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INn cosmology

Tensor fields

(LSS), weak lensing

scale structure

- Large

3D rank-0 scalar field

leld:

3D rank-1 vector field

lelds

3D rank-2 (or higher) tensor f

galaxy density f

- galaxy angular momentum

- galaxy shape field
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Moments of galaxy shapes

- Example of higher-rank tensor field

- higher-order moments of galaxy shape
J &2 (i, — i) - (2, — 33)p(x)
J &3 p(’)

- The higher-order shape field

Ilz@l (CU) = Z 111y '/Ba 5D(w 5] '/Ba)

aEcgalaxies

Ii1“°iz (213) —

- (Normalization is arbitrary)



Spherical basis

- Spherical basis in Cartesian coordinates
e3
A

e; F1e-
eO = €3, ei —+

/—’ €2 \/5

€1

- Traceless spherical tensor basis
rank-0: Y9 =1
rank-1: Y9 = e’ s e

3 05
rank-2 : V¥ = \/; (eozeoj i —J) Y(il) \/_e Y(iz) = e (iae:l:j)

rankel: V™) — 0. (m = 0,21,..., =]



Decomposition of tensor into spherical basis

- Any symmetric tensor can be decomposed
into traceless tensors

[
e 7

’LlfL2...’Ll

- Decomposition of traceless tensor field into
spherical basis:

b ) = P ()



Power spectrum of tensor field

- Definition of the power spectrum in Fourier space

(Fxyymy (B) Fxyiym, (K')) = (2m)383 (k + k)P (k)

X1X2m1m2

- Statistical isotropy

- When the Universe is statistically isotropic, the power spectrum
should be invariant under the coordinate rotation

- In this case, the power spectrum should take the following form,

~ | S
Spherical harmonics

3j-symbol 2
LG it (Racah’s normalization)




Symmetries of invariant spectrum
- Complex conjugate
Pé&f?}é*(k) = Pégll?xi (k) i.e., real function

- Parity

P35, (k) = (—L)pxatpxsthtlatipulsd (1)

- Interchange

l2l1;l 1 2 lllg;l
ngxl(k) b2 (—1)l g lexg(k)



Projection effects

Line of sight = Lot
‘*I >
. 3D shape tensor
Projected 2D tensor

- Measurable tensors in realistic observations
- 2D projected tensor on the sky

e () — Piiji - Pii FxivgatE)

Pi; = d;; — 2;2; (projection tensor)

(distant-observer approximation applied)



2D irreducible decomposition

- 2D spherical basis

L e ey
V2

- Decomposition of 2D traceless tensor into 2D spherical basis

1m

fh i, @) = £ @ o+ fi @)

l1

- Relation between 3D & 2D irreducible tensors

)((iS)( ) -2 7;8\/(288! 1)! FXS,iS(a:)

e———  ——
= (.’13) ‘lzs,mz:l:s

- (The last eq. shows that the projected tensor from a 3D traceless
tensor remains traceless also in the projected 2D space)



Flip symmetry of projected field

- Flip symmetry: invariance under z S
+s + s 18 S
Fla) D 17 (@) = 20 fF) (-2), [2:(2,0,9)

- Parity+flip

(@) D 7 (@) = (-1)peteetee 11F) (o)

- Parity+flip in distant-observer limit is more similar to the “parity” in
full-sky spherical coordinates



E/B decomposition of projected field

- In Fourier space,
TS __\S —T1S8 E(s B(s
$ (k) = (Fiyretie | S5O h) £i 3 (R)]

- PF symmetry is simply given in the E/B modes

2 (k) D (—1)pxte 200 (k)

S PIF S S
X (k) = (-1t R (k)

- When px+s=even, E mode is parity even, B mode is parity odd

- When px+s=0dd, E mode is parity odd, B mode is parity even



E/B decomposition

f E mode B mode




Distant-observer approximation

- DOA: clustering scales are much smaller
than the distance to the objects

D

y

) =

vz

Spherical coordinates — Cartesian Coordinates



Full-sky formulation: spherical coordinates

- Spherical basis in spherical coordinates

ey (0, P) cosf cos¢ cosf sing —sinf\ [e;
es(0,¢) | = —sin ¢ COS ¢ 0 es
e (0, 9) sinf cos¢ sinf sing cosé es

S Si;(0,9)

?’510-)’1,5 (97 (Z)) Yif‘) ls |el—>eg,e2—>e¢,e3—>er
=Y . 85ii(0,8) - ;.. (6, 8)
- ZY“ .. DY3(,0,0)

Wigner’s rotation matrix
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Application of the perturbation theory

- Theoretical predictions from perturbation theory

- |In Paper |, systematic methods to derive the invariant
spectrum from the “integrated Perturbation Theory”
(iIPT, Matsubara 2011) are formulated

- In Paper |l, further methods to calculate nonlinear
corrections in perturbation theory are developed

- In Paper lll, the IPT is applied to the formulas of
projection effects

- In Paper |V, the formulas are generalized to those In
the full-sky, without assuming the flat-sky, distant-
observer limit.



