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from this simple picture due to the particulate nature of the assem-
blage, we turn to a computational model of the passive dynamics 
of a cluster and explore the role of shape on a pendant mechani-
cal assemblage of passive particles used to mimic bees. We model 
each bee in the cluster as a spherical particle that experiences three 
forces: a gravitational force, an attractive force between neigh-
bouring particles, and a force that prevents inter-particle penetra-
tion (see Supplementary Section C for further details). The bees 
at the base are assumed to be strongly attached to the supporting 
board, and those on the surface are assumed to be free. To study 
the passive response of the entire system, the board is oscillated 
at different frequencies and amplitudes, while we follow the dis-
placement of individual particles, U r( )i i , as well as the relative dis-
placement between neighbouring bees tl ( )ij  =  −t tr r( ) ( )i j  (Fig. 3a). 
Decomposing the vector tl ( )ij  into its magnitude and direction 
allows us to define two local deformation measures associated with 
the local normal strain and shear strain. The local dynamic normal 

strain associated with a particle (bee) i relative to its extension at 
t =  0 is defined as δ li =  ⟨ ∣ ∣ ∣−∣ ∣ ∣ ⟩≤ ≤ tl lmax ( ) (0)t T ij ij0 , where T is the 
duration from the onset of the applied mechanical shaking until the 
swarm recovers its steady-state configuration, and the angle brack-
ets represent the average over all bees j that are connected to bee i. 
The local shear strain is calculated from the changes in the angle 
∣∠ ∣t tl l( ( ), ( ))ij ik  between tl ( )ij  and tl ( )ik , connecting bees i and j, 
and bees i and k, respectively, with the shear strain, δ θi defined as δ 
θi =  ⟨ ∣∠ −∠ ∣⟩≤ ≤ t tl l l lmax ( ( ), ( )) ( (0), (0))t T ij ik ij ik0 , where the angle 
brackets represent the average over all pair of bees j–k that are con-
nected to bee i.

As expected, we see that for the same forcing, the maximum 
amplitude of the local strains increases as the cluster becomes more 
elongated (Fig. 3a,b and Supplementary Video 6). Therefore, these 
local strains can serve as a signal for the bees to move, and a natural 
hypothesis is that once the signal is above a certain critical value, 
the bees move. However, how might they chose a direction? While 
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Fig. 2 | Quantifying adaptive response of the cluster to horizontal shaking. For all shaking frequencies, the base contact area of the cluster increases 
monotonically until a plateau is reached. Once shaking ceases, the cluster responds by gradually reverting to its original shape by increasing its contact 
area, but at a much slower rate. a, Ratio of the contact area of the base of the cluster divided by its original area A(t)/A(0) as a function of time, for the 
discontinuous case. The colours represent results for different frequencies of periodic shaking. The inset shows that the scaled base area collapses onto 
a master curve when plotted versus the number of shaking events. The error bars correspond to the standard deviation of three individual trials (see 
Supplementary Table 1 for more information about trial repetitions). b, A(t)/A(0) for continuous shaking shows the same qualitative behaviour; note that 
when the acceleration is very small (0.01g), there is no response (that is, there is a critical threshold of forcing below which the bees do not respond). 
c, Coordinate systems of the laboratory frame and the displacement coordinates of the individual bees. d, Deformation of an elongated cluster before 
shaking began (t!= !0, top) and a flattened cluster after shaking (t!= !30!minutes, bottom) shows that displacement at the tip of the cluster is largest. On 
the right: time snapshots of a string of bees along the centre of the cluster (see Supplementary Video 3). e, Trajectories of individual bees during 5!min 
of horizontal shaking show that when the cluster spreads out, surface bees move upwards. Colour code represents time: the trajectory starts with blue 
and ends with yellow. Inset: probability distribution function of vertical displacement, showing a net upward trend. f, An illustration of the behavioural 
constitutive law: bees sense the local deformation of connections to their newest neighbours; once the relative deformation reaches a critical value, the 
bees move up the gradient in relative deformation.

NATURE PHYSICS | www.nature.com/naturephysics

LETTERSNATURE PHYSICS

from this simple picture due to the particulate nature of the assem-
blage, we turn to a computational model of the passive dynamics 
of a cluster and explore the role of shape on a pendant mechani-
cal assemblage of passive particles used to mimic bees. We model 
each bee in the cluster as a spherical particle that experiences three 
forces: a gravitational force, an attractive force between neigh-
bouring particles, and a force that prevents inter-particle penetra-
tion (see Supplementary Section C for further details). The bees 
at the base are assumed to be strongly attached to the supporting 
board, and those on the surface are assumed to be free. To study 
the passive response of the entire system, the board is oscillated 
at different frequencies and amplitudes, while we follow the dis-
placement of individual particles, U r( )i i , as well as the relative dis-
placement between neighbouring bees tl ( )ij  =  −t tr r( ) ( )i j  (Fig. 3a). 
Decomposing the vector tl ( )ij  into its magnitude and direction 
allows us to define two local deformation measures associated with 
the local normal strain and shear strain. The local dynamic normal 

strain associated with a particle (bee) i relative to its extension at 
t =  0 is defined as δ li =  ⟨ ∣ ∣ ∣−∣ ∣ ∣ ⟩≤ ≤ tl lmax ( ) (0)t T ij ij0 , where T is the 
duration from the onset of the applied mechanical shaking until the 
swarm recovers its steady-state configuration, and the angle brack-
ets represent the average over all bees j that are connected to bee i. 
The local shear strain is calculated from the changes in the angle 
∣∠ ∣t tl l( ( ), ( ))ij ik  between tl ( )ij  and tl ( )ik , connecting bees i and j, 
and bees i and k, respectively, with the shear strain, δ θi defined as δ 
θi =  ⟨ ∣∠ −∠ ∣⟩≤ ≤ t tl l l lmax ( ( ), ( )) ( (0), (0))t T ij ik ij ik0 , where the angle 
brackets represent the average over all pair of bees j–k that are con-
nected to bee i.

As expected, we see that for the same forcing, the maximum 
amplitude of the local strains increases as the cluster becomes more 
elongated (Fig. 3a,b and Supplementary Video 6). Therefore, these 
local strains can serve as a signal for the bees to move, and a natural 
hypothesis is that once the signal is above a certain critical value, 
the bees move. However, how might they chose a direction? While 
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Fig. 2 | Quantifying adaptive response of the cluster to horizontal shaking. For all shaking frequencies, the base contact area of the cluster increases 
monotonically until a plateau is reached. Once shaking ceases, the cluster responds by gradually reverting to its original shape by increasing its contact 
area, but at a much slower rate. a, Ratio of the contact area of the base of the cluster divided by its original area A(t)/A(0) as a function of time, for the 
discontinuous case. The colours represent results for different frequencies of periodic shaking. The inset shows that the scaled base area collapses onto 
a master curve when plotted versus the number of shaking events. The error bars correspond to the standard deviation of three individual trials (see 
Supplementary Table 1 for more information about trial repetitions). b, A(t)/A(0) for continuous shaking shows the same qualitative behaviour; note that 
when the acceleration is very small (0.01g), there is no response (that is, there is a critical threshold of forcing below which the bees do not respond). 
c, Coordinate systems of the laboratory frame and the displacement coordinates of the individual bees. d, Deformation of an elongated cluster before 
shaking began (t!= !0, top) and a flattened cluster after shaking (t!= !30!minutes, bottom) shows that displacement at the tip of the cluster is largest. On 
the right: time snapshots of a string of bees along the centre of the cluster (see Supplementary Video 3). e, Trajectories of individual bees during 5!min 
of horizontal shaking show that when the cluster spreads out, surface bees move upwards. Colour code represents time: the trajectory starts with blue 
and ends with yellow. Inset: probability distribution function of vertical displacement, showing a net upward trend. f, An illustration of the behavioural 
constitutive law: bees sense the local deformation of connections to their newest neighbours; once the relative deformation reaches a critical value, the 
bees move up the gradient in relative deformation.
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placement of individual particles, U r( )i i , as well as the relative dis-
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duration from the onset of the applied mechanical shaking until the 
swarm recovers its steady-state configuration, and the angle brack-
ets represent the average over all bees j that are connected to bee i. 
The local shear strain is calculated from the changes in the angle 
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As expected, we see that for the same forcing, the maximum 
amplitude of the local strains increases as the cluster becomes more 
elongated (Fig. 3a,b and Supplementary Video 6). Therefore, these 
local strains can serve as a signal for the bees to move, and a natural 
hypothesis is that once the signal is above a certain critical value, 
the bees move. However, how might they chose a direction? While 
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Fig. 2 | Quantifying adaptive response of the cluster to horizontal shaking. For all shaking frequencies, the base contact area of the cluster increases 
monotonically until a plateau is reached. Once shaking ceases, the cluster responds by gradually reverting to its original shape by increasing its contact 
area, but at a much slower rate. a, Ratio of the contact area of the base of the cluster divided by its original area A(t)/A(0) as a function of time, for the 
discontinuous case. The colours represent results for different frequencies of periodic shaking. The inset shows that the scaled base area collapses onto 
a master curve when plotted versus the number of shaking events. The error bars correspond to the standard deviation of three individual trials (see 
Supplementary Table 1 for more information about trial repetitions). b, A(t)/A(0) for continuous shaking shows the same qualitative behaviour; note that 
when the acceleration is very small (0.01g), there is no response (that is, there is a critical threshold of forcing below which the bees do not respond). 
c, Coordinate systems of the laboratory frame and the displacement coordinates of the individual bees. d, Deformation of an elongated cluster before 
shaking began (t!= !0, top) and a flattened cluster after shaking (t!= !30!minutes, bottom) shows that displacement at the tip of the cluster is largest. On 
the right: time snapshots of a string of bees along the centre of the cluster (see Supplementary Video 3). e, Trajectories of individual bees during 5!min 
of horizontal shaking show that when the cluster spreads out, surface bees move upwards. Colour code represents time: the trajectory starts with blue 
and ends with yellow. Inset: probability distribution function of vertical displacement, showing a net upward trend. f, An illustration of the behavioural 
constitutive law: bees sense the local deformation of connections to their newest neighbours; once the relative deformation reaches a critical value, the 
bees move up the gradient in relative deformation.
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it may be plausible for the bees to simply move upwards against 
gravity, it is probably difficult to sense a static force (that is, gravity)  
when experiencing large dynamic forcing (that is, shaking) in a 
tightly packed assemblage. Instead, we turn to ask whether there 
are any local signals that would give honeybees a sense of direction. 
For all clusters, the strains are largest near the base (Fig. 3a,b and 
Supplementary Video 6) and decrease away from it, but in addi-
tion, as the cluster becomes more elongated, there are large local 
strains along the contact line where x =  ± L1/2, where the bees are in 
contact with the baseboard. This is due to the effect of the pendular 
mode of deformation that leads to rotation-induced stretching in 
these regions. To quantify how the normal and shear strain vary as 
a function of the distance from the base, Z, we average δ li and δ θi 
over all bees that were at a certain Z position at t =  0 and define the 
following mean quantities: δ l(Z) =  ⟨δ ⟩li , and δ θ(Z) =  θδ i , where 
the angle brackets indicate the average overall spring connection 
at the vertical position r (0)z

i  =  Z. Similar to the experimental data, 
the simulations show that the displacements Ui for horizontal shak-
ing of elongated clusters are larger in comparison to flattened clus-
ters. As both strains δ l(Z) and δ θ(Z) are largest near the base, z =  0 
(Fig. 3c and Supplementary Video 6), and decrease away from the 

supporting baseboard, they may serve as local signals that bees at 
the tip of the cluster respond to by moving up the strain gradient 
(Supplementary Figs. 3–5 and Supplementary Videos 7 and 8).

This passive signature of a horizontally shaken assemblage sug-
gests a simple behavioural hypothesis: bees can sense the local 
variations in the normal strain above a critical threshold, and move 
slowly up gradients collectively. We note that mechanical strain is 
invariant to translation and rotation of the whole assemblage; that 
is, it is independent of the origin and orientation of the frame of 
reference, and thus a natural choice (similar to how cells and bac-
teria respond to mechanical stresses18). This behaviour will natu-
rally lead to spreading of the cluster and thence smaller strains on 
the cluster. Noting that the timescale of the response of the bees 
is of the order of minutes while the duration of a single period is 
seconds, it is natural to consider the integrated local normal strain 
signal: !δli

t =  ∑ δ ×̃= −
̃l tdt t T

t
i
t

w
, where Tw is chosen to be the period of 

the shaking (see detailed description in Supplementary Section C).  
Then our behavioural hypothesis is that when ! !δ > δl li

t
i
t
C the bee 

becomes active, and moves in the direction of the time-integrated 
negative normal strain gradient (that is, the active force is directed 
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I. INTRODUCTION

II. MODEL

We consider a collection of self-propelling particles con-

fined within a two dimensional circular trap. While mov-

ing, particles within a certain interaction radius rint try
to follow each other. Within a small distance, the parti-

cles are also repelling each other by WCA interaction.

At time t, the position and velocity of i�th particle

are denoted by xi(t) and vi(t). Its dynamics is written

within Langevin paradigm as

m
dvi

dt
= ��vi � Fi + f0n̂i +

p
2�KBT⌘i (1)

where m is the mass of a particle, � is the friction co-

e�cient due to surrounding fluid and ⌘i is the ther-

mal noise (h⌘ii = 0, h⌘i(t1)⌘j(t2)i = �ij�(t1 � t2)). The

force Fi is the superposition of the forces on i�th parti-

cle, provided by the trapping potential Utrap and col-

lisions with other particles via WCA interaction, i.e.

Fi = �riUtrap +
P

j F
WCA
ij . f0 is the magnitude of

active / self-propelling force, the direction of which is

given by

n̂i(t) = R⇠(✓) �
 

1

NS

X

k2S

v̂k(t��t)

!
(2)

Here v̂k is the unit vector along the velocity of k-th neigh-

bour within the neighbourhood S of i�th particle, con-

taining NS neighbours, at previous time step (t � �t).
The neighbourhood S of ith particle is defined by a circu-

lar area of radius rint, centering the particle. R⇠(✓) is the
operator that rotates (denoted by �) the average direc-

tion of the neighbours within S by and angle ✓ randomly

chosen between the interval [�⇠⇡, ⇠⇡]. The friction coef-

ficient � is chosen to be high enough, mimicking the over-

damped conditions, common in case of colloids. The cir-

cular trapping potential Utrap = U0(tanh(q(ri� r0))+1)

where 2U0 is the depth of the trap, r0 is its radius and

q is its sti↵ness. We have chosen the value of U0 high

enough such that no particle can ever come out of the

circular trap, crossing the barrier.

In the next section onwards, after going through the

details of the simulation, we will present the phase be-

havior of the system, with respect to activity, fluctuations

and sti↵ness of the trap. Next we will discuss the kinet-

ics of phase transformations together with the stability

of the ordered phase and then conclude.
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m
dvi

dt
= ��vi � Fi + f0n̂i +

p
2�KBT⌘i (1)

where m is the mass of a particle, � is the friction co-

e�cient due to surrounding fluid and ⌘i is the ther-

mal noise (h⌘ii = 0, h⌘i(t1)⌘j(t2)i = �ij�(t1 � t2)). The

force Fi is the superposition of the forces on i�th parti-

cle, provided by the trapping potential Utrap and col-

lisions with other particles via WCA interaction, i.e.

Fi = �riUtrap +
P

j F
WCA
ij . f0 is the magnitude of

active / self-propelling force, the direction of which is

given by

n̂i(t) = R⇠(✓) �
 

1

NS

X

k2S

v̂k(t��t)

!
(2)

Here v̂k is the unit vector along the velocity of k-th neigh-

bour within the neighbourhood S of i�th particle, con-

taining NS neighbours, at previous time step (t � �t).
The neighbourhood S of ith particle is defined by a circu-
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operator that rotates (denoted by �) the average direc-
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enough such that no particle can ever come out of the

circular trap, crossing the barrier.
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FIG. 1. Structural ordering with low steepness —(A): 4 snaps along time (black arrow) showing configurations with
structural ordering measured by the local hexagonal order parameter (defined later) which is unity when all the particles have
six neighbours around it forming regular hexagon. The local order parameter for every particle is manifested by the colour
of the particles. Higher the value of the local order parameter of a particle, it is in more ordered region of the cluster and
vice versa. The trap potential is plotted in grey scale. The potential is non-dimensionalized by the active energy required by
a particle to propel through a distance same as its diameter. Blue scale bar in the left most snap show the dimension of the
system. Round grey arrows in the right most snap shows direction of rotation of the cluster. The white boxes are areas of the
clusters zoomed in panel B. (B): Zoomed configurations exactly below the corresponding snaps of the full system in (A). The
Peclet number for the particles here is ⇠ 200. It implies that the self-propulsion speed of a particle here is 200 times than the
speed related to its di↵usion. The dimensionless steepness parameter (defined later) of the trap is ⇠ 0.05.
No structural ordering with high steepness — (C): 4 snaps along time (black arrow) showing configurations without
structural ordering, measured by the local hexagonal order parameter. The trap potential is plotted in grey scale and the value
of the order parameter for every particle is manifested by the colour of the particles. Blue scale bar in the left most snap show
the dimension of the system. Round grey arrows in the rightmost snap shows direction of rotation of the cluster. The blue
boxes are areas of the clusters zoomed in panel D. (D): Zoomed configurations exactly below the corresponding snaps of the
full system in (C). The Peclet number for the particles here is ⇠ 200 and the dimensionless steepness parameter (defined later)
of the trap is 2.5.

In this work, we focus on how the gradient which is con-
trolled by a single parameter q of the potential, a↵ects
the self-organisation of self-propelling particles confined
within it. Through out the work we consider qr0 >> 1
such that the influence of the boundary on the particles
is considerable only when they are close to it and become
negligible as we go far from it i.e. in the central region
of the trap.

While propelling with constant force f0, an individual
particle try to follow its neighbours within a certain cir-
cular area of radius rint << r0 surrounding the particle.
In order to do that the particle follows Vicsek-like align-

ing interaction[45, 57]. The particle decides its direction
of active force n̂i to be aligned with the average veloc-
ity direction of its neighbours including itself. This local
alignment is not perfect due to the presence of an angu-
lar noise ✓ randomly chosen between 0 and 2⇠⇡ at every
time step. Here ⇠ is a dimensionless parameter that lies
between 0 and 1 and defines the strength of the angular
noise. One can express the alignment interaction as,

n̂i = R⇠(✓) �
 

1

NSi

X

k2Si

n̂k

!
(2)

With polar alignment
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FIG. 3. Phasediagram : (A) normalised hexagonal order
(Q6) is plotted in log-scale along Pe-S plane for ⇠ = 1/2⇡.
When Q6  0.3, particles cannot form clusters having length
scale beyond the size of the particles. On the other hand, well
developed hexagonal order exists within the configurations
having Q6 � 0.80. In between, particles form clusters but
the order is not well developed within them. (B) polar order
P plotted in log-scale along Pe-S plane with ⇠ = 1/2⇡. The
polar order is not well developed within the configurations
having P  0.5. Elsewhere it is well developed.

Sc ' 1.0), the clusters are round in shape and they have
polycrystalline order with dynamic grain boundaries [90].
The average value of Q6 in this regime (around S ! S�

c )
can become as high as 0.85. While increasing S, beyond
Sc, the clusters become strip-like, wetting the boundary
of the trap. They loose their structural order. Conse-
quently, Q6 decreases up to 0.55.

Next, Pe is increased even further (range : 40 Pe
200). In this regime there is always an order-disorder
transition if one goes beyond S = Sc while increasing

S. Interestingly we find that in this range, as Pe
becomes gradually higher, Sc becomes gradually lower.
At Pe=200, the transition happens around Sc ' 0.5
whereas at Pe= 40 it was taking place around Sc = 1.0.
From lowest value of S considered here is 0.1. In this
range of Pe, from the lowest value of S up to S = Sc

we obtain round-shaped cluster with hexagonal order as
earlier and beyond we obtain strip like clusters along the
circular wall with reduced structural order (Q6 ' 0.55).
This indicates that for very low and very high values of
Pe, degree of the structural order within the clusters is
low. Only the values of Pe in between (range : 20 Pe
200) can facilitate the ordering if the steepness of the
trap is below Sc.

(b) From the phase behaviour with P (Fig.3B) we
find that two distinct regions separated by a boundary.
For Pe> 10 and S > 0.2 we find the system is polar
(P ' 0.9). To reach to the polar phase, the particles
have to see each other. As the packing fraction is low,
the Pe of the particles required to interact with each
other should be beyond a threshold which is around
10 here. The polar clusters rotate along the circular
boundary of the trap with spontaneously chosen direc-
tion (clockwise/anticlockwise). On the other hand for
Pe< 10 the particles are moving randomly and therefore
we obtain isotropic phase with P  0.2. In this regime
thermal fluctuation plays a dominant role which prevents
clustering. One can note here that the transition from
isotropic to polar phase is almost independent of the
steepness of the trap, unless S < 0.2. For very low
steepness the transition happens at higher Pe.

C. Kinetics of Ordering

From now onwards we will focus on how the structural
order emerges in the system with Pe � 20 and when S is
decreased from the values larger than Sc up to the values
less than Sc, keeping ⇠ fixed at 1/2⇡. The value of the
packing fraction � is also fixed at 0.15. At this parameter
space the system becomes polar. From the phase diagram
before it is apparent that even if the steepness of the trap
is varied over a broad range, it is not able destabilise the
polar order rather while lowering, it introduces another
order—the structural (hexagonal) order—in addition to
the polar order. The onset of such order is analysed be-
low.

It is apparent from Fig3(A) that there is a threshold
value for the steepness (Sc) of the trap below which the
structural order can emerge for Pe � 20. When S > Sc,

apart from very low Pe, for all other Pe, particles accu-
mulate at the boundary of the trap, spreads over it and
flock together along the boundary. Thus we obtain polar
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ranges of Vicsek-like aligning and simultaneously de-aligning in-
teraction are given by s1 = pr2

int and s2 = x pr2
int respectively. The

competition between them can be quantified by the parameter
s2/s1 = x that varies between 0 and 1. At x ! 1 limit the particles
can be maximally de-aligned due to rotational fluctuations and
for x ! 0 the opposite happens. One can note here that for the
alignment interaction to work, particles should see each other, i.e.
the distance between them should be at least rint or less. As we
keep the packing fraction low (f = 0.15), they can see each other
only after a certain critical value of Pe. We will be back to this
point while discussing the phase diagrams in later section. The
limit where x ! 1, the self-propelling particles resemble active
Brownian particles (ABP)2,6,14,27,38,85 confined within the trap.
In 2D, ABP encounter MIPS in bulk at much higher density as
compared to here. The regime of the density and Pe we are con-
cerned here, as ABP lack alignment interactions, it will not pro-
duce clusters beyond the critical size required for MIPS.
The particles here can behave as effectively soft as well as hard,
depending on certain condition. The inter-particle steric interac-
tion between any two particles here becomes increasingly repul-
sive as they come close and it diverges when their centres overlap
i.e. at ri j = 0. Therefore, the particles can be soft only up to a
certain extent and beyond that it becomes extremely hard. The
hardness of the particles can be parametrised as

L =
f0

g
p

e
(6)

If L > 1 the particles are soft and if L  1, it is hard. Here, varying
f0 while keeping the other parameters fixed, we have explored
hard as well as soft particles. For very large L and Pe (in the limit
of e ! 0,KBT ! 0), the particles are close to Vicsek agents. In
bulk, the homogeneous state of Vicsek agents can be transformed
to a polar state when x is lower than a critical strength x c via a
first-order phase transition and when trapped, they can exhibit
different complex dynamical patterns (e.g. swarms)86.

Finally, the dimensionless steepness parameter of the circular
wall of the cavity can be written as

S = qs . (7)

We will show that one can tune S by varying q to control the self-
organisation of the particles externally.
We simulate the system by integrating the equations of motion
given in Eq[2] and Eq[4] simultaneously, with open boundary
condition. To update velocity and position we follow velocity
Verlet algorithm with dt = 10�3. All the data presented here
are tested with total number of particles N = 103,N = 5 ⇥ 103

and N = 10 ⇥ 103 particles to estimate the finite size effect which
has turned out not to cause any qualitative change to the data
presented here. For example, we have shown that the spatially
(hexagonal) as well as directionally (polar) ordered steady states
for these three different N, have no qualitative difference between
them (see Fig[1] in the supplement). The data presented here are
analysed by OVITO87.

3 Results

3.1 Order Parameters

We begin by analysing the steady states of the system obtained by
varying Pe, and S at fixed f and x . The steady states of the system
are characterised by their spatial and directional organisations.
The spatial organisation of the particles is quantified by the local
(at the level of individual particle) hexagonal order parameter,
defined as

y6,i =
1
Ni

Â
j

exp(i6qi j) (8)

where i =
p

�1 and Ni is the number of topologically (Voronoi)
nearest neighbours of ith particle. The summation is over all such
neighbours of ith particle and qi j is the bond angle between ith
and jth particles with respect to some arbitrarily chosen reference
frame. For a perfect triangular lattice in 2D, Qi

6 = |y6,i| is unity.
With disorder its value reduces from unity and for a maximally
disordered configuration it is zero. For a given configuration of
particles, with Qi

6 one can quantify local order and disorder by
identifying ordered zones and defects in between. To quantify
the global positional order of the system in a steady state we con-
sider global hexatic order parameter as Q6 = h|hy6,iii|i(r,t) where
h.ii denotes the averaging over all particles and h.i(r,t) denotes
averaging over realisations and time in steady state. The state
of the system having Q6 above (below) a certain threshold is or-
dered (disordered).
The local polar order of individual particle can be quantified
by the angle made by n̂i with respect to an arbitrarily chosen
reference frame and to quantify the global polar order, follow-
ing17,45,57 we define average polar order parameter in steady
states as,

P =

�����
1
N Â

i
n̂i

����� (9)

where P ⌘ |P| = |Prr̂ + Pq q̂ | =
q

P2
r +P2

q in plane polar coordi-
nate. When all the particles are propelling being perfectly aligned
with each other, P = 1 and when they are moving randomly,
P = 0. In a steady state, if the time and realisation averaged
value of P goes beyond a certain threshold, the state is polar and
otherwise non-polar. The polar state here is the reminiscent of
the flocking state of Vicsek agents45, which can be stable when
the value of x is below a threshold value. In this state, when the
particles encounter the boundary of the circular trap, the radially
outward component of the force exerted by the particles to the
trap is balanced by radially inward repulsion from the boundary.
Also in the polar state, as x is low, it is more probable for a par-
ticle to remain close to the boundary than to turn around from
it59. Thus the particles in the polar state accumulate close to the
boundary and flock together along it, giving rise to self-rotating
clusters in the trap. The sense of rotation is spontaneously cho-
sen. In a similar set up, with hydrodynamic and electrostatic in-
teractions, formation of other complex structures such as vortices
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competition can be quantified by their respective ranges. The
ranges of Vicsek-like aligning and simultaneously de-aligning in-
teraction are given by s1 = pr2

int and s2 = x pr2
int respectively. The

competition between them can be quantified by the parameter
s2/s1 = x that varies between 0 and 1. At x ! 1 limit the particles
can be maximally de-aligned due to rotational fluctuations and
for x ! 0 the opposite happens. One can note here that for the
alignment interaction to work, particles should see each other, i.e.
the distance between them should be at least rint or less. As we
keep the packing fraction low (f = 0.15), they can see each other
only after a certain critical value of Pe. We will be back to this
point while discussing the phase diagrams in later section. The
limit where x ! 1, the self-propelling particles resemble active
Brownian particles (ABP)2,6,14,27,38,83 confined within the trap.
In 2D, ABP encounter MIPS in bulk at much higher density as
compared to here. The regime of the density and Pe we are con-
cerned here, as ABP lack alignment interactions, it will not pro-
duce clusters beyond the critical size required for MIPS.
The particles here can behave as effectively soft as well as hard,
depending on certain condition. The inter-particle steric interac-
tion between any two particles here becomes increasingly repul-
sive as they come close and it diverges when their centres overlap
i.e. at ri j = 0. Therefore, the particles can be soft only up to a
certain extent and beyond that it becomes extremely hard. The
hardness of the particles can be parametrised as

L =
f0

g
p

e
(6)

If L > 1 the particles are soft and if L  1, it is hard. Here, varying
f0 while keeping the other parameters fixed, we have explored
hard as well as soft particles. For very large L and Pe (in the limit
of e ! 0,KBT ! 0), the particles are close to Vicsek agents. In
bulk, the homogeneous state of Vicsek agents can be transformed
to a polar state when x is lower than a critical strength x c via a
first-order phase transition and when trapped, they can exhibit
different complex dynamical patterns (e.g. swarms)84.

Finally, the dimensionless steepness parameter of the circular
wall of the cavity can be written as

S = qs . (7)

We will show that one can tune S by varying q to control the self-
organisation of the particles externally.
We simulate the system by integrating the equations of motion
given in Eq[2] and Eq[4] simultaneously, with open boundary
condition. To update velocity and position we follow velocity
Verlet algorithm with dt = 10�3. All the data presented here
are tested with total number of particles N = 103,N = 5 ⇥ 103

and N = 10 ⇥ 103 particles to estimate the finite size effect which
has turned out not to cause any qualitative change to the data
presented here. For example, we have shown that the spatially
(hexagonal) as well as directionally (polar) ordered steady states
for these three different N, have no qualitative difference between
them (see Fig[1] in the supplement). The data presented here are
analysed by OVITO85.

3 Results

3.1 Order Parameters

We begin by analysing the steady states of the system obtained by
varying Pe, and S at fixed f and x . The steady states of the system
are characterised by their spatial and directional organisations.
The spatial organisation of the particles is quantified by the local
(at the level of individual particle) hexagonal order parameter,
defined as

y6,i =
1
Ni

Â
j

exp(i6qi j) (8)

where i =
p

�1 and Ni is the number of topologically (Voronoi)
nearest neighbours of ith particle. The summation is over all such
neighbours of ith particle and qi j is the bond angle between ith
and jth particles with respect to some arbitrarily chosen reference
frame. For a perfect triangular lattice in 2D, Qi

6 = |y6,i| is unity.
With disorder its value reduces from unity and for a maximally
disordered configuration it is zero. For a given configuration of
particles, with Qi

6 one can quantify local order and disorder by
identifying ordered zones and defects in between. To quantify
the global positional order of the system in a steady state we con-
sider global hexatic order parameter as Q6 = h|hy6,iii|i(r,t) where
h.ii denotes the averaging over all particles and h.i(r,t) denotes
averaging over realisations and time in steady state. The state
of the system having Q6 above (below) a certain threshold is or-
dered (disordered).
The local polar order of individual particle can be quantified
by the angle made by n̂i with respect to an arbitrarily chosen
reference frame and to quantify the global polar order, follow-
ing17,45,57 we define average polar order parameter in steady
states as,

P =

�����
1
N Â

i
n̂i

����� (9)

where P ⌘ |P| = |Prr̂ + Pq q̂ | =
q

P2
r +P2

q in plane polar coordi-
nate. When all the particles are propelling being perfectly aligned
with each other, P = 1 and when they are moving randomly,
P = 0. In a steady state, if the time and realisation averaged
value of P goes beyond a certain threshold, the state is polar and
otherwise non-polar. The polar state here is the reminiscent of
the flocking state of Vicsek agents45, which can be stable when
the value of x is below a threshold value. In this state, when the
particles encounter the boundary of the circular trap, the radially
outward component of the force exerted by the particles to the
trap is balanced by radially inward repulsion from the boundary.
Also in the polar state, as x is low, it is more probable for a par-
ticle to remain close to the boundary than to turn around from
it59. Thus the particles in the polar state accumulate close to the
boundary and flock together along it, giving rise to self-rotating
clusters in the trap. The sense of rotation is spontaneously cho-
sen. In a similar set up, with hydrodynamic and electrostatic in-
teractions, formation of other complex structures such as vortices
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FIG. 5. Rolling and structural ordering : (A) Probability distribution of radial component of velocities of the particles.
Red : non-bouncing cluster. Black : bouncing cluster. (A, Inset) Black : position vs. time for centre of mass of bouncing
cluster. Red : position vs. time for centre of mass of non-bouncing cluster. (B) Cluster of particles spreads along the boundary
and rotating along the direction of grey arrow. Grey scale : trapping potential strength, non-dimensionalized by f0�, Colour-
scale : radial component of particle velocities. Clusters are not bouncing at the boundary. (C,D) Clusters are round in shape,
rotating along the direction of grey arrow. Grey scale : trapping potential, non-dimensionalized by f0�, Colour-scale : radial
component of particle velocities. Clusters are bouncing at the boundary that generates a force couple —(Fr,F 0

r)—(see D)
within it. (D) Zoomed part of the lower half of (C) (denoted by the box with red broken line). The colour scale is same as
(C). White arrow – schematic trajectory of the cluster while bouncing at the boundary of the trap. Red arrow – schematic
direction of the radial velocities involved in the couple. Blue arrow : schematic velocity directions of the cluster along ✓̂. Primed
quantities : approaching towards the boundary before the bounce. Un-primed quantities : going away from the boundary after
the bounce. Therefore the clusters roll around its centre of mass while rotating around the centre of the trap. (E) Typical
trajectory of a single particle in a non-rolling but rotating cluster on XY plane. (F) Typical trajectory of a single particle in a
rolling as well as rotating cluster on XY plane. (G) rolling frequency distribution in rolling cluster (black) and rolling frequency
distribution in non-rolling cluster (red). (G(a)) Distribution of rolling frequency over the particles forming non-rolling cluster
rotating along the direction of the grey arrows. Colour scale : rolling frequency. (G(b)) Distribution of rolling frequency over
the particles forming rolling cluster rotating along the direction of the grey arrows. Colour scale : rolling frequency. Grey
scale : trapping potential strength. non-dimensionalized by f0� (G(c)) Zoomed in configuration from non-rolling cluster in
(G(a)) where structural order is absent. (G(d)) Zoomed in configuration from rolling cluster in (G(b)) where structural order is
present. (H) Standard deviation from the mean of the distribution of P (vir) for various steepness of the trap. Red open points
: from simulations. Black solid line(Eq : �vr = A/

p
S+B,A = 0.1598, B = �0.0753203) : a fit from theory with via A and B.

boundary and self propulsion of the particles. It is ap-
parent from the oscillation of the position of their centre
of mass over time, shown in Fig5(A, inset). In the same
figure we have also plotted the position of the centre of
mass of the clusters that we have when the boundary of
the trap is very steep i.e. S > Sc. The oscillation is neg-
ligibly small comparison to the former which implies the
absence of bounce in the latter.

When S < Sc, we have found that the fragmented
polar clusters are repeatedly bouncing at the boundary of
the trap. Therefore the radial component of the velocities
(vi

r) of the particles within the clusters can be positive as
well as negative. The distribution of vi

r over the particles
of the clusters are shown in Fig5(A, B, C). It shows that
the particles of a cluster approaching the wall of the trap
have positive radial velocities, particles at the wall have

Rolling

How does rolling frequency scale with steepness of the trap?
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FIG. 5. Rolling and structural ordering : (A) Probability distribution of radial component of velocities of the particles.
Red : non-bouncing cluster. Black : bouncing cluster. (A, Inset) Black : position vs. time for centre of mass of bouncing
cluster. Red : position vs. time for centre of mass of non-bouncing cluster. (B) Cluster of particles spreads along the boundary
and rotating along the direction of grey arrow. Grey scale : trapping potential strength, non-dimensionalized by f0�, Colour-
scale : radial component of particle velocities. Clusters are not bouncing at the boundary. (C,D) Clusters are round in shape,
rotating along the direction of grey arrow. Grey scale : trapping potential, non-dimensionalized by f0�, Colour-scale : radial
component of particle velocities. Clusters are bouncing at the boundary that generates a force couple —(Fr,F 0

r)—(see D)
within it. (D) Zoomed part of the lower half of (C) (denoted by the box with red broken line). The colour scale is same as
(C). White arrow – schematic trajectory of the cluster while bouncing at the boundary of the trap. Red arrow – schematic
direction of the radial velocities involved in the couple. Blue arrow : schematic velocity directions of the cluster along ✓̂. Primed
quantities : approaching towards the boundary before the bounce. Un-primed quantities : going away from the boundary after
the bounce. Therefore the clusters roll around its centre of mass while rotating around the centre of the trap. (E) Typical
trajectory of a single particle in a non-rolling but rotating cluster on XY plane. (F) Typical trajectory of a single particle in a
rolling as well as rotating cluster on XY plane. (G) rolling frequency distribution in rolling cluster (black) and rolling frequency
distribution in non-rolling cluster (red). (G(a)) Distribution of rolling frequency over the particles forming non-rolling cluster
rotating along the direction of the grey arrows. Colour scale : rolling frequency. (G(b)) Distribution of rolling frequency over
the particles forming rolling cluster rotating along the direction of the grey arrows. Colour scale : rolling frequency. Grey
scale : trapping potential strength. non-dimensionalized by f0� (G(c)) Zoomed in configuration from non-rolling cluster in
(G(a)) where structural order is absent. (G(d)) Zoomed in configuration from rolling cluster in (G(b)) where structural order is
present. (H) Standard deviation from the mean of the distribution of P (vir) for various steepness of the trap. Red open points
: from simulations. Black solid line(Eq : �vr = A/

p
S+B,A = 0.1598, B = �0.0753203) : a fit from theory with via A and B.

boundary and self propulsion of the particles. It is ap-
parent from the oscillation of the position of their centre
of mass over time, shown in Fig5(A, inset). In the same
figure we have also plotted the position of the centre of
mass of the clusters that we have when the boundary of
the trap is very steep i.e. S > Sc. The oscillation is neg-
ligibly small comparison to the former which implies the
absence of bounce in the latter.

When S < Sc, we have found that the fragmented
polar clusters are repeatedly bouncing at the boundary of
the trap. Therefore the radial component of the velocities
(vi

r) of the particles within the clusters can be positive as
well as negative. The distribution of vi

r over the particles
of the clusters are shown in Fig5(A, B, C). It shows that
the particles of a cluster approaching the wall of the trap
have positive radial velocities, particles at the wall have

In large scale (cluster scale),  f0  — force / area  

11

zero radial velocities and particles bouncing o↵ the wall
have negative radial velocities. Most of the particles in
such cluster have non-zero vi

r. Almost half of the particles
of the cluster has vi

r � 0 and the other half has vi
r <

0. Therefore the distribution P (vi
r) (shown in Fig5(A))

has the mean at zero and its standard deviation �vr is
very large. On the other hand, most of the particles of
the clusters in the trap with steep boundary (S > Sc)
have zero or very low radial velocities. The distribution
P (vi

r) in this case, has zero mean and very small �vr in
comparison to the former.

For the particles in a highly viscous suspensions, the
velocity is proportional to the force where the proportion-
ality constant is the mobility µ = ��1 of the particles.
Therefore the distribution of the radial component of the
net force (say, F i

r) on the particles should be qualita-
tively same as radial velocity distribution. This implies
that for almost half of the cluster that formed within a
smooth (S < Sc) trap, F i

r � 0. Particles of this half are
approaching the boundary before the bounce. For the
other half F i

r < 0. These particles are going away from
the boundary after the bounce. Consequently a force cou-
ple is generated within the bouncing cluster Fig5(D). It
generates a torque to roll around its own centre of mass.
The force couple is absent or negligibly small within the
clusters confined by the steep trap where S > Sc because
most of the particles have zero or very small radial ve-
locities. Therefore no torque is generated within such
clusters to roll.

One can find the evidence of the rolling of an indi-
vidual cluster while plotting a typical trajectory of any
particle within the cluster (Fig5(F)). The trajectory on
XY plane manifests superposition of two time periodic
functions with di↵erent frequencies and phases. One of
them represents its rotation (flocking) along the bound-
ary which is about the origin of the trap. The other one
represents its rolling about its own centre of mass. It is
expected that this feature is absent for the cluster within
a trap having S > Sc (Fig5(E)) as �vr is small in that
case. In Fig5(G), for steep as well as smooth traps, we
have calculated the frequency of rolling (!i) with respect
to centre of mass for the individual particles and show
how they are distributed. From there it can be inferred
that for steep traps, the variation of !i over the particles
in the cluster (can be quantified by the standard devia-
tion �!) is much smaller than its variation observed in
the clusters within smooth traps. It implies that for most
of the particles in a cluster within a steep trap, the rolling
frequency is negligibly small. Only the interfacial parti-
cles have finite rolling frequency which is not enough for
the whole cluster to roll. On the other hand, in case of
the clusters within a smooth trap, almost all the parti-
cles have finite rolling frequency (�! is large). Thus the
whole cluster rolls around its centre of mass while ro-
tating around the centre of the trap. Rolling makes the

cluster round in shape.
One can also find how �vr , for which the force couple

and thereby the rolling of a cluster occurs, scales with the
steepness of the trap. The energy involved in rolling of a
cluster, er / I!2

c where I is its moment of inertia and !c

is its rolling frequency. The width of a cluster measured
from its interface with the trap boundary depends on the
steepness of the trap. It is proportional to l = q�1 which
implies, I / mcl2 where mc is the mass of the cluster. So
er / mcl2!2

c . Again, from previous discussion we know
that the rolling of a cluster occurs due to a force couple.
At moderately high Pe, when the clusters are formed,
the magnitude of the active force f0 exerted by individ-
ual particle, contributes to the force couple much more
than other forces present in the system. In the scale of a
single cluster, f0 can be considered as the magnitude of
active force per unit area. Therefore the total active force
involved in a cluster is proportional to f0l2. Thus the en-
ergy involved in rolling can also be written as, er / f0l3.
Equating the expressions for energies involved in rolling

we obtain !c / f1/2
0 l1/2 = f1/2

0 q�1/2 / f1/2
0 S�1/2. From

previous discussion, we know that the cluster rolls be-
cause of the large variation of radial velocities of the par-
ticles i.e. for large �vr . Therefore, for simplicity if one
assume �vr / !c, it provides �vr / S�1/2 for constant
f0. We have tested the scaling relation between �vr and
the steepness of the trap S and the result is in Fig5(H).

From the discussions above, it is apparent that for
S < Sc and moderately high Pe, the rotating (along
the circular boundary) polar clusters can roll around
their centre of mass. We have shown that how the
rolling frequency of a cluster scales with the steepness
S of the trap. The rolling is important. We find in our
simulations that if a cluster rolls, then only structural
order emerges within it. This is because the structural
order to emerge with short range repulsive forces such
as WCA, the particles should be close enough with each
other making the cluster compact. In the current con-
text, the circular boundary can compactify the rotating
clusters only when they can roll. When S > Sc, though
the clusters rotate along the boundary of the trap they
cannot roll around its centre of mass. Therefore the
particles within the cluster, which are away from the
boundary of the trap, never face the confining potential
directly. So they cannot be close enough to each other
to exhibit the order. On the other hand, when S < Sc,
for moderately high Pe, the clusters can rotate as well as
roll along the boundary, facing the confinement through
out its periphery over time. Thus it can be compactified
by the circular boundary of the trap to manifest the
order.

V. STABILITY OF ORDER

In the sections before, we have discussed that tuning the steepness of the trap can give rise to the hexagonal

11

zero radial velocities and particles bouncing o↵ the wall
have negative radial velocities. Most of the particles in
such cluster have non-zero vi

r. Almost half of the particles
of the cluster has vi

r � 0 and the other half has vi
r <

0. Therefore the distribution P (vi
r) (shown in Fig5(A))

has the mean at zero and its standard deviation �vr is
very large. On the other hand, most of the particles of
the clusters in the trap with steep boundary (S > Sc)
have zero or very low radial velocities. The distribution
P (vi

r) in this case, has zero mean and very small �vr in
comparison to the former.

For the particles in a highly viscous suspensions, the
velocity is proportional to the force where the proportion-
ality constant is the mobility µ = ��1 of the particles.
Therefore the distribution of the radial component of the
net force (say, F i

r) on the particles should be qualita-
tively same as radial velocity distribution. This implies
that for almost half of the cluster that formed within a
smooth (S < Sc) trap, F i

r � 0. Particles of this half are
approaching the boundary before the bounce. For the
other half F i

r < 0. These particles are going away from
the boundary after the bounce. Consequently a force cou-
ple is generated within the bouncing cluster Fig5(D). It
generates a torque to roll around its own centre of mass.
The force couple is absent or negligibly small within the
clusters confined by the steep trap where S > Sc because
most of the particles have zero or very small radial ve-
locities. Therefore no torque is generated within such
clusters to roll.

One can find the evidence of the rolling of an indi-
vidual cluster while plotting a typical trajectory of any
particle within the cluster (Fig5(F)). The trajectory on
XY plane manifests superposition of two time periodic
functions with di↵erent frequencies and phases. One of
them represents its rotation (flocking) along the bound-
ary which is about the origin of the trap. The other one
represents its rolling about its own centre of mass. It is
expected that this feature is absent for the cluster within
a trap having S > Sc (Fig5(E)) as �vr is small in that
case. In Fig5(G), for steep as well as smooth traps, we
have calculated the frequency of rolling (!i) with respect
to centre of mass for the individual particles and show
how they are distributed. From there it can be inferred
that for steep traps, the variation of !i over the particles
in the cluster (can be quantified by the standard devia-
tion �!) is much smaller than its variation observed in
the clusters within smooth traps. It implies that for most
of the particles in a cluster within a steep trap, the rolling
frequency is negligibly small. Only the interfacial parti-
cles have finite rolling frequency which is not enough for
the whole cluster to roll. On the other hand, in case of
the clusters within a smooth trap, almost all the parti-
cles have finite rolling frequency (�! is large). Thus the
whole cluster rolls around its centre of mass while ro-
tating around the centre of the trap. Rolling makes the

cluster round in shape.
One can also find how �vr , for which the force couple

and thereby the rolling of a cluster occurs, scales with the
steepness of the trap. The energy involved in rolling of a
cluster, er / I!2

c where I is its moment of inertia and !c

is its rolling frequency. The width of a cluster measured
from its interface with the trap boundary depends on the
steepness of the trap. It is proportional to l = q�1 which
implies, I / mcl2 where mc is the mass of the cluster. So
er / mcl2!2

c . Again, from previous discussion we know
that the rolling of a cluster occurs due to a force couple.
At moderately high Pe, when the clusters are formed,
the magnitude of the active force f0 exerted by individ-
ual particle, contributes to the force couple much more
than other forces present in the system. In the scale of a
single cluster, f0 can be considered as the magnitude of
active force per unit area. Therefore the total active force
involved in a cluster is proportional to f0l2. Thus the en-
ergy involved in rolling can also be written as, er / f0l3.
Equating the expressions for energies involved in rolling

we obtain !c / f1/2
0 l1/2 = f1/2

0 q�1/2 / f1/2
0 S�1/2. From

previous discussion, we know that the cluster rolls be-
cause of the large variation of radial velocities of the par-
ticles i.e. for large �vr . Therefore, for simplicity if one
assume �vr / !c, it provides �vr / S�1/2 for constant
f0. We have tested the scaling relation between �vr and
the steepness of the trap S and the result is in Fig5(H).

From the discussions above, it is apparent that for
S < Sc and moderately high Pe, the rotating (along
the circular boundary) polar clusters can roll around
their centre of mass. We have shown that how the
rolling frequency of a cluster scales with the steepness
S of the trap. The rolling is important. We find in our
simulations that if a cluster rolls, then only structural
order emerges within it. This is because the structural
order to emerge with short range repulsive forces such
as WCA, the particles should be close enough with each
other making the cluster compact. In the current con-
text, the circular boundary can compactify the rotating
clusters only when they can roll. When S > Sc, though
the clusters rotate along the boundary of the trap they
cannot roll around its centre of mass. Therefore the
particles within the cluster, which are away from the
boundary of the trap, never face the confining potential
directly. So they cannot be close enough to each other
to exhibit the order. On the other hand, when S < Sc,
for moderately high Pe, the clusters can rotate as well as
roll along the boundary, facing the confinement through
out its periphery over time. Thus it can be compactified
by the circular boundary of the trap to manifest the
order.

V. STABILITY OF ORDER

In the sections before, we have discussed that tuning the steepness of the trap can give rise to the hexagonal
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their centre of mass. We have shown that how the
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simulations that if a cluster rolls, then only structural
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have negative radial velocities. Most of the particles in
such cluster have non-zero vi

r. Almost half of the particles
of the cluster has vi

r � 0 and the other half has vi
r <

0. Therefore the distribution P (vi
r) (shown in Fig5(A))

has the mean at zero and its standard deviation �vr is
very large. On the other hand, most of the particles of
the clusters in the trap with steep boundary (S > Sc)
have zero or very low radial velocities. The distribution
P (vi

r) in this case, has zero mean and very small �vr in
comparison to the former.

For the particles in a highly viscous suspensions, the
velocity is proportional to the force where the proportion-
ality constant is the mobility µ = ��1 of the particles.
Therefore the distribution of the radial component of the
net force (say, F i

r) on the particles should be qualita-
tively same as radial velocity distribution. This implies
that for almost half of the cluster that formed within a
smooth (S < Sc) trap, F i

r � 0. Particles of this half are
approaching the boundary before the bounce. For the
other half F i

r < 0. These particles are going away from
the boundary after the bounce. Consequently a force cou-
ple is generated within the bouncing cluster Fig5(D). It
generates a torque to roll around its own centre of mass.
The force couple is absent or negligibly small within the
clusters confined by the steep trap where S > Sc because
most of the particles have zero or very small radial ve-
locities. Therefore no torque is generated within such
clusters to roll.

One can find the evidence of the rolling of an indi-
vidual cluster while plotting a typical trajectory of any
particle within the cluster (Fig5(F)). The trajectory on
XY plane manifests superposition of two time periodic
functions with di↵erent frequencies and phases. One of
them represents its rotation (flocking) along the bound-
ary which is about the origin of the trap. The other one
represents its rolling about its own centre of mass. It is
expected that this feature is absent for the cluster within
a trap having S > Sc (Fig5(E)) as �vr is small in that
case. In Fig5(G), for steep as well as smooth traps, we
have calculated the frequency of rolling (!i) with respect
to centre of mass for the individual particles and show
how they are distributed. From there it can be inferred
that for steep traps, the variation of !i over the particles
in the cluster (can be quantified by the standard devia-
tion �!) is much smaller than its variation observed in
the clusters within smooth traps. It implies that for most
of the particles in a cluster within a steep trap, the rolling
frequency is negligibly small. Only the interfacial parti-
cles have finite rolling frequency which is not enough for
the whole cluster to roll. On the other hand, in case of
the clusters within a smooth trap, almost all the parti-
cles have finite rolling frequency (�! is large). Thus the
whole cluster rolls around its centre of mass while ro-
tating around the centre of the trap. Rolling makes the

cluster round in shape.
One can also find how �vr , for which the force couple

and thereby the rolling of a cluster occurs, scales with the
steepness of the trap. The energy involved in rolling of a
cluster, er / I!2

c where I is its moment of inertia and !c

is its rolling frequency. The width of a cluster measured
from its interface with the trap boundary depends on the
steepness of the trap. It is proportional to l = q�1 which
implies, I / mcl2 where mc is the mass of the cluster. So
er / mcl2!2

c . Again, from previous discussion we know
that the rolling of a cluster occurs due to a force couple.
At moderately high Pe, when the clusters are formed,
the magnitude of the active force f0 exerted by individ-
ual particle, contributes to the force couple much more
than other forces present in the system. In the scale of a
single cluster, f0 can be considered as the magnitude of
active force per unit area. Therefore the total active force
involved in a cluster is proportional to f0l2. Thus the en-
ergy involved in rolling can also be written as, er / f0l3.
Equating the expressions for energies involved in rolling

we obtain !c / f1/2
0 l1/2 = f1/2

0 q�1/2 / f1/2
0 S�1/2. From

previous discussion, we know that the cluster rolls be-
cause of the large variation of radial velocities of the par-
ticles i.e. for large �vr . Therefore, for simplicity if one
assume �vr / !c, it provides �vr / S�1/2 for constant
f0. We have tested the scaling relation between �vr and
the steepness of the trap S and the result is in Fig5(H).

From the discussions above, it is apparent that for
S < Sc and moderately high Pe, the rotating (along
the circular boundary) polar clusters can roll around
their centre of mass. We have shown that how the
rolling frequency of a cluster scales with the steepness
S of the trap. The rolling is important. We find in our
simulations that if a cluster rolls, then only structural
order emerges within it. This is because the structural
order to emerge with short range repulsive forces such
as WCA, the particles should be close enough with each
other making the cluster compact. In the current con-
text, the circular boundary can compactify the rotating
clusters only when they can roll. When S > Sc, though
the clusters rotate along the boundary of the trap they
cannot roll around its centre of mass. Therefore the
particles within the cluster, which are away from the
boundary of the trap, never face the confining potential
directly. So they cannot be close enough to each other
to exhibit the order. On the other hand, when S < Sc,
for moderately high Pe, the clusters can rotate as well as
roll along the boundary, facing the confinement through
out its periphery over time. Thus it can be compactified
by the circular boundary of the trap to manifest the
order.

V. STABILITY OF ORDER

In the sections before, we have discussed that tuning the steepness of the trap can give rise to the hexagonal
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FIG. 5. Rolling and structural ordering : (A) Probability distribution of radial component of velocities of the particles.
Red : non-bouncing cluster. Black : bouncing cluster. (A, Inset) Black : position vs. time for centre of mass of bouncing
cluster. Red : position vs. time for centre of mass of non-bouncing cluster. (B) Cluster of particles spreads along the boundary
and rotating along the direction of grey arrow. Grey scale : trapping potential strength, non-dimensionalized by f0�, Colour-
scale : radial component of particle velocities. Clusters are not bouncing at the boundary. (C,D) Clusters are round in shape,
rotating along the direction of grey arrow. Grey scale : trapping potential, non-dimensionalized by f0�, Colour-scale : radial
component of particle velocities. Clusters are bouncing at the boundary that generates a force couple —(Fr,F 0

r)—(see D)
within it. (D) Zoomed part of the lower half of (C) (denoted by the box with red broken line). The colour scale is same as
(C). White arrow – schematic trajectory of the cluster while bouncing at the boundary of the trap. Red arrow – schematic
direction of the radial velocities involved in the couple. Blue arrow : schematic velocity directions of the cluster along ✓̂. Primed
quantities : approaching towards the boundary before the bounce. Un-primed quantities : going away from the boundary after
the bounce. Therefore the clusters roll around its centre of mass while rotating around the centre of the trap. (E) Typical
trajectory of a single particle in a non-rolling but rotating cluster on XY plane. (F) Typical trajectory of a single particle in a
rolling as well as rotating cluster on XY plane. (G) rolling frequency distribution in rolling cluster (black) and rolling frequency
distribution in non-rolling cluster (red). (G(a)) Distribution of rolling frequency over the particles forming non-rolling cluster
rotating along the direction of the grey arrows. Colour scale : rolling frequency. (G(b)) Distribution of rolling frequency over
the particles forming rolling cluster rotating along the direction of the grey arrows. Colour scale : rolling frequency. Grey
scale : trapping potential strength. non-dimensionalized by f0� (G(c)) Zoomed in configuration from non-rolling cluster in
(G(a)) where structural order is absent. (G(d)) Zoomed in configuration from rolling cluster in (G(b)) where structural order is
present. (H) Standard deviation from the mean of the distribution of P (vir) for various steepness of the trap. Red open points
: from simulations. Black solid line(Eq : �vr = A/

p
S+B,A = 0.1598, B = �0.0753203) : a fit from theory with via A and B.

boundary and self propulsion of the particles. It is ap-
parent from the oscillation of the position of their centre
of mass over time, shown in Fig5(A, inset). In the same
figure we have also plotted the position of the centre of
mass of the clusters that we have when the boundary of
the trap is very steep i.e. S > Sc. The oscillation is neg-
ligibly small comparison to the former which implies the
absence of bounce in the latter.

When S < Sc, we have found that the fragmented
polar clusters are repeatedly bouncing at the boundary of
the trap. Therefore the radial component of the velocities
(vi

r) of the particles within the clusters can be positive as
well as negative. The distribution of vi

r over the particles
of the clusters are shown in Fig5(A, B, C). It shows that
the particles of a cluster approaching the wall of the trap
have positive radial velocities, particles at the wall have

8872 | Soft Matter, 2019, 15, 8865--8878 This journal is©The Royal Society of Chemistry 2019

with the interfacial particles, the other particles behind the
interface start to experience the radially inward repulsion
from the boundary. The repulsion decreases exponentially
over the length scale l. Therefore the particles experience
spatially non-uniform repulsion from the boundary. Particles
closer to (farther from) the boundary face more (less) repul-
sion from it. This causes the particles which are close to the
boundary at a certain instant of time to go away from it in the
next instants, where the repulsion is very small. From there,
due to self propulsion they again come close to the boundary
and are repelled. Thus the particles repeatedly come close to
the boundary due to the self propulsion and go away from it
due to the repulsion. Thus, the self-propulsion of the particles
and the repulsion from the trap-boundary compete with
each other.

The interplay between the self-propulsion and non-uniform
repulsion from the boundary of the trap causes the particles to
bounce back and forth at the boundary. As the cluster is polar,
even while bouncing, the particles follow each other efficiently.
Therefore they bounce coherently at the boundary of the trap.
Consequently, ripples are formed at the interface between the
polar cluster and the circular boundary of the trap. When S is
decreased further, more and more particles face non-uniform,
radially inward repulsion from the trap boundary and the size
of the ripples increases. In Fig. 3A we have shown that at
Pe = 20, for S = 2.5, the interface between the polar cluster
and the trap boundary is smooth. At the same Pe, ripples
appear with decreasing steepness (e.g. S = 0.95 and 0.53 in
Fig. 3B and C) to make the interface rough. Below the threshold
value of the steepness, Sc (C0.5), the roughness of the interface
increases further, which finally leads to the fragmentation of a
cluster into smaller ones. This phenomenon is clearly demon-
strated in Fig. 3D, where we have used S = 0.26 o Sc C 0.5. The
destabilization of smooth fronts by the formation of ripples or

finger-like structures has been observed in other active systems
as well. For example, in a suspension of colloidal micro-rollers
fingering instability, originated from purely long-ranged hydro-
dynamic interactions, can break the smooth shock front into
small clusters.90 However, in the system of our concern, the
effects of long-ranged hydrodynamic interactions are assumed
to be negligible.

The fragmented clusters obtained by destabilizing the
smooth front also bounce back and forth at the boundary due
to the interplay between the non-uniform repulsion and the
self-propulsion of the particles. It should be apparent from the
oscillation of the position of the centre of mass (rc) over time of
a fragmented cluster. To demonstrate this, in Fig. 4A (inset) we
have plotted rc with time for Pe = 40, S = 0.1 o Sc C 1, where
it is apparent that rc oscillates with time. In the same figure we
have also plotted rc with time for Pe = 40, S = 2.5 4 Sc C 1,
where the oscillation is negligibly small. This indicates that,
unlike the fragmented polar clusters which are formed when
S o Sc, the polar clusters (formed when S 4 Sc) do not bounce
back and forth at the boundary of the trap.

The signs of the radial components of the velocities (vi
r) of

the particles and their probability distribution (P(vi
r)) carry the

footprints of the bounce of a cluster. We find that the particles
of a bouncing cluster while approaching the wall of the trap
have negative radial velocities, while bouncing at the wall have
zero radial velocities, and after the bounce, while going away
from the wall, have positive radial velocities. It is manifested by
the distributions of the radial velocities of the individual
particles which are shown in Fig. 4(A–C). The probabilities of
an individual particle to go towards the boundary before the
bounce and away from the boundary after the bounce with
radial velocity vi

r are the same, i.e. P(vi
r) = P(!vi

r), which is
reflected in the fact that hviri ¼

Ð
dvirv

i
rP vir
" #
¼ 0. Furthermore,

at Pe = 40, when S = 0.1 o Sc C 1, most of the particles in the

Fig. 4 The force couple. (A) The probability distribution of the radial components of the velocities of the particles. Black: bouncing cluster (S o Sc). Red:
non-bouncing cluster (S 4 Sc). (A, inset) – black: the position of the centre of mass with time for the bouncing cluster; red: the position of the centre of
mass with time for the non-bouncing cluster. (B) The cluster of particles spreads along the boundary and rotates along the direction of the grey arrow.
Greyscale: trapping potential strength, scaled by f0s, RGB-scale: radial components of the velocities of the particles. (C and D) Clusters are round in
shape, rotating along the direction of the grey arrow. The colour scales are the same as before. Clusters bounce at the boundary that generates a force
couple – (Fr,Fr

0) – (see D) within it. (D) Zoomed-in part of the lower half of (C) (denoted by the box with a red broken line). White arrow – the schematic
trajectory of the cluster while bouncing at the boundary of the trap; red arrow – the schematic direction of the radial component of the velocity of the
cluster. Blue arrow: schematic direction of the ŷ; component of the velocity of the cluster. Fr: radial force within the cluster towards the boundary.
Fr

’: radial force within the cluster away from the boundary.
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FIG. 2. Controlling self-organisation by steepness: (A): 4 snaps along time (black arrow) showing configurations with
structural ordering due to quasistatically varying steepness of the trap. The trap potential is plotted in grey scale. The potential
is non-dimensionalized by the active energy required by a particle to propel through a distance same as its diameter. The value
of the local hexagonal order parameter (defined later) for every particle is manifested by the colours of the particles. Higher
the value of the local order parameter of a particle, it is in more ordered region of the cluster. Round grey arrows are direction
of rotation of the cluster. The cyan boxes are areas of the clusters zoomed in panel B. (B): Zoomed configurations exactly
below the corresponding snaps of the full system in (A). Red arrows imples velocities of the particles. (C): The structural order
within a cluster quantified by global hexagonal order parameter (defined later) , increases with inverse of the steepness of the
trap. The Peclet number for the particles here is fixed at ⇠ 200.

where n̂k = vk/|vk|, Si is the neighbouring circular
area of ith self-propelling particle, within which there
are NSi particles that include the neighbours of ith par-
ticle and ith particle itself. They are indexed with
k = 1, 2, ...., NSi . R⇠(✓) is the operator that rotates (de-
noted by �) the average direction of the neighbours within
Si by the randomly chosen angle ✓ to model the imperfec-
tion in the alignment. Instead above, one may also con-
sider continuum version of Vicsek dynamics [12, 25, 47]
though the qualitative features of the system will remain
same [81].

Within a distance smaller than rint, the particles are
also repelling each other by a spherically symmetric force
derived from a soft, continuous potential Vwca: Weeks-
Chandler-Andersen (WCA) interaction [82] to account
for the e↵ect of excluded volume interaction between the
particles,

Vwca = 4✏

 
�12

r12
ij

� �6

r6
ij

!
+ ✏ for rij < 21/6�

= 0. elsewhere (3)

Here rij is the distance between i-th and j-th particles
and ✏ determines the strength of the repulsive potential
between them. The length scale involved in the repul-
sive potential is � which is the measure of the size of an
individual particle. We have considered � as the unit of
length. We consider rint = 2� to ensure alignment even
when particles are very close to each other. Here we as-
sume that the alignment is of non-steric origin which may
be realised by the systems having spherically symmetric
vibrated disks [83] or active colloids under magnetic or
long-ranged hydrodynamic interactions respectively. It
can also be mentioned here that the model described here
captures the essential features of active systems such as

migratory cells [84], where both the e↵ects of excluded
volume and alignment interactions are relevant.

At time t, if the position and velocity of ith particle are
denoted by ri(t) and vi(t), its dynamics can be written
within Langevin paradigm as,

m
dvi

dt
= ��vi � Fi + f0n̂i +

p
2�KBT⌘i (4)

where m is the mass of a particle, � is the friction coe�-
cient due to the surrounding fluid and ⌘i is the thermal
noise, i.e. h⌘ii = 0, h⌘i(t1)⌘j(t2)i = �ij�(t1 � t2). We
consider mass of the particle to be unity and � to be
fixed at high value (⇠ 10) such that for unit ✏ and �,p

✏/�� << 1 which is motivated by the systems with
high viscosity (e.g. colloidal suspensions, bacterial sus-
pensions etc.). The force Fi is the superposition of all
the forces on ith particle, provided by the trapping po-
tential U and collisions with other particles via WCA
interaction, i.e. Fi = �riU +

P
j Fwca

ij . f0 is the mag-
nitude of self-propelling force, the direction of which is
decided by Eq.[2]. The strength of the thermal noise
is related to the friction coe�cient and temperature of
the surrounding fluid by fluctuation-dissipation relation
which ensures the equilibrium of the system in absence
of self-propulsion. We consider the system to be far from
equilibrium due to self propulsion where the e↵ect of pas-
sive, thermal di↵usion is small. Therefore through out
the calculation we consider KBT/f0�  10�4.

In similar systems, role of the defects on the verge of
the transition from fluid like disordered phase to ordered
phases (for example, hexagonal and polar phases) have
been explored in bulk [57]. Recently, while varying dif-
ferent parameters, it has been shown that similar model
can also accommodate other complex steady states in
bulk, e.g. finite-sized polar clusters, band-like or lane-
like highly dynamic structures and their hybrids [25].

Spatial Order
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Abstract
Considering a gas of self-propelled particles with binary interactions, we derive
the hydrodynamic equations governing the density and velocity fields from the
microscopic dynamics, in the framework of the associated Boltzmann equation.
Explicit expressions for the transport coefficients are given, as a function of the
microscopic parameters of the model. We show that the homogeneous state
with zero hydrodynamic velocity is unstable above a critical density (which
depends on the microscopic parameters), signalling the onset of a collective
motion. Comparison with numerical simulations on a standard model of self-
propelled particles shows that the phase diagram we obtain is robust, in the
sense that it depends only slightly on the precise definition of the model. While
the homogeneous flow is found to be stable far from the transition line, it
becomes unstable with respect to finite-wavelength perturbations close to the
transition, implying a non-trivial spatio-temporal structure for the resulting
flow. We find solitary wave solutions of the hydrodynamic equations, quite
similar to the stripes reported in direct numerical simulations of self-propelled
particles.

PACS numbers: 05.70.Ln, 05.20.Dd, 64.60.Cn

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In the recent years, a lot of effort has been expended with the aim of explaining the collective
behaviour of living systems [1]. Such collective behaviours can be observed on many different
scales including mammal herds [2], crowds of pedestrians [3, 4], bird flocks [5], fish schools

1751-8113/09/445001+31$30.00 © 2009 IOP Publishing Ltd Printed in the UK 1

Complemented with

equilibrium relations between Fex, JWCA and req do not alter even
under out of equilibrium conditions but the density profile under
non-equilibrium conditions becomes explicitly time dependent.
This approximation works best when r(2) relaxes much more rapidly
than r. It is therefore referred to as an adiabatic approximation.73,101

Note that even if we employ DDFT to calculate JWCA approximately,
the dynamics of r will be complete only when the current due to
advection (w) will be included into it. Therefore, finally, the
dynamics of the density becomes

qtr(r,t) + r!w = "r!(Jdiffusion + Jdrift + JWCA) (12)

Eqn (10) and (12) can be viewed as the generalised versions of
the equations developed for Vicsek fluids92,93 in the presence of
spherically symmetric external potentials and inter-particle
interactions.

According to the simulation discussed before, the trap with
high steepness (i.e. S 4 Sc) contains a homogeneous polar layer

of the particles, flocking along ŷ, along with its boundary. As
the polar layer is homogeneous, from eqn (10) it is evident that

w ¼
ffiffiffiffiffiffiffiffi
m=z

p
ŷ ¼ w0. With decreasing steepness of the trap bound-

ary, the homogeneous layer becomes unstable. The instability
sets in via ripple formation, as discussed before. One may
analyse the onset of the instability within linear stability
analysis where the homogeneous solution of eqn (10) and
(12) can be perturbed linearly as w = w0 + dw(r,t) = w0 + dwrr̂ +
dwyŷ and r = r0 + dr(r,t), with the ansatz dw = dw0 exp(st + iQ!r)
and dr = dr0 exp(st + iQ!r), to verify whether they grow or decay
with time. Here the wavenumber Q is assumed to have real
components, whereas the growth rate s can be complex. As far
as the ripple formation is concerned, the temporal behaviour of
dwr will be of particular interest.

So far we have discussed the dynamics of r and w and
mention a procedure to tackle the onset of the instability
(formation of ripples) with linear stability analysis. The detailed
analysis of the non-equilibrium phase transition, which may
also require the direct numerical solution of eqn (10) and (12),
is beyond the scope of the current paper. Work along this
direction is in progress.

Secondly, in our set-up, depending on the steepness and
activity one may obtain multiple clusters with polar order and
hexagonal order. The clusters are dynamic and therefore can
collide with each other. Though these events can destroy the
orders within a cluster, it is a transient phenomenon. After one
such event of a collision, when a cluster is allowed to relax to a
steady-state without facing further collision, eventually it
regains both structural order and polar order. This implies that
the orders, which are developed within the clusters, are robust
against such events. Hence we obtain a simple protocol to
control the degree of structural order within a polar cluster
which can be implemented in the experiments. Pertinent issues
regarding crystalline order within confined active particles are
raised and investigated in ref. 102. There, self-propelling and
spontaneously aligning hard discs are allowed to form a close-
packed configuration with perfect hexagonal order within a
hexagonal arena. Removing particles from such a configuration

causes Q11condensation of shear along the stacking faults, which
leads to large scale shear flow within the system. Surprisingly,
both structural order and polar order can survive against the
flow, providing us flowing, polar crystals. But the packing
fraction used in the study is very high (C81%) compared to
the study here. Consequently, we see that the kinetics of
ordering here is fundamentally different from that in ref. 102.

Finally, together with eqn (4), one may consider the con-
tinuum version of Vicsek dynamics as described in ref. 17
instead the discrete version in eqn (2), though the results will
be qualitatively similar. To illustrate this we simulate the
system with continuous Vicsek dynamics instead the discrete
one, for low as well high steepness of the trapping potential. We
obtain configurations qualitatively similar to the configura-
tions obtained by the discrete simulations; that is, for low
steepness we obtain a spatially ordered (hexagonal), round-
shaped polar cluster with dynamic grain boundaries, whereas
for high steepness we obtain a disordered (liquid-like) polar
layer along the circular boundary of the trap. The details are
provided in the ESI,† Fig. S3.

6 Conclusion
We have considered a circular (thus spherically symmetric) trap
with tuneable steepness, which can confine self-propelling,
self-aligning, soft discs at low packing fractions. The particles
being active accumulate at the boundary of the steep trap. They
form a strip-like polar cluster that spreads and rotates along the
boundary. The polar order is stable because their rotational
fluctuation is quite small compared to self-propulsion and
velocity aligning interaction. Tuning the steepness of the trap
we have shown that as the steepness goes below a threshold
value, the cluster becomes round in shape, and hexagonal order
emerges within it, keeping the polar order intact. The transition
occurs because, as the steepness of the trap is reduced, the
polar, strip-like cluster is fragmented into smaller clusters
which not only rotate but also roll around their centres of
mass. The complex dynamics of the cluster, which combines
the rolling and rotation, facilitates the trap to push the particles
inside from every direction. Due to this, in addition to the polar
order, the cluster becomes compact enough to exhibit hexago-
nal order in the presence of short-ranged, isotropic, inter-
particle repulsion. The hexagonal order is unstable in the
absence of the trap. When the trap is switched off, the order
decays over time with a power law.

Here we have explored the dynamics of the system by
simulating it with a particle-based model, as described before.
The model and the results discussed here are amenable to the
experiments. For example, one may consider charge-induced,
electrophoretic, self-propelled Janus colloidal particles, as
described in ref. 29, within confinement providing electrostatic
repulsion to the particles. The repulsion decays exponentially
with the distance between the particle and the confining
boundary. The decay involves a length scale (Debye length) that
typically depends on the solution, the size of the particles and
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order is facilitated by the aligning interaction present in the
system. Interestingly, we find that in case (a), there are two
distinct regimes of the decay where the decay follows two
different powers. The regimes cross over each other. A more
systematic study is needed to reveal the reason behind the
cross-over.

5 Discussion
In this section we will discuss a few important aspects of the
problem. First, we would like to mention here that one can also
treat the problem with the hydrodynamic theory of polar flocks
combined with the techniques from the kinetic theory to
incorporate inter-particle steric interaction. Following ref. 92
and 93 one can write down the dynamics of the current w = rv
(where r and v are the number density and velocity fields of the
system of particles) as

@twþ lðw #rÞw ¼ nr2w& 1

2
rðr& kjwj2Þ & ðr # wÞ n0rrþ kwð Þ

þ m& z wj j2
! "

wþ n0rr # rwþrwT
# $

(10)

where l, n, k, m, and z can depend on r and n0 ¼ dn
dr

. The left-

hand side represents the convective derivative of w with broken
Galilean invariance when l a 1. The gradient of (r & k|w|2) on
the right-hand side is analogous to the gradient of the pressure
term in passive fluid equations. The term (m & z|w|2)w comes
from the Landau double-well potential responsible for the
polar–non-polar transition, whereasr2w represents the viscous
dissipation of the flow. The rest comes from the compressibility
of the flow field w and the coupling between w and r. Here k a
0 is another consequence of the underlying broken Galilean
invariance. The pressure term of a simpler version of the above
with k = 0 can be modified to capture the effect of inter-particle
steric repulsion such that at high densities the dynamics lead
the polar flock towards an amorphous solid with no polar

order.58 Unlike ref. 58, for the problem here, the average
packing fraction is much lower, and apart from very low Pe,
the clusters are always polar, irrespective of their spatial order.

To write down the dynamics of the density r of the system,
we first recall the dynamics of passive, classical fluids under
external force Fext = &rU and with two-body inter-particle
interaction in the over damped limit94–96 as

@trðrÞ ¼ &r # &
KBT

g
rrþ rFext

g
& 1

g

ð
dr0rð2Þðr; r0ÞrVWCA

& '

' &r Jdiffusion þ Jdrift þ JWCAð Þ
(11)

The first term on the right hand side corresponds to the
divergence of the diffusive current and the second term corresponds
to the divergence of the current due to the drift of the particles by
the external potential. The third term is the divergence of the
current involving inter-particle interaction and two-body density

defined as rð2Þðr; r0; tÞ ¼ NðN & 1Þ
VN

Ð
dr000dr0000 . . .Pðr; r0; r00; . . . tÞ,

where N is the total number of particles, P is the joint probability
of all the particles positioned at (r, r0, r00, r0 0 0,. . .) at time t and V is the
volume of the system. Here the equation above is equivalent to the
first member of the Bogoliubov–Born–Green–Kirkwood–Yvon
(BBGKY) hierarchy94,95 in dissipative medium that needs a closure.
For fluids in equilibrium, one can relate JWCA to the excess free
energy Fex of the fluid (free energy due to the inter-particle

interaction) as JWCA ¼r req
dFex

dreq

 !
,95 where with a mean field

approximation94,95,97 one can write the excess free energy as

Fex ¼
1

2

Ð
drdr0reqðrÞreqðr0ÞVWCA r; r0ð Þ. Here req is the equilibrium

density profile. But the system here is out of equilibrium due to
activity where the closure is not exact. To go beyond equilibrium, we
will follow dynamical density functional theory (DDFT),96,98 which
has been used successfully for active as well as passive (but driven
out of equilibrium by external forces) colloidal systems.73,99,100 In
DDFT, one assumes that the forms of the aforementioned
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Fig. 6 Decay of the structural order. (A) The initial state is prepared with x = 1/2p, f = 0.15, S = 0.1 and Pe = 40. RGB-scale: Qi
6. Greyscale: strength of the

trapping potential. (B, upper panel) Snaps of configurations after switching off the trap suddenly. (B, lower panel) Snaps of configurations after switching
off the trap and the velocity aligning interaction suddenly. In both the panels, snaps are at t = 100, 500, and 1000. (C) Q6 vs. time with and without velocity
alignment, after switching off the trap.
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Tuning the self-organization of confined active
particles by the steepness of the trap†

Shubhashis Rana,‡a Md. Samsuzzaman‡b and Arnab Saha *b

We consider the collective dynamics of self-propelling particles in two dimensions. They can align

themselves according to the direction of propulsion of their neighbours, together with small rotational

fluctuations. They also interact with each other via soft, isotropic, repulsive potentials. The particles are

confined in a circular trap. The steepness of the trap is tuneable. The average packing fraction of the

particles is low. When the trap is steep, particles flock along its boundary. They form a polar cluster that

spreads over the boundary. The cluster is not spatially ordered. We show that when the steepness is

decreased beyond a threshold value, the cluster becomes round and compact and eventually spatial

order (hexagonal) emerges in addition to the pre-established polar order. We investigate the kinetics of

such ordering. We find that while rotating around the centre of the trap along its circular boundary, the

cluster needs to roll around its centre of mass to be spatially ordered. We have studied the stability of

the order when the trap is suddenly switched off. We find that for the particles with velocity alignment

interaction, the decay of the spatial order is much slower than the particles without the alignment

interaction.

1 Introduction
Active (self-propelling) interacting particles are likely to be
phase-separated to form clusters with varied dynamical and
structural properties, even in two dimensions (2D). By now this
has been extensively studied in bulk via theory1–20 and by
combining both theory and experiments.21–29 Often the phase-
separated clusters in active systems manifest remarkable steady
(e.g. ref. 1 and 25) as well as dynamic (e.g. ref. 21 and 26) patterns
which can also be crystalline in nature.2,24 Passive equilibrated
systems lack self-propulsion and self-aligning interactions with
the non-steric origin. Hence the dynamics and the patterns
observed in the active systems are usually more intricate than
the systems in equilibrium. Though surprisingly, it turns out that
the intriguing physics of two-step melting – solid to hexatic to
liquid,30–35 which is a characteristic feature of 2D passive
systems, can be important to understand the dynamics of
clustering and the structures within the clusters, observed in
self-propelling but not self-aligning soft discs.36,37 Recent
simulations have suggested that, similar to equilibrium systems,
self-propelling discs, while interacting with each other by soft,
isotropic, repulsive potentials, can exhibit a hexatic phase between

solid and liquid phases while melting, even for considerably high
activity. According to ref. 36, the system needs to be more active to
open up another criticality, independent of the previous one.
There the self-propelling particles, due to their motility, come
close to each other and phase separate. They form clusters that
coexist with the gas-like fluid phase. This motility induced phase
separation (MIPS)38 is the predominant feature of the active
particles where self-propulsion and isotropic excluded volume
interactions dominate over self-aligning interactions. It is an
outcome of positive feedback between the accumulation of parti-
cles and their motility.14,38–41 Though MIPS has been reported
frequently in the recent literature, its characterization remains
elusive. Various issues related to MIPS, e.g. whether the dense
phase obtained in MIPS is liquid-like36 or solid-like2,42 or poly-
crystalline,43 and whether the kinetics of phase separation in all
the active systems are equivalent,2,27,44 are debatable.

The other extreme is where aligning interaction dominates
over excluded volume interaction in a system of self-propelling
particles. In such systems, with sufficiently low fluctuations
and high density, transitions from isotropic to ordered phases
are observed, instead of MIPS. Depending on the types of
aligning interactions,45–47 the choice of the parameter space
in non-linear models for active systems,48 the underlying
symmetry of the system together with non-equilibrium fluctua-
tions on large scales,49–51 various types of ordered phases
(e.g. nematic, polar, smectic) and dynamic patterns (e.g. periodic
density waves, solitonic bands, polar-liquid droplets, rotating
micro-flocks47,52) are obtained. The transition from a spatially
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hexagonally ordered. Note that it cannot be hexagonally
ordered and non-polar. This fact becomes clear when the phase
diagrams in Fig. 1A and B are represented by the scattered plot
in the Q6–P plane with different values of Pe and S in Fig. 1C.
It shows that (i) when both Pe and S are low, the system cannot
support any order; (ii) when Pe is low but S is high, then also it
cannot support any order; (ii) when Pe is high but S is low,
it can support both hexagonal order and polar order; and
(iv) when Pe and S both are high, it can support only
polar order.

(D) To emphasize the influence of the steepness of the trap
boundary further and to achieve control over the degree of the
structural order, one can start from the polar but structurally
disordered phase and decrease the steepness slowly (quasista-
tically) over time to develop the order in addition to the polar
order within the cluster. This can be used as a strategy to
control the degree of the order within the polar cluster of self-
propelling and self-aligning active particles in a confinement.
In Fig. 2A and B we have shown how the structural order varies
with the steepness of the trap over time at constant Pe. As the
structural order increases, Q6 increases with 1/S, which is
depicted in Fig. 2C.

3.3 Kinetics of ordering

From now onwards we will focus on how the spatial (hexagonal)
order emerges in the system with high Pe (Pe Z 20) upon
decreasing S below the threshold Sc while keeping x and f fixed.

From the phase diagram in Fig. 1B it is apparent that even if S
is varied over a broad range, it is not able to destabilize the
polar order much. Though decreasing S introduces the spatial
(hexagonal) order (Fig. 1A), in addition to the polar order. The
onset of such an order is analyzed below.

It is apparent from Fig. 1A that for a given Pe Z 20, there is a
threshold value for the steepness (Sc) of the trap below which
the structural order can emerge. When S 4 Sc and Pe Z 20,
particles accumulate at the boundary of the trap, spread over it
and flock together along the boundary. Thus we obtain polar
clusters rotating along the circular boundary of the trap. When
the boundary is steep (i.e. S 4 Sc), it can exert repulsive force
only on the interfacial particles, i.e. the particles of the layer
adjacent to the trap boundary. The direct influence of the
repulsion from the boundary on the particles behind the
interfacial layer is very small. This is apparent from Fig. 3(A-a),
where we have shown the positions of the particles of such
clusters with their direction of velocity together with the values
of the potential they face from the confining trap. When S Z Sc,
the particles follow the direction almost tangential to the trap. We
find that the interface between the cluster and the trap is smooth
[see Fig. 3(A-a)]. In the figure we have used S = 2.5, Pe = 20 and
Sc C 0.5. According to the phase diagrams in Fig. 1A and B, we
obtain a liquid-like spatially disordered but polar state with a
smooth interface.

When S - S+
c, ripples start to appear at the interface,

making it rough [see Fig. 3(B-b)]. With decreasing S, together

Fig. 3 Fragmentation. At f = 0.15, Pe = 20 and with decreasing S the smooth interface between the particles and trap becomes rough by ripple
formation, and eventually, fragmentation occurs. (A) Self-propelling particles (in brown) accumulated at the circular boundary of the trap. S = 2.5. They
form a strip-like polar cluster with a smooth interface. Grey arrow: the direction of rotation of the clusters. Greyscale: trapping potential strength scaled
by f0s. The configuration within the blue box is zoomed in (a). (a) The positions of the particles are plotted with their directions of velocities (red arrows).
RGB scale: the strengths of the trapping potentials faced by individual particles. Similarly, in (B-b), (C-c) and (D-d) the positions and velocities of the self-
propelling particles and the trapping potentials are plotted in the same way, as in (A) with S = 0.95, 0.53, and 0.26, where the corresponding critical
steepness Sc = 0.5.
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hexagonally ordered. Note that it cannot be hexagonally
ordered and non-polar. This fact becomes clear when the phase
diagrams in Fig. 1A and B are represented by the scattered plot
in the Q6–P plane with different values of Pe and S in Fig. 1C.
It shows that (i) when both Pe and S are low, the system cannot
support any order; (ii) when Pe is low but S is high, then also it
cannot support any order; (ii) when Pe is high but S is low,
it can support both hexagonal order and polar order; and
(iv) when Pe and S both are high, it can support only
polar order.

(D) To emphasize the influence of the steepness of the trap
boundary further and to achieve control over the degree of the
structural order, one can start from the polar but structurally
disordered phase and decrease the steepness slowly (quasista-
tically) over time to develop the order in addition to the polar
order within the cluster. This can be used as a strategy to
control the degree of the order within the polar cluster of self-
propelling and self-aligning active particles in a confinement.
In Fig. 2A and B we have shown how the structural order varies
with the steepness of the trap over time at constant Pe. As the
structural order increases, Q6 increases with 1/S, which is
depicted in Fig. 2C.

3.3 Kinetics of ordering

From now onwards we will focus on how the spatial (hexagonal)
order emerges in the system with high Pe (Pe Z 20) upon
decreasing S below the threshold Sc while keeping x and f fixed.

From the phase diagram in Fig. 1B it is apparent that even if S
is varied over a broad range, it is not able to destabilize the
polar order much. Though decreasing S introduces the spatial
(hexagonal) order (Fig. 1A), in addition to the polar order. The
onset of such an order is analyzed below.

It is apparent from Fig. 1A that for a given Pe Z 20, there is a
threshold value for the steepness (Sc) of the trap below which
the structural order can emerge. When S 4 Sc and Pe Z 20,
particles accumulate at the boundary of the trap, spread over it
and flock together along the boundary. Thus we obtain polar
clusters rotating along the circular boundary of the trap. When
the boundary is steep (i.e. S 4 Sc), it can exert repulsive force
only on the interfacial particles, i.e. the particles of the layer
adjacent to the trap boundary. The direct influence of the
repulsion from the boundary on the particles behind the
interfacial layer is very small. This is apparent from Fig. 3(A-a),
where we have shown the positions of the particles of such
clusters with their direction of velocity together with the values
of the potential they face from the confining trap. When S Z Sc,
the particles follow the direction almost tangential to the trap. We
find that the interface between the cluster and the trap is smooth
[see Fig. 3(A-a)]. In the figure we have used S = 2.5, Pe = 20 and
Sc C 0.5. According to the phase diagrams in Fig. 1A and B, we
obtain a liquid-like spatially disordered but polar state with a
smooth interface.

When S - S+
c, ripples start to appear at the interface,

making it rough [see Fig. 3(B-b)]. With decreasing S, together

Fig. 3 Fragmentation. At f = 0.15, Pe = 20 and with decreasing S the smooth interface between the particles and trap becomes rough by ripple
formation, and eventually, fragmentation occurs. (A) Self-propelling particles (in brown) accumulated at the circular boundary of the trap. S = 2.5. They
form a strip-like polar cluster with a smooth interface. Grey arrow: the direction of rotation of the clusters. Greyscale: trapping potential strength scaled
by f0s. The configuration within the blue box is zoomed in (a). (a) The positions of the particles are plotted with their directions of velocities (red arrows).
RGB scale: the strengths of the trapping potentials faced by individual particles. Similarly, in (B-b), (C-c) and (D-d) the positions and velocities of the self-
propelling particles and the trapping potentials are plotted in the same way, as in (A) with S = 0.95, 0.53, and 0.26, where the corresponding critical
steepness Sc = 0.5.
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external forces) colloidal systems.73,99,100 In DDFT, one assumes
that the forms of the aforementioned equilibrium relations
between Fex, JWCA and req do not alter even under out of
equilibrium conditions but the density profile under non-
equilibrium conditions becomes explicitly time dependent. This
approximation works best when r(2) relaxes much more rapidly
than r. It is therefore referred to as an adiabatic approximation.73,101

Note that even if we employ DDFT to calculate JWCA approximately,
the dynamics of r will be complete only when the current due to
advection (w) will be included into it. Therefore, finally, the
dynamics of the density becomes

qtr(r,t) + r!w = "r!(Jdiffusion + Jdrift + JWCA) (12)

Eqn (10) and (12) can be viewed as the generalised versions of
the equations developed for Vicsek fluids92,93 in the presence of
spherically symmetric external potentials and inter-particle
interactions.

According to the simulation discussed before, the trap with
high steepness (i.e. S 4 Sc) contains a homogeneous polar layer

of the particles, flocking along ŷ, along with its boundary.
As the polar layer is homogeneous, from eqn (10) it is evident

that w ¼
ffiffiffiffiffiffiffiffi
m=z

p
ŷ ¼ w0. With decreasing steepness of the trap

boundary, the homogeneous layer becomes unstable. The
instability sets in via ripple formation, as discussed before.
One may analyse the onset of the instability within linear
stability analysis where the homogeneous solution of eqn (10)
and (12) can be perturbed linearly as w = w0 + dw(r,t) = w0 + dwrr̂ +
dwyŷ and r = r0 + dr(r,t), with the ansatz dw = dw0 exp(st + iQ!r)
and dr = dr0 exp(st + iQ!r), to verify whether they grow or decay
with time. Here the wavenumber Q is assumed to have real
components, whereas the growth rate s can be complex. As far
as the ripple formation is concerned, the temporal behaviour of
dwr will be of particular interest.

So far we have discussed the dynamics of r and w and
mention a procedure to tackle the onset of the instability
(formation of ripples) with linear stability analysis. The detailed
analysis of the non-equilibrium phase transition, which may
also require the direct numerical solution of eqn (10) and (12),
is beyond the scope of the current paper. Work along this
direction is in progress.

Secondly, in our set-up, depending on the steepness and
activity one may obtain multiple clusters with polar order and
hexagonal order. The clusters are dynamic and therefore can
collide with each other. Though these events can destroy the
orders within a cluster, it is a transient phenomenon. After one
such event of a collision, when a cluster is allowed to relax to
a steady-state without facing further collision, eventually it
regains both structural order and polar order. This implies that
the orders, which are developed within the clusters, are robust
against such events. Hence we obtain a simple protocol to
control the degree of structural order within a polar cluster
which can be implemented in the experiments. Pertinent issues
regarding crystalline order within confined active particles
are raised and investigated in ref. 102. There, self-propelling
and spontaneously aligning hard discs are allowed to form a

close-packed configuration with perfect hexagonal order within
a hexagonal arena. Removing particles from such a configu-
ration causes condensation of shear along the stacking faults,
which leads to large scale shear flow within the system.
Surprisingly, both structural order and polar order can survive
against the flow, providing us flowing, polar crystals. But the
packing fraction used in the study is very high (C81%) com-
pared to the study here. Consequently, we see that the kinetics
of ordering here is fundamentally different from that in ref. 102.

Finally, together with eqn (4), one may consider the con-
tinuum version of Vicsek dynamics as described in ref. 17
instead the discrete version in eqn (2), though the results will
be qualitatively similar. To illustrate this we simulate the
system with continuous Vicsek dynamics instead the discrete
one, for low as well high steepness of the trapping potential.
We obtain configurations qualitatively similar to the configura-
tions obtained by the discrete simulations; that is, for low
steepness we obtain a spatially ordered (hexagonal), round-
shaped polar cluster with dynamic grain boundaries, whereas
for high steepness we obtain a disordered (liquid-like) polar
layer along the circular boundary of the trap. The details are
provided in the ESI,† Fig. S3.

6 Conclusion
We have considered a circular (thus spherically symmetric) trap
with tuneable steepness, which can confine self-propelling,
self-aligning, soft discs at low packing fractions. The particles
being active accumulate at the boundary of the steep trap. They
form a strip-like polar cluster that spreads and rotates along the
boundary. The polar order is stable because their rotational
fluctuation is quite small compared to self-propulsion and
velocity aligning interaction. Tuning the steepness of the trap
we have shown that as the steepness goes below a threshold
value, the cluster becomes round in shape, and hexagonal order
emerges within it, keeping the polar order intact. The transition
occurs because, as the steepness of the trap is reduced, the
polar, strip-like cluster is fragmented into smaller clusters
which not only rotate but also roll around their centres of
mass. The complex dynamics of the cluster, which combines
the rolling and rotation, facilitates the trap to push the particles
inside from every direction. Due to this, in addition to the polar
order, the cluster becomes compact enough to exhibit hexagonal
order in the presence of short-ranged, isotropic, inter-particle
repulsion. The hexagonal order is unstable in the absence of
the trap. When the trap is switched off, the order decays over time
with a power law.

Here we have explored the dynamics of the system by
simulating it with a particle-based model, as described before.
The model and the results discussed here are amenable to the
experiments. For example, one may consider charge-induced,
electrophoretic, self-propelled Janus colloidal particles, as
described in ref. 29, within confinement providing electrostatic
repulsion to the particles. The repulsion decays exponentially
with the distance between the particle and the confining boundary.
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external forces) colloidal systems.73,99,100 In DDFT, one assumes
that the forms of the aforementioned equilibrium relations
between Fex, JWCA and req do not alter even under out of
equilibrium conditions but the density profile under non-
equilibrium conditions becomes explicitly time dependent. This
approximation works best when r(2) relaxes much more rapidly
than r. It is therefore referred to as an adiabatic approximation.73,101

Note that even if we employ DDFT to calculate JWCA approximately,
the dynamics of r will be complete only when the current due to
advection (w) will be included into it. Therefore, finally, the
dynamics of the density becomes

qtr(r,t) + r!w = "r!(Jdiffusion + Jdrift + JWCA) (12)

Eqn (10) and (12) can be viewed as the generalised versions of
the equations developed for Vicsek fluids92,93 in the presence of
spherically symmetric external potentials and inter-particle
interactions.

According to the simulation discussed before, the trap with
high steepness (i.e. S 4 Sc) contains a homogeneous polar layer

of the particles, flocking along ŷ, along with its boundary.
As the polar layer is homogeneous, from eqn (10) it is evident

that w ¼
ffiffiffiffiffiffiffiffi
m=z

p
ŷ ¼ w0. With decreasing steepness of the trap

boundary, the homogeneous layer becomes unstable. The
instability sets in via ripple formation, as discussed before.
One may analyse the onset of the instability within linear
stability analysis where the homogeneous solution of eqn (10)
and (12) can be perturbed linearly as w = w0 + dw(r,t) = w0 + dwrr̂ +
dwyŷ and r = r0 + dr(r,t), with the ansatz dw = dw0 exp(st + iQ!r)
and dr = dr0 exp(st + iQ!r), to verify whether they grow or decay
with time. Here the wavenumber Q is assumed to have real
components, whereas the growth rate s can be complex. As far
as the ripple formation is concerned, the temporal behaviour of
dwr will be of particular interest.

So far we have discussed the dynamics of r and w and
mention a procedure to tackle the onset of the instability
(formation of ripples) with linear stability analysis. The detailed
analysis of the non-equilibrium phase transition, which may
also require the direct numerical solution of eqn (10) and (12),
is beyond the scope of the current paper. Work along this
direction is in progress.

Secondly, in our set-up, depending on the steepness and
activity one may obtain multiple clusters with polar order and
hexagonal order. The clusters are dynamic and therefore can
collide with each other. Though these events can destroy the
orders within a cluster, it is a transient phenomenon. After one
such event of a collision, when a cluster is allowed to relax to
a steady-state without facing further collision, eventually it
regains both structural order and polar order. This implies that
the orders, which are developed within the clusters, are robust
against such events. Hence we obtain a simple protocol to
control the degree of structural order within a polar cluster
which can be implemented in the experiments. Pertinent issues
regarding crystalline order within confined active particles
are raised and investigated in ref. 102. There, self-propelling
and spontaneously aligning hard discs are allowed to form a

close-packed configuration with perfect hexagonal order within
a hexagonal arena. Removing particles from such a configu-
ration causes condensation of shear along the stacking faults,
which leads to large scale shear flow within the system.
Surprisingly, both structural order and polar order can survive
against the flow, providing us flowing, polar crystals. But the
packing fraction used in the study is very high (C81%) com-
pared to the study here. Consequently, we see that the kinetics
of ordering here is fundamentally different from that in ref. 102.

Finally, together with eqn (4), one may consider the con-
tinuum version of Vicsek dynamics as described in ref. 17
instead the discrete version in eqn (2), though the results will
be qualitatively similar. To illustrate this we simulate the
system with continuous Vicsek dynamics instead the discrete
one, for low as well high steepness of the trapping potential.
We obtain configurations qualitatively similar to the configura-
tions obtained by the discrete simulations; that is, for low
steepness we obtain a spatially ordered (hexagonal), round-
shaped polar cluster with dynamic grain boundaries, whereas
for high steepness we obtain a disordered (liquid-like) polar
layer along the circular boundary of the trap. The details are
provided in the ESI,† Fig. S3.

6 Conclusion
We have considered a circular (thus spherically symmetric) trap
with tuneable steepness, which can confine self-propelling,
self-aligning, soft discs at low packing fractions. The particles
being active accumulate at the boundary of the steep trap. They
form a strip-like polar cluster that spreads and rotates along the
boundary. The polar order is stable because their rotational
fluctuation is quite small compared to self-propulsion and
velocity aligning interaction. Tuning the steepness of the trap
we have shown that as the steepness goes below a threshold
value, the cluster becomes round in shape, and hexagonal order
emerges within it, keeping the polar order intact. The transition
occurs because, as the steepness of the trap is reduced, the
polar, strip-like cluster is fragmented into smaller clusters
which not only rotate but also roll around their centres of
mass. The complex dynamics of the cluster, which combines
the rolling and rotation, facilitates the trap to push the particles
inside from every direction. Due to this, in addition to the polar
order, the cluster becomes compact enough to exhibit hexagonal
order in the presence of short-ranged, isotropic, inter-particle
repulsion. The hexagonal order is unstable in the absence of
the trap. When the trap is switched off, the order decays over time
with a power law.

Here we have explored the dynamics of the system by
simulating it with a particle-based model, as described before.
The model and the results discussed here are amenable to the
experiments. For example, one may consider charge-induced,
electrophoretic, self-propelled Janus colloidal particles, as
described in ref. 29, within confinement providing electrostatic
repulsion to the particles. The repulsion decays exponentially
with the distance between the particle and the confining boundary.
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where P ! jPj ¼ jPrr̂þ Pyŷj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr

2 þ Py
2

p
in plane polar

coordinates. When all the particles propel perfectly aligned
with each other, P = 1, and when they move randomly, P = 0.
In a steady state, if P goes beyond a certain threshold, the state
is polar and otherwise non-polar. The polar state here is
reminiscent of the flocking state of Vicsek agents,45 which
can be stable when the value of x o xc. In this state, when
the particles encounter the boundary of the circular trap, the
radially outward component of the force exerted by the particles
to the trap is balanced by the radially inward repulsion from the
boundary. Also in the polar state, as x is low, it is more probable
for a particle to remain close to the boundary than to turn
around from it.59 Thus the particles in the polar state accumu-
late close to the boundary and flock together along with it,
giving rise to self-rotating clusters in the trap. The sense of
rotation is spontaneously chosen. In a similar setup, with
hydrodynamic and electrostatic interactions, the formation of
other complex structures such as vortices is also reported.61

They are not a finite-size effect but genuine, macroscopic, non-
equilibrium phases of active matter in confinement.87 Due to
the circular symmetry of the boundary, in a highly polar steady

state, we find that Pr { Py C P - 1. In the state where the
particles move randomly, both Pr and Py are very small, causing
P - 0. Therefore in the system of our concern, the emergence
of polarity can equivalently be quantified by Py alone as Pr is
negligibly small in both polar and non-polar steady states.

3.2 Phase behaviour

We analyze the phase behaviour of the system by calculating Q6

to estimate the spatial (hexagonal) order and P to estimate the
directional (polar) order in steady states with different values of
Pe and S. We fix x = 1/2p and f = 0.15. The variations of Q6 and
P in the Pe–S plane are plotted in Fig. 1A and B respectively.
They show various phases of the system with drastically
different values of the order parameters, which are separated
by schematic phase boundaries. Below we will discuss them
one after the other. In Fig. 1D–F we have provided the con-
figurations of the system representing different phases. The
corresponding structure factors are provided in the ESI† (see
Fig. S2). Here we will discuss the various phases according to
Fig. 1A, by varying S but fixing different ranges of Pe. Next, we
will discuss Fig. 1B depicting the polar and non-polar phases

Fig. 1 Phase diagrams and phases. (A) Non-equilibrium phases (hexagonally ordered phase, liquid-like disordered phase and gas-like disordered phase),
bounded by schematic phase boundaries (broken black lines) on the heat-map of Q6 in the S–Pe plane. Solid black square: coordinates corresponding to
the hexagonally ordered configuration in (D), in the S–Pe plane. The area within the open green box in (D) is zoomed in (d). The emergence of the
hexagonally ordered state in (D) from a random initial configuration is detailed in Movie1 given in the ESI.† Solid black circle: coordinates corresponding
to the liquid-like disordered configuration in (E), in the S–Pe plane. The area within the open green box in (E) is zoomed in (e). The emergence of the
liquid-like disordered state in (E) from a random initial configuration is detailed in Movie2 given in the ESI.† Solid black star: coordinates corresponding to
the gas-like disordered configuration in (F), in the S–Pe plane. The area within the open green box in (F) is zoomed in (f). The RGB colour-scales in (D–F)
represent Qi

6. The greyscales in (D–F) represent the trapping potential strength in units of f0s. (B) Non-equilibrium phases (polar phase and non-polar
phase), bounded by schematic phase boundaries (broken black lines) on the heat-map of P in the S–Pe plane. The solid black square, circle, and star
represent the coordinates of the configurations in (D–F), as before. (D and E) represent polar configurations, whereas (F) represents a non-polar
configuration. The round grey arrows in (D–F) represent the direction of rotation of the cluster. (C) Q6 vs. P scattered plot for various Pe (represented by
the sizes of the circles) and S (represented by the colours of the circles) values. Here we consider N = 5 $ 103.
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where P ! jPj ¼ jPrr̂þ Pyŷj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr

2 þ Py
2

p
in plane polar

coordinates. When all the particles propel perfectly aligned
with each other, P = 1, and when they move randomly, P = 0.
In a steady state, if P goes beyond a certain threshold, the state
is polar and otherwise non-polar. The polar state here is
reminiscent of the flocking state of Vicsek agents,45 which
can be stable when the value of x o xc. In this state, when
the particles encounter the boundary of the circular trap, the
radially outward component of the force exerted by the particles
to the trap is balanced by the radially inward repulsion from the
boundary. Also in the polar state, as x is low, it is more probable
for a particle to remain close to the boundary than to turn
around from it.59 Thus the particles in the polar state accumu-
late close to the boundary and flock together along with it,
giving rise to self-rotating clusters in the trap. The sense of
rotation is spontaneously chosen. In a similar setup, with
hydrodynamic and electrostatic interactions, the formation of
other complex structures such as vortices is also reported.61

They are not a finite-size effect but genuine, macroscopic, non-
equilibrium phases of active matter in confinement.87 Due to
the circular symmetry of the boundary, in a highly polar steady

state, we find that Pr { Py C P - 1. In the state where the
particles move randomly, both Pr and Py are very small, causing
P - 0. Therefore in the system of our concern, the emergence
of polarity can equivalently be quantified by Py alone as Pr is
negligibly small in both polar and non-polar steady states.

3.2 Phase behaviour

We analyze the phase behaviour of the system by calculating Q6

to estimate the spatial (hexagonal) order and P to estimate the
directional (polar) order in steady states with different values of
Pe and S. We fix x = 1/2p and f = 0.15. The variations of Q6 and
P in the Pe–S plane are plotted in Fig. 1A and B respectively.
They show various phases of the system with drastically
different values of the order parameters, which are separated
by schematic phase boundaries. Below we will discuss them
one after the other. In Fig. 1D–F we have provided the con-
figurations of the system representing different phases. The
corresponding structure factors are provided in the ESI† (see
Fig. S2). Here we will discuss the various phases according to
Fig. 1A, by varying S but fixing different ranges of Pe. Next, we
will discuss Fig. 1B depicting the polar and non-polar phases

Fig. 1 Phase diagrams and phases. (A) Non-equilibrium phases (hexagonally ordered phase, liquid-like disordered phase and gas-like disordered phase),
bounded by schematic phase boundaries (broken black lines) on the heat-map of Q6 in the S–Pe plane. Solid black square: coordinates corresponding to
the hexagonally ordered configuration in (D), in the S–Pe plane. The area within the open green box in (D) is zoomed in (d). The emergence of the
hexagonally ordered state in (D) from a random initial configuration is detailed in Movie1 given in the ESI.† Solid black circle: coordinates corresponding
to the liquid-like disordered configuration in (E), in the S–Pe plane. The area within the open green box in (E) is zoomed in (e). The emergence of the
liquid-like disordered state in (E) from a random initial configuration is detailed in Movie2 given in the ESI.† Solid black star: coordinates corresponding to
the gas-like disordered configuration in (F), in the S–Pe plane. The area within the open green box in (F) is zoomed in (f). The RGB colour-scales in (D–F)
represent Qi

6. The greyscales in (D–F) represent the trapping potential strength in units of f0s. (B) Non-equilibrium phases (polar phase and non-polar
phase), bounded by schematic phase boundaries (broken black lines) on the heat-map of P in the S–Pe plane. The solid black square, circle, and star
represent the coordinates of the configurations in (D–F), as before. (D and E) represent polar configurations, whereas (F) represents a non-polar
configuration. The round grey arrows in (D–F) represent the direction of rotation of the cluster. (C) Q6 vs. P scattered plot for various Pe (represented by
the sizes of the circles) and S (represented by the colours of the circles) values. Here we consider N = 5 $ 103.
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where P ! jPj ¼ jPrr̂þ Pyŷj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr

2 þ Py
2

p
in plane polar

coordinates. When all the particles propel perfectly aligned
with each other, P = 1, and when they move randomly, P = 0.
In a steady state, if P goes beyond a certain threshold, the state
is polar and otherwise non-polar. The polar state here is
reminiscent of the flocking state of Vicsek agents,45 which
can be stable when the value of x o xc. In this state, when
the particles encounter the boundary of the circular trap, the
radially outward component of the force exerted by the particles
to the trap is balanced by the radially inward repulsion from the
boundary. Also in the polar state, as x is low, it is more probable
for a particle to remain close to the boundary than to turn
around from it.59 Thus the particles in the polar state accumu-
late close to the boundary and flock together along with it,
giving rise to self-rotating clusters in the trap. The sense of
rotation is spontaneously chosen. In a similar setup, with
hydrodynamic and electrostatic interactions, the formation of
other complex structures such as vortices is also reported.61

They are not a finite-size effect but genuine, macroscopic, non-
equilibrium phases of active matter in confinement.87 Due to
the circular symmetry of the boundary, in a highly polar steady

state, we find that Pr { Py C P - 1. In the state where the
particles move randomly, both Pr and Py are very small, causing
P - 0. Therefore in the system of our concern, the emergence
of polarity can equivalently be quantified by Py alone as Pr is
negligibly small in both polar and non-polar steady states.

3.2 Phase behaviour

We analyze the phase behaviour of the system by calculating Q6

to estimate the spatial (hexagonal) order and P to estimate the
directional (polar) order in steady states with different values of
Pe and S. We fix x = 1/2p and f = 0.15. The variations of Q6 and
P in the Pe–S plane are plotted in Fig. 1A and B respectively.
They show various phases of the system with drastically
different values of the order parameters, which are separated
by schematic phase boundaries. Below we will discuss them
one after the other. In Fig. 1D–F we have provided the con-
figurations of the system representing different phases. The
corresponding structure factors are provided in the ESI† (see
Fig. S2). Here we will discuss the various phases according to
Fig. 1A, by varying S but fixing different ranges of Pe. Next, we
will discuss Fig. 1B depicting the polar and non-polar phases

Fig. 1 Phase diagrams and phases. (A) Non-equilibrium phases (hexagonally ordered phase, liquid-like disordered phase and gas-like disordered phase),
bounded by schematic phase boundaries (broken black lines) on the heat-map of Q6 in the S–Pe plane. Solid black square: coordinates corresponding to
the hexagonally ordered configuration in (D), in the S–Pe plane. The area within the open green box in (D) is zoomed in (d). The emergence of the
hexagonally ordered state in (D) from a random initial configuration is detailed in Movie1 given in the ESI.† Solid black circle: coordinates corresponding
to the liquid-like disordered configuration in (E), in the S–Pe plane. The area within the open green box in (E) is zoomed in (e). The emergence of the
liquid-like disordered state in (E) from a random initial configuration is detailed in Movie2 given in the ESI.† Solid black star: coordinates corresponding to
the gas-like disordered configuration in (F), in the S–Pe plane. The area within the open green box in (F) is zoomed in (f). The RGB colour-scales in (D–F)
represent Qi

6. The greyscales in (D–F) represent the trapping potential strength in units of f0s. (B) Non-equilibrium phases (polar phase and non-polar
phase), bounded by schematic phase boundaries (broken black lines) on the heat-map of P in the S–Pe plane. The solid black square, circle, and star
represent the coordinates of the configurations in (D–F), as before. (D and E) represent polar configurations, whereas (F) represents a non-polar
configuration. The round grey arrows in (D–F) represent the direction of rotation of the cluster. (C) Q6 vs. P scattered plot for various Pe (represented by
the sizes of the circles) and S (represented by the colours of the circles) values. Here we consider N = 5 $ 103.
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FIG. 2. Quenching of trap. The non-equilibrium steady-state configuration of the system obtained for Pe = 200 and S = 0.1
is depicted in panel (A), the compact cluster formed with N = 1000 active particles is represented in black with the trapping
potential in blue. The zoomed configuration of the compact cluster is represented in panel (F). The steady-state configuration
obtained with Pe = 200 and S = 0.1( with the zoomed configuration of the cluster represented in panel (F)) is now placed in
a trap whose steepness is S = 2.5, this is denoted as the ”Quench” (S = 0.1 ! S = 2.5) event. The steady-state configuration
obtained for panel (B) is represented by panel (C) which is a disordered liquid-like state and is the ”Relaxation” state. The
white dashed line with arrow in panels (A),(B), and (C) represents the direction of rotation of the cluster along the boundary.
The spatial global hexagonal order parameter change with time for the quench event is represented by panel (D), and similarly,
the directional order i.e. the global polar order parameter change is represented by panel (E).

FIG. 3. Schematic diagram illustrating local transfer entropy
depicted in panel (A) transfer entropy (TE) .

inequality. Now what if by using one variable X we can
infer some information about another variable Y, then
the shared amount of information between X and Y is
defined as I(X;Y ) =

P
x2�x

P
x2↵y

p(x, y) log2
p(x,y)

p(x)p(y)

and is known as the mutual information with joint prob-
ability distribution p(x, y) it can also be represented as
I(X;Y ) ⌘ H(X) � H(X|Y ) ⌘ H(Y ) � H(Y |X) ⌘
H(X) + H(Y ) � H(X,Y ) ⌘ H(X,Y ) � H(X|Y ) �

H(Y |X), Note I(X,Y ) is symmetric under the exchange
of X and Y and also we can express mutual informa-
tion with entropy of a random variable with itself as
I(X;X) = H(X) � H(X|X) = H(X). Mutual infor-
mation does not tell us if the information is transferred
from X ! Y or from Y ! X it simply tells us that X
and Y share some information with each other.
Now if we have two time series variables X and Y and

we want to know the amount of directed information
transferred between them without knowing their inter-
nal interactions then Schreiber’s[24] criteria requiring the
definition to be both directional and dynamic is defined
to be

TEY!X =
X

x2�x,y2↵y

p(x(t+1), x(t)(k), y(t)(l))

⇥ log2
p(x(t+1)|x(t)(k), y(t)(l))

p(x(t+1)|x(t)(k))
.

(9)

Here t is the time index, and k and l are the history
length of x and y considered while calculating TE, the
most natural choice is taken as k=l=1 for computational
e�ciency. x(t) and y(t) represent the past states of X and
Y. Thus the transfer entropy from a process Y to another
process X is the amount of uncertainty reduced in future
values of X by knowing the past values of Y given the

Mechanical Response To Quench 



* How are the flocking particles informed about the quench? 
    ….Quantification of the information?  

*  Information flow (from the boundary to the bulk) time and length scales ? 

* Comparison between time scales of information-flow and structural relaxation ?

Questions we ask … 



 Information 

X    Random variable with outcomes {xi}
i runs from 1 to N (number of possible outcomes)  

P(x)    Probability of getting x as outcome 

Less (more) probable event is more (less) informative 
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Mutual Information (I) 

X,Y    Two random variable with outcomes {x,y}

How much X (Y) is known to Y (X)? Difference between 
P(x,y) and P(x)P(y)
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I = DKL =
X

P (x, y) log2
P (x, y)

P (x)P (y)

Relative Entropy   

* Amount of X known to Y = Amount of Y known to X 



 Information Flow 

* Amount of X known to Y = Amount of Y known to X 

(When information flows from X to Y or Y to X)

X  & Y are two random time series. The information flows from Y to X :
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P (x(t+ 1)|x(t))
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Measuring Information Transfer

Thomas Schreiber
Max Planck Institute for the Physics of Complex Systems, Nöthnitzer Strasse 38, 01187 Dresden, Germany

(Received 19 January 2000)
An information theoretic measure is derived that quantifies the statistical coherence between systems

evolving in time. The standard time delayed mutual information fails to distinguish information that
is actually exchanged from shared information due to common history and input signals. In our new
approach, these influences are excluded by appropriate conditioning of transition probabilities. The
resulting transfer entropy is able to distinguish effectively driving and responding elements and to detect
asymmetry in the interaction of subsystems.

PACS numbers: 89.70.+c, 05.20.Gg, 05.45.Tp

The time evolution of a system may be called irregular
if it generates information at a nonzero rate. For stochas-
tic or deterministically chaotic systems, this is quantified
by the entropy. For a system consisting of more than one
component, important information on its structure can be
obtained by measuring to which extent the individual com-
ponents contribute to information production and at what
rate they exchange information among each other. This
paper proposes a method to answer the latter question on
the basis of time series observations.
Many authors have used mutual information [1] to quan-

tify the overlap of the information content of two (sub)sys-
tems. Unfortunately, mutual information neither contains
dynamical nor directional information. Introducing a time
delay in one of the observations is an important, if some-
what arbitrary, improvement in this respect, but still does
not explicitly distinguish information that is actually ex-
changed from that due to the response to a common input
signal or history.
The purpose of this paper is to motivate and derive an al-

ternative information theoretic measure, to be called trans-
fer entropy, that shares some of the desired properties of
mutual information but takes the dynamics of information
transport into account. With minimal assumptions about
the dynamics of the system and the nature of their coupling
one will be able to quantify the exchange of information
between two systems, separately for both directions, and,
if desired, conditional to common input signals.
This work augments recent studies [2] of the nonlinear

coherence of signals, most notably in physiological sys-
tems. While these measures are often very powerful for a
specific set of applications, it is also important to aim at
an understanding of the underlying theoretical concepts. In
the generic case that neither one of the systems, nor their
coupling, may be assumed to be deterministic, information
theory seems to be an appropriate starting point.
Let us briefly recall the most basic concepts of infor-

mation theory [3]. The average number of bits needed to
optimally encode independent draws of the discrete vari-
able I following a probability distribution p!i" is given by
the Shannon entropy [1] HI ! 2

P
i p!i" log2p!i", where

the sum extends over all states i the process can assume.

The base of the logarithm determines only the units used
for measuring information and will be dropped henceforth.
In order to construct an optimal encoding that uses just

as many bits as given by the entropy, it is necessary to
know the probability distribution p!i". The excess num-
ber of bits that will be coded if a different distribution
q!i" is used is given by the Kullback entropy [4] KI !P

i p!i" logp!i"#q!i". We will later also need the Kullback
entropy for conditional probabilities p!i j j". For a single
state j we have Kj !

P
i p!i j j" logp!i j j"#q!i j j". Sum-

mation over j with respect to p! j" yields

KI j J !
X
i,j

p!i, j" log
p!i j j"
q!i j j"

. (1)

The mutual information of two processes I and J
with joint probability pIJ!i, j" can be seen as the excess
amount of code produced by erroneously assuming that
the two systems are independent, i.e., using qIJ!i, j" !
pI!i"pJ ! j" instead of pIJ!i, j". The corresponding Kull-
back entropy is

MIJ !
X

p!i, j" log
p!i, j"

p!i"p! j"
, (2)

which is the well known formula for the mutual informa-
tion. Here and in the following, we omitted the summation
index and the subscript of the probabilities specifying the
process. This derivation shows that mutual information is
a natural way to quantify the deviation from independence
of two processes. We have MIJ ! HI 1 HJ 2 HIJ $ 0.
Note that MIJ is symmetric under the exchange of I and J
and therefore does not contain any directional sense.
A related, nonsymmetric quantity is the conditional en-

tropy HI j J ! 2
P

p!i, j" logp!i j j" ! HIJ 2 HJ . How-
ever, since HI j J 2 HJ j I ! HI 2 HJ , it is nonsymmetric
only due to the different individual entropies and not due
to information flow. Mutual information can be given a di-
rectional sense in a somewhat ad hoc way by introducing
a time lag in either one of the variables and compute, e.g.,

MIJ!t" !
X

p!in, jn2t" log
p!in, jn2t"
p!i"p! j"

.
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An information theoretic measure is derived that quantifies the statistical coherence between systems

evolving in time. The standard time delayed mutual information fails to distinguish information that
is actually exchanged from shared information due to common history and input signals. In our new
approach, these influences are excluded by appropriate conditioning of transition probabilities. The
resulting transfer entropy is able to distinguish effectively driving and responding elements and to detect
asymmetry in the interaction of subsystems.
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The time evolution of a system may be called irregular
if it generates information at a nonzero rate. For stochas-
tic or deterministically chaotic systems, this is quantified
by the entropy. For a system consisting of more than one
component, important information on its structure can be
obtained by measuring to which extent the individual com-
ponents contribute to information production and at what
rate they exchange information among each other. This
paper proposes a method to answer the latter question on
the basis of time series observations.
Many authors have used mutual information [1] to quan-

tify the overlap of the information content of two (sub)sys-
tems. Unfortunately, mutual information neither contains
dynamical nor directional information. Introducing a time
delay in one of the observations is an important, if some-
what arbitrary, improvement in this respect, but still does
not explicitly distinguish information that is actually ex-
changed from that due to the response to a common input
signal or history.
The purpose of this paper is to motivate and derive an al-

ternative information theoretic measure, to be called trans-
fer entropy, that shares some of the desired properties of
mutual information but takes the dynamics of information
transport into account. With minimal assumptions about
the dynamics of the system and the nature of their coupling
one will be able to quantify the exchange of information
between two systems, separately for both directions, and,
if desired, conditional to common input signals.
This work augments recent studies [2] of the nonlinear

coherence of signals, most notably in physiological sys-
tems. While these measures are often very powerful for a
specific set of applications, it is also important to aim at
an understanding of the underlying theoretical concepts. In
the generic case that neither one of the systems, nor their
coupling, may be assumed to be deterministic, information
theory seems to be an appropriate starting point.
Let us briefly recall the most basic concepts of infor-

mation theory [3]. The average number of bits needed to
optimally encode independent draws of the discrete vari-
able I following a probability distribution p!i" is given by
the Shannon entropy [1] HI ! 2

P
i p!i" log2p!i", where

the sum extends over all states i the process can assume.

The base of the logarithm determines only the units used
for measuring information and will be dropped henceforth.
In order to construct an optimal encoding that uses just

as many bits as given by the entropy, it is necessary to
know the probability distribution p!i". The excess num-
ber of bits that will be coded if a different distribution
q!i" is used is given by the Kullback entropy [4] KI !P

i p!i" logp!i"#q!i". We will later also need the Kullback
entropy for conditional probabilities p!i j j". For a single
state j we have Kj !

P
i p!i j j" logp!i j j"#q!i j j". Sum-

mation over j with respect to p! j" yields

KI j J !
X
i,j

p!i, j" log
p!i j j"
q!i j j"

. (1)

The mutual information of two processes I and J
with joint probability pIJ!i, j" can be seen as the excess
amount of code produced by erroneously assuming that
the two systems are independent, i.e., using qIJ!i, j" !
pI!i"pJ ! j" instead of pIJ!i, j". The corresponding Kull-
back entropy is

MIJ !
X

p!i, j" log
p!i, j"

p!i"p! j"
, (2)

which is the well known formula for the mutual informa-
tion. Here and in the following, we omitted the summation
index and the subscript of the probabilities specifying the
process. This derivation shows that mutual information is
a natural way to quantify the deviation from independence
of two processes. We have MIJ ! HI 1 HJ 2 HIJ $ 0.
Note that MIJ is symmetric under the exchange of I and J
and therefore does not contain any directional sense.
A related, nonsymmetric quantity is the conditional en-

tropy HI j J ! 2
P

p!i, j" logp!i j j" ! HIJ 2 HJ . How-
ever, since HI j J 2 HJ j I ! HI 2 HJ , it is nonsymmetric
only due to the different individual entropies and not due
to information flow. Mutual information can be given a di-
rectional sense in a somewhat ad hoc way by introducing
a time lag in either one of the variables and compute, e.g.,

MIJ!t" !
X

p!in, jn2t" log
p!in, jn2t"
p!i"p! j"

.
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FIG. 4. Total Transfer Entropy vs Time. The four di↵er-
ent panels (A-D) depict the particle averaged exponentiated
transfer entropy(�) in the x-axis versus time in the y-axis for
di↵erent cluster sizes (N=500 depicted in panel A, N=1000
depicted in panel B, N=1500 depicted in panel C, N=2000 de-
picted in panel D ) averaged over 20 realisations, the standard
deviation is colored in yellow and appears as a band. Clearly,
we see that there is a peak in the � suggesting an increase in
information flow when the cluster hits the boundary.

past values of X. For a history length of 1, TE can also
be defined as TEY!X(t) ⌘ I(X(t + 1) : Y (t)|X(t)) =
H(X(t + 1)|X(t)) � H(X(t + 1)|X(t), Y (t)). To esti-
mate the probability mass function for the above defini-
tion of Transfer entropy we used the Kraskov-Stogbauer-
Grassberger[32] method which is implemented in the
JIDT, the KSG estimator has a dynamic box width in
terms of K nearest neighbours( for all our results K is
considered to be 4) and bias correction, that reduces the
errors in the estimation of the probability mass func-
tion. Transfer entropy is a nonlinear generalization[33] of
the Granger causality[34] (that tests causality in terms
of prediction) which originated from information theory
and is, therefore, a model-free estimate accounting for
both linear and non-linear[35] causal e↵ects. The appli-
cation of TE can be found in the dynamics of swarms [36],
neuroscience[37][38][39], robotics[40], etc. To describe
the local transfer entropy[41]( or te) at every time step t

for destination variable X for each source Y , Eq. (9) is
summed over all the possible states of x(t+ 1), x(t), y(t)
and averaged over N observations at each time. This
local measure at each time t is defined as

teY!X = log2
p(x(t+1)|x(t)(k), y(t)(l))

p(x(t+1)|x(t)(k))
. (10)

TY!X = hteY!Xi. Thus TE is an average value of
local transfer entropy. The local transfer entropy can
be defined in terms of local mutual information[42] as
teY!X = i(y(t);x(t+ 1)|x(t)) = h(x(t+1)|x(t))�h(x(t+
1)|x(t), y(t)), where i denotes the conditional mutual in-
formation and h is the local conditional entropy. In many
complex systems, such as biological networks, the inter-
actions between components are not uniform through-
out the system but vary depending on local conditions.
Therefore, studying local transfer entropy can help re-
veal the underlying mechanisms driving the interactions
between components in specific regions of the system.
For example, in the context of brain networks[43], local
transfer entropy can be used to identify regions that are
strongly connected and play a key role in information
processing. Furthermore, local transfer entropy can pro-
vide a more detailed understanding of how information
flows within a system[37]. By analyzing transfer entropy
between multiple pairs of variables in di↵erent regions
of the system, researchers can identify the specific path-
ways through which information is transmitted. This
information can be used to design interventions or con-
trol strategies to manipulate the system’s behavior or to
predict how the system will respond to perturbations.

E. Results

F. Global TE Vs. time

1. Information Flow(from boundary to bulk) time scales

The local transfer entropy between the interacting
pairs (pairRange = 2) is calculated using eq. 10 by JIDT
as mentioned earlier. The local transfer entropy per par-
ticle i.e. for an ith particle is computed, by summing
the te contributions of all the jth particles around it(for
a pair range of 2) and then by dividing with the num-
ber of jth particles. Thus we now have the local te(i)
for an ith particle. This magnitude of the transfer en-
tropy can be negative or positive[41][44], but the average
TE is non-negative[45]. Non-negative transfer entropy
indicates that the source is well-informed about the des-
tination, whereas negative te indicates that the source is
uninformed about the destination’s next state. It is evi-
dent from equation 10 that the value of TE can be neg-
ative when the denominator p(x(t+1)|x(t)(k)) is greater
than the numerator p(x(t+1)|x(t)(k), y(t)(l)). One way
to remove this discrepancy is to exponentiate the values
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FIG. 6. Transfer Entropy Wavefront : The information flow for the cluster colliding with the trap boundary propagates with
time in the form of a band whose size increases up-to the cluster dimension and then decreases with time. The length of
the band is denoted by l, which is measured linearly as the distance between the two furthermost particles having maximum
transfer entropy, and is depicted in panel(A). The increase of the band with time is depicted in panel (B-E) where the trap
boundary is represented in white, and the color represents the transfer entropy values.

ance for Fig 5a and 5c. We observe that initially when
the cluster is far away from the boundary(for the time
interval t=30 to 180) the value of the ⌅i increases very
slowly and can be assumed to be constant( 0.001), now
as the cluster approaches the trap boundary we see an
increase in the fraction of particle having higher values
of ⌅i per particle( for a time interval t=180 to 280), this
increase peaks at time t = 240 and eventually the value
decreases, finally, when we are beyond t = 280, we see
that again the fraction(higher ⌅i) decreases and some-
what becomes relatively constant. Thus the number of
particles that are informed about their new heading is
a function of time t. This brings us to the question of
whether we can construct a time scale for such a colli-
sion event. And it so appears that from Fig. the width
of the graph gives us the time scale of the information
flow. [write about ballistic flow]

2. Information Flow(from boundary to bulk)length scales

From the previous discussion, we inferred that the
number of particles that are informed about their new
heading is a growing function of time and shows non-
monotonic behaviour. From Fig[wavefront] we can
clearly see that as soon as the cluster hits the bound-
ary of the trap, only a small number of particles have a
large value of ⌅i as compared to the other particles of
the cluster. And the number of particles having a large
value of ⌅i increases over time. So this raises two ques-
tions, a)What is the maximum number of particles at a
given instance of time that has a large value of ⌅i as com-
pared to the rest of the flock? b) How are these informed
particles distributed in the flock? Well from Fig[] we can
clearly see that the number of particles that are informed
about the event grows over time, and travels through the
bulk of the cluster in the form of a wavefront, this wave-
front has a small dimension when the cluster hits the trap
boundary and grows to a maximum length after which it

decreases again, it is also evident from the wavefront that
the particles having a large value of ⌅i are clumped to-
gether and not distributed over the cluster. While mea-
suring the length of the wavefront(max size for all time
steps) we found that the size is proportional to the lin-
ear size of the cluster ie L /

p
Areacluster. This is true

for di↵erent cluster sizes i.e. for N=500,1000,1500 and
2000. So as the number of particles increases in a clus-
ter, the size of the wavefront also increases. Research in
this area suggests that flocks of birds, for example, tend
to exhibit coordinated movements over a range of length
scales. At small length scales, individual birds may coor-
dinate their movements with just a few nearby neighbors,
while at larger length scales, groups of birds may move
together as a cohesive unit. The specific length scale at
which coordination occurs can depend on a variety of
factors, including the size and behavior of the animals
in the group, the environment in which they are moving,
and the specific dynamics of the interactions between in-
dividual animals.

3. Time-scales of information Flow and structural
relaxation

power law decay far away from the trap and with ve-
locity alignment

G. Footnotes

II. DISCUSSION

III. SUMMARY
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P (⌅i) vs ⌅i is plotted in panel (A-C). Panel(A) depicts the probability density distribution when the cluster is far away from
the boundary (for time t=10), Panel(B) depicts the probability density distribution when the cluster has just collided with
the boundary (for time t=100), and Panel(C) depicts the probability density distribution when the cluster has already collided
(for time t=250). The blue dotted line is drawn for ⌅i = 4 which is an arbitrarily chosen line that shows that panel(B) has
an extended tail, colored in red, and that this tail is significantly small for panels (A and C). This(panel (B)) suggests that
some particles have higher values of transfer entropy during the collision. Tail area: The area under the tail(as depicted in
panel(B)) is represented by �, So the tail area is computed at various times (t = 0 to 300) i.e. when the cluster was far away
from the boundary, during the collision and also after, this change of tail area vs time is depicted in panel(D-G) for various
system sizes averaged over 20 configurations and the standard deviation is represented by a band. The increase in the tail area
part(denoted by the blue rectangle) is fitted with the form ↵ ⇤ t + � and is shown in the inset panels(d-g) and drawn in solid
black lines with the standard deviations in red square. The values of ↵1 =,�1 =, ↵2 =,�2 =,↵3 =,�3 =,↵4 =,�4 = .

of TE ie exp (te(i)) which is always � 0. So let us denote
this as ⌅i = exp (te(i))

We analyze our results by first calculating the Prob-
ability i.e. P (⌅i) vs ⌅i as shown in Fig. 5 for three
distinctive regions, figure 5a represents the P (⌅i) vs ⌅i

while the cluster is approaching the boundary or in other
words, before the cluster hits the boundary, figure 5b
represents the time interval during the collision of the
cluster with the boundary and figure 5c represents the
time interval after the encounter with the boundary. A
remarkable feature from Fig. 5 is that in Fig. 5b we
observe a largely deviated TE value(highlighted in dots)

absent in both Fig. 5a and 5c. In both Figure 5a and
5b we see that the P (⌅i) vs ⌅i peaked at around 1.5
and we have a normal distribution which suggests that
on average most of the particles have roughly the same
TE per particle. But in Fig 5b some of the particles have
higher TE than others, this gives us a hint that the in-
formation transfer between the particles increases as the
cluster collides with the trap boundary. Now if we calcu-
late the fraction of particles with largely deviated TE vs.
the time evolution of the cluster. The result can be seen
in ??, to determine the fraction of particles we define a
cut-o↵(⌅cut

i = 3), which is determined by taking the vari-
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and then the scattered plot between Q6 and P for the ranges of
Pe and S provided in Fig. 1C.

(A) For all S values ranging from 0.1 to 5, but at low Pe values
(range: 1 r Pe r 8), fluctuations dominate over activity,
prohibiting accumulation close to the boundary. For S 4 0.2,
the self-propelling particles are randomly distributed all over
the trap with very small spatial order (Q6 o 0.4) and act like a
gas. In Fig. 1F-f a typical configuration of the system in this
regime is shown. The corresponding Pe and S are indicated in
the phase diagrams in Fig. 1A and B. The structure factor of the
configuration is given in the ESI,† Fig. S2c.

As we increase Pe (range: 8 r Pe r 20), self-propulsion
starts to dominate over fluctuations and the particles accumu-
late close to the boundary, forming clusters. The corresponding
value of Q6 becomes higher than earlier. It remains between
0.4 and 0.55. The degree of order is still low. There is a
remarkable difference between the shapes of the clusters at
S lower than a threshold value Sc (Sc C 0.70) and clusters at
S 4 Sc. At higher steepness, the clusters wet the circular wall of
the trap; that is, the contact angle between the clusters of
the particles and the boundary of the trap is very small.88

Therefore, they are like the polar layer flocking along the
circular trap-boundary. On the other hand, if the steepness is
reduced, keeping their polarity intact, the clusters become
round; that is, the contact angle between the clusters and the
boundary of the trap has increased considerably.

Next, when Pe is increased further (range: 20 r Pe r 40),
together with the shape transformation of the clusters as
mentioned before, we find a clear order–disorder transition
when we vary S beyond the threshold value Sc. In this range of
Pe, the steady-state clusters for S o Sc (Sc C 1.0) are round in
shape and they have hexagonal order with dynamic grain
boundaries.89 The value of Q6 in this regime (0.1 r S o Sc)
can become as high as 0.85. Upon increasing S beyond Sc, the
clusters become disordered (liquid-like), wetting the boundary
of the trap. Consequently, Q6 decreases up to 0.55.

Next, Pe is increased even further (range: 40 r Pe r 200).
In this regime, there is always an order–disorder transition

when increasing S beyond Sc. Interestingly, we find that in this
range, as Pe becomes higher, Sc becomes gradually lower.
At Pe = 200, the transition happens around Sc C 0.5, whereas
at Pe = 40 it takes place around Sc = 1.0. The lowest value of S
considered is 0.1. In this range of Pe, from the lowest value of S
up to S = Sc we obtain a round-shaped cluster with hexagonal
order as earlier, and beyond Sc we obtain liquid-like clusters
along the circular wall with reduced spatial order (Q6 C 0.55).
As Sc decreases with increasing Pe, it indicates that for very
high (4200, not shown in Fig. 1A) values of Pe, the degree
of the structural order within the clusters becomes low, even
for small S. This implies that only within a range of Pe
(20 r Per 200) the spatial ordering is facilitated, provided
the steepness of the trap is below Sc. The representative
configurations of the system in ordered and liquid-like dis-
ordered states are given in Fig. 1D and E. The corresponding
values of Pe and S are indicated in the phase diagram in Fig. 1A.
The respective structure factors are provided in the ESI,†
Fig. S2a and b.

(B) From the phase behaviour with P (Fig. 1B) we find that
the two distinct regions (or phases) of drastically different order
parameters are partitioned by a schematic boundary. For
Pe 4 10 and S 4 0.2 we find that the system is polar (P C 0.9)
or otherwise non-polar. To be in the polar phase, the particles
have to see each other. As the packing fraction is low, the Pe of
the particles required to interact with each other should be
beyond a threshold which is around 10 here. The polar clusters
rotate along the circular boundary of the trap with a sponta-
neously chosen direction (clockwise/anticlockwise). On the
other hand, for Pe o 10 the particles move randomly, and
therefore we obtain an isotropic phase with P r 0.2. In this
regime, fluctuations play a dominant role which prevents
clustering. One can note here that the transition from an
isotropic phase to a polar phase is almost independent of the
steepness of the trap unless S o 0.2. For very low steepness the
transition happens at higher Pe.

(C) The system of our concern can be hexagonally ordered
and polar, or it can only be polar, or it may be neither polar nor

Fig. 2 Controlling self-organization by varying the steepness: 4 snaps along time (black arrow) showing configurations with structural ordering due to
the quasistatically varying steepness of the trap. This is also detailed in Movie3 given in the ESI.† The trap potential strength is plotted in the greyscale,
in units of f0s. The RGB scale represents Qi

6. The round grey arrows represent the direction of rotation of the cluster. The open green boxes are areas of
the clusters zoomed in panel B. (B) Zoomed-in configurations exactly below the corresponding snaps of the full system in (A). Red arrows indicate
velocities of the particles. (C) Q6 increases with the inverse of the steepness of the trap. Here Pe is fixed at 200.
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where P ! jPj ¼ jPrr̂þ Pyŷj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr

2 þ Py
2

p
in plane polar

coordinates. When all the particles propel perfectly aligned
with each other, P = 1, and when they move randomly, P = 0.
In a steady state, if P goes beyond a certain threshold, the state
is polar and otherwise non-polar. The polar state here is
reminiscent of the flocking state of Vicsek agents,45 which
can be stable when the value of x o xc. In this state, when
the particles encounter the boundary of the circular trap, the
radially outward component of the force exerted by the particles
to the trap is balanced by the radially inward repulsion from the
boundary. Also in the polar state, as x is low, it is more probable
for a particle to remain close to the boundary than to turn
around from it.59 Thus the particles in the polar state accumu-
late close to the boundary and flock together along with it,
giving rise to self-rotating clusters in the trap. The sense of
rotation is spontaneously chosen. In a similar setup, with
hydrodynamic and electrostatic interactions, the formation of
other complex structures such as vortices is also reported.61

They are not a finite-size effect but genuine, macroscopic, non-
equilibrium phases of active matter in confinement.87 Due to
the circular symmetry of the boundary, in a highly polar steady

state, we find that Pr { Py C P - 1. In the state where the
particles move randomly, both Pr and Py are very small, causing
P - 0. Therefore in the system of our concern, the emergence
of polarity can equivalently be quantified by Py alone as Pr is
negligibly small in both polar and non-polar steady states.

3.2 Phase behaviour

We analyze the phase behaviour of the system by calculating Q6

to estimate the spatial (hexagonal) order and P to estimate the
directional (polar) order in steady states with different values of
Pe and S. We fix x = 1/2p and f = 0.15. The variations of Q6 and
P in the Pe–S plane are plotted in Fig. 1A and B respectively.
They show various phases of the system with drastically
different values of the order parameters, which are separated
by schematic phase boundaries. Below we will discuss them
one after the other. In Fig. 1D–F we have provided the con-
figurations of the system representing different phases. The
corresponding structure factors are provided in the ESI† (see
Fig. S2). Here we will discuss the various phases according to
Fig. 1A, by varying S but fixing different ranges of Pe. Next, we
will discuss Fig. 1B depicting the polar and non-polar phases

Fig. 1 Phase diagrams and phases. (A) Non-equilibrium phases (hexagonally ordered phase, liquid-like disordered phase and gas-like disordered phase),
bounded by schematic phase boundaries (broken black lines) on the heat-map of Q6 in the S–Pe plane. Solid black square: coordinates corresponding to
the hexagonally ordered configuration in (D), in the S–Pe plane. The area within the open green box in (D) is zoomed in (d). The emergence of the
hexagonally ordered state in (D) from a random initial configuration is detailed in Movie1 given in the ESI.† Solid black circle: coordinates corresponding
to the liquid-like disordered configuration in (E), in the S–Pe plane. The area within the open green box in (E) is zoomed in (e). The emergence of the
liquid-like disordered state in (E) from a random initial configuration is detailed in Movie2 given in the ESI.† Solid black star: coordinates corresponding to
the gas-like disordered configuration in (F), in the S–Pe plane. The area within the open green box in (F) is zoomed in (f). The RGB colour-scales in (D–F)
represent Qi

6. The greyscales in (D–F) represent the trapping potential strength in units of f0s. (B) Non-equilibrium phases (polar phase and non-polar
phase), bounded by schematic phase boundaries (broken black lines) on the heat-map of P in the S–Pe plane. The solid black square, circle, and star
represent the coordinates of the configurations in (D–F), as before. (D and E) represent polar configurations, whereas (F) represents a non-polar
configuration. The round grey arrows in (D–F) represent the direction of rotation of the cluster. (C) Q6 vs. P scattered plot for various Pe (represented by
the sizes of the circles) and S (represented by the colours of the circles) values. Here we consider N = 5 $ 103.
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Self-organisation  

Information flow  
Flow of information is quantified by 

per-particle transfer entropy (TE).

Length scale of the flow ~ flock-size.

Information flow is much faster than 

Structural relaxation.  

Information flow is ballistic. 
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