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Swarmalator? Oscillators that can sync and swarm 

Ref.  K. P. O’Keeffe, H. Hong, and S. H. Strogatz, 
Nature Commun. 8, 1504 (2017)

Short for “swarming oscillators”

S.H. Strogatz and I. Stewart.  
Sci. Am. 269 (6), Dec. 68 (1993).

  Self-organization in “time”⟹

Synchronization
•simultaneous blinking on and off of fireflies 
•chorusing crickets 
•synchronized clapping of audience 
•laser arrays 
•heart cells

⟹



Swarming behavior:

“Spatiotemporal” self-organization

Self-organization in “space”

•Synchronizing units self-organize in time,  
but not in space. 

Schooling anchovies

A flock of auklets A swarm of bees

A swarm of jellyfish

•Swarming units self-organize in space,  
but not in time.

Photos in https://en.wikipedia.org/wiki/Swarm_behaviour#/
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Coupled identical swarmalators on a 1D ring
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J, K : coupling strengths

(xi, θi) ∈ (S1, S1): position and phase of the  i th swarmalator, periodic with a period 

The two noises are independent of each other, i.e.,               .⟨ξx
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Dx, Dθ : “temperature”
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“position-dependent synchronization’’

The sine terms induce the swarmalators to reduce their phase difference 
for K>0, while the cosine term implies that the synchronization tendency 
is stronger for oscillators that are closer in space. 

“phase-dependent swarming’’

What the equation signifies: 



How does this model relate to other models?

•Our model can be thought of as synchronization occurring on a torus.

•Nonequilibrium generalization of XY model for a magnetic system, 
wherein spins possess two degrees of freedom,  and , that are coupled.x θ

ℋ = −
J

2N

N

∑
i,j=1

cos(xj − xi)cos(θj − θi)

(EQ XY)J = KFor Dx = Dθand(i) 

J ≠ KFor NEQ , where various NEQ (magnetic) phase can emerge.(ii)

Dx ≠ DθFor heat engine under the thermal gradient(iii)

“Generalized version of the thermal Kuramoto model”



Kuramoto model (KM)
·θi = ωi +
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 : phase (angle) of oscillator θi i

Ο

θ

: natural frequency of oscillator ωi i

Order parameter: reiΘ ≡
1
N

N

∑
j=1

eiθj

https://en.wikipedia.org/wiki/File:KuramotoModelPhaseLocking.ogv

·θi =
K
N

N

∑
j=1

sin(θj − θi) + ξi(t)

thermal noise

“Thermal KM”

i = 1,⋯, N



Let’s start exploring our model now:

What order parameters would be good? 

One may consider the Kuramoto synchronization order parameters: 

Zx ≡ RxeiΘx =
1
N

N

∑
j=1

⟨eixj⟩,

Zθ ≡ RθeiΘθ =
1
N

N

∑
j=1

⟨eiθj⟩,

·xi =
J
N

N

∑
j=1

sin(xj − xi)cos(θj − θi) + ξx
i

·θi =
K
N

N

∑
j=1

sin(θj − θi)cos(xj − xi) + ξθ
i

(1)

(2)

⋯⋯

⋯⋯

i = 1,⋯, N



(J, K ) = (0, 0)

(J, K ) = (2.04, 0.36)

To gain insight into the order parameters
(J, K ) = (2.09, 0.31)

(J, K ) = (2.52, 2.07)

(a)  uniformly distributed state

(b)  linearly correlated between  and x θ

(c)  mixed between (b) and (d)

(d)  two well-defined isotropic clusters  
separated by a distance of  in both directions. π

The Kuramoto order parameters are zero!!! :

-symmetry in Eq. (1) and (2): π
invariant under

xj → xj + π
θj → θj + π

Zx = Zθ = 0

The dynamics of any  state is equivalent 
to that of the  state.

(x, θ)
(x + π, θ + π)



Long-term states
(J, K ) = (2.09, 0.31)(J, K ) = (0, 0)

(J, K ) = (2.04, 0.36) (J, K ) = (2.52, 2.07)

(J, K ) = (0, 0) (J, K ) = (2.09, 0.31)

(J, K ) = (2.04, 0.36) (J, K ) = (2.52, 2.07)
Dx = Dθ = 0.15



Alternative order parameters: 

W+ ≡ S+eiΦ+ =
1
N

N

∑
j=1

⟨ei(xj+θj)⟩,

W− ≡ S−eiΦ− =
1
N

N

∑
j=1

⟨ei(xj−θj)⟩,
“correlation measure” between  and . x θ

This particular form of the correlation measure can be inferred from the linearity of  
correlations between  and  with slopes of .x θ ±1

(a) Disordered (incoherent) state with  (S+, S−) = (0, 0)
(b) Phase wave state with  or  (S+, S−) = (S, 0) (0, S)
(c) Mixed state with  or , where (S+, S−) = (S1, S2) (S2, S1) S1 ≠ S2

(d) Synchronized (ordered) state with (S+, S−) = (S, S)

With these order parameters, 



(xi, θi)

where

Coordinate transformation

Xi ≡ xi + θi Yi ≡ xi − θiand

(Xi, Yi)

J± =
J ± K

2

ξX
i = ξx

i + ξθ
i

ξY
i = ξx

i − ξθ
i

⟨ξX
i (t)ξX

j (t′￼)⟩ = 2DXδijδ(t − t′￼)

⟨ξY
i (t)ξY

j (t′￼)⟩ = 2DYδijδ(t − t′￼)

⟨ξX
i (t)ξY

j (t′￼)⟩ = 2DXYδijδ(t − t′￼)

DX = DY = Dx + Dθ ≡ D

DXY = Dx − Dθ ≡ d

⟨ξX
i ⟩ = ⟨ξY

i ⟩ = 0

not independent of each other  
in general

Order parametersS−eiΦ− =
1
N

N

∑
j=1

⟨eiYj⟩S+eiΦ+ =
1
N

N

∑
j=1

⟨eiXj⟩ ,

DXY = 0 for Dx = Dθ .

·xi =
J
N

N

∑
j=1

sin(xj − xi)cos(θj − θi) + ξx
i

·θi =
K
N

N

∑
j=1

sin(θj − θi)cos(xj − xi) + ξθ
i

(1)

(2)

⋯⋯

⋯⋯

Eq. (1) and (2) 
·Xi = J+S+ sin(Φ+ − Xi) + J−S− sin(Φ− − Yi) + ξX

i

·Yi = J−S+ sin(Φ+ − Xi) + J+S− sin(Φ− − Yi) + ξY
i

(3)

(4)

⋯⋯

⋯⋯



⟹

·Xi = J+S+ sin(Φ+ − Xi) + J−S− sin(Φ− − Yi) + ξX
i

·Yi = J−S+ sin(Φ+ − Xi) + J+S− sin(Φ− − Yi) + ξY
i

(3)

(4)

⋯⋯

⋯⋯

When J = K (J− = 0) and Dx = Dθ (d = 0),

EQ XY model for X and Y, which can be solved exactly.

EQ magnetic transition occurs at  from   to Jc = 2DX = 4Dx (0,0) (S, S)
without an intermediate phase wave or mixed state.

It may emerge when the system is driven out of EQ.,  
either by an external nonconservative force ( )  
or a thermal gradient caused by multiple reservoirs .

J ≠ K
(Dx ≠ Dθ)



Fourier mode analysis

Fokker-Planck equation
∂ρ
∂t

= −
∂

∂X
𝒥X −

∂
∂Y

𝒥Y

where 𝒥X = (J+F+ + J−F−)ρ − D
∂ρ
∂X

− d
∂ρ
∂Y

𝒥Y = (J−F+ + J+F−)ρ − D
∂ρ
∂Y

− d
∂ρ
∂X

D = DX = DY = Dx + Dθ
d = DXY = Dx − Dθ

with F+ = S+Im ei(Φ+−X) F− = S−Im ei(Φ−−Y)and

ρ(X, Y, t) =
1

(2π)2

∞

∑
n,m=−∞

αn,m(t)ein(X−Φ+)eim(Y−Φ−)

where α00 = 1 α*nm = α−n,−mand

Probability density function (PDF):  ρ(X, Y, t)
normalization condition: ∫

2π

0 ∫
2π

0
dXdYρ(X, Y, t) = 1X, Y : periodic with 2π ⟹

⟹

⋯⋯ (5)

⋯⋯ (6)

J± =
J ± K

2



Mode coupled equations:

ρ(X, Y, t) =
1

(2π)2

∞

∑
n,m=−∞

αn,m(t)ein(X−Φ+)eim(Y−Φ−)

S+ = ∫ ∫ dXdYei(X−Φ+)ρ(X, Y, t) = α−1,0 = α*1,0 = α1,0

S− = ∫ ∫ dXdYei(Y−Φ−)ρ(X, Y, t) = α0,−1 = α*0,1 = α0,1

The order parameters can be expressed in terms of Fourier coefficients as  

S± : real → α1,0 and α0,1 : real

+
1
2

(nJ− + mJ+)S−(αn,m−1 − αn,m+1)

+
1
2

(nJ+ + mJ−)S+(αn−1,m − αn+1,m)

·αn,m − i(n ·Φ+ + m ·Φ−)αn,m = − [D(n2 + m2) + 2dnm]αn,m

⋯⋯ (7)



Steady-state solutions
The steady-state solutions can be obtained by setting ·αn,m = ·Φ± = 0.

(1) Incoherent state  (0, 0)
αn,m = 0 except for α0,0 = 1, resulting in S+ = S− = 0 and ρ = 1/(2π)2 .

With S− = 0, we find the steady-state equations for αn,0 as

0 = − Dnαn,0 +
1
2

J+S+(αn−1,0 − αn+1,0) .

Using the recurrence relation of the modified Bessel function, we find the solution is 
given by

αn,0 =
I|n|( J+S+

D )
I0( J+S+

D )
For small S+, we obtain S+ ≈ 2(J+/2D − 1) for J+/D ≥ 2.
α1,0 = S+

ρ =
1

(2π)2

e(J+S+/D)cos(X−Φ+)

I0(J+S+/D)

(2) Phase wave state  or (S, 0) (0, S)



(3) Mixed state  or (S1, S2) (S2, S1)

(4) Ordered state  (S, S)

These states can not be derived analytically.  

Instead, we truncate higher-order Fourier modes in the dynamic equation  
by keeping the mode of  up to order .(n, m) ℓ( = |n | + |m | )

The solutions well converge with increasing  and saturate around . ℓ ℓ = 10

Then, steady-state solutions are calculated by numerical iterations with  
·Φ± = 0

This fast convergence is due to  
the exponential decay of  with  
in the steady state.

αn,m ℓ



Comparison of mode analysis and numerical simulations
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(d) J=K
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(b) J=0.4

(0,0) (S,S) (S1,S2)

K

S+
S-

(S,0)/(0,S)
(S, S)
(S1, S2)

(0,0)

Four states:  
(S+, S−)

S−eiΦ− =
1
N

N

∑
j=1

⟨eiYj⟩

S+eiΦ+ =
1
N

N

∑
j=1

⟨eiXj⟩

Dx = Dθ = 0.15



Phase diagram

(J = K )

J+ = 2D

J+ = 2D

Perturbation theory & linear stability analysis  
of the phase wave state 

(e−2D, e−(D+d))

Dx = Dθ

D = Dx + Dθ, d = Dx − Dθ

J± =
J ± K

2



(S,0)(S, S) (S1, S2)

Long-term states

x x x

θ θ θ



Summary

•We explored the joint action of swarming and synchronization by studying a simple 1D 
model of swarmalators.  

•We found four collective states, illustrated their transitions with order parameter curves 
, and encapsulated their stabilities in a phase diagram. 

•We showed that the four states can be induced by means of only the thermal 
noise and the interactions between the units in the system.  

•We have conducted a stability analysis of the phase wave state using the perturbation 
theory, and determined the multi critical point where the four states converge.  

S±(J, K)
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