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I. Outline

<latexit sha1_base64="ysDOemWq1PzaGLUD79dPSW0Qr7k=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4KolI7bHgxWMF+wFtKZvNpF26m4TdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnJ4JrdN1va219Y3Nru7BT3N3bPzi0S0ctHaeKQZPFIlYdn2oQPIImchTQSRRQ6Qto++Prmd++B6V5HN3hJIG+pMOIh5xRNNLALvUQHlHJjOtYUIRgOrDLbsWdw1klXk7KJEdjYH/1gpilEiJkgmrd9dwE+xlVyJmAabGXakgoG9MhdA2NqATdz+anT50zowROGCtTETpz9fdERqXWE+mbTklxpJe9mfif100xrPUzHiUpQsQWi8JUOBg7sxycgCtgKCaGUKa4udVhI6ooQ5NW0YTgLb+8SloXFa9aqd5eluu1PI4COSGn5Jx45IrUyQ1pkCZh5IE8k1fyZj1ZL9a79bFoXbPymWPyB9bnD0PYlKM=</latexit>

isolated

<latexit sha1_base64="cLjmymP8vqvuqU2Kbc5RZVdRlIs=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KolI7bHgxWMF+wFtKJvtpl26uwm7k2II/SdePCji1X/izX/jts1BWx8MPN6bYWZemAhuwPO+nY3Nre2d3dJeef/g8OjYPTltmzjVlLVoLGLdDYlhgivWAg6CdRPNiAwF64STu7nfmTJteKweIUtYIMlI8YhTAlYauG4f2BNomaeKA9HZbOBWvKq3AF4nfkEqqEBz4H71hzFNJVNABTGm53sJBDnRwKlgs3I/NSwhdEJGrGepIpKZIF9cPsOXVhniKNa2FOCF+nsiJ9KYTIa2UxIYm1VvLv7n9VKI6kHOVZICU3S5KEoFhhjPY8BDrhkFkVlCqOb2VkzHRBMKNqyyDcFffXmdtK+rfq1ae7ipNOpFHCV0ji7QFfLRLWqge9RELUTRFD2jV/Tm5M6L8+58LFs3nGLmDP2B8/kDqXyUUA==</latexit>

unitary

<latexit sha1_base64="PWi8AQ+uuEvrmBx4nHIsBH8y2Xw=">AAACHHicbVDLSgNBEJz1bXxFPXoZDKJewq6KehS8eBEiGhWyIcxOOmbIzM460yuGJfkPL/6KFw+KePEg+DdOHoKvgoaiqpvuriiRwqLvf3gjo2PjE5NT07mZ2bn5hfzi0rnVqeFQ5lpqcxkxC1LEUEaBEi4TA0xFEi6i1mHPv7gBY4WOz7CdQFWxq1g0BGfopFp+OzRNXTvdwPXN0AoF1/RL2Ox2uyHCLRqVHTPT0jeUJYnRt51avuAX/T7oXxIMSYEMUarl38K65qmCGLlk1lYCP8FqxgwKLqGTC1MLCeMtdgUVR2OmwFaz/nMduuaUOm1o4ypG2le/T2RMWdtWketUDJv2t9cT//MqKTb2q5mIkxQh5oNFjVRS1LSXFK0LAxxl2xHGjXC3Ut5khnF0eeZcCMHvl/+S861isFvcPdkpHOwP45giK2SVbJCA7JEDckRKpEw4uSMP5Ik8e/feo/fivQ5aR7zhzDL5Ae/9E3FhokA=</latexit>

⇢S(t
0) ' ⇢S(t) Markov approx

<latexit sha1_base64="L1vv1Outv687k4EwXpA+kjqa1Go="></latexit>

TrBOB(t)OB(t
0)e��HB fast dissipating

<latexit sha1_base64="9DsuXJF9uG6eZ6ewuxMEyVETbHg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxClEcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlxn2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AK61jNg=</latexit>

S
<latexit sha1_base64="xW4OhlChbal2RzHyQMSNuhgTXxA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxm2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJTxjMc=</latexit>

B
<latexit sha1_base64="9DsuXJF9uG6eZ6ewuxMEyVETbHg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxClEcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlxn2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AK61jNg=</latexit>

S
<latexit sha1_base64="xW4OhlChbal2RzHyQMSNuhgTXxA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxm2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJTxjMc=</latexit>

B
<latexit sha1_base64="FFpZPRsPXYmI29hmzNT0fYrmWRg=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8EgxEvYFYk5Brx4jGgekCxhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRtr+tzMrq2vpGdjO3tb2zu5ffP2joMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmN7qa+s17UFqEwR2OI3B9NghEX3CGRurmj27rtNhBeEDlJzqOQFGP4XBy1s0X7JI9A10mTkoKJEWtm//q9EIe+xAgl0zrtmNH6CZMoeASJrlOrCFifMQG0DY0YD5oN5l9MKGnRunRfqhMBUhn6u+JhPlaj33PdPrmPL3oTcX/vHaM/YqbiCCKEQI+X9SPJcWQTuOgPaGAoxwbwrgS5lbKh0wxjia0nAnBWXx5mTTOS065VL65KFQraRxZckxOSJE45JJUyTWpkTrh5JE8k1fyZj1ZL9a79TFvzVjpzCH5A+vzBwROlps=</latexit>

SU(super bath)<latexit sha1_base64="nPDDj8N4Sh5+0VPrQgohwqFdrEU=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIzHxRHaNQY4kXjxiIo8ENmR2aGDC7Mw600skG77DiweN8erHePNvHGAPClbSSaWqO91dYSy4Qc/7dnIbm1vbO/ndwt7+weFR8fikaVSiGTSYEkq3Q2pAcAkN5CigHWugUSigFY5v535rAtpwJR9wGkMQ0aHkA84oWinoIjyhjlIVg5z1iiWv7C3grhM/IyWSod4rfnX7iiURSGSCGtPxvRiDlGrkTMCs0E0MxJSN6RA6lkoagQnSxdEz98IqfXegtC2J7kL9PZHSyJhpFNrOiOLIrHpz8T+vk+CgGqRcxgmCZMtFg0S4qNx5Am6fa2AoppZQprm91WUjqilDm1PBhuCvvrxOmldlv1Ku3F+XatUsjjw5I+fkkvjkhtTIHamTBmHkkTyTV/LmTJwX5935WLbmnGzmlPyB8/kDo8iSpw==</latexit>open

<latexit sha1_base64="MbfAwwD5fUhonwuNjnz1+9S9iK0=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSIItiURqd0IRTftrqJ9QBPCZDpph04ezNwIJfQn3Pgrblwo4lZw5984fSy09cCFwzn3ztx7vJgzCab5rWVWVtfWN7Kbua3tnd09ff+gJaNEENokEY9Ex8OSchbSJjDgtBMLigOP07Y3vJn47QcqJIvCexjF1AlwP2Q+IxiU5OoFuxdBaotBNL4qMptTH7o1t35Wc9N68fquOS5MPFuw/gAcV8+bJXMKY5lYc5JHczRc/Us9T5KAhkA4lrJrmTE4KRbACKfjnJ1IGmMyxH3aVTTEAZVOOr1qbJwopWf4kVAVgjFVf0+kOJByFHiqM8AwkIveRPzP6ybgV5yUhXECNCSzj/yEGxAZk4iMHhOUAB8pgolgaleDDLDABFSQORWCtXjyMmmdl6xyqXx7ka9W5nFk0RE6RqfIQpeoimqogZqIoEf0jF7Rm/akvWjv2sesNaPNZw7RH2ifP9penps=</latexit>

⇢̇ = �i [HI +HI�BSU , ⇢]

<latexit sha1_base64="3bpXdFIQV5Swwmg1p+IeB5z7RiI=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIDFAlCJUuSBUsZSuCXqQ0ihzXaa06F9kOUhVlZuFVWBhAiJUnYONtcNIMUPglS7++c47t87sRo0IaxpdWWlhcWl4pr1bW1jc2t/Ttna4IY45JB4cs5H0XCcJoQDqSSkb6ESfIdxnpuZOrrN67J1zQMLiT04jYPhoF1KMYSYUcfX8wDGUy4OMwdZLby/TihFot5/o4IzmwHb1q1Ixc8K8xC1MFhdqO/qnuxLFPAokZEsIyjUjaCeKSYkbSyiAWJEJ4gkbEUjZAPhF2kq+SwkNFhtALuTqBhDn9OZEgX4ip76pOH8mxmK9l8L+aFUuvYSc0iGJJAjx7yIsZlCHMcoFDygmWbKoMwpyqv0I8RhxhqdKrqBDM+ZX/mu5pzazX6jdn1WajiKMM9sABOAImOAdN0AJt0AEYPIAn8AJetUftWXvT3metJa2Y2QW/pH18A9/Omlo=</latexit>

⇢̇SB = �i[HI , ⇢SB ]

<latexit sha1_base64="4gEEO1F0BIfiK5ap3uLalGg7zAQ=">AAACE3icbVA9SwNBEN3z2/h1ammzGBSxCHciahm0sVQ0UciFsLeZi0v29o7dOWM48h9s/Cs2ForY2tj5b9x8FJr4YODx3gwz88JUCoOe9+1MTc/Mzs0vLBaWlldW19z1japJMs2hwhOZ6NuQGZBCQQUFSrhNNbA4lHATts/6/s09aCMSdY3dFOoxaykRCc7QSg13P0B4QB3nQRjlHWBtypPMLlatHg0BOwCKXtFgl572Gm7RK3kD0Enij0iRjHDRcL+CZsKzGBRyyYyp+V6K9ZxpFFxCrxBkBlLG26wFNUsVi8HU88FPPbpjlSaNEm1LIR2ovydyFhvTjUPbGTO8M+NeX/zPq2UYndRzodIMQfHhoiiTFBPaD4g2hQaOsmsJ41rYWym/Y5pxtDEWbAj++MuTpHpQ8o9KR5eHxfLJKI4FskW2yR7xyTEpk3NyQSqEk0fyTF7Jm/PkvDjvzsewdcoZzWySP3A+fwDTHJ4O</latexit>

weak coupling between S & B

<latexit sha1_base64="UR/lDNwtZzixYZo3tL8cRYUGqnw="></latexit>

⇢̇SB = �i[HI , ⇢SB ] + LX
B [⇢SB ]

<latexit sha1_base64="NwE7nhO9CGO+ZtExDcwAeGJ+eiA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBjSURqV0W3LisYB/QhjKZTtqhM5MwcyPGUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KYMw2u+20VVlbX1jeKm6Wt7Z3dPXv/oKWjRBHaJBGPVCfAmnImaRMYcNqJFcUi4LQdjK+nfvueKs0ieQdpTH2Bh5KFjGAwUt8+6gF9ACUyGcnzRDLAKp307bJbcWdwlomXkzLK0ejbX71BRBJBJRCOte56bgx+hhUwwumk1Es0jTEZ4yHtGiqxoNrPZtdPnFOjDJwwUqYkODP190SGhdapCEynwDDSi95U/M/rJhDW/IzJOAEqyXxRmHAHImcahTNgihLgqSGYKGZudcgIK0zABFYyIXiLLy+T1kXFq1aqt5flei2Po4iO0Qk6Qx66QnV0gxqoiQh6RM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwBlFuV8A==</latexit>

non-unitary
<latexit sha1_base64="iDcVeoCTyXv4nb4GwyWFBfYGMVk="></latexit>

⇢̇S = �TrB

Z t

0
dt

0 [HI(t) [HI(t
0), ⇢SB(t

0)]]

<latexit sha1_base64="iDcVeoCTyXv4nb4GwyWFBfYGMVk="></latexit>

⇢̇S = �TrB

Z t

0
dt

0 [HI(t) [HI(t
0), ⇢SB(t

0)]]
<latexit sha1_base64="vrPGn8JDjvRMJ/Jc2rsurrtpIdk="></latexit>

�iTrB

Z t

0
dt

0 ⇥
HI(t),LX

B [⇢SB(t
0)
⇤

<latexit sha1_base64="2kNVkkekZblwFpgOu7IWUgzzHz0=">AAACFHicbVDLSsNAFJ34rPUVdekmWIRKoSQitctSNy5cVOwLkhgm00k7dPJgZiKUkI9w46+4caGIWxfu/BsnaRbaemDg3HPuZe49bkQJF7r+raysrq1vbJa2yts7u3v76sFhn4cxQ7iHQhqyoQs5piTAPUEExcOIYei7FA/c6VXmDx4w4yQMumIWYduH44B4BEEhJUet1Swfignzky5LnXZeIEiTG1ncD02LTUInuWunVXFmO2pFr+s5tGViFKQCCnQc9csahSj2cSAQhZybhh4JO4FMEERxWrZijiOIpnCMTUkD6GNuJ/lRqXYqlZHmhUy+QGi5+nsigT7nM9+VndnSfNHLxP88MxZe005IEMUCB2j+kRdTTYRalpA2IgwjQWeSQMSI3FVDE8ggEjLHsgzBWDx5mfTP60aj3ri9qLSaRRwlcAxOQBUY4BK0wDXogB5A4BE8g1fwpjwpL8q78jFvXVGKmSPwB8rnD9Zmnqg=</latexit>

+TrBLX
B [⇢SB(t)]

<latexit sha1_base64="kIIugPyRjCpi8F2Q2KZ752My2W8=">AAACFXicbVA9SwNBEN3z2/gVtbRZDIqFhDuRmDJoY6loVMiFsLeZS5bs7R67c2o48ids/Cs2ForYCnb+GzcxhV8PBh7vzTAzL0qlsOj7H97E5NT0zOzcfGFhcWl5pbi6dmF1ZjjUuZbaXEXMghQK6ihQwlVqgCWRhMuodzT0L6/BWKHVOfZTaCaso0QsOEMntYq7IcItmiQPozi3aLTqUK4zt1p1BjQCvAFQ9IyG2/Rw0CqW/LI/Av1LgjEpkTFOWsX3sK15loBCLpm1jcBPsZkzg4JLGBTCzELKeI91oOGoYgnYZj76akC3nNKmsTauFNKR+n0iZ4m1/SRynQnDrv3tDcX/vEaGcbWZC5VmCIp/LYozSVHTYUS0LQxwlH1HGDfC3Up5lxnG0QVZcCEEv1/+Sy72ykGlXDndL9Wq4zjmyAbZJDskIAekRo7JCakTTu7IA3kiz9699+i9eK9frRPeeGad/ID39gm4cZ8X</latexit>

strong coupling between S & B
<latexit sha1_base64="IFOpj1hRAxxuBjsh78UiVu2dQmE=">AAACDnicbVA9SwNBEN3zM8avqKXNYghYhTuRmDJgYxnBfEByhL3NXLJk7/bYnRPDkV9g41+xsVDE1trOf+Pmo9DEBwOP92aYmRckUhh03W9nbX1jc2s7t5Pf3ds/OCwcHTeNSjWHBldS6XbADEgRQwMFSmgnGlgUSGgFo+up37oHbYSK73CcgB+xQSxCwRlaqVcodREeUEeZFgOlVWpoAhpTHcx8ikNQejzpFYpu2Z2BrhJvQYpkgXqv8NXtK55GECOXzJiO5yboZ0yj4BIm+W5qIGF8xAbQsTRmERg/m70zoSWr9GmotK0Y6Uz9PZGxyJhxFNjOiOHQLHtT8T+vk2JY9TMRJylCzOeLwlRSVHSaDe0LDRzl2BLGtbC3Uj5kmnG0CeZtCN7yy6ukeVH2KuXK7WWxVl3EkSOn5IycE49ckRq5IXXSIJw8kmfySt6cJ+fFeXc+5q1rzmLmhPyB8/kDWQmdig==</latexit>

rigorous perturbation theory

<latexit sha1_base64="NEt2nAilc7RCgN8w97HGqszUF/s="></latexit>

⇢̇S = LRF
S [⇢S ] Redfield eq

<latexit sha1_base64="xp20WVTxYC2If94PNn9tI7z9lSU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQitceCF48V7Ae0oWw223btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJ7dzvPDFtuJIPOE1YEJOR5ENOCVqp3aeRQjMoV7yqt4C7TvycVCBHc1D+6keKpjGTSAUxpud7CQYZ0cipYLNSPzUsIXRCRqxnqSQxM0G2uHbmXlglcodK25LoLtTfExmJjZnGoe2MCY7NqjcX//N6KQ7rQcZlkiKTdLlomAoXlTt/3Y24ZhTF1BJCNbe3unRMNKFoAyrZEPzVl9dJ+6rq16q1++tKo57HUYQzOIdL8OEGGnAHTWgBhUd4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/ruePMA==</latexit>· · ·

<latexit sha1_base64="BU4RBdDkXRFGlfl3+mrOlKrtuuI="></latexit>

⇢ss
S

= TrBe
��(HS+HB+HI) yes or no?

<latexit sha1_base64="b/LAsa5zUIoD/nbyHhnEYCBelXg=">AAACAHicbVA9TwJBFNzDL8Qv1MLCZiMxsSJ3xiAliYWWmAiSACF7yzvYsLt32X1nJBca/4qNhcbY+jPs/DcecIWCU01m3st7M34khUXX/XZyK6tr6xv5zcLW9s7uXnH/oGnD2HBo8FCGpuUzC1JoaKBACa3IAFO+hHt/dDX17x/AWBHqOxxH0FVsoEUgOMNU6hWPOgiPaFSigGkahIZeC9+3k16x5JbdGegy8TJSIhnqveJXpx/yWIFGLpm1bc+NsJswg4JLmBQ6sYWI8REbQDulmimw3WQWYEJPU6U/ux6EGulM/b2RMGXtWPnppGI4tIveVPzPa8cYVLuJ0FGMoPn8UBBLiiGdtkH7wgBHOU4J40akv1I+ZIZxTDsrpCV4i5GXSfO87FXKlduLUq2a1ZEnx+SEnBGPXJIauSF10iCcTMgzeSVvzpPz4rw7H/PRnJPtHJI/cD5/AOx7lpk=</latexit>

mean for Gibbs

<latexit sha1_base64="dA/Dz/hGHZTTGpSdkpz8YPDA3xE=">AAACHHicbVDLSgMxFM34tr6qLt0Eq+CqzKioS0FQN0JFq0JbSyZzx4ZmkiG5I5ahH+LGX3HjQhE3LgT/xvSx8HUgcDjnXm7OCVMpLPr+pzcyOjY+MTk1XZiZnZtfKC4uXVidGQ5VrqU2VyGzIIWCKgqUcJUaYEko4TJsH/T8y1swVmh1jp0UGgm7USIWnKGTmsWtOsIdmiRfq5uWbp5d59Z216iwNIJYKIEgO1RppCeHR9QiQyh3m8WSX/b7oH9JMCQlMkSlWXyvR5pnCSjkkllbC/wUGzkzKLiEbqGeWUgZb7MbqDmqWAK2kffDdem6UyIaa+OeQtpXv2/kLLG2k4RuMmHYsr+9nvifV8sw3mvkQqUZguKDQ3EmKWraa4pGwgBHFz8SjBvh/kp5ixnG0fVZcCUEvyP/JReb5WCnvHO6XdrfG9YxRVbIKtkgAdkl++SYVEiVcHJPHskzefEevCfv1XsbjI54w51l8gPexxeSxqGg</latexit>

⇢ssS is definitely not MFG state.
<latexit sha1_base64="WT6Q8JFoFrjblhXn5dBgzwpfgHA=">AAAB9XicbVBNSwMxEM36WetX1aOXYBHqpeyK1B4LgnoRKtgPaNeSTdM2NMkuyaxalv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4gEN+C6387S8srq2npmI7u5tb2zm9vbr5sw1pTVaChC3QyIYYIrVgMOgjUjzYgMBGsEw4uJ33hg2vBQ3cEoYr4kfcV7nBKw0n0b2BNomRRuLq9Oxp1c3i26U+BF4qUkj1JUO7mvdjeksWQKqCDGtDw3Aj8hGjgVbJxtx4ZFhA5Jn7UsVUQy4yfTq8f42Cpd3Au1LQV4qv6eSIg0ZiQD2ykJDMy8NxH/81ox9Mp+wlUUA1N0tqgXCwwhnkSAu1wzCmJkCaGa21sxHRBNKNigsjYEb/7lRVI/LXqlYun2LF8pp3Fk0CE6QgXkoXNUQdeoimqIIo2e0St6cx6dF+fd+Zi1LjnpzAH6A+fzB/7Vkio=</latexit>

(MFG)

<latexit sha1_base64="xp20WVTxYC2If94PNn9tI7z9lSU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQitceCF48V7Ae0oWw223btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJ7dzvPDFtuJIPOE1YEJOR5ENOCVqp3aeRQjMoV7yqt4C7TvycVCBHc1D+6keKpjGTSAUxpud7CQYZ0cipYLNSPzUsIXRCRqxnqSQxM0G2uHbmXlglcodK25LoLtTfExmJjZnGoe2MCY7NqjcX//N6KQ7rQcZlkiKTdLlomAoXlTt/3Y24ZhTF1BJCNbe3unRMNKFoAyrZEPzVl9dJ+6rq16q1++tKo57HUYQzOIdL8OEGGnAHTWgBhUd4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/ruePMA==</latexit>· · ·

<latexit sha1_base64="boQ6tkLVQkSwLl5g8mjiFdue5kw=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2ARPJVdkdpjwYs3K9haaJeSTbNtaJJdklmxLAX/ihcPinj1d3jz35i2e9DWBwOP92aYmRcmghvwvG+nsLK6tr5R3Cxtbe/s7rn7By0Tp5qyJo1FrNshMUxwxZrAQbB2ohmRoWD34ehq6t8/MG14rO5gnLBAkoHiEacErNRzj7rAHkHL7CbVmCSJjgkdTnpu2at4M+Bl4uekjHI0eu5Xtx/TVDIFVBBjOr6XQJARDZwKNil1U8MSQkdkwDqWKiKZCbLZ+RN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vE4KUS3IuEpSYIrOF0WpwBDjaRa4zzWjIMaWEKq5vRXTIdGEgk2sZEPwF19eJq3zil+tVG8vyvVaHkcRHaMTdIZ8dInq6Bo1UBNRlKFn9IrenCfnxXl3PuatBSefOUR/4Hz+APBTlho=</latexit>

Our approach
<latexit sha1_base64="YlplQal3Bm1SIoQzNVglq/OFwSc=">AAACD3icbVDJSgNBEO1xN25Rj14ag+IpzIhEj4IXjxHMAskQejo1SZOe7qG7Rg1D/sCLv+LFgyJevXrzb+wsB7cHBY/3qqiqF6VSWPT9T29ufmFxaXlltbC2vrG5VdzeqVudGQ41rqU2zYhZkEJBDQVKaKYGWBJJaESDi7HfuAFjhVbXOEwhTFhPiVhwhk7qFA/bCHdokrxq4EbozNJbYAPKdea2qx7FPmgzHHWKJb/sT0D/kmBGSmSGaqf40e5qniWgkEtmbSvwUwxzZlBwCaNCO7OQMj5gPWg5qlgCNswn/4zogVO6NNbGlUI6Ub9P5CyxdphErjNh2Le/vbH4n9fKMD4Lc6HSDEHx6aI4kxQ1HYdDu8IARzl0hHEj3K2U95lhHF2EBRdC8Pvlv6R+XA4q5crVSen8bBbHCtkj++SIBOSUnJNLUiU1wsk9eSTP5MV78J68V+9t2jrnzWZ2yQ94719ntJ2B</latexit>

Previous weak coupling theory

<latexit sha1_base64="+vHcGEoyTqZo53oQmR5LW8x+8+E="></latexit>

⇢̇S = eLRF
S [⇢S ]

<latexit sha1_base64="9V4n4EgSzLwHyMJUHPeDfSTJpCc=">AAACFHicbVA9SwNBEN3z2/h1ammzGBRBCHciahm0sVQ0UciFsLeZi0v29o7dOWM48iNs/Cs2ForYWtj5b9x8FJr4YODx3gwz88JUCoOe9+1MTc/Mzs0vLBaWlldW19z1japJMs2hwhOZ6NuQGZBCQQUFSrhNNbA4lHATts/6/s09aCMSdY3dFOoxaykRCc7QSg13P0B4QB3nQRjlHWBtypPMLlatHg0BOwCKntJgl15Veg236JW8Aegk8UekSEa4aLhfQTPhWQwKuWTG1HwvxXrONAouoVcIMgMp423WgpqlisVg6vngqR7dsUqTRom2pZAO1N8TOYuN6cah7YwZ3plxry/+59UyjE7quVBphqD4cFGUSYoJ7SdEm0IDR9m1hHEt7K2U3zHNONocCzYEf/zlSVI9KPlHpaPLw2L5ZBTHAtki22SP+OSYlMk5uSAVwskjeSav5M15cl6cd+dj2DrljGY2yR84nz+IlZ5t</latexit>

weak coupling between B & SU

<latexit sha1_base64="1qFzO90A+LwcISgQ368pwhD0vHI="></latexit>

⇢SB(t
0) ' ⇢S(t

0)⌦ e��HB Born approx



II. Photonic bath interacting with Caldeira-Legett super bath

<latexit sha1_base64="qEY8k4LrzdCZt10mXif5lFoVuvU="></latexit>

HB =
X

k�

~!kb
†
k�bk�

<latexit sha1_base64="yG31OHpimdDPYpgBLAG9/5zB8Mc="></latexit>

E(r) = i

r
2⇡~
V

X

k�

p
!kek�

h
bk�e

ik·r � b†k�e
�ik·r

i
,

1. Photonic bath

2. Caldera-Legett (CL) SU 
     - Collection of infinitely many harmonic oscillators with dipole moments

2nd quantized electric field

Eigen-operator

<latexit sha1_base64="fRc5O34SZ3ep52dx3MEPNueu6BA="></latexit>

HSB =
N!1X

n=1

~!nc
†
ncn

3. Interaction between B and SU

<latexit sha1_base64="tFI9rz1EZkDnebR3IqbNgJ2S7JE="></latexit>

pn = dnqnxn = dnn(cn + c†n)

<latexit sha1_base64="0+92xiafNX6NF6NtToFyxOceAcU="></latexit>

where n =

s
~q2n

mn!n

<latexit sha1_base64="3ZEP9nZFgHBDI3s7aZyxYLgeZPA="></latexit>

HI�BSU = �
X

n

pn ·E(rn) = �
X

n,a

np̂
a
n(cn + c

†
n)E

a
n

<latexit sha1_base64="b7wZRWgBLPPlEVatnuOuWNcYzSw="></latexit>

Ea
n(! > 0) = i

r
2⇡~!
V

X

k2S!,�

eak�bk�e
ik·rn <latexit sha1_base64="zIRXDFrZ7hU/+Fepk2x4IGqPpSo=">AAACEHicbVA9SwNBEN3zM8avqKXNYRCTJtyJqIWCIIJlBJMIyeWY20zOxb3dY3dPCNGfYONfsbFQxNbSzn/j5qNQ44OBt+/NsDMvSjnTxvO+nKnpmdm5+dxCfnFpeWW1sLZe1zJTFGtUcqmuItDImcCaYYbjVaoQkohjI7o5HfiNW1SaSXFpeikGCcSCdRkFY6WwsHMWijaUWjLBGI688vHofTcS7srtVgfiGFVYKHoVbwh3kvhjUiRjVMPCZ6sjaZagMJSD1k3fS03QB2UY5Xifb2UaU6A3EGPTUgEJ6qA/POje3bZKx+1KZUsYd6j+nOhDonUviWxnAuZa//UG4n9eMzPdw6DPRJoZFHT0UTfjrpHuIB23wxRSw3uWAFXM7urSa1BAjc0wb0Pw/548Seq7FX+/sn+xVzw5HMeRI5tki5SITw7ICTknVVIjlDyQJ/JCXp1H59l5c95HrVPOeGaD/ILz8Q0eGJwF</latexit>

Ea
n(! < 0) = Ea

n(|!|)†

<latexit sha1_base64="CSDM8Vs8MxGD0lM4a6Tskl41OUA=">AAACIHicbVDLSgMxFM34rPVVdekm2Aqu6oyIiiAIblxWtFZoS8mkd9rQZGZI7qhlqH/ixl9x40IR3enXmD4W2nogcDjnXG7u8WMpDLrulzM1PTM7N59ZyC4uLa+s5tbWr02UaA5lHslI3/jMgBQhlFGghJtYA1O+hIrfOev7lVvQRkThFXZjqCvWCkUgOEMrNXKHl41apKDFjh9oDeEetUpN3AZtE5KaRAeMA70T2KaFzskwussLvUYu7xbdAegk8UYkT0YoNXKftWbEEwUhcsmMqXpujPWUaRRcQi9bSwzEjHdYC6qWhkyBqaeDA3t02ypNGkTavhDpQP09kTJlTFf5NqkYts241xf/86oJBkf1VIRxghDy4aIgkRQj2m+LNoUGjrJrCeNa2L9S3maacbSdZm0J3vjJk+R6r+gdFA8u9vOnR6M6MmSTbJEd4pFDckrOSYmUCSeP5Jm8kjfnyXlx3p2PYXTKGc1skD9wvn8A5VWjYA==</latexit>

S! : spherical surface with k = !/c

<latexit sha1_base64="Nn9tqQyP91dAxuAb1s6viUPFR80="></latexit>

Following the text book by Breuer & Petruccione,”The theory of open quantum systems”



<latexit sha1_base64="qBWks8TqJwXGFE6FTEcgE5rqlpw="></latexit>

where

Z 1

0
dtei(!�!n)t = ⇡�(! � !n) + iP

1

! � !n

Spectral density

<latexit sha1_base64="IYrKH/vI91+4XBGRSuExmXNbUGM="></latexit>

In small window d!, still many frequencies are distributed.

<latexit sha1_base64="QoIPq2l7MEBdeALEbhOwnmMY92k=">AAACFXicbVDJSgNBEO1xN25Rj14agxAhhhlxuwiCF08SwSyQiaGmU5M09ix09whhmJ/w4q948aCIV8Gbf2NnOWjig4LHe1VU1fNiwZW27W9rZnZufmFxaTm3srq2vpHf3KqpKJEMqywSkWx4oFDwEKuaa4GNWCIEnsC6d3858OsPKBWPwlvdj7EVQDfkPmegjdTOl0r0uuhGAXZh/9z1JbDUyVK8S10PNbg9D+TIzQ6crJ0v2GV7CDpNnDEpkDEq7fyX24lYEmComQClmo4d61YKUnMmMMu5icIY2D10sWloCAGqVjr8KqN7RulQP5KmQk2H6u+JFAKl+oFnOgPQPTXpDcT/vGai/bNWysM40Riy0SI/EVRHdBAR7XCJTIu+IcAkN7dS1gMTjTZB5kwIzuTL06R2WHZOysc3R4WLs3EcS2SH7JIiccgpuSBXpEKqhJFH8kxeyZv1ZL1Y79bHqHXGGs9skz+wPn8AkCaeeA==</latexit>

, N(!) =
1

e�~! � 1

<latexit sha1_base64="LbywK9FrLffEAvRv6lW2bXMM55o="></latexit>

ei(k�k0)·rn ! �kk0 fast oscillating for |rn| ! 1

Orthogonal polarization basis

<latexit sha1_base64="dAUAq6HnKhwDEeuIpJSDC/jkHL4="></latexit>

almost continuous for N ! 1 and !n < !c (cut-o↵)

4. Dissipator of Lindblad type

<latexit sha1_base64="2EHr+6OOSuSTg2ix5QnC4QfbsI0="></latexit>

= �nm⇡2
n p̂anp̂

b
n [(N(!n) + 1)�(! � !n) + ⇡N(!n)�(! + !n)]

<latexit sha1_base64="boPaWTDON6d5X0torI5xGI7o6mE="></latexit>

�ab
nm(!) =

Z 1

0
dtei!thpan(t)pbm(0)iSU

<latexit sha1_base64="8aHiJguuzeHO4jdf05p9infN3c8="></latexit>

= nmdand
b
m

Z 1

0
dtei!t h(cne�i!nt + c†mei!nt)(cm + c†m)i| {z }

�nm((N(!n)+1)e�i!nt+N(!n)ei!nt)

<latexit sha1_base64="gzUWzxRLBNLzMGnhDqTucmpwAeo="></latexit>

�ab
nn(!)E

a
n(!)⇢SBE

b
n(!)

† =
<latexit sha1_base64="rOSfIqZ98cQoBuzO4U2YjfkqgYc="></latexit>

X

!>0

X

a,b

NX

n=1

q2n
mn!n

(N(!n) + 1)dand
b
n
2⇡!

V

X

k�

X

k0�0

�(! � !n)e
i(k�k0)·rn êak�ê

b
k0�0bk� ⇢SB b†k0�0

<latexit sha1_base64="JOLZ6hjLbRulyCUTnjmBvg7EvjA="></latexit> X

!n2[!,!+d!]

q2n
mn!n

dand
b
n| {z }

�ab/3

�(! � !n)

<latexit sha1_base64="XFgH//5b1B+e+b8nNA5aCyFOkpY="></latexit>

J(!) =
1

N

X

!n

q2n
mn!n

�(! � !n)

<latexit sha1_base64="QRRJkVPlhKhA15ucB49nXiQNSt4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKxBwDXjxGMDGQXcLspDcZMo9lZlYIS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTjkz1ve/vdLG5tb2Tnm3srd/cHhUPT7pGpVpCh2quNK9mBjgTELHMsuhl2ogIubwGE9u5/7jE2jDlHyw0xQiQUaSJYwS66QwzEMlYEQGMpwNqjW/7i+A10lQkBoq0B5Uv8KhopkAaSknxvQDP7VRTrRllMOsEmYGUkInZAR9RyURYKJ8cfMMXzhliBOlXUmLF+rviZwIY6Yidp2C2LFZ9ebif14/s0kzyplMMwuSLhclGcdW4XkAeMg0UMunjhCqmbsV0zHRhFoXU8WFEKy+vE66V/WgUW/cX9dazSKOMjpD5+gSBegGtdAdaqMOoihFz+gVvXmZ9+K9ex/L1pJXzJyiP/A+fwBI3ZHV</latexit>

{!n}

<latexit sha1_base64="lzU+c6lA2qYuc6x9Pe9EuDrNaeo=">AAACD3icbVC7SgNBFJ31bXxFLW0Gg2IVdkXUUrCxjGA0kIQwO3s3Ds5jmbkrhiV/YOOv2FgoYmtr5984eRSaeGDgcM69M3NOnEnhMAy/g5nZufmFxaXl0srq2vpGeXPr2pnccqhzI41txMyBFBrqKFBCI7PAVCzhJr47H/g392CdMPoKexm0FetqkQrO0Eud8n4L4QGtKlpxSi3TiVGyR40VoBESmojMSHD9TrkSVsMh6DSJxqRCxqh1yl+txPBc+Wu4ZM41ozDDdsEsCi6hX2rlDjLG71gXmp5qpsC1i2GePt3zSkJTY/3RSIfq742CKed6KvaTiuGtm/QG4n9eM8f0tF0IneUImo8eSnNJ0dBBOT6uBY6+gEQwboX/K+W3zDKOvsKSLyGajDxNrg+r0XH1+PKocnY6rmOJ7JBdckAickLOyAWpkTrh5JE8k1fyFjwFL8F78DEanQnGO9vkD4LPHx8CnVQ=</latexit>

randomly oriented dipoles

<latexit sha1_base64="FH/qotQs12lsTB11Gk3XpfkOQyc="></latexit>X

a

eak�e
a
k�0 = ek� · ek�0 = ���0



<latexit sha1_base64="ExHC/VTRz1Wp9RKZ1YAwGXdSiCQ=">AAAB9XicbVDLTgJBEJz1ifhCPXrZSEw8kV3jgyOJF4+YyCOBlcwODUyYmd3M9Ipkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7srjAU36Hnfzsrq2vrGZm4rv72zu7dfODismyjRDGosEpFuhtSA4ApqyFFAM9ZAZSigEQ5vpn7jEbThkbrHcQyBpH3Fe5xRtNJDG+EJtUxHA9Aw6RSKXsmbwV0mfkaKJEO1U/hqdyOWSFDIBDWm5XsxBinVyJmASb6dGIgpG9I+tCxVVIIJ0tnVE/fUKl23F2lbCt2Z+nsipdKYsQxtp6Q4MIveVPzPayXYKwcpV3GCoNh8US8RLkbuNAK3yzUwFGNLKNPc3uqyAdWUoQ0qb0PwF19eJvXzkn9Vury7KFbKWRw5ckxOyBnxyTWpkFtSJTXCiCbP5JW8OSPnxXl3PuatK042c0T+wPn8AW1Hkxk=</latexit>

where
<latexit sha1_base64="1EpQskVItZ8S2iHcB76LcBwyry8=">AAACHXicbVDNS8MwHE39nPOr6tFLcAjzMlqduosw8CIeZIL7gLWMNEu3sKQtSSqM0n/Ei/+KFw+KePAi/jdmawXdfBB4ee/9SH7PixiVyrK+jIXFpeWV1cJacX1jc2vb3NltyTAWmDRxyELR8ZAkjAakqahipBMJgrjHSNsbXU789j0RkobBnRpHxOVoEFCfYqS01DOrDo/LTsjJAB1dOL5AOHEimiYnaXa5SZNWmvnw+ifYM0tWxZoCzhM7JyWQo9EzP5x+iGNOAoUZkrJrW5FyEyQUxYykRSeWJEJ4hAakq2mAOJFuMt0uhYda6UM/FPoECk7V3xMJ4lKOuaeTHKmhnPUm4n9eN1Z+zU1oEMWKBDh7yI8ZVCGcVAX7VBCs2FgThAXVf4V4iHQrShda1CXYsyvPk9ZxxT6rnN5WS/VaXkcB7IMDUAY2OAd1cAUaoAkweABP4AW8Go/Gs/FmvGfRBSOf2QN/YHx+A7SwokU=</latexit>

µ(!) =
⇡

3

N

V
!J(!)

<latexit sha1_base64="ICjk41gdJODtJIqrljdKWCnopEg="></latexit>

=
⇡

3a20V
1/3

!J(!) where N =
V 2/3

a20
for average spacing a0

<latexit sha1_base64="8LGEvgQ/gkKzP0pxPBZ4hKQd8NI="></latexit>

– µ(!) is very small in thermodynamic limit.

<latexit sha1_base64="lANmOFvAQNhFf4SKf91yDd74v7s="></latexit>

– Dissipator of each photon mode ⇠ 1

V
⇥ number of CL oscillators ⇠ V �1/3

<latexit sha1_base64="Cig9O+5GHj/5PHVQ/KFngIeR9hI="></latexit>

�One can use the Redfield-type dissipator LRF
B

<latexit sha1_base64="/9b391GbQIW6hOWjTjMoqPdBDWo="></latexit>

LLB
B [⇢SB ]=

X

k,�

µ(!)


(N(!) + 1)

✓
bk�⇢SBb

†
k� � 1

2

n
b†k�bk�, ⇢SB

o◆
+N(!)

✓
b†k� · bk� � 1

2

n
bk�b

†
k�, ⇢SB

o◆�

<latexit sha1_base64="iR13WIEGS11+NuBdCn1qbjbrJb8="></latexit>

= !0µ0
!

!0

⇡J(!)

3a20V
1/3

<latexit sha1_base64="AMFX0jmuhjgrKUCdDpFTHqS+utM=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlEajdCwY3LCvYBTQiT6bQdOo8wMxFKKLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe++JE0a18bxvZ2V1bX1js7BV3N7Z3dt3Dw5bWqYKkyaWTKpOjDRhVJCmoYaRTqII4jEj7Xh0M/XbD0RpKsW9GSck5GggaJ9iZKwUucfXgeRkgCIviJHKAp5OynPlPHJLXsWbAS4TPyclkKMRuV9BT+KUE2EwQ1p3fS8xYYaUoZiRSTFINUkQHqEB6VoqECc6zGY/TOCZVXqwL5UtYeBM/T2RIa71mMe2kyMz1IveVPzP66amXwszKpLUEIHni/opg0bCaSCwRxXBho0tQVhReyvEQ6QQNja2og3BX3x5mbQuKn61Ur27LNVreRwFcAJOQRn44ArUwS1ogCbA4BE8g1fw5jw5L8678zFvXXHymSPwB87nD2zIl14=</latexit>

= !0µ̄(!)



<latexit sha1_base64="oHhRpP3mL048oQupRUugHpFExjk=">AAACKnicbZBLS8NAEMc3Pmt9VT16CRahHiyJFO2lUBGh3irYBzSlbDabdunmwe5ELCGfx4tfxUsPSvHqB3HbpqCtAwu//c8MM/O3Q84kGMZEW1vf2Nzazuxkd/f2Dw5zR8dNGUSC0AYJeCDaNpaUM582gAGn7VBQ7Nmctuzh3TTfeqZCssB/glFIux7u+8xlBIOSernbWi+2gL6A8OKHJKlcWh6Gge3GYWIRJ4DF9z4pLFAklQUayUWll8sbRWMW+iqYKeRRGvVebmw5AYk86gPhWMqOaYTQjbEARjhNslYkaYjJEPdpR6GPPSq78ezURD9XiqO7gVDPB32m/u6IsSflyLNV5XRHuZybiv/lOhG45W7M/DAC6pP5IDfiOgT61DfdYYIS4CMFmAimdtXJAAtMQLmbVSaYyyevQvOqaF4XS4+lfLWc2pFBp+gMFZCJblAV1VAdNRBBr+gdfaBP7U0baxPta166pqU9J+hPaN8/7z2ovg==</latexit>

HI = �p ·E(r = 0) =

1. Dipole interaction between S and optical B 

2. Harmonic oscillator system 

<latexit sha1_base64="qvepuYQl1BFzkANTlq7uHYPjc/0="></latexit>

⇢̇SB = � i

~
⇥
~!0a

†
a+HI, ⇢SB

⇤
+ LB[⇢SB]

3. Coherent states for
<latexit sha1_base64="hWE4fgCuCPUFKQxDyJ8yfeMyojg="></latexit>

{a, a†, bk�, b†k�} = {bi, b†i} i = 0, 1, 2, · · · and i = 0 for system

<latexit sha1_base64="lRfl9q/UBvV57YkIag6+e9+GqgQ="></latexit>

|zii = e�|zi|2/2
1X

mi=0

zimi

p
mi!

|mii

<latexit sha1_base64="HlsVOvDzNwI0GK1jT5rR8w514Gc="></latexit>

HS = ~!0

✓
aa

† +
1

2

◆
, p = x̂qx = x̂q

r
~

2m!0
(a+ a

†)

<latexit sha1_base64="v1EQ9Bx4c5k234qJotf8jBykySU="></latexit>

�i
X

k�

r
2⇡~!
V

X

↵

e↵k�p↵(bk� � b†k�)

III. Strongly coupled system and bath

<latexit sha1_base64="0l5T+mDmR+fdCZdPtXZX7p/3INc="></latexit>

HI = �i~
X

k,�

�k�(!)(a+ a
†)(bk� � b

†
k�)

<latexit sha1_base64="aeO4FvEORsWkRWA0T9X6+cFSKQI="></latexit>

bi|ziihzi| = zi|ziihzi|, b†i |ziihzi| =
✓

@

@zi
+ z⇤i

◆
|ziihzi|

<latexit sha1_base64="9v2zQhQlmLW2D0vg4JZer/o9tNE="></latexit>

where �k�(!) = !0

s
⇡q2

m!2
0V

r
!

!0
exk� = !0

r
⇡⌫

V

r
!

!0
exk�



4. P-representation for  
<latexit sha1_base64="rqQgo5hPM2CdG/mf7RnpVAYpDOk="></latexit>

⇢SB =

Z
dudu⇤P (u, u⇤)|uihu|

5. Pseudo-Fokker-Planck equation for 

<latexit sha1_base64="inAxmaB/EV5jPE5iaFeeH6SVVjQ="></latexit>

Ṗ =

"
!0

✓
� @

@x0
y0 +

@

@y0
x0

◆
+

X

i>0

!i

✓
� @

@xi
yi +

@

@yi
xi

◆

<latexit sha1_base64="PsWeprE7Epj16KdnDDZG/GXGtfk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoipfYiFLx4rGA/oA1hs920SzebsLsRY+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo46KEklom0Q8kj0fK8qZoG3NNKe9WFIc+px2/cnNzO8+UKlYJO51GlM3xCPBAkawNtLgyWPXjx67YKnHvHLFrtpzoFXi5KQCOVpe+WswjEgSUqEJx0r1HTvWboalZoTTaWmQKBpjMsEj2jdU4JAqN5vfPEVnRhmiIJKmhEZz9fdEhkOl0tA3nSHWY7XszcT/vH6ig4abMREnmgqyWBQkHOkIzQJAQyYp0Tw1BBPJzK2IjLHERJuYSiYEZ/nlVdK5rDr1au2uVmk28jiKcAKncA4OXEETbqEFbSAQwzO8wpuVWC/Wu/WxaC1Y+cwx/IH1+QPQm5GF</latexit>

zi = xi + iyi

<latexit sha1_base64="dCH01k/9lGRkaYySVg5Jg244e2Q="></latexit>

where Ni = (e�~!i � 1)�1 for !i = c|k|

<latexit sha1_base64="Pt1wNEUrPmqCJSh+mhT+4uQwGbo="></latexit>

+
X

i>0

µi

2

✓
@

@xi
xi +

@

@yi
yi

◆
+

Ni

2

✓
@2

@x2
i

+
@2

@y2i

◆�#
P

<latexit sha1_base64="5sUmA+1IeO9Ej8KcOcKBBR0MjJY="></latexit>

– 1-dim Ornstein-Uhlenbeck process,not-positive di↵usion)

<latexit sha1_base64="pSoKc+vUqHYSW0o2v51r/cyMSy4=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCQimJeOlGKLhxWcFeoAlhMpm0QyeTMDMR2rTP4MZXceNCEbeu3Pk2TtsstPXAwMf/n8OZ8/sJo1JZ1rextLyyurZe2Chubm3v7Jp7+00ZpwKTBo5ZLNo+koRRThqKKkbaiSAo8hlp+f2bid96IELSmN+rQULcCHU5DSlGSkueeTpKHYF4l5Hr0bA89Oyyg4NYSY00x9z3zJJVsaYFF8HOoQTyqnvmlxPEOI0IV5ghKTu2lSg3Q0JRzMi46KSSJAj3UZd0NHIUEelm05PG8FgrAQxjoR9XcKr+nshQJOUg8nVnhFRPznsT8T+vk6qw6maUJ6kiHM8WhSmDKoaTfGBABcGKDTQgLKj+K8Q9JBBWOsWiDsGeP3kRmmcV+7JycXdeqlXzOArgEByBE2CDK1ADt6AOGgCDR/AMXsGb8WS8GO/Gx6x1ychnDsCfMj5/AIogngE=</latexit>

|ui = |z, z1, · · · , zi, · · · i

<latexit sha1_base64="fHRgiWvZtCaNOYIGBVn3ltjCzPU=">AAACQXicbVDLSsNAFJ3UV62vqks3wSJUhJKIj26EgiIuK9gHNKFMppN26GQmzkyEEvprbvwDd+7duFDErRsnaURtvTBw7jn3NccLKZHKsp6M3Nz8wuJSfrmwsrq2vlHc3GpKHgmEG4hTLtoelJgShhuKKIrbocAw8ChuecPzRG/dYSEJZzdqFGI3gH1GfIKg0lS32D5zQigUgbTrBFANPD++HTuox1U5zaUfX07yH/ngW7nIlNkJ+/VusWRVrDTMWWBnoASy0PWPTo+jKMBMIQql7NhWqNw4GY0oHhecSOIQoiHs446GDAZYunHqwNjc00zP9LnQjykzZX93xDCQchR4ujK9fVpLyP+0TqT8qhsTFkYKMzRZ5EfUVNxM7DR7RGCk6EgDiATRt5poAAVESpte0CbY01+eBc3Din1SOb4+KtWqmR15sAN2QRnY4BTUwBWogwZA4B48g1fwZjwYL8a78TEpzRlZzzb4E8bnF9Ngs2M=</latexit>

= @q · (F · q+ D · @q)P
<latexit sha1_base64="fMWihi6ZunTNpcLU4Jc0WOTUeas="></latexit>

where q = (x, y, x1, y1, x2, y2, · · · )t

<latexit sha1_base64="eGct7v1JEbVuY4Z25v768elrwBU="></latexit>

�
X

i>0

�i


@

@xi
x0 �

@

@y0
yi �

1

4

✓
@2

@xi@x0
� @2

@yi@y0

◆�

<latexit sha1_base64="B+pY7C6JEiHu8FRCvQtoxOzinL0="></latexit>

�i = !0

r
⇡⌫

V

r
!i

!0
exk�, µi = !0

!i

!0

⇡2J(!i)

3a20V
1/3

<latexit sha1_base64="iUlc+xGJzQyHdCUK6ErbH02ozAw="></latexit>

⇢̇SB = � i

~
⇥
~!0a

†
a+HI, ⇢SB

⇤
+ LLB

B [⇢SB] leads to



6. Orders of magnitude
<latexit sha1_base64="RKmHLLtmpsj3AIM9LhSXX2YL+Mc="></latexit>

q = 4.8⇥ 10
�10

esu(electron’s charge), m = 1.7⇥ 10
�24

g (reduced mass of H2),
<latexit sha1_base64="oO+LeC3/tK8hWcyjPAxmiTuEXTo="></latexit>

!0 ⇠ 1013-1014s�1 for typical diatomic atoms, V1/3 ⇠ 101-102cm

<latexit sha1_base64="jcdoKmhqTEcM4dir0Mw6ZQ1HcpI="></latexit>

=
2⇡(!/!0)2

3!c/!0

✓
q2n

mn!n

◆
1

!ca20V
1/3

⌧ 1

<latexit sha1_base64="G5Sm4KvTuzglWFjQXtDO4C7X2GI="></latexit>

– series expansion for small di, treating µi exact

<latexit sha1_base64="SpbLK59kG5IBkhuZelHL4/88OZs="></latexit>

(1)
dk�
µ(!)

⇠

m!2

0a
4
0

q2V 1/3

�1/2
⌧ 1

7. Separation of time scales, fast and  slow
<latexit sha1_base64="5MYz5TqjpsGDnJqQTa3mAFeXngY="></latexit>

– Relaxation (dissipation) factor: e�Ft

<latexit sha1_base64="ll0ZXUlN/7jyFsHwEuyNKLCKsBc="></latexit>

– Relaxation rates (inverse of relaxation times) : real parts of eigenvalues of F

<latexit sha1_base64="NSChG3Qr2tejGixusGn+CbReqrQ="></latexit>

(2)
⌧�1
S

⌧�1
B

/ ⌫(!0/c)3

µ(!)
⇠ !3

0a
2
0V

1/3

c3
⌧ 1

<latexit sha1_base64="4Nx82/0Bb4L+roDIqMxTAyTM6lw=">AAACKnicbVDLSgNBEJz1bXxFPXoZjIIXw674OipC8KhgVEhCmJ30xsF5LDO9wbDke7z4K15yUMSrH+JkzcFXn4qqLrq64lQKh2H4FkxMTk3PzM7NlxYWl5ZXyqtr185klkOdG2nsbcwcSKGhjgIl3KYWmIol3MT3ZyP9pgfWCaOvsJ9CS7GuFongDD3VLp82ER7Qqnx3l9asUdSBFeAoPKRMj1w0MZaC6ILuMZl5xSR0q6kY3rkkrw22Bu1yJayGxdC/IBqDChnPRbs8bHYMzxRo5JI514jCFFs5syi4hEGpmTlIGb9nXWh4qJkC18qLVwd02zOdIlNiNNKC/e7ImXKur2K/WWT8rY3I/7RGhslxKxc6zRA0/zqUZJKioaPeaEdY4Cj7HjBuhc9K+R2zjKNvt+RLiH6//Bdc71Wjw+rB5X7l5HhcxxzZIJtkh0TkiJyQc3JB6oSTR/JMXshr8BQMg7fg/Wt1Ihh71smPCT4+AcI8p3Q=</latexit>

– From series expansion for eigenvalues of F

<latexit sha1_base64="zl8tP/e4dwYV9woVt2DkH6k0CDI="></latexit>

or ⌧S � ⌧B � !�1
0

<latexit sha1_base64="6CZ/stUDwGjyDvYHgI45GSyXGrM=">AAACD3icbZDJSgNBEIZ7XGPcoh69NEYlXsKMuARBCOQiXoxgopCE0NOpJE26Z4buGjEMeQMvvooXD4p49erNt7GzHNx+aPj4q4rq+v1ICoOu++lMTc/Mzs2nFtKLS8srq5m19aoJY82hwkMZ6hufGZAigAoKlHATaWDKl3Dt90rD+vUtaCPC4Ar7ETQU6wSiLThDazUzu3WEO9QqyV10leAndPs8Vw8VdNjeaYmOaXtv0Mxk3bw7Ev0L3gSyZKJyM/NRb4U8VhAgl8yYmudG2EiYRsElDNL12EDEeI91oGYxYApMIxndM6A71mnRdqjtC5CO3O8TCVPG9JVvOxXDrvldG5r/1WoxtguNRARRjBDw8aJ2LCmGdBgObQkNHGXfAuNa2L9S3mWacbQRpm0I3u+T/0J1P+8d5Q8vD7LFwiSOFNkkWyRHPHJMiuSMlEmFcHJPHskzeXEenCfn1Xkbt045k5kN8kPO+xeD4psH</latexit>

(Ohmic: J(!) = C!)

<latexit sha1_base64="d8m4YyETlfITOmMFzurN7Ol82K4="></latexit>

�̄k� = !�1
0 �k� = exk�


⇡q2

m!2
0V

!

!0

�1/2
= exk�


⇡⌫

V

!

!0

�1/2
⌧ 1

<latexit sha1_base64="Gw1CW7pjaJy3ZjKBRvMgFzZIP10="></latexit>

µ̄(!) = !�1
0 µ(!) =

⇡J(!)

3a20V
1/3

!

!0

<latexit sha1_base64="IJJektwyNwIjnCKxAYq6LZO8vXk="></latexit>

– take µ̄i ! 0 limit at the end of expansion

<latexit sha1_base64="tMqqa2FHF+5qLOqGE/ct4QlrWjs="></latexit>

Relaxation rates: ⌧�1
B / !0µ̄i (per bath mode), ⌧�1

S / !0⌫̄(!0/c)
3 (system)



8. High-dimensinal Ornstein-Ulenbeck problem for

<latexit sha1_base64="/+UK4QRMtl+6QwZi+s8SWIh3+Dw="></latexit>

F =

0

BBBBBBBB@

0 �!0 0 0 0 0 · · ·
!0 0 0 d1 0 d2 · · ·
�d1 0 µ1

2 �!1 0 0 · · ·
0 0 !1

µ1

2 0 0 · · ·
�d2 0 0 0 µ2

2 �!2 · · ·
0 0 0 0 !2

µ2

2 · · ·
· · · · · · · · · · · · · · · · · · · · ·

1

CCCCCCCCA

<latexit sha1_base64="VJsUKEKT/YFVmbMIcN1NcH0j5oQ="></latexit>

=

✓
FS Fo↵

F̃o↵ FB

◆

<latexit sha1_base64="u05Bdnq9BYZY/M1obYefuS2Tcr4="></latexit>

=

✓
0 Do↵

Dt
o↵ DB

◆

<latexit sha1_base64="ZMciWB8JqsJGVk/8h1EtQeTwgzU=">AAACGHicbVDJSgNBEO1xjXGLevTSGASFEGeCSy5CwIvHCGaBTBx6Oj2xSc9id41kGOYzvPgrXjwo4jU3/8bOctDog6If71VRXc+NBFdgml/GwuLS8spqbi2/vrG5tV3Y2W2qMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Q6uxn7rkUnFw+AWkoh1fdIPuMcpAS05hRPbJ3DveulDdnk0LCWloWOVEl1Dp6LfSsmmvRDU8V1qSx9D5hSKZtmcAP8l1owU0Qx1pzCyeyGNfRYAFUSpjmVG0E2JBE4Fy/J2rFhE6ID0WUfTgPhMddPJYRk+1EoPe6HUFQCeqD8nUuIrlfiu7hyfoea9sfif14nBq3ZTHkQxsIBOF3mxwBDicUq4xyWjIBJNCJVc/xXTeyIJBZ1lXodgzZ/8lzQrZeu8fHZzWqxVZ3Hk0D46QEfIQheohq5RHTUQRU/oBb2hd+PZeDU+jM9p64Ixm9lDv2CMvgHWgp8B</latexit>

q = (x, y, x1, y1, x2, y2, · · · )t

<latexit sha1_base64="Cca3fRLC3F5Aqk5wlTaep7W/3HU="></latexit>

Ṗ (q, t) = �r · [�F · q� D ·r]P (q, t)

<latexit sha1_base64="iovzeoJpHKHEk2H2vh93V/+g/FM="></latexit>

D =

0

BBBBBBBB@

0 0 �1

8 0 �2

8 0 · · ·
0 0 0 ��1

8 0 ��2

8 · · ·
�1

8 0 µ1N1

4 0 0 0 · · ·
0 ��1

8 0 µ1N1

4 0 0 · · ·
�2

8 0 0 0 µ2N2

2 0 · · ·
0 ��2

8 0 0 0 µ2N1

4 · · ·
· · · · · · · · · · · · · · · · · · · · ·

1

CCCCCCCCA



IV. Marginalization
1. Conjecture

Bare equilibrium 

in the absence of interaction

<latexit sha1_base64="2BS+2echG2STGV03qxoQ/np/pEA="></latexit>

– Bath quickly reaches a local equilibrium; ⌧B ⌧ ⌧S

Conditional distribution

<latexit sha1_base64="SbtOonnQqKSC7w7MxqCpevyfkjM="></latexit>

– The local equilibrium is at R = u(r, r0), which varies slowly in rates ⌧�1
S .

<latexit sha1_base64="fuCx8ThKcG4cBAxD6Id5G5YyAdI="></latexit>

/ exp


�1

2
(q� e�Ftq0)

t · A(t) · (q� e�Ftq0)

�

Conjecture <latexit sha1_base64="STVBup3H5vJFMCftnRzwAGhG+1M=">AAACCnicbVC7SgNBFJ31GeMramkzGgSrsCs+glXAxjKCUSFZwuzkrhmcmV1m7ophSW3jr9hYKGLrF9j5N84mKXwdGDicc++de0+USmHR9z+9qemZ2bn50kJ5cWl5ZbWytn5hk8xwaPFEJuYqYhak0NBCgRKuUgNMRRIuo5uTwr+8BWNFos9xkEKo2LUWseAMndStbHUQ7tCovBjSo4mm2AfKrM1UWlQcD7uVql/zR6B/STAhVTJBs1v56PQSninQyKWb1A78FMOcGRRcwrDcySykjN+wa2g7qpkCG+ajU4Z0JyvWiBPjnkY6Ur935ExZO1CRq1QM+/a3V4j/ee0M43qYC51mCJqPP4ozSTGhRS60JwxwlANHGDfC7Up5nxnG0aVXdiEEv0/+Sy72asFh7eBsv9qoT+IokU2yTXZJQI5Ig5ySJmkRTu7JI3kmL96D9+S9em/j0ilv0rNBfsB7/wLU25r3</latexit>

based on the assumption:

<latexit sha1_base64="TYdXD1N3od4O+pEWYPVIPeG5Ba4="></latexit>

– Not depedent on R0, as the initial memory decays away.

<latexit sha1_base64="VVx9wBkENUnmUIVi7be7yEQYcBc="></latexit>

for q = (r,R)t and initial state q0 = (r0,R0)
t

<latexit sha1_base64="aP9wZSqBYSVIZN3aiuauddD4V3w="></latexit>

PSB(r,R, t|r0, 0) / exp


�1

2
(Rt � ut) · (AB + �) · (R� u)

�
PS(r, t|r0, 0)

<latexit sha1_base64="nD3EvCfwvri3+neXo/SMWImAWhA="></latexit>

AB =

0

BBBB@

2/N1 0 0 0 · · ·
0 2/N1 0 0 · · ·
0 0 2/N2 0 · · ·
0 0 0 2/N2 · · ·
0 0 0 0 2/N3

1

CCCCA

<latexit sha1_base64="DxiW8U+dl5EJgAKbYIg2KlKwBJo="></latexit>

– Treat u ⇠ O(�̄i), � ⇠ O(�̄2
i )



2. Substitute the conjectured                                to sFP equation  

<latexit sha1_base64="1fgp8VOYF2iB5aG5qm65DOq4bm8=">AAACJnicbZDJSgNBEIZ73I1b1KOXxih4McyISy4BwYvHKCYKmRB6empMY89Cd40xDPM0XnwVLx4iIt58FDuLuP7Q8PFXFV31e4kUGm37zZqYnJqemZ2bLywsLi2vFFfXGjpOFYc6j2WsrjymQYoI6ihQwlWigIWehEvv5mRQv7wFpUUcXWAvgVbIriMRCM7QWO1i1UW4QxVm3Q4ooFtuV/iAQvqQuSHDjhdk53le/eLdT0zzrbxdLNlleyj6F5wxlMhYtXax7/oxT0OIkEumddOxE2xlTKHgEvKCm2pIGL9h19A0GLEQdCsbnpnTbeP4NIiVeRHSoft9ImOh1r3QM52DHfXv2sD8r9ZMMai0MhElKULERx8FqaQY00Fm1BcKOMqeAcaVMLtS3mGKcTTJFkwIzu+T/0Jjr+wclg/O9kvHlXEcc2SDbJId4pAjckxOSY3UCSf35JH0ybP1YD1ZL9brqHXCGs+skx+y3j8AMimnbA==</latexit>

where eR = R� u

Insight from the previous study on overdamped limit (A. Ping and C. Kwon, Complexity)
<latexit sha1_base64="89yKrBZFEXPctFVd2iU7ICJxPsQ="></latexit>

P (p, r, t) / exp


� �

2m
(p�mu)t · (I+ �) · (p�mu)� �(r)

�
for small m/�

<latexit sha1_base64="vpo74ND8PK0cCkaaavKxGBix9YA=">AAACJnicbVDLSgMxFM3UV62vUZdugkWooGVGfHRTKLhxWcE+oFNKJs20oZkHyR2hDPM1bvwVNy4qIu78FDNtRa0eCJyccy/33uNGgiuwrHcjt7S8srqWXy9sbG5t75i7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13NF15rfumVQ8DO5gHLGuTwYB9zgloKWeWXX6ISRRWnJ8AkPXS2R6Ase4eupERAInopd8O6lDdfXXP04LPbNola0p8F9iz0kRzVHvmRM9j8Y+C4AKolTHtiLoJtkoKlhacGLFIkJHZMA6mgbEZ6qbTM9M8ZFW+tgLpX4B4Kn6syMhvlJj39WV2Ypq0cvE/7xODF6lm/AgioEFdDbIiwWGEGeZ4T6XjIIYa0Ko5HpXTIdEEgo62SwEe/Hkv6R5VrYvyxe358VaZR5HHh2gQ1RCNrpCNXSD6qiBKHpAT2iCXoxH49l4Nd5mpTlj3rOPfsH4+ARalqbu</latexit>

ṗ(r, t) = �@r · u
<latexit sha1_base64="hS06rkOVkCYq3BBitTktoHC4GpA="></latexit>

u = [f � D · @r] p(r, t) found self-consistently

<latexit sha1_base64="wVFeygHPGKWqwHk6KRjD5fPhTxQ="></latexit>Z
dpP (p, r, t)i = p(r, t) / e��

<latexit sha1_base64="gA9g5KV2sq9XQ4+2QbWrc39zwvA="></latexit>

LHS = [TrU�1
B �̇/2 + ṖS/PS + u̇ · eUB · eR� eR · �̇ · eR/2]P

<latexit sha1_base64="hdCpqD7pcK1sjUX2lza0frZZCAc=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKpSSiJcuC25c1ksv0IQwmU7aoZMLMxOhxDyHG1/FjQtF3Ikb38ZJG1Fbfxj4+M85zDm/GzEqpGF8aoWFxaXlleJqaW19Y3NL395pizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47Os/qnVvCBQ2DGzmOiO2jQUA9ipFUlqObTSexuA+v04rlIzl0vYSn1W+8Sqvy7sd3jKpx6Ohlo2ZMBOfBzKEMcjUd/d3qhzj2SSAxQ0L0TCOSdoK4pJiRtGTFgkQIj9CA9BQGyCfCTianpfBAOX3ohVy9QMKJ+3siQb4QY99VndmaYraWmf/VerH06nZCgyiWJMDTj7yYQRnCLCfYp5xgycYKEOZU7QrxEHGEpUqzpEIwZ0+eh/ZRzTytnVwelxv1PI4i2AP7oAJMcAYa4AI0QQtgcA8ewTN40R60J+1Ve5u2FrR8Zhf8kfbxBT5NoPY=</latexit>

PS(r,R, t|r0, 0)

<latexit sha1_base64="aNE7nlWlbAVEZgABvGAd3CCqejk="></latexit>

RHS = [C +K0(r, r0) +K1(
eR) +K2(

eR)]P



<latexit sha1_base64="u10PMJXcfV4KCpUdMSOLJ3Kd95g="></latexit>

F =

✓
FS Fo↵

eFo↵ FB

◆ <latexit sha1_base64="L4LHycoG+IYU/S0KBGjk3Ns0nzw="></latexit>

D =

✓
0 Do↵

Dt
o↵ FB

◆

<latexit sha1_base64="3IIvrpqLqNP1H0bhRwf0qllffS0=">AAACIXicbVDLSgMxFM34rPVVdekmWAQ3lpnioxuh4ELBTQX7gE4tmTTThiYzQ3JHKMP8iht/xY0LRboTf8b0IdjWA4GTc+7l3nu8SHANtv1lLS2vrK6tZzaym1vbO7u5vf2aDmNFWZWGIlQNj2gmeMCqwEGwRqQYkZ5gda9/PfLrT0xpHgYPMIhYS5JuwH1OCRipnSu5nRASVxLoaT9xb4iUJE2vTn+Vu7RdnPk8Jq6SGNJ2Lm8X7DHwInGmJI+mqLRzQzOKxpIFQAXRuunYEbQSooBTwdKsG2sWEdonXdY0NCCS6VYyvjDFx0bpYD9U5gWAx+rfjoRIrQfSM5XjXee9kfif14zBL7USHkQxsIBOBvmxwBDiUVy4wxWjIAaGEKq42RXTHlGEggk1a0Jw5k9eJLViwbkonN+f5culaRwZdIiO0Aly0CUqo1tUQVVE0TN6Re/ow3qx3qxPazgpXbKmPQdoBtb3Dx0xpK4=</latexit>

�̇ = �K2 � Kt
2

<latexit sha1_base64="ZU/w/PZh/NgrfH43EqBgJSjN7Js="></latexit>

where K2 = ��QBUB + UBDB�+ (Ft
o↵ � 2UBD

t
o↵) · @r0u

<latexit sha1_base64="SEyU+xSEnGbH4lvFktlH5UfcS74="></latexit>

(iii) � eR · �̇ · eR/2 = eRt · K2 · eR

<latexit sha1_base64="9PVLjW0ObY71MnGpWSpLVYeFXJs="></latexit>

(ii) u̇ · eUB · eR = K1(r0, eR)

<latexit sha1_base64="B6au/4PGzeO/NKg3dhnVoFrwbOk=">AAACEnicbVC7SgNBFJ31bXxFLW0Go5A0YVd8pBRsrCSiMUISwuzkbhycxzJzVwxLvsHGX7GxUMTWys6/cfMo1Hiqwzn3cs89YSyFQ9//8qamZ2bn5hcWc0vLK6tr+fWNK2cSy6HGjTT2OmQOpNBQQ4ESrmMLTIUS6uHtycCv34F1wuhL7MXQUqyrRSQ4w0xq50tNhHu0Ki2eGaQaoAMdGhlLFbNdoZmkO9X2xU651G/nC37ZH4JOkmBMCmSMajv/2ewYnijQyCVzrhH4MbZSZlFwCf1cM3EQM37LutDIqGYKXCsdvtSnu5kyChIZjXSo/txImXKup8JsUjG8cX+9gfif10gwqrRSoeMEQfPRoSiRFA0d9EM7wgJH2csI41ZkWSm/YZZxzFrMZSUEf1+eJFd75eCwfHC+XziujOtYIFtkmxRJQI7IMTklVVIjnDyQJ/JCXr1H79l7895Ho1PeeGeT/IL38Q2BmZyu</latexit>

(Not needed for marginal PS .)

3. Marginal equation for system with constraint

<latexit sha1_base64="rP+S1ukgIi7CYxHq8047oXAZp8Y=">AAACDnicbVC7TgJBFJ31ifhCLW0mEhIrsmt8UJLYWGIijwQImR0uMGF2dp25q5INX2Djr9hYaIyttZ1/47BQKHiSSU7OOTdz7/EjKQy67reztLyyurae2chubm3v7Ob29msmjDWHKg9lqBs+MyCFgioKlNCINLDAl1D3h5cTv34H2ohQ3eAognbA+kr0BGdopU6u0EJ4QB0k9wIHFAdAeagMaiYUUriN09i4k8u7RTcFXSTejOTJDJVO7qvVDXkcgEIumTFNz42wnTCNgksYZ1uxgYjxIetD01LFAjDtJD1nTAtW6dJeqO2zW6Tq74mEBcaMAt8mA4YDM+9NxP+8Zoy9UjsRKooRFJ9+1IslxZBOuqFdoYGjHFnCuBZ2V8oHTDOOtsGsLcGbP3mR1E6K3nnx7Po0Xy7N6siQQ3JEjolHLkiZXJEKqRJOHskzeSVvzpPz4rw7H9PokjObOSB/4Hz+AKujnR0=</latexit>

with the constraint equation

<latexit sha1_base64="AqJ5Yb9GtIqs5F2SPmRodxugxWs=">AAACGHicbVC7TsMwFHV4lvIqMLJYFCSmkiAeHYtYGAHRgtRUlePcFAvHiewboIryGSz8CgsDCLGy8Te4j4HXkSwdnXOufO8JUikMuu6nMzE5NT0zW5orzy8sLi1XVlZbJsk0hyZPZKKvAmZACgVNFCjhKtXA4kDCZXBzPPAvb0EbkagL7KfQiVlPiUhwhlbqVnZ8hHvUcX5kU6wnVI8mGdJN/06EgEKGkPsxw+sgys+LYrPoVqpuzR2C/iXemFTJGKfdyocfJjyLQSGXzJi256bYyZlGwSUUZT8zkDJ+w3rQtlSxGEwnHx5W0C2rhDRKtH0K6VD9PpGz2Jh+HNjkYEnz2xuI/3ntDKN6JxcqzRAUH30UZZJiQgct0VBo4Cj7ljCuhd2V8mumGUfbZdmW4P0++S9p7da8g9r+2V61UR/XUSLrZINsE48ckgY5IaekSTh5IE/khbw6j86z8+a8j6ITznhmjfyA8/EFKp2hFA==</latexit>

Averaging out eR
<latexit sha1_base64="1VXjNu937UwnYzEZQYcqg9trk1U="></latexit>

ṖS(r, t|r0, 0) = @r · (FS · r+ Fo↵ · u)PS(r, t|r0, 0)

<latexit sha1_base64="P2n93DS1z9F7qSmvFDorrOff3i8="></latexit>

u̇ = �FB · u+ rt · Ft
S · @ru� eFo↵ · r+ (Ft

o↵ � 2UBD
t
o↵) · @r lnPS

<latexit sha1_base64="P2n93DS1z9F7qSmvFDorrOff3i8="></latexit>

u̇ = �FB · u+ rt · Ft
S · @ru� eFo↵ · r+ (Ft

o↵ � 2UBD
t
o↵) · @r lnPS

<latexit sha1_base64="+Cbx6s69AC2hIYGE7djThzAyqHE="></latexit>

(i) ṖS/PS = K0(r0)

<latexit sha1_base64="F7wRmpS4+Yq0EP/mU1B+y5P8Avw="></latexit>

ṖS = @r · (FS · r+ Fo↵ · u)PS

<latexit sha1_base64="kRxlK9SZ65NCPS1tLSNjjPRhiUo=">AAACFXicbVBNS8NAFNzU7/pV9egl2AoVpCQitUfBizcVrC00pbxst+3S3STsvogl5E948a948aCIV8Gb/8ZN24O2DiwMM++xb8aPBNfoON9WbmFxaXlldS2/vrG5tV3Y2b3TYawoq9NQhKrpg2aCB6yOHAVrRoqB9AVr+MOLzG/cM6V5GNziKGJtCf2A9zgFNFKncOwhe0AlkziyMbRLngQcUBDJVVr2fFCJ1wcpIe3wo1LaKRSdijOGPU/cKSmSKa47hS+vG9JYsgCpAK1brhNhOwGFnAqW5r1YswjoEPqsZWgAkul2Mk6V2odG6dq9UJkXoD1Wf28kILUeSd9MZkfrWS8T//NaMfZq7YQHUYwsoJOPerHI8mcV2V2uGEUxMgSo4uZWmw5AAUVTZN6U4M5Gnid3JxW3WqnenBbPa9M6Vsk+OSBl4pIzck4uyTWpE0oeyTN5JW/Wk/VivVsfk9GcNd3ZI39gff4AwtefKg==</latexit>

up to O(�̄i)



4. Additional conjecture :

<latexit sha1_base64="b5BW6xHJed/5kDftazknCyvLUzc="></latexit>

with the initial condition A�1(0) = 0

<latexit sha1_base64="BIoO4rZRDC/NW9gkAZcssGT0yMM="></latexit>

(i) PS(r, t|r0, 0) =
[detA(t)]1/2

2⇡
exp


�1

2
(r� e�Feff t · r0)t·A(t)·(r� e�Feff t · r0)

�

<latexit sha1_base64="oUZIECaKJJmVfSjsMuY7fr0Izto="></latexit>

(ii) u is linear in r, r0:
<latexit sha1_base64="wP3RYKjsKelJ+Xsjcs3/+mLs2nM="></latexit>

u = Ao↵ · r+ Bo↵e
�Feff t · r0

<latexit sha1_base64="17pGK4/JWS01W1nAKM6oMoXxJ/Q="></latexit>

! PS(r, 0|r0, 0) = �(r� r0)

<latexit sha1_base64="l9tW8UM+CS3Nx46c8AYOFHZq99U="></latexit>

From ṖS(r, t|r0, 0) = @r · (FS · r+ Fo↵ · u)PS(r, t|r0, 0)
<latexit sha1_base64="bLvKSSiDtnK2g+a7TJ+DNVu+D68="></latexit>

(1) Fe↵ = FS + Fo↵(Ao↵ + Bo↵)
<latexit sha1_base64="N9Ep9zi6X/nm0avWULt2IXFDaO4="></latexit>

(2) Ȧ = A(FS + Fo↵Ao↵) + (�FS + At
o↵F

t
o↵)A

<latexit sha1_base64="aUUjReSjKJ7nCQfyOpC1kQ3Tai0="></latexit>

(3) Ȧo↵ = �FBAo↵ + Ao↵FS � eFo↵ � eDA(t)
<latexit sha1_base64="+D3Rkw2Gm843/vxRkOtKYuz7Aso="></latexit>

(4) Ḃo↵ = �FBBo↵ + Bo↵Fe↵ + eDA(t)

<latexit sha1_base64="JTTRjtXzxEpnQTWpqSb3STdPsOc="></latexit>

From u̇ = �FB · u+ rt · Ft
S · @ru� eFo↵ · r+ (Ft

o↵ � 2UBD
t
o↵)| {z }

eD

·@r lnPS

5. Final marginalization 



<latexit sha1_base64="83opWvXf9RRriRQsKWz7tSy9G64=">AAACK3icbVDJSgNBEO1xjXGLevTSGAVPYUbcjhovHiMaE8iE0NPpiY29DN01Yhjmf7z4Kx704IJX/8POAq4PCh7vVVFVL0oEt+D7r97E5NT0zGxhrji/sLi0XFpZvbQ6NZTVqRbaNCNimeCK1YGDYM3EMCIjwRrR9cnAb9wwY7lWF9BPWFuSnuIxpwSc1ClVQ2C3YGR2rsUNVz28GUoCVzbOjvNOFhqJdRznm5io7pdV/W7lnVLZr/hD4L8kGJMyGqPWKT2GXU1TyRRQQaxtBX4C7YwY4FSwvBimliWEXpMeazmqiGS2nQ1/zfGWU7o41saVAjxUv09kRFrbl5HrHF772xuI/3mtFOLDdsZVkgJTdLQoTgUGjQfB4S43jILoO0Ko4e5WTK+IIRRcvEUXQvD75b/kcqcS7Ff2znbLR4fjOApoHW2gbRSgA3SETlEN1RFFd+gBPaMX79578t6891HrhDeeWUM/4H18AktdqEc=</latexit>

Solving Ao↵ and Bo↵
<latexit sha1_base64="u875tfMiu2itonaM4KAPpZza8dU="></latexit>

(5) Ao↵ + Bo↵ = �
Z t

0
dt0e�FBt0eFo↵e

FSt
0
= �I1

<latexit sha1_base64="42+MPZu5XP4q0a5eSqWWX1koXi0="></latexit>

(6) Bo↵ =

Z t

0
dt0 e�FBt0

| {z }
fast decaying

eD A(t� t0)| {z }
eFst0A(t)e�Fst0

eFSt
0
=

Z t

0
dt0e�FBt0 eDeFst

0
A(t) = I2A(t)

<latexit sha1_base64="ymqGZuRJ2J1d45wdr4IRmpLGMx8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0V0VRLx0WXBjcsK9gFtKJPpJB06mYSZG7GG6q+4caGIW//DnX/jtM1CWw9cOJxzL/fe4yeCa3Ccb2thcWl5ZbWwVlzf2Nzatnd2GzpOFWV1GotYtXyimeCS1YGDYK1EMRL5gjX9wdXYb94xpXksb2GYMC8ioeQBpwSM1LX3O8DuQUVZEKvRI3TCEMNx1y45ZWcCPE/cnJRQjlrX/ur0YppGTAIVROu26yTgZUQBp4KNip1Us4TQAQlZ21BJIqa9bHL9CB8ZpYfNflMS8ET9PZGRSOth5JvOiEBfz3pj8T+vnUJQ8TIukxSYpNNFQSowxHgcBe5xxSiIoSGEKm5uxbRPFKFgAiuaENzZl+dJ47TsXpTPb85K1UoeRwEdoEN0glx0iaroGtVQHVH0gJ7RK3qznqwX6936mLYuWPnMHvoD6/MH+wWViQ==</latexit>

for t � t0

<latexit sha1_base64="1vBWW/VjwP5FCsMjQgMg+AaOUkQ="></latexit>

Integrating I1,2 by parts and neglecting e�FBt

<latexit sha1_base64="tvzoDPYya4EL2udRLWTgTVBjgvo="></latexit>

(7) FBI1 � I1FS = eFo↵

<latexit sha1_base64="IZpMRaJlG1T3tkV82Lo0NzCeSuQ="></latexit>

(8) FBI2 � I2FS = eD .

<latexit sha1_base64="SnUZObzuHgqvxv+D5pgBEpxsguU="></latexit>

= @r · (Fe↵ · r+ De↵ · @r]PS .

<latexit sha1_base64="1UeCni5XM1mdV0VZJBqCVOEmmvo=">AAACH3icbVBNS8NAEN34bf2qevSyWAUPUpKi1aMgiB6ECrYV2lI220ldutnE3YlYQv6JF/+KFw+KiDf/jdvYg18PBh7vzTAzz4+lMOi6H87E5NT0zOzcfGFhcWl5pbi61jBRojnUeSQjfeUzA1IoqKNACVexBhb6Epr+4HjkN29BGxGpSxzG0AlZX4lAcIZW6harbYQ71GF6znRfKCbpSY3CTZLbtC9uQdGtdsjw2gTpWdZNvd1KtpV1iyW37Oagf4k3JiUyRq1bfG/3Ip6EoJBLZkzLc2PspEyj4BKyQjsxEDM+YH1oWapYCKaT5v9ldNsqPRpE2pZCmqvfJ1IWGjMMfduZX/rbG4n/ea0Eg8NOKlScICj+tShIJMWIjsKiPaGBoxxawrgW9lbKr5lmHG2kBRuC9/vlv6RRKXvV8v7FXunocBzHHNkgm2SHeOSAHJFTUiN1wsk9eSTP5MV5cJ6cV+ftq3XCGc+skx9wPj4B2XGizQ==</latexit>

Marginal FP equation given I1,2

<latexit sha1_base64="RvFVFZuDYdW4JRMzlrdbLSM2YMg="></latexit>

(11) De↵ =
Fo↵ I2 + It2F

t
o↵

2

<latexit sha1_base64="DDUXx7IWIY5BOzOYKo8p6th1J34="></latexit>

where (10) Fe↵ = FS � Fo↵ I1

<latexit sha1_base64="CA6U/sMEbUgHBlcqCKbsuwKR2ag=">AAACBHicbVC7TgJBFJ31ifhCLWkmEhNsyK7xQUliY4mJPBIgZHa4wISZ3c3MXSPZUNj4KzYWGmPrR9j5N84ChYInmeTknHvv3Hv8SAqDrvvtrKyurW9sZray2zu7e/u5g8O6CWPNocZDGeqmzwxIEUANBUpoRhqY8iU0/NF16jfuQRsRBnc4jqCj2CAQfcEZWqmby7cRHlCrpGjGSgFqwWnENJ5OstluruCW3CnoMvHmpEDmqHZzX+1eyGMFAXLJjGl5boSdxI4TXMIk244NRIyP2ABalgZMgekk0yMm9MQqPdoPtX0B0qn6uyNhytgdfVupGA7NopeK/3mtGPvlTiKCKEYI+OyjfiwphjRNhPaEBo5ybAnjWthdKR8yzTja3NIQvMWTl0n9rORdli5uzwuV8jyODMmTY1IkHrkiFXJDqqRGOHkkz+SVvDlPzovz7nzMSlecec8R+QPn8wc9jJfK</latexit>

(symmetric part)

<latexit sha1_base64="kIVmZ6zL2QyQtfc/8HE7pTcs2D0="></latexit>

(9) ṖS = @r ·
h
{FS + Fo↵(Ao↵ + Bo↵)}| {z }

Feff

·r+ Fo↵Bo↵A(t)
�1

| {z }
Foff I2, di↵usion matrix

@r
i
PS

<latexit sha1_base64="LUV6XuCfey3HuI+dirc0XiLwFrw="></latexit>

I1 = �F�1
B

✓
e�FBt0 F̃o↵e

FSt
0
���
t

0
� I1FS

◆



V. Dynamics and steady state
1. Matrix elements of 

<latexit sha1_base64="c0LAnw2vugM8vZinLq+SyfhxM1g="></latexit>

=
⌫(!0/c)3

3⇡2

Z ⇠c

0
d⇠ ⇠3g(⇠)

<latexit sha1_base64="XA5NdWkAyfof+uu8rcAvgOs7iRQ="></latexit>

for changed variables: k = !/c, ⇠ = !/!0, ⇠c = !c/!0

<latexit sha1_base64="I7W6uffbQ+HqcuS3x+hM2TQr/Hw=">AAAB/3icbVC7TsNAEDzzDOFlQKKhOZEgUUU24pEKRaKhDBJ5SLEVnS/n5JQ727pbo0QmBb9CQwFCtPwGHX+DnbiAhKlGM7va2fEiwTVY1rextLyyurZe2Chubm3v7Jp7+00dxoqyBg1FqNoe0UzwgDWAg2DtSDEiPcFa3vAm81sPTGkeBvcwjpgrST/gPqcEUqlrHjrARqBk4ocKl50R79JruzzpmiWrYk2BF4mdkxLKUe+aX04vpLFkAVBBtO7YVgRuQhRwKtik6MSaRYQOSZ91UhoQybSbTPNP8Emq9HCWwA8DwFP190ZCpNZj6aWTksBAz3uZ+J/XicGvugkPohhYQGeH/FhgCHFWBu5xxSiIcUoIVTzNiumAKEIhrayYlmDPv7xImmcV+7JycXdeqlXzOgroCB2jU2SjK1RDt6iOGoiiR/SMXtGb8WS8GO/Gx2x0ych3DtAfGJ8/Tc6VnA==</latexit>

for ⇠c > 1

<latexit sha1_base64="I7W6uffbQ+HqcuS3x+hM2TQr/Hw=">AAAB/3icbVC7TsNAEDzzDOFlQKKhOZEgUUU24pEKRaKhDBJ5SLEVnS/n5JQ727pbo0QmBb9CQwFCtPwGHX+DnbiAhKlGM7va2fEiwTVY1rextLyyurZe2Chubm3v7Jp7+00dxoqyBg1FqNoe0UzwgDWAg2DtSDEiPcFa3vAm81sPTGkeBvcwjpgrST/gPqcEUqlrHjrARqBk4ocKl50R79JruzzpmiWrYk2BF4mdkxLKUe+aX04vpLFkAVBBtO7YVgRuQhRwKtik6MSaRYQOSZ91UhoQybSbTPNP8Emq9HCWwA8DwFP190ZCpNZj6aWTksBAz3uZ+J/XicGvugkPohhYQGeH/FhgCHFWBu5xxSiIcUoIVTzNiumAKEIhrayYlmDPv7xImmcV+7JycXdeqlXzOgroCB2jU2SjK1RDt6iOGoiiR/SMXtGb8WS8GO/Gx2x0ych3DtAfGJ8/Tc6VnA==</latexit>

for ⇠c > 1

<latexit sha1_base64="UB2362wcnxhF0bngX6qn+JuW35M=">AAACG3icbZDLSgMxFIYzXmu9jbp0EyyCCykzRWqXBUVcVrAXaIeSSTNtaJIZkoxQhnkPN76KGxeKuBJc+Dam00Fs64HAx/+fQ875/YhRpR3n21pZXVvf2CxsFbd3dvf27YPDlgpjiUkThyyUHR8pwqggTU01I51IEsR9Rtr++Grqtx+IVDQU93oSEY+joaABxUgbqW9XIOxxpEcqSG7SfoaSJyQI0vNf43re6Nslp+xkBZfBzaEE8mr07c/eIMQxJ0JjhpTquk6kvQRJTTEjabEXKxIhPEZD0jUoECfKS7LbUnhqlAEMQmme0DBT/04kiCs14b7pzNZd9Kbif1431kHNS6iIYk0Enn0UxAzqEE6DggMqCdZsYgBhSc2uEI+QRFibOIsmBHfx5GVoVcputVy9uyjVa3kcBXAMTsAZcMElqINb0ABNgMEjeAav4M16sl6sd+tj1rpi5TNHYK6srx9TtKI+</latexit>

Fe↵ ,De↵

<latexit sha1_base64="K2cEYhhutQtfGdkZ6o39rpDP6/c=">AAACFHicbVBNSwMxEM36bf2qevQSLIIi1F2V2osgePGoYK3QrSWbTmtokl2SWbEs9T948a948aCIVw/e/DemtQetPkh4vDfDzLwokcKi7396Y+MTk1PTM7O5ufmFxaX88sqFjVPDocJjGZvLiFmQQkMFBUq4TAwwFUmoRp3jvl+9AWNFrM+xm0BdsbYWLcEZOqmR3w4RbtGojLZi07u7CyNmslCnvUP30c0wVtBmDX+Hb13tNfIFv+gPQP+SYEgKZIjTRv4jbMY8VaCRS2ZtLfATrGfMoOASerkwtZAw3mFtqDmqmQJbzwZH9eiGU5r9rdzTSAfqz46MKWu7KnKViuG1HfX64n9eLcVWuZ4JnaQImn8PaqWSYkz7CdGmMMBRdh1h3Ai3K+XXzDCOLsecCyEYPfkvudgtBqVi6Wy/cFQexjFD1sg62SQBOSBH5ISckgrh5J48kmfy4j14T96r9/ZdOuYNe1bJL3jvX6kdnoE=</latexit>

for ⌫̄ = ⌫(!0/c)
3

<latexit sha1_base64="nmxIDm7oSeP7gSD7BmEYQPXSXBY="></latexit>

! 1

24⇡
P

Z ⇠c

0
d⇠ ⇠3


1

⇠ + 1
� 2N(⇠)

⇠2 � 1

�

<latexit sha1_base64="RkEPNkn5Q61Qteqyd8Ru4SiciAA="></latexit>X

i

�̄2
i ⇥ gi =

⇡⌫

V
⇥

X

i

(exi )
2!̄igi

| {z }
V

(2⇡)3

R
d3k

P
�(e

x
k�)

2(!/!0)g(!/!0)

<latexit sha1_base64="AKSQxv3wqbDdYVrg4neqLe79zsU="></latexit>

Fe↵ = !0

✓
0 �1

1 + ⌫̄f2 ⌫̄f1

◆
, De↵ = !0

✓
0 ⌫̄d2

⌫̄d2 ⌫̄12

◆

<latexit sha1_base64="k7PoFnIVsF5XJu3HfYwYop3w/XQ="></latexit>

Taking µ̄ ! 0 limit and using
µ̄

(⇠2 � 1)2 + µ̄2(1 + ⇠2)/2
! ⇡�(⇠ � 1)/2

<latexit sha1_base64="f4VWJeN05t1x0wsNbpDgFnZMFk8="></latexit>

f1 =
1

3⇡

Z ⇠c

0
d⇠

µ̄⇠4

(⇠2 � 1)2 + µ̄2(1 + ⇠2)/2
! 1

6
<latexit sha1_base64="EwDjhBAjF8sG+L3XH9CMzBmZSoU="></latexit>

d1 =
1

24⇡

Z ⇠c

0
d⇠

µ̄⇠3[(⇠ � 1)2 + 2N(⇠)(1 + ⇠2)]

(⇠2 � 1)2 + µ̄2(1 + ⇠2)/2
! N0

12
<latexit sha1_base64="NlAuIP9caIqKEdyoCYV8MrHpb08="></latexit>

f2 = � 1

3⇡

Z ⇠c

0
d⇠

⇠4(⇠2 � 1� µ̄2/4)

(⇠2 � 1)2 + µ̄2(1 + ⇠2)/2
! � 1

3⇡
P

Z ⇠c

0
d⇠

⇠4

⇠2 � 1
<latexit sha1_base64="iU11TT0KnBWZgGRMAH1nUY2i2sg="></latexit>

d2 =
1

24⇡

Z ⇠c

0
d⇠


⇠3(⇠2 � 1)[⇠ � 1� 2N(⇠)] + µ̄2⇠3(1 + ⇠ + 2N(⇠))/4

(⇠2 � 1)2 + µ̄2(1 + ⇠2)/2

�



2. Time-dependent solution

3. Steady state

<latexit sha1_base64="r08cZ4vC1yGx+/sVPwLnqEIsfO8="></latexit>

PS(r, t|r0, 0) =
[detA(t)]1/2

2⇡
exp


�1

2
(r� e�Feff t · r0)t·A(t)·(r� e�Feff t · r0)

�

<latexit sha1_base64="39XPuc1/xLwinyvMct475+F3yS4=">AAACVXicbVFdSwJBFJ3dzMw+3OqxlyEJFER2pQ9fAqGXHo3yA1xbZsdZHZz9YGY2kM0/6Uv0T3oJGteFTL0wcDjnXO69Z9yIUSFN80vT93L7+YPCYfHo+OS0ZJydd0UYc0w6OGQh77tIEEYD0pFUMtKPOEG+y0jPnT4u9d474YKGwaucRWToo3FAPYqRVJRjsLaT2NyHL/OK7SM5cb2Ez2uy+mDTQMLRW+OPdUy42/yx7qmZ1V2uVHCMslk304LbwMpAGWTVdoyFPQpx7JNAYoaEGFhmJIcJ4pJiRuZFOxYkQniKxmSgYIB8IoZJmsocXitmBL2Qq6duSdn1jgT5Qsx8VzmXa4pNbUnu0gax9JrDhAZRLEmAV4O8mEEZwmXEcEQ5wZLNFECYU7UrxBPEEZbqI4oqBGvz5G3QbdStu/rt80251cziKIBLcAUqwAL3oAWeQBt0AAYL8K1pmq59aj96Ts+vrLqW9VyAf6WXfgGG57Mr</latexit>

PS(r, t) =

Z
d2r0PS(r, t|r0, 0)PS(r0, 0)

<latexit sha1_base64="ExHC/VTRz1Wp9RKZ1YAwGXdSiCQ=">AAAB9XicbVDLTgJBEJz1ifhCPXrZSEw8kV3jgyOJF4+YyCOBlcwODUyYmd3M9Ipkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7srjAU36Hnfzsrq2vrGZm4rv72zu7dfODismyjRDGosEpFuhtSA4ApqyFFAM9ZAZSigEQ5vpn7jEbThkbrHcQyBpH3Fe5xRtNJDG+EJtUxHA9Aw6RSKXsmbwV0mfkaKJEO1U/hqdyOWSFDIBDWm5XsxBinVyJmASb6dGIgpG9I+tCxVVIIJ0tnVE/fUKl23F2lbCt2Z+nsipdKYsQxtp6Q4MIveVPzPayXYKwcpV3GCoNh8US8RLkbuNAK3yzUwFGNLKNPc3uqyAdWUoQ0qb0PwF19eJvXzkn9Vury7KFbKWRw5ckxOyBnxyTWpkFtSJTXCiCbP5JW8OSPnxXl3PuatK042c0T+wPn8AW1Hkxk=</latexit>

where

<latexit sha1_base64="83KbuMpvTLM8g+5wtzB5BTn3IBw="></latexit>

�! Ȧ�1 = �Fe↵A
�1 � A�1Ft

e↵ + 2De↵

<latexit sha1_base64="83KbuMpvTLM8g+5wtzB5BTn3IBw="></latexit>

�! Ȧ�1 = �Fe↵A
�1 � A�1Ft

e↵ + 2De↵

<latexit sha1_base64="tt9CWF/ZNsuvfvRYvo2sUWMvUgg=">AAACP3icbVBNS8NAEN34WetX1KOXxVbwYknEr4ugePFYwdZCU8tmu6lLN5uwOxFLyD/z4l/w5tWLB0W8enMbA2r1wcLjvZnZmefHgmtwnEdrYnJqema2NFeeX1hcWrZXVps6ShRlDRqJSLV8opngkjWAg2CtWDES+oJd+oPTkX95w5TmkbyAYcw6IelLHnBKwEhdu+kBuwUVponmso+rXi+C1AsJXOsgPcmyq3TbzY62v5VcGK8as6tZ1644NScH/kvcglRQgXrXfjAzaRIyCVQQrduuE0MnJQo4FSwre4lmMaED0mdtQyUJme6k+f0Z3jRKDweRMk8CztWfHSkJtR6GvqnMFx33RuJ/XjuB4LCTchknwCT9+ihIBIYIj8LEPa4YBTE0hFDFza6YXhNFKJjIyyYEd/zkv6S5U3P3a3vnu5XjwyKOElpHG2gLuegAHaMzVEcNRNEdekIv6NW6t56tN+v9q3TCKnrW0C9YH5+rHLGp</latexit>

using Ȧ�1 = �A�1ȦA�1

<latexit sha1_base64="/qUVtbUCObky7bPz3aptAwjGhPg="></latexit>

A�1(t) = A�1
ss � e�Feff tA�1

ss e�Ft
eff t <latexit sha1_base64="nayy4c0GTTgwZGPoKpEuOxvwrko=">AAACHXicbVBNS8NAEN34bf2qevSy2Ap6KYlU7UWoePGoYG2hKWWzndjFzSbsTtQS8ke8+Fe8eFDEgxfx35jWgFp9sPD2vRlm5nmRFAZt+8OamJyanpmdmy8sLC4trxRX1y5MGGsODR7KULc8ZkAKBQ0UKKEVaWCBJ6HpXR0P/eY1aCNCdY6DCDoBu1TCF5xhJnWLVRfhFnWQ3PRBAy27AcO+8ZOjtJsYkx5+/7ddoXwc7JTTQrdYsiv2CPQvcXJSIjlOu8U3txfyOACFXDJj2o4dYSdhGgWXkBbc2EDE+BW7hHZGFQvAdJLRdSndypQe9UOdPYV0pP7sSFhgzCDwssrRsuPeUPzPa8fo1zqJUFGMoPjXID+WFEM6jIr2hAaOcpARxrXIdqW8zzTjmAU6DMEZP/kvuditOPuVvbNqqV7L45gjG2STbBOHHJA6OSGnpEE4uSMP5Ik8W/fWo/VivX6VTlh5zzr5Bev9E35Xork=</latexit>

where Ass = A(1)

<latexit sha1_base64="x8SA5fASUJxDRXFYSuHmITApnSU=">AAACYHicdZFLSwMxFIUzUx+1VjvVnW6CRRDEMlN8dCNUFHFZwT6gLzJppg3NPEgyShnmT7pz4cZfYjqdQm3rhcDhfDfJzYkdMCqkaX5pemZre2c3u5fbzx8cFoziUVP4IcekgX3m87aNBGHUIw1JJSPtgBPk2oy07MnjjLfeCRfU997kNCA9F4086lCMpLIGxkfXRXIsnOg5HkRd7kLiOPHCe4j70ZWVAiHiy//ApkP6iZLxfWVBn5bowCiZZTMpuC6sVJRAWvWB8dkd+jh0iScxQ0J0LDOQvQhxSTEjca4bChIgPEEj0lHSQy4RvSgJKIbnyhlCx+dqeRIm7vKOCLlCTF1bdSazrrKZuYl1QulUexH1glASD88vckIGpQ9nacMh5QRLNlUCYU7VrBCPEUdYqj/JqRCs1Sevi2albN2Wb16vS7VqGkcWnIIzcAEscAdq4AXUQQNg8K1ltLx2oP3oWb2gF+etupbuOQZ/Sj/5BUvEuN0=</latexit>

Fe↵A
�1
ss + A�1

ss Ft
e↵ = 2De↵

<latexit sha1_base64="Dq3PezgTgbJvMy7OCU+ux+8rCNw="></latexit>

PS(r,1) =
[detAss]1/2

2⇡
exp


�1

2
rt · Ass · r

�
! 1

⇡N0
e�r2/N0 as ⌫̄ ! 0

<latexit sha1_base64="rOXW3UuE+owySM1eQEnVIhw4DkE="></latexit>

corresponding to ⇢S / e��HS
<latexit sha1_base64="rOXW3UuE+owySM1eQEnVIhw4DkE="></latexit>

corresponding to ⇢S / e��HS

<latexit sha1_base64="LDlo8zD/kc65JWducHnUontz8QA="></latexit>

Ȧ = AFe↵ + Ft
e↵A� 2ADe↵A

<latexit sha1_base64="rQY15eMXbe0ICLX67KFF6IrPf0w="></latexit>

Ass =

 
2
N0

+ 2⌫̄
N0

⇣
f2 � 4

N0
d2
⌘

0

0 2
N0

!
<latexit sha1_base64="RmiXbPDuMDRLQkt4JgdQPZ51vs0=">AAACB3icbVDJSgNBEO1xjXEb9ShIYxQ8JTNBohdB8OJJIpgoJMPQ06kxTXoWumvUMOTmxV/x4kERr/6CN//GznJwe1DweK+KqnpBKoVGx/m0pqZnZufmCwvFxaXllVV7bb2pk0xxaPBEJuoqYBqkiKGBAiVcpQpYFEi4DHonQ//yBpQWSXyB/RS8iF3HIhScoZF8e6uNcIcqym+7oIDuhL5b6fjuUbVy5js7A98uOWVnBPqXuBNSIhPUffuj3Ul4FkGMXDKtW66TopczhYJLGBTbmYaU8R67hpahMYtAe/nojwHdNUqHhokyFSMdqd8nchZp3Y8C0xkx7Orf3lD8z2tlGB56uYjTDCHm40VhJikmdBgK7QgFHGXfEMaVMLdS3mWKcTTRFU0I7u+X/5JmtezWyrXz/dLx4SSOAtkk22SPuOSAHJNTUicNwsk9eSTP5MV6sJ6sV+tt3DplTWY2yA9Y71+9/Jfn</latexit>

where f1/d1 = 2/N0



4.  Relaxation process
<latexit sha1_base64="PU4xDZITcAgqfXfoC2XZm7SlAq4=">AAACHHicbVDLSgMxFM34rPVVdekmWAU3lhnfy4IgLhWsCp1aMumdGkwyQ3JHLMN8iBt/xY0LRdy4EPwb09qFrwOBwznnkntPlEph0fc/vJHRsfGJydJUeXpmdm6+srB4ZpPMcGjwRCbmImIWpNDQQIESLlIDTEUSzqPrg75/fgPGikSfYi+FlmJdLWLBGTqpXdkKEW7RqJx2E5fT0KFRj67CZb4RKoZXNs4Pi3YeGkUhjguKxWrRrlT9mj8A/UuCIamSIY7blbewk/BMgUYumbXNwE+xlTODgksoymFmIWX8mnWh6ahmCmwrHxxX0DWndGicGPc00oH6fSJnytqeilxysPBvry/+5zUzjPdbudBphqD510dxJikmtN8U7QgDHGXPEcaNcLtSfsUM4+j6LLsSgt8n/yVnm7Vgt7Zzsl2t7w/rKJFlskLWSUD2SJ0ckWPSIJzckQfyRJ69e+/Re/Fev6Ij3nBmifyA9/4JHMih+g==</latexit>

governed by e�Feff t

<latexit sha1_base64="B5XD0QzK5zurJE7UWtNbWQQIIVc=">AAACGnicbVDJSgNBEO1xN25Rj14ao+ApzIgbngRRPCqYKGRC6OnUxMbunqG7JhiG+Q4v/ooXD4p4Ey/+jZ3l4Pag4PFeFVX1olQKi77/6Y2NT0xOTc/MlubmFxaXyssrdZtkhkONJzIx1xGzIIWGGgqUcJ0aYCqScBXdHvf9qy4YKxJ9ib0Umop1tIgFZ+ikVjkIEe7QqJyeiA7oLpMZWJrElG6EiuGNjfPTopWHRlGI42LjsGiVK37VH4D+JcGIVMgI563ye9hOeKZAI5fM2kbgp9jMmUHBJRSlMLOQMn7LOtBwVDMFtpkPXivoplPaNE6MK410oH6fyJmytqci1zk497fXF//zGhnGB81c6DRD0Hy4KM4kxYT2c6JtYYCj7DnCuBHuVspvmGEcXZolF0Lw++W/pL5dDfaquxc7laODURwzZI2sky0SkH1yRM7IOakRTu7JI3kmL96D9+S9em/D1jFvNLNKfsD7+AIUXKDc</latexit>

Eigenvalues of Fe↵ :

<latexit sha1_base64="SHUAbrs1DB22PfkMdHERgI+oPZU="></latexit>

e�Feff t = e�t/⌧S [e�i!0
0t|�ih�|+ ei!

0
0t|+ih+|]

<latexit sha1_base64="IS2gnAUcg1AfrUWc5HT/0RQrsl8="></latexit>

where |±i (h±|) denotes a right (left) eigenvector of Fe↵

<latexit sha1_base64="jvL35fJLntSlyGtp7HW6u7h5Qco="></latexit>

A(t) =

0

BBBB@

2

N0


1�e

� t
⌧S

� + 2F2N0�8D2+e
� t

⌧S [4D2�2F2N0]

N2
0


1�e

� t
⌧S

�2 � e
� t

⌧S F1N0

N2
0


1�e

� t
⌧S

�2

� e
� t

⌧S F1N0

N2
0


1�e

� t
⌧S

�2
2

N0


1�e

� t
⌧S

� + e
� t

⌧S 2D2

N2
0


1�e

� t
⌧S

�2

1

CCCCA

<latexit sha1_base64="CNVR6RQ/Yc2dXqPnWcVRTR7sqJU="></latexit>

+

0

BBBB@

e
� t

⌧S [4d2 cos[2!0
0t]�f1N0 sin[2!0

0t]]

N2
0


1�e

� t
⌧S

�2

e
� t

⌧S [f1N0 cos[2!0
0t]+4d2 sin[2!0

0t]]

N2
0


1�e

� t
⌧S

�2

e
� t

⌧S [f1N0 cos[2!0
0t]+4d2 sin[2!0

0t]]

N2
0


1�e

� t
⌧S

�2

e
� t

⌧S [2d2 cos[2!0
0t]+f1N0 sin[2!0

0t]]

N2
0


1�e

� t
⌧S

�2 .

1

CCCCA

<latexit sha1_base64="NGflMZARfdiw+QxEMYndn7qfqN8="></latexit>

�⌥ = !0⌫̄f1/2± i!0
0 for !0

0 = !0(1 + F2/2)

<latexit sha1_base64="lZRcg64m/o8NpobCr/frmYDxido="></latexit>

Relaxation rate: ⌧�1
S = !0⌫̄f1 = !0

⌫̄

6
⌧ !0



5. Time evolution from initial pure state
<latexit sha1_base64="lDs4uiHfz1nySwHD49D15YhriRc=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUkDIjProRCm5cVrQP6JQhk6ZtaJIZkoxQpvMbbvwVNy4Ucakr/8Z0OgttPXC5h3PuJbnHDxlV2ra/rdzS8srqWn69sLG5tb1T3N1rqiCSmDRwwALZ9pEijArS0FQz0g4lQdxnpOWPrqd+64FIRQNxr8ch6XI0ELRPMdJG8oq2K4eBd1e2j69cFXEvFic8SbVY8GQiXInEgBGXpQ3yiVcs2RU7BVwkTkZKIEPdK366vQBHnAiNGVKq49ih7sZIaooZSQpupEiI8AgNSMdQgThR3Ti9LIFHRunBfiBNCQ1T9fdGjLhSY+6bSY70UM17U/E/rxPpfrUbUxFGmgg8e6gfMagDOI0J9qgkWLOxIQhLav4K8RBJhLUJs2BCcOZPXiTN04pzUTm/PSvVqlkceXAADkEZOOAS1MANqIMGwOARPINX8GY9WS/Wu/UxG81Z2c4++APr6wdJi6Ed</latexit>

⇢S(0) =
X

n,m

⇢nm|nihm|
<latexit sha1_base64="aZQgOFKp29Yg1LxHeK7omPe08U0="></latexit>

! PS(z0, 0) =
X

n,m

⇢nm
e|z0|

2

p
n!m!

@n+m

@(�z0)n@(�z̄0)m
�(2)(z0)

<latexit sha1_base64="Vog5xeXV4rtC6zunfdPRdhq8V5s=">AAACEnicbVC7SgNBFJ31GeMramkzGARtwq74KgUbywgmCskSZmfvJoOzM8vM3WBY8g02/oqNhSK2Vnb+jZNH4evAhcM593I5J8qksOj7n97M7Nz8wmJpqby8srq2XtnYbFqdGw4NrqU2NxGzIIWCBgqUcJMZYGkk4Tq6PR/5130wVmh1hYMMwpR1lUgEZ+ikTmW/jXCHJi2URpppK1D0gTIV057o9uSAWqG6uWRm2KlU/Zo/Bv1LgimpkinqncpHO9Y8T0Ehl8zaVuBnGBbMoOAShuV2biFj/JZ1oeWoYinYsBhHGtJdp8Q00caNQjpWv18ULLV2kEZuM2XYs7+9kfif18oxOQ0LobIcQfHJoySXFDUd9UNjYYCjCx4Lxo2rg1PeY4ZxdC2WXQnB78h/SfOgFhzXji4Pq2en0zpKZJvskD0SkBNyRi5InTQIJ/fkkTyTF+/Be/JevbfJ6ow3vdkiP+C9fwGHcJ6e</latexit>

not positive and highly singular
<latexit sha1_base64="81uNytsdr4tDbg0eWx/3QquT5uE="></latexit>

A simple case: ⇢S(0) = |1ih1|
<latexit sha1_base64="lz0zzYBvN8UIiFmz3jz4VstofFI=">AAACK3icbVDLSsNAFJ34rPVVdelmsAgKUhLxtRFENy4rWhWaGm6mNzo4mYSZiVBC/seNv+JCFz5w6384abvwdWDgcM65zL0nTAXXxnXfnJHRsfGJycpUdXpmdm6+trB4rpNMMWyxRCTqMgSNgktsGW4EXqYKIQ4FXoS3R6V/cYdK80SemV6KnRiuJY84A2OloHbYDHJfxfS0WPNjMDdhlKsicDfc9X28ylXgXm0WvoRQQEmp30Vh4Ed0PajV3YbbB/1LvCGpkyGaQe3J7yYsi1EaJkDrtuemppODMpwJLKp+pjEFdgvX2LZUQoy6k/dvLeiqVbo0SpR90tC++n0ih1jrXhzaZLmk/u2V4n9eOzPRXifnMs0MSjb4KMoENQkti6NdrpAZ0bMEmOJ2V8puQAEztt6qLcH7ffJfcr7Z8HYa2ydb9YO9YR0VskxWyBrxyC45IMekSVqEkXvySF7Iq/PgPDvvzscgOuIMZ5bIDzifX5T1pqg=</latexit>

PS(r0, 0) = er
2
0r2

0�(r0)

<latexit sha1_base64="2WJoryA7PDU1mw/Mtj8EcU682Z4="></latexit>

PS(r, t) =
[detA(t)]1/2

2⇡
r2

0e
r20PS(r, t|r0, 0)

���
r0=0

<latexit sha1_base64="parbi15zrlGby2vSUHdpCA7rMFM="></latexit>

=
[detA(t)]1/2

8⇡
exp


�1

2
rt · A(t) · r

�

<latexit sha1_base64="/OouHYunikg7g80KhLzydy1Dvek="></latexit>

⇥
h
4� TrK̂(t) + (xK(t)11 + yK(t)21)

2 + (xK(t)12 + yK(t)22)
2
i

<latexit sha1_base64="KnTdvLHjYbtwn7/CF5dmLYBMU3U="></latexit>

where K(t) = A(t)e�Feff t, K̂(t) =�Ft
eff t A(t)e�Feff t





<latexit sha1_base64="kUekSFhxVxRYqQOr8mHzKR8hYp4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQL2FXfOQY8OIxgnlAdgmzk9lkyMzsMtMrhiW/4cWDIl79GW/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2iZONWUtGotYd0NimOCKtYCDYN1EMyJDwTrh+Hbmdx6ZNjxWDzBJWCDJUPGIUwJW8n1gT6BlViXn03654tbcOfAq8XJSQTma/fKXP4hpKpkCKogxPc9NIMiIBk4Fm5b81LCE0DEZsp6likhmgmx+8xSfWWWAo1jbUoDn6u+JjEhjJjK0nZLAyCx7M/E/r5dCVA8yrpIUmKKLRVEqMMR4FgAecM0oiIklhGpub8V0RDShYGMq2RC85ZdXSfui5l3Xru4vK416HkcRnaBTVEUeukENdIeaqIUoStAzekVvTuq8OO/Ox6K14OQzx+gPnM8f9AKRnA==</latexit>

(a)
<latexit sha1_base64="YAPqhftC6W3REtjW2Wml1hgxzHc=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQL2FXfOQY8OIxgnlAdgmzk9lkyMzsMtMrhiW/4cWDIl79GW/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2iZONWUtGotYd0NimOCKtYCDYN1EMyJDwTrh+Hbmdx6ZNjxWDzBJWCDJUPGIUwJW8n1gT6BlVg3Pp/1yxa25c+BV4uWkgnI0++UvfxDTVDIFVBBjep6bQJARDZwKNi35qWEJoWMyZD1LFZHMBNn85ik+s8oAR7G2pQDP1d8TGZHGTGRoOyWBkVn2ZuJ/Xi+FqB5kXCUpMEUXi6JUYIjxLAA84JpREBNLCNXc3orpiGhCwcZUsiF4yy+vkvZFzbuuXd1fVhr1PI4iOkGnqIo8dIMa6A41UQtRlKBn9IrenNR5cd6dj0VrwclnjtEfOJ8/9YiRnQ==</latexit>

(b)

<latexit sha1_base64="3QHfgJNtqzLeSUApUMpcROiC+7Q=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQL2FXfOQY8OIxgnlAdgmzk9lkyMzsMtMrhiW/4cWDIl79GW/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2iZONWUtGotYd0NimOCKtYCDYN1EMyJDwTrh+Hbmdx6ZNjxWDzBJWCDJUPGIUwJW8n1gT6BlVqXn03654tbcOfAq8XJSQTma/fKXP4hpKpkCKogxPc9NIMiIBk4Fm5b81LCE0DEZsp6likhmgmx+8xSfWWWAo1jbUoDn6u+JjEhjJjK0nZLAyCx7M/E/r5dCVA8yrpIUmKKLRVEqMMR4FgAecM0oiIklhGpub8V0RDShYGMq2RC85ZdXSfui5l3Xru4vK416HkcRnaBTVEUeukENdIeaqIUoStAzekVvTuq8OO/Ox6K14OQzx+gPnM8f9w6Rng==</latexit>

(c)

<latexit sha1_base64="ZnqoadbjGhs16CMeUb+arnzR6i0=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQL2FXfOQY8OIxgnlAdgmzs5NkyMzsMtMrhiW/4cWDIl79GW/+jZNkD5pY0FBUddPdFSaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2iZONWUtGotYd0NimOCKtYCDYN1EMyJDwTrh+Hbmdx6ZNjxWDzBJWCDJUPEBpwSs5PvAnkDLrBqdT/vliltz58CrxMtJBeVo9stffhTTVDIFVBBjep6bQJARDZwKNi35qWEJoWMyZD1LFZHMBNn85ik+s0qEB7G2pQDP1d8TGZHGTGRoOyWBkVn2ZuJ/Xi+FQT3IuEpSYIouFg1SgSHGswBwxDWjICaWEKq5vRXTEdGEgo2pZEPwll9eJe2Lmnddu7q/rDTqeRxFdIJOURV56AY10B1qohaiKEHP6BW9Oanz4rw7H4vWgpPPHKM/cD5/APiUkZ8=</latexit>

(d)
<latexit sha1_base64="V4h/RMWC68CtCeHfzefkYe/tlXo=">AAAB83icbVBNS8NAEN3Ur1q/qh69BItQLyURP3osePFYwX5AE8pmO2mX7iZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBYngGh3n2yqsrW9sbhW3Szu7e/sH5cOjto5TxaDFYhGrbkA1CB5BCzkK6CYKqAwEdILx7czvPILSPI4ecJKAL+kw4iFnFI3keQhPqGRWhfNpv1xxas4c9ipxc1IhOZr98pc3iFkqIUImqNY910nQz6hCzgRMS16qIaFsTIfQMzSiErSfzW+e2mdGGdhhrExFaM/V3xMZlVpPZGA6JcWRXvZm4n9eL8Ww7mc8SlKEiC0WhamwMbZnAdgDroChmBhCmeLmVpuNqKIMTUwlE4K7/PIqaV/U3Ova1f1lpVHP4yiSE3JKqsQlN6RB7kiTtAgjCXkmr+TNSq0X6936WLQWrHzmmPyB9fkD+hqRoA==</latexit>

(e)



VI. Steady state density matrix

<latexit sha1_base64="+bl18CD94bBcea0UVtl7PLXcP/U="></latexit>

P ss
S =

p
(2/N0)2(1 + C⌫̄)

2⇡
exp


� r2

N0
(1 + C⌫̄ cos2 ✓)

�

<latexit sha1_base64="drk/N+SJ4GQkvMkC7NOK/c0gj0g=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAhpDLsiMWXAxjKieUASwuzs3WTI7IOZu2JY8gs2/oqNhSK2dnb+jZNHoYkHBg7nnMude7xECo2O822trK6tb2zmtvLbO7t7+/bBYUPHqeJQ57GMVctjGqSIoI4CJbQSBSz0JDS94dXEb96D0iKO7nCUQDdk/UgEgjM0Us8udhAeUIVZxwvoLQLzR1QjQ6C1M9+sV8JLJ8lxzy44JWcKukzcOSmQOWo9+6vjxzwNIUIumdZt10mwmzGFgksY5zuphoTxIetD29CIhaC72fSiMT01ik+DWJkXIZ2qvycyFmo9Cj2TDBkO9KI3Ef/z2ikGlW4moiRFiPhsUZBKijGd1EN9oYCjHBnCuBLmr5QPmGIcTYl5U4K7ePIyaZyX3HKpfHNRqFbmdeTIMTkhReKSS1Il16RG6oSTR/JMXsmb9WS9WO/Wxyy6Ys1njsgfWJ8/NPOd4A==</latexit>

Steady state P-distribution
<latexit sha1_base64="hwBt46qh9ML5VPOlD3wE5M0VHh8=">AAACBnicbVA9SwNBEN2L3/ErainCYhCswp1ITBmw0U7BmEASwt5mkizZ2z1258RwpLLxr9hYKGLrb7Dz37iJV2jig4HHezPMzAtjKSz6/peXW1hcWl5ZXcuvb2xubRd2dm+tTgyHGtdSm0bILEihoIYCJTRiAywKJdTD4fnEr9+BsUKrGxzF0I5YX4me4Ayd1CkctBDu0UTppaKxlsxQrrXpCsUQ7LhTKPolfwo6T4KMFEmGq07hs9XVPIlAIZfM2mbgx9hOmUHBJYzzrcRCzPiQ9aHpqGIR2HY6fWNMj5zSpT1tXCmkU/X3RMoia0dR6DojhgM7603E/7xmgr1KOxUqThAU/1nUSyRFTSeZ0K4wwFGOHGHcCHcr5QNmGEeXXN6FEMy+PE9uT0pBuVS+Pi1WK1kcq2SfHJJjEpAzUiUX5IrUCCcP5Im8kFfv0Xv23rz3n9acl83skT/wPr4BA/OZdg==</latexit>

In polar coordinates

<latexit sha1_base64="T5m9kcRJvaRQz5oIP3BS5/dkmmE=">AAACEHicbVA9SwNBEN2LXzF+RS1tFqNoY7gLQW2EQBoriWCMkIRjbzNnFvc+2J1Tw3E/wca/YmOhiK2lnf/GTUyhiQ8GHu/NMDPPi6XQaNtfVm5mdm5+Ib9YWFpeWV0rrm9c6ihRHJo8kpG68pgGKUJookAJV7ECFngSWt5Nfei3bkFpEYUXOIihG7DrUPiCMzSSW9zrINyjCtK7PiigO/UT360cdHzFeFrN0jPXznpuZSdziyW7bI9Ap4kzJiUyRsMtfnZ6EU8CCJFLpnXbsWPspkyh4BKyQifREDN+w66hbWjIAtDddPRQRneN0qN+pEyFSEfq74mUBVoPAs90Bgz7etIbiv957QT9424qwjhBCPnPIj+RFCM6TIf2hAKOcmAI40qYWynvMxMGmgwLJgRn8uVpclkpO4flw/NqqXY8jiNPtsg22ScOOSI1ckoapEk4eSBP5IW8Wo/Ws/Vmvf+05qzxzCb5A+vjG43ZnD8=</latexit>

where C = f2 �
4

N0
d2

<latexit sha1_base64="x0Lfn/fhy1mMPNqZN5/qZgnbSyQ="></latexit>

⇢̂S =

Z
d2z|zihz|P ss

S

<latexit sha1_base64="jaGJp0PGY/ecgORuMB5Qc0Cq7FM="></latexit>

=
2

N0

Z 2⇡

0

d✓

2⇡

Z 1

0
dre

�
⇣
1+ 1

N0

⌘
r2
X

m,n

|mihn|p
m!n!

⇥ rm+nei(m�n)✓

✓
1� C⌫̄

N0
r2 cos2 ✓ +

C⌫̄

2

◆

<latexit sha1_base64="4AyvnZz5E7ci0C54g0tAxIKBCsQ=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpEUIiUrsRCm5cVrAPaGKZTCft0MmDmYlQQvwCN/6KGxeKuHXrzr9x0mZhWw9cOJxzL/fe40aMCmmaP1phZXVtfaO4Wdra3tnd0/cP2iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjq8zv/NAuKBhcCcnEXF8NAyoRzGSSurrp1fQHiGZ2HwUpvdJxaymZ3OCVU0fjVJfL5uGOQVcJlZOyiBHs69/24MQxz4JJGZIiJ5lRtJJEJcUM5KW7FiQCOExGpKeogHyiXCS6T8pPFHKAHohVxVIOFX/TiTIF2Liu6rTR3IkFr1M/M/rxdKrOwkNoliSAM8WeTGDMoRZOHBAOcGSTRRBmFN1K8QjxBGWKsIsBGvx5WXSPjesmlG7vSg36nkcRXAEjkEFWOASNMANaIIWwOAJvIA38K49a6/ah/Y5ay1o+cwhmIP29Qs/gJuB</latexit>

= ⇢̂(0) + ⇢̂(1) .

<latexit sha1_base64="oekdXcBj+w4c/Fy0NHWV0e/hAMk="></latexit>

Inverse P-representation for steady state density matrix

<latexit sha1_base64="fnT59T6aeiViFLYu5sbvlH9qweU="></latexit>

⇢̂(0) =
1

N0

1X

m=0

|mihm|
(1 + 1/N0)m+1

=
1

Z0
e��~!0(â

†â+1/2)
<latexit sha1_base64="Deb9ivm86hf6aepRpmrSaPioKwU=">AAACGHicbVA9SwNBEN3z2/gVtbRZjIIgxDsLtREEGytRMCrk4jG3mSSLu3fH7pwajvwMG/+KjYUitnb+GzcxhV8PBh7vzTAzL86UtOT7H97I6Nj4xOTUdGlmdm5+oby4dG7T3AisiVSl5jIGi0omWCNJCi8zg6BjhRfx9WHfv7hBY2WanFE3w4aGdiJbUgA5KSpvhYR3ZHRx20GDfC3YDLaOI38fr4owRoKwE4MJU41tiPzeWi8qV/yqPwD/S4IhqbAhTqLye9hMRa4xIaHA2nrgZ9QowJAUCnulMLeYgbiGNtYdTUCjbRSDx3p83SlN3kqNq4T4QP0+UYC2tqtj16mBOva31xf/8+o5tfYahUyynDARX4taueKU8n5KvCkNClJdR0AY6W7logMGBLksSy6E4PfLf8n5djXYqe6cblcO9oZxTLEVtso2WMB22QE7YiesxgS7Z4/smb14D96T9+q9fbWOeMOZZfYD3vsni1qfcQ==</latexit>

where 1 + 1/N0 = e�~!0



<latexit sha1_base64="xSMe/d4Hn81/gBD1sTkUXpagdIc="></latexit>

⇢̂(1) =
2C⌫̄

N0

X

m

"
� 1

4N0

(
|mihm+ 2|

p
(m+ 2)(m+ 1)

(1 + 1/N0)m+3
+

|mihm� 2|
p

m(m� 1)

(1 + 1/N0)m+1

)

<latexit sha1_base64="tQga4dO4H3lhzXf10OPyxhhIWvE="></latexit>

�1

2
|mihm|

⇢
1

N0

m+ 1

(1 + 1/N0)m+2
� 1

(1 + 1/N0)m+1

��

<latexit sha1_base64="upAIY30w2UvZJl3ipE97PS/+UEs="></latexit>

= �2C⌫̄

N0
e��~!0(â

†â+1)


1

4N0

�
e�2�~!0 ââ+ â†â†

�
+

1

2

⇢
1

N0
e��~!0(â†â+ 1)� 1

��

<latexit sha1_base64="eLXsCKvwL7G9mh3pnuHMIn93lnA="></latexit>

= �⇢̂(0)
C⌫̄

2N0
e�2�~!0

�
ââ+ e2�~!0 â†â† + 2e�~!0 â†â� 2N0e

2�~!0
�



VII. Comparison with Redfield equation
<latexit sha1_base64="EusOlmaR8OiHJJlCHHx1RKZNbac="></latexit>

Redfield equation from previous weak coupling theory
<latexit sha1_base64="39AUlvSJNn5fC+IwkVsmkpJt6EE="></latexit>

⇢̇S = �i[!0a
†
a+HLS , ⇢S ] + (L1 + L2)[⇢S ]

<latexit sha1_base64="YbiD+o5+YuQPUwFekdudy15YPds=">AAAB9XicbVC7SgNBFJ2NrxhfUUtBFoNgFXYtYjoDNpYJmAcka5id3E2GzD6YuWsMS0r/wcZCEVvbVH6End/gTzh5FJp44MLhnHu59x43ElyhZX0ZqZXVtfWN9GZma3tndy+7f1BTYSwZVFkoQtlwqQLBA6giRwGNSAL1XQF1t3818et3IBUPgxscRuD4tBtwjzOKWrptIdyj9JNBDySM2tmclbemMJeJPSe5y49x5fvheFxuZz9bnZDFPgTIBFWqaVsROgmVyJmAUaYVK4go69MuNDUNqA/KSaZXj8xTrXRML5S6AjSn6u+JhPpKDX1Xd/oUe2rRm4j/ec0YvaKT8CCKEQI2W+TFwsTQnERgdrgEhmKoCWWS61tN1qOSMtRBZXQI9uLLy6R2nrcL+ULFypWKZIY0OSIn5IzY5IKUyDUpkyphRJJH8kxejIHxZLwab7PWlDGfOSR/YLz/ADThl2I=</latexit>

where

<latexit sha1_base64="3iVXcZ4iT1XTKDNSkXYk9zkRgtQ="></latexit>

+N0

✓
a†⇢Sa� 1

2
{aa†, ⇢S}+

1

2

�
a†⇢Sa

† + a⇢Sa� a†a†⇢S � ⇢Saa
�◆

#

<latexit sha1_base64="EAprSN16TiUTesgBsizUDC7NAW4="></latexit>

HLS =
!0

3⇡
S+

✓
a
†
a+

1

2
(aa+ a

†
a
†)

◆

<latexit sha1_base64="3HEAYyTMW2XQRpEqXbtPF+jcnxM="></latexit>

L2 = i
!0

3⇡
⌫̄S�

✓
a⇢Sa� a†⇢Sa

† � 1

2
{aa� a†a†, ⇢S}

◆

<latexit sha1_base64="q2CdltDsGdpf9DQ4ozG02W13gLI="></latexit>

S+ = P

Z
d⇠

2⇠4

1� ⇠2

<latexit sha1_base64="pXJJ0AB9jFbZu+KYHXUMzlYPat0="></latexit>

S� = P

Z
d⇠

2⇠3(2N(⇠) + 1)

1� ⇠2

<latexit sha1_base64="R4dwcYVGbmGAVO57UlX7fDzmJ84="></latexit>

L1 =
2!0

3
⌫̄

"
(N0+1)

✓
a⇢Sa

† � 1

2
{a†a, ⇢S}+

1

2

�
a⇢Sa+ a†⇢Sa

† � aa⇢S � ⇢Sa
†a†

�◆

<latexit sha1_base64="YbiD+o5+YuQPUwFekdudy15YPds=">AAAB9XicbVC7SgNBFJ2NrxhfUUtBFoNgFXYtYjoDNpYJmAcka5id3E2GzD6YuWsMS0r/wcZCEVvbVH6End/gTzh5FJp44MLhnHu59x43ElyhZX0ZqZXVtfWN9GZma3tndy+7f1BTYSwZVFkoQtlwqQLBA6giRwGNSAL1XQF1t3818et3IBUPgxscRuD4tBtwjzOKWrptIdyj9JNBDySM2tmclbemMJeJPSe5y49x5fvheFxuZz9bnZDFPgTIBFWqaVsROgmVyJmAUaYVK4go69MuNDUNqA/KSaZXj8xTrXRML5S6AjSn6u+JhPpKDX1Xd/oUe2rRm4j/ec0YvaKT8CCKEQI2W+TFwsTQnERgdrgEhmKoCWWS61tN1qOSMtRBZXQI9uLLy6R2nrcL+ULFypWKZIY0OSIn5IzY5IKUyDUpkyphRJJH8kxejIHxZLwab7PWlDGfOSR/YLz/ADThl2I=</latexit>

where



<latexit sha1_base64="kXsjM+4a8TyyT0/TRmXn4idz9SM=">AAACBnicbVC7SgNBFJ31bXxFLUUYDIKNYdcipgzYWEYwD8guYXZyNxmcfTBzVwxLKi38FRsLRWyt/AA7/QC/wA9w8ijUeGDgcM49M3OPn0ih0bbfrZnZufmFxaXl3Mrq2vpGfnOrruNUcajxWMaq6TMNUkRQQ4ESmokCFvoSGv7FydBvXILSIo7OsZ+AF7JuJALBGRqpnd91Ea5QhZnrB7R6qMCkNUQ4sgftfMEu2iPQaeJMSKGyvX/z9fr5UW3n39xOzNPQ3MAl07rl2Al6GVMouIRBzk01JIxfsC60DI1YCNrLRmsM6L5ROjSIlTkR0pH6M5GxUOt+6JvJkGFP//WG4n9eK8Wg7GUiSlKEiI8fClJJMabDTmhHKOAo+4YwroT5K+U9phhH01zOlOD8XXma1I+KTqlYOjNtlMkYS2SH7JED4pBjUiGnpEpqhJNrckceyKN1a91bT9bzeHTGmmS2yS9YL98Dqp3s</latexit>

P-representation

<latexit sha1_base64="jEJp05+L0Gk8a1VBWmTs//kl4lk="></latexit>

ṖRF
S = @r · (FRF · r+ DRF · @r)PRF

S

<latexit sha1_base64="YbiD+o5+YuQPUwFekdudy15YPds=">AAAB9XicbVC7SgNBFJ2NrxhfUUtBFoNgFXYtYjoDNpYJmAcka5id3E2GzD6YuWsMS0r/wcZCEVvbVH6End/gTzh5FJp44MLhnHu59x43ElyhZX0ZqZXVtfWN9GZma3tndy+7f1BTYSwZVFkoQtlwqQLBA6giRwGNSAL1XQF1t3818et3IBUPgxscRuD4tBtwjzOKWrptIdyj9JNBDySM2tmclbemMJeJPSe5y49x5fvheFxuZz9bnZDFPgTIBFWqaVsROgmVyJmAUaYVK4go69MuNDUNqA/KSaZXj8xTrXRML5S6AjSn6u+JhPpKDX1Xd/oUe2rRm4j/ec0YvaKT8CCKEQI2W+TFwsTQnERgdrgEhmKoCWWS61tN1qOSMtRBZXQI9uLLy6R2nrcL+ULFypWKZIY0OSIn5IzY5IKUyDUpkyphRJJH8kxejIHxZLwab7PWlDGfOSR/YLz/ADThl2I=</latexit>

where
<latexit sha1_base64="qdVKcURWaxfktl4KBnlEffm/wU8="></latexit>

FRF = !0

✓
0 �1

1 + ⌫̄fRF
2 ⌫̄fRF

1

◆
, DRF = !0

✓
0 ⌫̄dRF

2

⌫̄dRF
2 ⌫̄dRF

1

◆
.

<latexit sha1_base64="Q4rnYNoU+XJaNDmgR820BlYs/7g=">AAACEHicbVA9SwNBEN3zM8avqKXNYhCtwp2IWgbSWEYwiZCEsLeZM4v7cezOqeHIT7Dxr9hYKGJraee/cRNT+PVg4PHeDDPz4lQKh2H4EczMzs0vLBaWissrq2vrpY3NpjOZ5dDgRhp7ETMHUmhooEAJF6kFpmIJrfiqNvZb12CdMPochyl0FbvUIhGcoZd6pb0Owi1alXfihNaMSpkVzmh6I3BA/RJqwWUSR71SOayEE9C/JJqSMpmi3iu9d/qGZwo0csmca0dhit2cWRRcwqjYyRykjF+xS2h7qpkC180nD43orlf6NDHWl0Y6Ub9P5Ew5N1Sx71QMB+63Nxb/89oZJifdXOg0Q9D8a1GSSYqGjtOhfWGBoxx6wrgV/lbKB8wyjj7Dog8h+v3yX9I8qERHlaOzw3L1ZBpHgWyTHbJPInJMquSU1EmDcHJHHsgTeQ7ug8fgJXj9ap0JpjNb5AeCt0+qn52a</latexit>

Comparison with our result
<latexit sha1_base64="tQXe4OqYFJNEWFNQ056wWXIQzgE="></latexit>

ṖS = @r · (Fe↵ · r+ De↵ · @r)PS

<latexit sha1_base64="5b7uhT6w0+el/bK7rqEXeSX3CEw="></latexit>

Fe↵ = !0

✓
0 �1

1 + ⌫̄f2 ⌫̄f1

◆
, De↵ = !0

✓
0 ⌫̄d2

⌫̄d2 ⌫̄d1

◆
.

<latexit sha1_base64="XIlvmpV60o4a/w9R7/j28SxEGnc="></latexit>

FLB = !0

✓
⌫̄fRF

1 /2 �1
1 ⌫̄fRF

1 /2

◆
, DLB = !0

✓
⌫̄dRF

2 /2 0
0 ⌫̄dRF

1 /2

◆
.

<latexit sha1_base64="ZQHwWQ7g7HRKO7gCA/28MC+pkgg=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwCnciMVgFbCwsIpgPSELY25vTxb29c3dODEdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaen0hh0HW/nbn5hcWl5dxKfnVtfWOzsLXdMHGqOdR5LGPd8pkBKRTUUaCEVqKBRb6Epn97NvSb96CNiNUV9hPoRuxaiVBwhlbqFfY6CA+oo4yHJXohVOBLFlC4S0f+6aBXKLoldwQ6S7wJKZIJar3CVyeIeRqBQi6ZMW3PTbCbMY2CSxjkO6mBhPFbdg1tSxWLwHSz0SMDemCVgIaxtqWQjtTfExmLjOlHvu2MGN6YaW8o/ue1Uwwr3UyoJEVQfLwoTCXFmA5ToYHQwFH2LWFcC3sr5TdMM442u7wNwZt+eZY0jkpeuVS+PC5WK5M4cmSX7JND4pETUiXnpEbqhJNH8kxeyZvz5Lw4787HuHXOmczskD9wPn8AwqaZyw==</latexit>

cf. Lindblad equation:

<latexit sha1_base64="810zKpuICUAU1oQ4KQhvKAUDz8Y=">AAACAHicbVA9SwNBEN2LXzF+nVpY2JwGwcZwJxJTBmwso5gPSELY25tLluzeHbtzYjjS+FdsLBSx9WfY+W/cfBQafTDweG+GmXl+IrhG1/2yckvLK6tr+fXCxubW9o69u9fQcaoY1FksYtXyqQbBI6gjRwGtRAGVvoCmP7ya+M17UJrH0R2OEuhK2o94yBlFI/Xsgw7CAyqZ3UIQchDBWRgreTTu2UW35E7h/CXenBTJHLWe/dkJYpZKiJAJqnXbcxPsZlQhZwLGhU6qIaFsSPvQNjSiEnQ3mz4wdk6MEjhms6kInan6cyKjUuuR9E2npDjQi95E/M9rpxhWuhmPkhQhYrNFYSocjJ1JGk7AFTAUI0MoU9zc6rABVZShyaxgQvAWX/5LGuclr1wq31wUq5V5HHlySI7JKfHIJamSa1IjdcLImDyRF/JqPVrP1pv1PmvNWfOZffIL1sc3CXCWqw==</latexit>

Redfield-form!

<latexit sha1_base64="gRdH8/HderyaVin7w2GdfsqGPsk=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KolI7bHgxWMV+wFtKJvttF26m4TdiRhC/StePCji1R/izX/jts1BWx8MPN6bYWZeEAuu0XW/rbX1jc2t7cJOcXdv/+DQPjpu6ShRDJosEpHqBFSD4CE0kaOATqyAykBAO5hcz/z2AyjNo/Ae0xh8SUchH3JG0Uh9u9RDeEQlszuQVE1oINJp3y67FXcOZ5V4OSmTHI2+/dUbRCyRECITVOuu58boZ1QhZwKmxV6iIaZsQkfQNTSkErSfzY+fOmdGGTjDSJkK0ZmrvycyKrVOZWA6JcWxXvZm4n9eN8Fhzc94GCcIIVssGibCwciZJeEMuAKGIjWEMsXNrQ4bU0UZmryKJgRv+eVV0rqoeNVK9fayXK/lcRTICTkl58QjV6RObkiDNAkjKXkmr+TNerJerHfrY9G6ZuUzJfIH1ucPrdaVbA==</latexit>

Remarkably
<latexit sha1_base64="2mZ/2GEv/ebkU2lKvfENz5KbXww=">AAACOnicbVDLSgMxFM34rPU16tJNsAgupM6UUrsRCoK4bMU+oB2HTCbThiYzQ5IRytD+lhu/wp0LNy4UcesHmD4WtvXAhcM555Lc48WMSmVZr8bK6tr6xmZmK7u9s7u3bx4cNmSUCEzqOGKRaHlIEkZDUldUMdKKBUHcY6Tp9a/HfvORCEmj8F4NYuJw1A1pQDFSWnLNWuDaV3oe0o7g8O5meFE8H40Ct6DFwrzo66S/mPR10p9LumbOylsTwGViz0gOzFB1zZeOH+GEk1BhhqRs21asnBQJRTEjw2wnkSRGuI+6pK1piDiRTjo5fQhPteLDIBJ6QgUn6t+NFHEpB9zTSY5UTy56Y/E/r52ooOykNIwTRUI8fShIGFQRHPcIfSoIVmygCcKC6r9C3EMCYaXbzuoS7MWTl0mjkLdL+VKtmKuUZ3VkwDE4AWfABpegAm5BFdQBBk/gDXyAT+PZeDe+jO9pdMWY7RyBORg/vx+3qp4=</latexit>

f1 = fRF
1 /4, f2 = fRF

2 /4, d1 = dRF
1 /4, d2 = dRF

2 /4

<latexit sha1_base64="GPGJcRd94qi9GSA4FA4m2lal26M="></latexit>

f1/d1 = fRF
1 /dRF

1 equililibrium in the leading order

C = f2 � 4d2/N0 = CRF/4 di↵erent correction

<latexit sha1_base64="gtk1Bw1+dg3xbHaICP/T5vEoS0s="></latexit>

(A) Lindblad-type thermostat LLB
B



<latexit sha1_base64="K+FWeeh1EOzV753p6wFW00YSobU="></latexit>

(B) Redfield-type thermostat LRF
B

<latexit sha1_base64="5P5hnCr+53eSUBy6WgJjC/Mkgjc="></latexit>

Fi
B =

✓
0 �!i

!i + µ0!iQi µ0!iJi

◆

<latexit sha1_base64="PrBVzcRM/LFV3Z2IBjbj6wKaCNU="></latexit>

Qi / P

Z !c

0
d⌦

⌦2J(⌦)

⌦2 � !2
i

<latexit sha1_base64="pdts3HjXLcZ6yHEJGwq/G7asW4U=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqSJkRqd0IBTfSVQX7gHYYMmmmDU0mQ5JRylj/xI0LRdz6Je78G9N2Ftp64MLhnHu5954gZlRpx/m2VlbX1jc2c1v57Z3dvX27cNBSIpGYNLFgQnYCpAijEWlqqhnpxJIgHjDSDkbXU799T6SiIrrT45h4HA0iGlKMtJF8u1D36VW91BOcDJBPT5/OfLvolJ0Z4DJxM1IEGRq+/dXrC5xwEmnMkFJd14m1lyKpKWZkku8lisQIj9CAdA2NECfKS2enT+CJUfowFNJUpOFM/T2RIq7UmAemkyM9VIveVPzP6yY6rHopjeJEkwjPF4UJg1rAaQ6wTyXBmo0NQVhScyvEQyQR1iatvAnBXXx5mbTOy26lXLm9KNaqWRw5cASOQQm44BLUwA1ogCbA4AE8g1fwZj1aL9a79TFvXbGymUPwB9bnD97tkxc=</latexit>

Ji = J(!i) ,
<latexit sha1_base64="wbfQl0Hp+urfWi8UDPVajFZfmYE=">AAAB9XicbVDLTgJBEJz1ifhCPXqZSEw8kV1jkCOJF4+YyCMBJLNDL0yYnd3M9Ipkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7vLj6Uw6Lrfztr6xubWdm4nv7u3f3BYODpumCjRHOo8kpFu+cyAFArqKFBCK9bAQl9C0x/dzPzmI2gjInWPkxi6IRsoEQjO0EoPHYQn1GE6HoKGaa9QdEvuHHSVeBkpkgy1XuGr0494EoJCLpkxbc+NsZsyjYJLmOY7iYGY8REbQNtSxUIw3XR+9ZSeW6VPg0jbUkjn6u+JlIXGTELfdoYMh2bZm4n/ee0Eg0o3FSpOEBRfLAoSSTGiswhoX2jgKCeWMK6FvZXyIdOMow0qb0Pwll9eJY3Lklcule+uitVKFkeOnJIzckE8ck2q5JbUSJ1woskzeSVvzth5cd6dj0XrmpPNnJA/cD5/AG2Zkxo=</latexit>

where

<latexit sha1_base64="lNhMR4PUR/Z91GD9qXuaQSoTsL4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqcVV0Y0LFxXsA9qhZNJMG5rMDMkdsQ7FX3HjQhG3/oc7/8ZM24W2HggczjmX3Hv8WHANjvNtLSwuLa+s5tby6xubW9v2zm5dR4mirEYjEammTzQTPGQ14CBYM1aMSF+whj+4yvzGPVOaR+EdDGPmSdILecApASN17P02sAdQMqXBBb65PMkyo45dcIrOGHieuFNSQFNUO/ZXuxvRRLIQqCBat1wnBi8lCjgVbJRvJ5rFhA5Ij7UMDYlk2kvH24/wkVG6OIiUeSHgsfp7IiVS66H0TVIS6OtZLxP/81oJBGUv5WGcAAvp5KMgERginJ2Ju1wxCmJoCKGKm10x7RNFKJjC8qYEd/bkeVI/LbqlYun2rFApT+vIoQN0iI6Ri85RBV2jKqohih7RM3pFb9aT9WK9Wx+T6II1ndlDf2B9/gA0ipUM</latexit>

cf: LB-type

<latexit sha1_base64="18y2YurJdY8raXl4WOHrc9hoSGM="></latexit>✓
µ0!iJi/2 �!i

!i µ0!iJi/2

◆

<latexit sha1_base64="+aEAJU6NiqKtEzDEMqQYg9TQAjQ="></latexit>

f1 = ↵fRF
1 , f2 = fRF

2 /4, d1 = ↵dRF
1 , d2 = dRF

2 /4
<latexit sha1_base64="VWaazX4otFL8aDO8C1ZSNMCefaI=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILqTMiNQuC27cWcFeoC0lk562oZnMkJwRy9CXcOOruHGhiFvBnW9jpu1CW38I/PznnCTn8yMpDLrut5NZWV1b38hu5ra2d3b38vsHdRPGmkONhzLUTZ8ZkEJBDQVKaEYaWOBLaPijq7TeuAdtRKjucBxBJ2ADJfqCM7RRN3/WRnhAHSQ3So5pT7BBqJikICEAhYYyDZQPmRpArzjp5gtu0Z2KLhtvbgpkrmo3/9XuhTxOr+KSGdPy3Ag7CdMouIRJrh0biBgfsQG0rFUsANNJpltN6IlNerQfansU0mn6eyJhgTHjwLedAcOhWayl4X+1Voz9cicRKooRFJ891I8lxZCmiCwFDRxnOLgW9q8pAs04WpA5C8FbXHnZ1M+LXqlYur0oVMpzHFlyRI7JKfHIJamQa1IlNcLJI3kmr+TNeXJenHfnY9aaceYzh+SPnM8f+NmfSg==</latexit>

Only diagonal elements are changed.

<latexit sha1_base64="QiFHp4/BZ8FmnyYPcC1V37W8HW8="></latexit>

with ↵ =
J0

4
p
J2
0 +Q2

0

<latexit sha1_base64="6BMLRE46HoB7/2raXWJzbN5BFvY=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF1pnVGqXBTcuK9gHdMYhk6ZtaJIZkoxQhhZ/xY0LRdz6He78G9N2Ftp64MLhnHu5954wZlRpx/m2ckvLK6tr+fXCxubW9o69u9dQUSIxqeOIRbIVIkUYFaSuqWakFUuCeMhIMxzcTPzmI5GKRuJeD2Pic9QTtEsx0kYK7IPx6djjSeB4inLYeEjP3PPLUWAXnZIzBVwkbkaKIEMtsL+8ToQTToTGDCnVdp1Y+ymSmmJGRgUvUSRGeIB6pG2oQJwoP52eP4LHRunAbiRNCQ2n6u+JFHGlhjw0nRzpvpr3JuJ/XjvR3YqfUhEnmgg8W9RNGNQRnGQBO1QSrNnQEIQlNbdC3EcSYW0SK5gQ3PmXF0njouSWS+W7q2K1ksWRB4fgCJwAF1yDKrgFNVAHGKTgGbyCN+vJerHerY9Za87KZvbBH1ifP69slKQ=</latexit>

, µ0 ⇠ V �1/3



<latexit sha1_base64="tElWxXk4sxOprpE72AjkeV59TQM="></latexit>

Fi
B =

✓
µ0p̃i �!i

!i + µ0qi µ0pi

◆ <latexit sha1_base64="fgTTHh8GezjLG7irootZFTOUqN4="></latexit>

↵ =
1

4

p0 + p̃0p
q20 + (p0 + p̃0)2

<latexit sha1_base64="Q6qJnKXd2+p2Et9k1774gxjR9Mk="></latexit>

LB-type: p0 = p̃0, q0 = 0, ↵ = 1/4
<latexit sha1_base64="hNXvcUV1wsBMuhiuKQSiidNEydU="></latexit>

RF-type: p̃0 = 0, q0 6= 0, ↵ =
p0

4
p

q20 + p20

<latexit sha1_base64="nfy5oTgQnVuU+EMT9d+FyjI8oSE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURqV0WXOiygn1AG8pketMOnUzCzEQsobjxV9y4UMStX+HOv3GaZqGtBwYO59zLnXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFLRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo++Ormd++B6lYJO70JAYvJEPBAkaJNlLfPuppeNAyTHt+gK9BgCQczwanfbvsVJwMeJm4OSmjHI2+/dUbRDQJQWjKiVJd14m1lxKpGeUwLfUSBTGhYzKErqGChKC8NIswxadGGeAgkuYJjTP190ZKQqUmoW8mQ6JHatGbif953UQHNS9lIk40CDo/FCQmY5TFxAMmgWo+MYRQycxfMR0RSag2rZVMCe5i5GXSOq+41Ur19qJcr+V1FNExOkFnyEWXqI5uUAM1EUWP6Bm9ojfryXqx3q2P+WjByncO0R9Ynz+K65eC</latexit>

General type

<latexit sha1_base64="9XLX4kiUDxiUR/B68Qz7zB+utEc=">AAACGXicbVDLSgNBEJz1bXxFPXoZTAQPGndDiLkIgiCeJIJRIQnL7GyvDpl9MNMrCUt+w4u/4sWDIh715N84eRw0WtBQVHXT3eUlUmi07S9ranpmdm5+YTG3tLyyupZf37jScao4NHgsY3XjMQ1SRNBAgRJuEgUs9CRce52TgX99D0qLOLrEXgLtkN1GIhCcoZHcvN1C6KIKs1PRBZ8WA9c58F3nqHxw7trFPVo8OQrc8n7Fd0dK380X7JI9BP1LnDEpkDHqbv6j5cc8DSFCLpnWTcdOsJ0xhYJL6OdaqYaE8Q67haahEQtBt7PhZ326YxSfBrEyFSEdqj8nMhZq3Qs90xkyvNOT3kD8z2umGNTamYiSFCHio0VBKinGdBAT9YUCjrJnCONKmFspv2OKcTRh5kwIzuTLf8lVueRUS9WLSuG4No5jgWyRbbJLHHJIjskZqZMG4eSBPJEX8mo9Ws/Wm/U+ap2yxjOb5Besz2+gk5zd</latexit>

Fixed f1/d1 = 2/N0, C = f2 � 4d2/N0

<latexit sha1_base64="3amcVVNsziuA4LwHxhFr1yO5QjA="></latexit>

– Steady state is independent of thermostat (dissipator of B).



VIII. About mean-force-Gibbs

<latexit sha1_base64="mi/CBln+DvD+mNRu+usA9/p0UA0="></latexit>

⇢̂MFG = TrBe
��(HS+HB+HI) ' ⇢̂(0)

�
I� ✏2(Do↵ + Ddiag)

�
<latexit sha1_base64="kk9ofGB7sJsZOQwbGq+UCoaRrv0="></latexit>

where ⇢̂(0) = e��HS/Z0

<latexit sha1_base64="zt/mIfVc+0Y19am4bPbwiDtQ1QM="></latexit>

– Ddiag is not equal to that obtained by standard perturbation expansion
<latexit sha1_base64="1xyyVUOvizvwXuK0tHcYmJoYJYg=">AAACGXicbVC7TsMwFHV4lneBkcWiQmKqEoQKIxILbAXRFqmNKse5oRaOE+wbRBX1N1j4FRYGEGKEib/BaTPwOtPRuee+TpBKYdB1P52p6ZnZufnKwuLS8srqWnV9o22STHNo8UQm+jJgBqRQ0EKBEi5TDSwOJHSC6+Oi3rkFbUSiLnCYgh+zKyUiwRlaqV91ewh3qOM8SjTFAdBzCCMBMqRwk409dXqqqF1HuV0zWuxXa27dHYP+JV5JaqREs19974UJz2JQyCUzpuu5Kfo50yi4tAN7mYGU8Wt2BV1LFYvB+Pn4sxHdsUpIi9uiRCEdq987chYbM4wD64wZDszvWiH+V+tmGB36uVBphqD4ZFGUSYoJLWKiodDAUQ4tYVwLeyvlA6YZRxtmEYL3++W/pL1X9xr1xtl+7eiwjKNCtsg22SUeOSBH5IQ0SYtwck8eyTN5cR6cJ+fVeZtYp5yyZ5P8gPPxBe1xoDI=</latexit>

for the Redfield equation. In our case

<latexit sha1_base64="7lbmm6+/25wa1TtQtSlBnjpv3KE="></latexit>

where CRF = fRF
2 � 4dRF

2 /N0

<latexit sha1_base64="aLtnv/pCQgM6YZ5dL2ehibHsymA="></latexit>

⇢̂(0)Ddiag 6= ⇢̂(0)
CRF⌫̄

2N0
e�2�~!0

�
2e�~!0 â†â� 2N0e

2�~!0
�

<latexit sha1_base64="lXMzXWmbjk7nwyQNmaIdAbRiSdE="></latexit>

– The Redfield equation is not a rigorous result from the unitary dynamics:
<latexit sha1_base64="G0edACspGoWt7uCdQOI3y2vt9fw=">AAACFHicbVDLSsNAFJ3UV62vqEs3wSII1ZKI1G6Eopu6q2gfkIYwmU6aoZNMmJkIJeQj3Pgrblwo4taFO//GaRtQqwfucDjn3pm5x4spEdI0P7XCwuLS8kpxtbS2vrG5pW/vdARLOMJtxCjjPQ8KTEmE25JIinsxxzD0KO56o8uJ373DXBAW3cpxjJ0QDiPiEwSlkly90h8wmfYDqA4esCw7PyZ2072pNN0LVVdH35bj6mWzak5h/CVWTsogR8vVP9TtKAlxJBGFQtiWGUsnhVwSRHFW6icCxxCN4BDbikYwxMJJp0tlxoFSBobPuKpIGlP150QKQyHGoac6QygDMe9NxP88O5F+3UlJFCcSR2j2kJ9QQzJjkpAxIBwjSceKQMSJ+quBAsghkirHkgrBml/5L+mcVK1atXZ9Wm7U8ziKYA/sg0NggTPQAE3QAm2AwD14BM/gRXvQnrRX7W3WWtDymV3wC9r7FzC4nkE=</latexit>

˙̂⇢ = �i[HS +HB +HI , ⇢̂]

<latexit sha1_base64="ewxco2/JyFMrHEmEVYNnREwe+Z8="></latexit>

From Thinga, Wang, Hänggi, JCP, (2012); Lee and Yeo, PRE (2022)

<latexit sha1_base64="rL7zP9SsNrscUCg3s9+ZiQj3KwM="></latexit>

(1) Do↵ is equal to that from the Redfield equation.
<latexit sha1_base64="z1GKIeqovE1oYj86jr0H4AoD/Eo="></latexit>

(2) Ddiag is equal to that obtained by a special analytic continuation from Do↵ .
<latexit sha1_base64="3ky6fXHt/ytkiURVf/Td6ppaPT8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKRWlwV3Lizgn1AG8pkOmmHziRh5kasofgrblwo4tb/cOffOGmz0NYDFw7n3Dtz7/FjwTU4zre1tLyyurZe2Chubm3v7Np7+00dJYqyBo1EpNo+0UzwkDWAg2DtWDEifcFa/ugq81v3TGkehXcwjpknySDkAacEjNSzD7vAHkDJ9CZRmArC5eWk2LNLTtmZAi8SNycllKPes7+6/YgmkoVg3tC64zoxeClRwKlgk2I30SwmdEQGrGNoSCTTXjrdfoJPjNLHQaRMhYCn6u+JlEitx9I3nZLAUM97mfif10kgqHopD+MEWEhnHwWJwBDhLArc54pREGNDCFXc7IrpkChCwQSWheDOn7xImmdlt1Ku3J6XatU8jgI6QsfoFLnoAtXQNaqjBqLoET2jV/RmPVkv1rv1MWtdsvKZA/QH1ucPODmVDA==</latexit>

Our claim:

<latexit sha1_base64="TdN+TDjOwNpSbHqbYiIL1ii5DQ4="></latexit>

So, the steady state of the Redfield equation may not be MFG.
<latexit sha1_base64="z/CpjsFrZ27BqTVeVbXftaUcCAg="></latexit>

– The steady state of our dynamics is definitely not MFG and can provide
<latexit sha1_base64="AQNE8ke/9b8rl2tqHEnXN4E44Ik="></latexit>

an expectation for real experiments performed for baths open to environment.



IX. Discussions
<latexit sha1_base64="CxUFH1JdN+T2w0RasY7zCFrvkgE="></latexit>

1. We investigated thermodynamics of a small quantum system coupled with
a dissipative (thermostatted) bath by introducing a super bath maintained at
fixed temperature.

2. Our perspective on system and bath open to outer environment is more
realistic than the previous weak coupling theory.

3. Independent of thermostat (type of dissipator of bath), the reduced
(marginal) dynamics of the system has the same form as the Redfield dynamics
with di↵erent coe�cients. The derived steady state is independent of thermo-
stat, while dynamics depends on it. It might well describe that the steady state
of the system, especially the deviation from Boltzmann state, depends on the
interaction and temperature of bath while the system’s dynamics depends on
a kind of environment open to the bath since it has a strong influence on the
bath’s dynamics.

4. Our approach fully takes dissipative nature of bath into account; for
example we find u as a measure of correlation between the system and bath,
which is not possible from the conventional Redfield equation.

5. The steady state from our theory, that is definitely not equal to the MFG
state, may provide a realistic expectation.

6. We will extend our approach to general non-harmonic cases such as a
two-level system.

7. We can study nonequilibrium thermodynmics for time dependent Hamil-
tonian systems, that cannot be handled rigorously in the Redfield or Lindblad
equation.


