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Previous weak coupling theory

isolated

psB = —i|Hy, psp] unitary

bs = —Trp / dt' [H; () [H (¢), ps5(t)]

weak coupling between S & B
pse(t) =~ ps(t') ® e P Born approx
TrpOp(t)Op(t)e P8
ps(t’) = ps(t)
ps = L [ps] Redfield eq
pgs _ TrBe—B(Hs+HB+HI)
mean for Gibbs (MFG)

fast dissipating
Markov approx

yes or no?

Our approach

open SWB ::;SU(Super bath)

p=—1|H + Hi_psu, P]
weak coupling between B & SU
non-unitary pgp = —i[Hr, psg| + L3 [pss]

bs = —Trp / dt' [H (1) [Hi(t), psp(t)]
—iTrp f dt' [Hy(t), L3 [psB(t)]

0
+Trp L3 [psp(t)]

strong coupling between S & B

rigorous perturbation theory

ps = L [ps]
p¢ is definitely not MFG state.



ll. Photonic bath interacting with Caldeira-Legett super bath

Following the text book by Breuer & Petruccione,” The theory of open quantum systems”

1. Photonic bath Hp = Z hwkb;r{,\bm
kA
2nd quantized electric field E(r) = i /@ Z BN {bk/\eq;k.r B b;r{/\e—ik.r] |
kA

2. Caldera-Legett (CL) SU
- Collection of infinitely many harmonic oscillators with dipole moments

N — o0
Hop = Z hwnchn
n=1
+ hq,,
Pn =dnqnr, = dykn(cy, +cl) where k,, =
mnwn

3. Interaction between B and SU

Hi_psu = — an -E(r,) = — Z KDy (cn + ) 5,

a . 27Thw a tk-r
Eigen-operator  En(w > 0) =iy/ — > cabine™™  E(w < 0) = BY(|w))f

keS,,A

S, : spherical surface with k = w/c



4. Dissipator of Lindblad type
et @) = [ dte (0 (0)su
0

— /{nﬁ;mdgd?n/ dte'™? ((che Tiint 4 CJr ant)(cm + Cin)>
O 4

\

N

Inm ((N(wn)+1l)e " wnt4+ N(wy,)etwnt)
= Onm ks Db [(N(wn) +1)0(w — wp) + 7N (wn)d(w + wn)]

where / dtet@w—wn)t — To(w — wyp) + ZB/ N (w) = L
0

W — Wn eﬁhw—l

Lo (W) B (w)psp By (w)' =

Y Y Y o wn) +1)dydy, 2;&) Z Z §(w — wy)e k™ k) €lerérnicx psB bk’/\’

m,w
w>0 a,b n=1 n n kX k’)\

i(k—k')-r, 5 1
e — Ok’ fast oscillating for |rn‘ — OO

{w,} almost continuous for N — oo and w, < w,. (cut-off)
In small window dw, still many frequencies 2are distributed.
dd? §(w — wy)

ab/3
Orthogonal polarization basis Z ElAClN = €k) * €N = O\

randomly oriented dipoles Z

myw
Wnp € [w,w+dw] e

1 *oqr
Spectral density ~ J/(w) = > —— 0w —wn)



1 1
Ly’ [pSB]Zg;M(w)[(N (w) +1) @kaBbb -5 {bbbkxa pPsB })HV (w)@d “bix — 5 {bkAbL\» PsB })]
where
N
plw) = 577w @)
7 V2/3
= 34211 /3<UJ (w) where N = o for average spacing ag
w mJ(w)
= W
0105 3atV1/3
= wo/i(w)
1 1/3

— Dissipator of each photon mode ~ 7 x number of CL oscillators ~ V'~

— i(w) is very small in thermodynamic limit.

—One can use the Redfield-type dissipator E%F



lll. Strongly coupled system and bath

1. Dipole interaction between S and optical B

Hy=-p-E(r :_@Z’\/ QthzekApa bk)\_b N

2. Harmonic oscillator system

Hg = hwyg (aaT—l——), P = Xqx = Xq

Hy = —ih Y ~y(w)(a+ a)(bir — bl,)

PSB = _ﬁ [hwoa'a + Hi, psg| + Ls[pss]

3. Coherent states for {a,a', by, b};)\} = {b;, bI} 1 =0,1,2,--- and 7 = 0 for system

0
bl = sl el Bl = (o + 27 ) fo

’Zz — e —|z|?/2 Z zi |mz




4. P-representation for u) = |2,21, L 2y )
PSB = /dudu*P(u,u*)]uMul
5. Pseudo-Fokker-Planck equation for z; = x; +1y;

, i
psB = —7 [hwoaTa + Hj, pSB} + L%B |psB| leads to

. O 0
P — -~ /) 7} 7
0 ( a9170y0 " 390%) N ;w ( al‘zy ayz’x )
oy L O S s
>0 i ' 6y0 ’ 4 85818330 (9yz(9y0
L 0 N; [ 8* 92
i —s P
+7,>Zo [(8% 8yiy) i 2 <E9a:z2 " y?

— ﬁq | (Fq—I_ DaQ)P where q = (x7y7x17y17$27y27'”)t

— oo-dim Ornstein-Uhlenbeck process,not-positive diffusion)

where N; = (e’ — 1)7! for w; = c|k|

v [w; w; ™ J(w;)
5 = W —_— —e , i = W
! VvV Vw & K Y wo 3a2V1/3




6. Orders of magnitude
q = 4.8 x 10~ esu(electron’s charge), m = 1.7 x 10~ **g (reduced mass of Hs),

wo ~ 1013-10*s™ for typical diatomic atoms, V1/3 ~ 10'-10%cm

_ 1 . T W 1/2 L | TV w 1/2
Tkx = Wg ~TkA = €k =exy | = — <1

mwsV wo V wo
— —1 mJ(w) w
:u(w) _ wO :u( ) 3CLOV1/3 Wo
L 27T(Ld/w0) dn 1 )
= 30 Joo (mnwn wcaoV1/3 <1 (Ohmic: J(w) = Cw)
(1) ) ~ mw%ag 7 < 1 — series expansion for small d;, treating u; exact
plw) ~ L@V

— take pi; — 0 limit at the end of expansion
7. Separation of time scales, fast and slow
— Relaxation (dissipation) factor: e~
— Relaxation rates (inverse of relaxation times) : real parts of eigenvalues of F
— From series expansion for eigenvalues of F

Relaxation rates: 75" o< wofi; (per bath mode), 75" oc wop(wp/c)? (system)
7'5_1 v(wo/c)?  wia2V1/3

2) S ~ <1 or Tg > TR > wh
( ) 7_]?:1 ,UJ(W) 3 S B 0




8. High-dimensinal Ornstein-Ulenbeck problem for q = (z,y, 71, y1,%2,y2, )"

P(q,t):—V'[—F°q—D'V]P(q,t)

( 0 —wy O 0 0 0 \
wWo O 0 d1 O d2 )
—dl 0 % —Ww1 0 0 FS Foff
F = 0 0 w & 0 0 = ( E+ Fp >
—dy 0 0 0 £ —w ’
0 0 0 0 wy K2

[0 0 % 0 %0 \
o o o0 -» o -2
w9 mhog g ( 0 Doﬂ-’)
8 4 = £
D: O _% 0 ,uliVl 0 O DOH' DB
0 0 0 E22
0 -2 0 0 0  kzn



IV. Marginalization

1. Conjecture

Conditional distribution o exp [

1

2

(q—eFao) - At) - (q— e—tho>]

for q = (r,R)" and initial state qo = (rg, Ro)"

Conjecture based on the assumption:

— Bath quickly reaches a local equilibrium; 75 < Tg

PSB(r7R7t|r07O) X €Xp [

[ 2/Ny
0
Ap = 0
0
\ 0

— The local equilibrium is at R = u(r,rg), which varies slowly in rates 7 .

0
2 /N,
0
0
0

1

0
0

2 /N,
0
0

0
0
0

2 /N,
0

2)&3 )

_§(Rt —u') - (Ag+1)- (R - U)] Ps(r, t|rg, 0)

Bare equilibrium
in the absence of interaction

1

— Not depedent on Ry, as the initial memory decays away.
— Treat u ~ O(%;), I~ OF7)



Insight from the previous study on overdamped limit (A. Ping and C. Kwon, Complexity)

P(p,r,t) < exp [—%(p —mu)' - (14+T)-(p—mu) —¢(r)| for small m/~

[ dpP(o.r.1) = ple,) x e
p(r,t) = —0y - u
u=[f—-D:0|p(r,t) found self-consistently

2. Substitute the conjectured  Ps(r,R,t|ry,0) to sFP equation

LHS = [TrUL'/2+ Ps/Ps+u-Ug-R—R-T-R/2|P

RHS = [C —|- Ko(I‘,I‘o) —|- Kl(R) —|— KQ(R)]P

where R=R — u



_( Fs Fom D — 0 Dos
~ \ Forr  Fg -\ Dég Fs
(i) Ps/Ps = Ko(ro)

sz(‘?r-(Fs-r+F0ff-u)P5

~

(i) u-Ug - R = K1 (ro, R)

~

u=-Fg-u+r"-Fy-0u—Fog v+ (Flg —2UgDlg) - Oy In Ps up to O(7;)
(i) —R-T-R/2=R"'-Ky-R
where Ky = —QgUg + UgDgl + (Fis — 2UgD!g) - Or,u
[=—Ky; — K (Not needed for marginal Pg.)
3. Marginal equation for system with constraint
Averaging out R Ps(r,ﬂro, 0) = O - (Fs - T + Fof - u) Ps(r, t|ro, 0)

with the constraint equation

~~

1'1:—FB-u—I—rt-Fg°3ru—Foff°I"|‘<F<t)ff—2UBDgff)'arlnPS



4. Additional conjecture :

detA(t)]1/2 1
() Po(rtlro,0) = SO ey |2 (e - Pt g A()-(x - e P g

with the initial condition A~*(0) =0
—  Ps(r,0]rp,0) = d(r — rp)

(ii) u is linear in r, ry:

Ferrt

u=A.g-r+ Boge™ - T

5. Final marginalization
From Ps(r,t|rg,0) = 0y - (Fg - r + Fog - u) Ps(r, t|rg, 0)
(1) Fegr = Fs + For (Ao + Bofr)
(2) A=A(Fs+ ForAorr) + (—Fs + Al gFl ) A

~

From 1= —-Fg-u+r*-F\-0,u—F,g-r+ (F o —2UgD!:) -0, In Pq
S J off off/

~

D
(3) Aot = —FpAos + AotFs — Forr — DA(?)

(4) Bog = —FpBog + BogFesr + DA(2)




Solving A,g and Byg
¢
(5) Aoff _l_ Boff — _/ dtle—FBt’ Foﬁ‘eFSt/ _ _|1
0

~

t t
(6) Bog = / dt’ e Y D At -—t) €Y = / dt’ e~ DeMY A(t) = lLA(¢t
O e ) : (t) (t)

\

N

fast decaying eFst! A(t)e—Fst/
for t > t'

Integrating |; o by parts and neglecting e Bt

;1T
— |1FS)
0

(7) FBll _ IlFS — Eoff — Il o —Fél <6FBt, Izoﬁert

(8) Fply—IsFg =D ..

Marginal FP equation given |y o

J/

(9) Py =0, - [{FS 4 For(Aog & Bog)} T+ FogBogA(t) ™! ar} Ps

VO
Feort Forelo, diffusion matrix

:8r°(FeH'r+Deff'ar]PS-

where (10) Feff = FS — Fof—fll

Fogla + 15FE

(11) Deg = .

(symmetric part)



V. Dynamics and steady state

1. Matrix elements of F.g,Deq

% 1 §ec
DX 9= 17 X P CHR=17 ::Wwylﬁéﬂ)

372

(2‘7:)3 J a3k >0, (efy)? (w/wo)g(w/wo)
for changed variables: k = w/c, £ = w/wy, & = we/wo

_— 0 -1 N 0 uds ) )
eff — W0 1+ﬁf2 Dfl ) eff = W0 Ddz 512 for V:V(WO/C)
Taking i+ — 0 limit and using 1) +’;2(1 SN > mo(E—1)/2
g 1
d y for &, > 1
= ?m/ “ @ Ear )2

dy =

1 /d5 REIE -2 +2N (A +€3)] | N
24nm (-1 +R21+)/2 12 for & > 1

B €e &4 (€2 — 1 — g2/4) o1 €e ¢4
== e e L e

1/ﬁ§[@@”—DK—1—2N(H+M%31+§+2N ]
§

dy =

24 (62 —1)2 + (1 +£2)/2
1 1

3
%%P/ﬁ“ [gﬁ‘sm]




2. Time-dependent solution

[detA(t)]/?
27

1
exp [—i(r _ e Fertt ro)t-A(t) (r — g Fettl ro)

Ps(r,t|rp,0) =

Ps(r,t) = /erOPS(r,t\ro,O)PS(I'O,O)

where
A = AF.g + FigA — 2ADgA
— A7l = —FgA™! — A7'Ft: 4+ 2Deg using A7 = —A"1AATL
ATHE) = At — e Tt AL e Fert where Ags = A(o0)

3. Steady state
Fer ALl + ALMF e = 2Deg

2 20 4
Ass = ( No T N (f2 No dz) (2) > where f1/d; = 2/Ny
0 No
det Ags]/? 1 1 2
Ps(r, 00) = de > | exp [—§rt-Ass-r] > e /No as 7 — 0
s TTLINQ

corresponding to pg o< e ~PHs



4. Relaxation process governed by e~ ettt

Eigenvalues of Fegr: A2 = woirf1 /2 £iw] for wj = wo(l+ F/2)

~ U
= wol f1 = WOE < Wo

Relaxation rate: T 1

eFort = ¢~HTS [ ) (] 4 € |4) (4]

where |+) ((£|) denotes a right (left) eigenvector of Feg

__t __t
( 9 2F2N0—8D2—|—€ s [4D2—2F2N0] e 7S FlNO

— T T _t 12 o __t 12

n No |:1—€ Ts] N2 |:1—€ Ts] N§[1—e Ts]

A t — t t
L G_EFlNO 2 _l_ €_¥2D2
~ t 12 __t __t
\ Ng [1—6 TS} No [1—6 TS} Ng [1 e 7S

t

__t
e 7S [fl Np cos[2w(t]+4d2 Sin[2w6t]]

( e 7S [4d2 cos[2w]t]— f1 No Sin[Qw(’)t]]

\

t 72
TS}
t

e 7S [fl Ny cos[2w(t]+4d2 sin[2w6t]]

Ng |:1—€

t 72
TS]
t

e 7S [ng cos[2w] t]+ f1 No Sin[2w(’)t]]

Ng [1—6

N§ |:1—€

t 72
TS}

t 72
TS}

N§ [1—6

-/




5. Time evolution from initial pure state

— Z Prm ) (T
|z0| gntm

Zp"’”ﬁnv 1 9(—20)"0(—Z0)™

not positive and highly singular

— PS Z(), 5(2)(20)

A simple case: pg(0) = |1)(1]
Ps(rp,0) = ergv(%(?(ro)

detA(t)]1/2
2T

Ps(r,t) = V2e"0 Py(r, t|ro, 0)

ro =0

 [detA(t)]/?
N 8

exp [—%rt A®) -r]

X {4 — Trk(t) + (xK(t)11 + yK(t)21)2 + (zK(t)12 + yK(t)22)2

where K(t) = A(t)e Ferrt K(t) =Ferrt A(¢)eFerrt



FIG. 1: Ps(z,0,t) versus z is plotted for 7 = 0.1,
we = 2w, and fhwg = 1. 75 ~ 592wy . The various
curves are presented for wot = 200, 300, 400, 500, 1000.



FIG. 2: Ps(z,y,t) is plotted for the same parameters as
in Fig. 1. The panel (a) for wot = 200, (b) for wet = 300
shows negative distribution inside a valley around the
origin. The panel (c) for wot = 400 and (d) for
wot = 500 shows positive distribution everywhere with
shallow valley. The panel (e) wot = 1000, corresponding
to about 2 X 7g, shows distribution neary Gaussian with

no valley.



VI. Steady state density matrix

Steady state P-distribution
In polar coordinates

sV (2/No)*(1 + CD) re
P&= o exp _Fo(l + Cvcos” 0)
4
where C' = fg — Fodg

Inverse P-representation for steady state density matrix

ps = [ d2l2) R

2 [°"d6 / (14 [m) (n) . ( Cv Cv
= — dre NO - x ptneim=—m)0 (1 =7 0200820 4+ ——
No / n;b vm!n! No

Y

_ 50 4 50

A(O) 1 i jm) (m| _ ie—ﬁhwo(&‘ffnﬂ/?)
No &= (1+1/No)™+1 — Z where 1+ 1/No = effe



200
Ny

1y 2C { ] {m)(m—l—Z\/(m—l—Q)(m—l—l)

(1+1/No)m+3

) (m — 2|\/m(m — 1)

(1+1/No)ym+?

1 1 m + 1
gl {

St 1
o~ Bhwo(ati+1) [_4N0 (e~ + aTat) +

1

2

1
No (14 1/Ng)™*t2 (1 + 1/Ng)m+! }]

— _ﬁ(o)ge—%hwo (&& 4 e2Phwo g Tt 4 9pbhwogty QNOGQBFMO)

2Ny

}



VIl. Comparison with Redfield equation

Redfield equation from previous weak coupling theory

ps = —ilwoa'a + Hrs, ps] + (L1 + L2)[ps]

where
1
Hrs = —S+ ( a + 2(aa—|—aTaT)>
2wo _ R 1 Foo f o
L1=—~0|(Notl) | apsa’ — ;{a’a, ps} + 5 (apsa +a'psa’ —aapg — psa’a’)

1
+No ( a'psa — —{aa s} + 5 (alpsa’ +apsa—alalps — psaa)> }

1
Lo = z';"—ODS_ (apsa —alpsal — S{aa —aldl, ps}>
A8

where

2¢* 263(2N 1




P-representation

PSBF = 81. . (FRF T+ Dgrp - (‘91.)P§{F
where

e 0 ~1 Do — 0 wd¥t
cf. Lindblad equation:

U fRE /9 —1 vdBRY /2 0
FLB :CUO( fll / ﬂflRF/Q ) ’ DLB :wO( 20/ Dd{{F/Q ) .

Comparison with our result

Pg =0y - (Feg - T + Deg - 0;) Pg Redfield-form!

_ 0 -1 oo 0 vds
A N 7 H R U 72 A 7 P

(A) Lindblad-type thermostat L5°
Remarkably

fi=f1Y74, fo= 474, di=dit /4, dy =d3" /4

— fi/dy = flRF / df‘F equililibrium in the leading order
C = fy — 4dy /Ny = C*Y /4 different correction



(B) Redfield-type thermostat £3"

i 0 —Ws ,UOWiJi/Q — W
B\ wi 4 powi Qi powiJ; cf: LB-type W; powiJ; /2
We 02 J(9
where J; = J(wz) , Qz X P/O d(? 02 —(w; , by ~ V_1/3

fi=afttt, fa= 774, di=adl’, dy=dyt /4
Only diagonal elements are changed.
Jo
W I§ + Q5

with o =




General type

i :( [LoPi —W; ) N Po + Po
B Wi + Hoqi  HoPi 4\/q2 + (po + Po)?

LB-type: po =po, o =0, a=1/4
Po
A @3 + Pl

RF-type: po =0, qo ?é 0, a =

Fixed f1/dy = 2/Ny, C = fa — 4da /Ny

— Steady state is independent of thermostat (dissipator of B).



VIIl. About mean-force-Gibbs
From Thinga, Wang, Hanggi, JCP, (2012); Lee and Yeo, PRE (2022)

pymrg = Trge  AUHsTHeTH) o 5(0) (I — €*(Doft + Ddiag))

where p\0 = e PHs /7,
(1) Dog is equal to that from the Redfield equation.

(2) Dgiag is equal to that obtained by a special analytic continuation from Dog.

Our claim:

— Dugiag 1s not equal to that obtained by standard perturbation expansion
for the Redfield equation. In our case

. 5(0) CREV _anu wo At A w
p(O>D 7§ p(O) QNO 28hwq (2655 AP 2N0€25h 0)

where CRF — 2RF — 4d§F/NO
— The Redfield equation is not a rigorous result from the unitary dynamics:

p=—ilHs+ Hp + Hy, )
So, the steady state of the Redfield equation may not be MFG.

— The steady state of our dynamics is definitely not MF'G and can provide

an expectation for real experiments performed for baths open to environment.



IX. Discussions

1. We investigated thermodynamics of a small quantum system coupled with
a dissipative (thermostatted) bath by introducing a super bath maintained at
fixed temperature.

2. Our perspective on system and bath open to outer environment is more
realistic than the previous weak coupling theory.

3. Independent of thermostat (type of dissipator of bath), the reduced
(marginal) dynamics of the system has the same form as the Redfield dynamics
with different coefficients. The derived steady state is independent of thermo-
stat, while dynamics depends on it. It might well describe that the steady state
of the system, especially the deviation from Boltzmann state, depends on the
interaction and temperature of bath while the system’s dynamics depends on
a kind of environment open to the bath since it has a strong influence on the
bath’s dynamics.

4. Our approach fully takes dissipative nature of bath into account; for
example we find u as a measure of correlation between the system and bath,
which is not possible from the conventional Redfield equation.

5. The steady state from our theory, that is definitely not equal to the MFG
state, may provide a realistic expectation.

6. We will extend our approach to general non-harmonic cases such as a
two-level system.

7. We can study nonequilibrium thermodynmics for time dependent Hamil-
tonian systems, that cannot be handled rigorously in the Redfield or Lindblad
equation.



