajectory) l
current-like : JAI) =[ dt AT(x(?), wt; s) o X(£) = (JD) =J dt[dx AT)
0 0

T T

state-dependent : K:(I') = J

dtg(x(1), wt;s) — (KZ) = [
0

dtJdX g(x(1), wt; $)p(X, t; 5, )
0

composite : @f’g(F ) = JAD) + K&(ID)



Setup2: Markov Jump Process

Setup2: Markov jump processes

pult; @)= Y ;@) Where j,, (1 @) = R, (@D, (1 @) = R,y (00)p,(t: )
m(#n)

Entropy production

’ R
Z;Ot — J dt 2 ]nm In nmPm

0 n>m Rmnpn
Observable <Nl7171(t)> — an(a)t)pm(t; a))
current-like : JAT) = J dt 2 A, (@ON, (1) — (JD) = J dt Z A, (ob)j (t;®)
0 n#m 0 n>m
Anm - - Amn

N, (1) : # of jumps from state m to n until time ¢

() = p,(t; )

state-dependent : K:(I') = J dtz n,(Dg (@) - (KE) = rdtz p,(Dg, (of)
0 n 0 n

1,(8) = Oy, : State indicator at time ¢

composite : @M8() = JAT) + K5I



Unified Hierarchical Relationship

valid for Langevin systems

Markov jump processes

PE Tradeoff

P < En(nc—n)




XTUR

derived from Crameér-Rao inequality
composite : ®§\’g(F) = JMD) + K3(I)

Q, = 0(0) - (K8 « O =19, -,
>_: EP, or pseudo EP

Observable (Langevin) Observable (Markov jump)
JAMD) = | dt AT(x(D), wt) o X(?) JAMD) = | dt Z A, (wHN, ()
Jo Jo nsm
K&D) = | deg(x(1), i) KD) = | dt ) n,(0g, o)
Jo Jo "
Equality condition (Langevin) Equality condition (Markov jump == 3P*)
D~1J Jnm
A =C AT =C
p anm
JTlD—lJ VTJ ]
4= _C + «d_ _C R nm

m(#n) m



XTUR —/™ TUR
composite : @2(") = JAI) + m

Q_= 0_(0M) —/{Kff — 0= 70, — @0,

Var[J}] o
g =0 (overdamped) — X 2 2
[(70, — wd,)JA]
Koyuk and Seifert, PRL 125, 260604 (2020)
Liu, Gong, and Ueda, PRL 125, 140602 (2020)

equality condition cannot be met in TUR since g # 0

Observable (Langevin) Observable (Markov jump)
JMND) = | dt ATx(), w1) o X(?) JMND) = | dt )" A, (@DN,,, ()
70 70 n£m
KAD) = | dig(x(), o1) KED) = | di ) n,(0g,(o1)
Jo Jo "
Equality condition (Langevin) Equality condition (Markov jump == 3P*)
D~1J Jnm
A =C AT =C
p anm
TlD—l VT :
g = _ C J 2J+ J 8§q=—CZRmn]nm



XTUR — TUR
composite : @) = JAT) + K5(T)

Q, = 0407%) — (K% « 0 =10, — w0,

Var (J2* + K8
g = — A'J/p (overdamped, steady) — (e ) )
: (205
(KP) = — J dtA') relative TUR (RTUR)
] 0 - (@M =0 Dechant and Sasa, PRR 3, 1042012 (2021)
(I =J dt ATJ
0
Observable (Langevin) Observable (Markov jump)
JMND) = | dt ATx(), w1) o X(?) JMND) = | dt )" A, (@DN,,, ()
70 70 n#m
K&D) = | deg(x(1), i) KD) = | dt ) n,(0g, o)
Jo 70 n
Equality condition (Langevin) Equality condition (Markov jump == 3P*)
D~1J Jnm
A= C— AN =C
p anm
TlD—l VT ;
= _ C J 2J+ J 8§q=—CZRmn]nm



Numerical Confirmation for XTUR
Brownian particle pulled by optical tweezers

Equation of motion: yx = — k(x — wvt) +4/2yTE(2)

w: protocol-speed controlling parameter

T

Observables: JAT) = J dtx =x,—xy _, M = JA 4+ K8

0
k(° —0- | WV
K&(I) = a—[ di (x,— wvry — =0 XTUR=TUR o )
v Jo
a: intensity of state-dependent observable
XTUR:
yb — 2[(Tal' - waw)<®é\’g> - <K§>]2 < Yot 8
' Var[@¢] - .
@A,g @) — @A’g 0 o
af(@é\,g>(a)) ~ < T+AT>( ) < T >( ) N 4 -
At
OM)w + Aw) — (@8 2
0,01 (@) ~ 2N 2N Z O @)
Aw N




Unified Hierarchical Relationship

valid for Langevin systems

Markov jump processes

PE Tradeoff

P < En(nc—n)




XTUR — EB Langevin dynamics
Observable

JND) =J dtA" o x =J thT-x+J dt tr[DVAT]
0 0 T 0
] X(1) = AX, wt) + B(x, wt) « &)

K3(I) = J dtg < g8 = - ATAKx, wt) —tu[DVAT]
0

M () = JAD) + K& () = J dIATB(x, wt) « E(7)
0

CANE rdr<ATB<x, oD){ED) =0
0

EB EB 2 ’
Var(@1¢™) = <(@TA’8 ) > — 2[ di{ATDA) (JM)? < 1.2,
0

A EB = | d{ATDA
Q, = 0,02%7) — (k&™) X [0 (A DA

= rdtjdx ATY = (JD)

0



XTUR —> EB Markov process

Observable (N, )=R, D,
JAT) = J dt Z A, (wt)N, (1) — (JD) = [ dt Z A, R D
0 n#m 0 n#¥m
(M,) = Py

K() = rer Mn(Dgu(@t) = (KE') = = [ dt ) AR
0 m

n#m
Z Anm nm

n(#m)
M) = JMT) + K8 (I

(©77) =0

Var(@M¢ —‘dt A; =2
WONT) = | D NoRubn =2 el (JA? < 3,

n#m

.= 0402¢7) — (k¢")

= (J7)

Q




Unified Hierarchical Relationship

valid for Langevin systems

Markov jump processes

g=—ATAx, wt) — tr[DVA']

g=0 Em = — 2 Anman
n(#m)

/ \

PE Tradeoff

P < En(nc—n)




EB — PE tradeoff

heat engine
Observable
= I
. <Qh> <Qc> . .
Y =— T + T (steady state, cyclic engine) th
- (0) - (W) W<:[ engine )
= Me—m) < n=
T, (Oh) ch
PE Tradeoff T,
ne=1- Th T,

P < En(nc —n)

(W) =(0n) —(Q.)

J dtZ A2 R p, : Markov jump

n#m

X = J dt{A'DA) : Langevin
0

R
1l
a R

EB — (Q ) < jr <%‘> (e — 1) S P = W < —n(ec—n)
T T.

W) o
W0 T o

>~<|

(Op)* X



Unified Hierarchical Relationship

valid for Langevin systems

Markov jump processes

g =— ATAXX, wf) — trf[DVAT]

g=0 Em = — Z Anman
n(#m)

(I = <th/ \

PE Tradeoff

P < En(nc—n)




EB —> CSL

heH
. : continuous
(Langeva) almost everywhere differentiable
(JNY = J dtjdx AlJ — A = VA(X)
0

(Markov jump)
(JNY = J dt Z A, (ot (t,w) > AN, =h,—h, =Vh,

0 >m

- <J1/'\> = <h>p(1) _ <h>p(0)

2
EB : <<h>p(’[) — <h>p(0)> < Moo
taking supremum over h € H : dZ(p(7), p(0)) < 7%,

dy(p,q) = sup |(h), — (h)q‘ : Integral Probability Metric (IPM)
heH

yH = supj dt dxpVh!DVh (Langevin)
heH o Jrmy,

1 T
H _ —h ) M ium
% =3 supJ dt E (h, — h,)°a,, (Markov jump)

heHJ0 ;o



EB —> CSL

taking supremum over h € H : d%(p(t), p(0)) < 7%,

dy(p,q) = sup |(h), — (h)q‘ : Integral Probability Metric (IPM)
heH

yH = supj dt dxpVh'DVh (Langevin)

heH 0 e RN\Vh
1 T
i =— supj dt Z (h,—h )a, (Markov jump)
heH J0 o
H

. 4i(p(0). p(0))
-

: pristine form of speed limit

— previously reported speed limits



EB —> CSL

dy(p,q) = sup ‘ (h), - (h)q‘ . Integral Probability Metric (IPM)
heH

Choose
H = Hy;, : Lipschitz-1  Lip; = {h|d(x,y) = | h(x) = h(y) [, Vx, y}

— dLipl(p, q) = W,(p, g) : Wasserstein-1 distance

, Wip(0).p(@)
L

T

H = H, : set of functions bounded within the range [—1,1]

— dy (p,q) = 2dy(p, q) : total variation distance

1 1
drv(p.9) = 5 D Ip@) — g | = 2, s[ullou [ {A)p = ()|
xeQ el—1,

4d2y(p(0), p(z))
T >
N JHE,

. 4i(p(0). p(0))
-

: pristine form of speed limit

— previously reported speed limits



=B — (CSL Choose
H = Hy;, : Lipschitz-1 ~ Lip; = {h|d(x,y) > | h(x) — h(y)|,Vx,y}
Wi(p(0), p(z))

T >
E,

(Langevin)
le(p(O), p(r)) p(D) : largest eigenvalue of D

>
T 2> thotm valid even when D depends on time and space

sz(p(()), p(T)) Dechant and Sakurai, arXiv:1912.08405
> — Vu and Saito, PRX 13, 011013 (2023)
2ot Nakazato and Ito, PRR 3, 043093 (2021)

valid for only constant D

cf. T

(Markov jump)
W2(p(0), p(t
=>T2> 1 _) P() Shiraish, Funo, Saito, PRL 121, 070601 (2018)
> A2
W,
= T2 — —— : tighter bound
Atanh ( 2‘;,1 Vu and Saito, PRX 13,011013 (2023)

Dechant, JPhysA: Math. Their 55, 094001 (2022)

H = H, : set of functions bounded within the range [—1,1]

_ 4div(p(0), p(x))
N JHE,

=> T



=B — (CSL Choose
H = Hy;, : Lipschitz-1  Lip; = {h|d(x,y) > [ h(x) — h(y) |, Vx,y)

W2(p(0), p(z))
JHZ,

T 2>

H = H, : set of functions bounded within the range [—1,1]

4d%(p(0), p())

> T >
JE,

(Markov jump)

d3(p(0), p(7))
T2 —
> A2

Shiraish, Funo, Saito, PRL121, 070601 (2018)

d
> 72> TVZ : tighter bound

- _ tot
A tanh < 2d ) JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)
TV




Unified Hierarchical Relationship

valid for Langevin systems

Markov jump processes

g=— AT + ) — tr[DVAT]

g=0 Em = — Z Anman
n(#m)

A = Vh(x)

(i = <Qt;/ \Anm - Vi,

PE Tradeoff

P < En(nc—n)




Numerical Confirmation for New Speed Limits

Example: inhomogeneous temperature field

oV(x,t
Equation of motion: yx = — ; ) +1/2yT(x, 1) » &) y=1)
X
S q dent ¢ cure: T(x) — T, forx<0
pace-dependent temperature: T(x) = T, forx>0

1
When ¢ = 0: equilibriumat T, =T, = 1 with V(x) = Ek(x — x))?

Whent>0:T,=1,T, =4 with V(x,1)

CSL:

Wi(p(0), p(z)) ~ —
>y 0= T W [T 2 WO p(e)
valid even when D depends on x, ¢
] W2(p(0), p(z))

>y W /T 2 Wi(p(0).p)

derived for constant D

Dechant and Sakurai, arXiv:1912.08405
Vu and Saito, PRX 13,011013(2023)
Nakazato and Ito, PRR 3, 043093 (2021)




Numerical Confirmation for New Speed Limits

Example: inhomogeneous temperature field

oV(x,t
Equation of motion: yx = — gx ) +1/2yT(x, 1) » &) y=1)
X

T, forx<O0

S -d dent t ture: T(x) =
pace-dependent temperature: T(x) {T2 for x> 0

1
When ¢ = 0: equilibriumat T, =T, = 1 with V(x) = Ek(x — x))?

Whent>0:T,=1,T, =4 with V(x,1)

CSL: optimal V(x, r) protocol
20

\ Z T = Wi(p(0), p(v) . 61— W

valid even when D depends on x, ol VNN T
_ .

—~
e
=

— 5-
\/ 22 (T) = Wa(p(0), p(v)) | 2-

O_
valid for inhomogeneous D?
Dechant and Sakurai, arXiv:1912.08405 -5 : : 0

Vu and Saito, PRX 13, 011013 (2023) 0 10 0
Nakazato and Ito, PRR 3, 043093 (2021)



Summary

|.We unveiled the unified hierarchical relationship between tradeoff relations.
- TUR and EB are derived from XTUR.

- PE tradeoff and CSL are derived from EB.

2.We derived new tradeoff relations
- XTUR

- EB for Markov jump process

- PE tradeoff for Markov jump process

- CSL for time- and space-varying temperature

3.TUR, EB, PE tradeoff, CSL can be categorized into a single class, “XTUR class”.

- Carnot bound, Landauer’s principle: second-law class

- if new bound (not XTUR class) found, it is really NEWV class bound.

4. Preprint arXiv:2311.01098

in collaboration with Euijoon Kwon,Yongjoo Baek (SNU)

Jong-Min Park (APCTP)



