
Identification of Galaxy Protoclusters using 
the Spherical Top-hat Collapse Theory

Formation of a cluster in HR5

Jaehyun Lee, Changbom Park, Juhan Kim, Christophe Pichon, Brad K. Gibson, 
Jihye Shin, Yonghwi Kim, Owain N. Snaith, Yohan Dubois, and C. Gareth Few

Cosmology 2024

arXiv: 2308.00571 
2024, ApJ, 960 132



• Galaxy protocluster


• In theory-  A group of structures that will eventually form a 
galaxy cluster


• Can be traced using merger trees


• Cluster progenitors are typically widespread 


➡ ~20-50 cMpc at z>3 (Chiang+13, Muldrew+15)


• In observation - Sufficiently overdense regions compared to 
surroundings (Overzier16)


• Core identification is straightforward, but not the case in  
defining the boundary of galaxy protoclusters


• Main aim of this study


➡ Finding a systematic approach to identify galaxy protoclusters

Bullock+09Halo merger trees
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• Protocluster identification process proposed in this study


1. Finding protoclusters based on the spherical top-hat collapse theory from galaxies


• For systematic search for galaxy protoclusters


2. Defining the turnaround radius (Gunn&Gott 72) as the characteristic boundary of a protocluster 


• Turnaround radius (RTA) - surface on which gravitational infall counterbalances the Hubble flow


➡ Testing the scheme using a cosmological hydrodynamical simulation Horizon Run 5 (HR5)

Formation of a cluster in HR5

RTA
RTA

RTA
RTA



• Horizon Run 5 (HR5, Lee+21)


• Adaptive Mesh Refinement code, RAMSES (Teyssier02, Dubois+14) 


• Optimized for MPI+OMP hybrid computing in the HR5 project


• Cosmology - h=0.684, Ωm=0.3, ΩΛ=0.7


• Resolution - Δx~1kpc, M★~2×106M⊙ in the zoomed region, 


• Simulation box


• Volume - (1049 cMpc)3~1cGpc3 

• Zoomed region -  1049×119×127 cMpc3 (~1/80 of the entire 
volume), effective volume ~ (250cMpc)3
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• Identifying cluster candidates in HR5 using a low resolution simulation


• Final epoch : z=0.625, tage=7.8 Gyr - many clusters underdeveloped yet 

➡ ~60 halos with Mtot>1014M⊙, while ~200 clusters expected at z=0


• HR5-Low : Run using the IC of HR5, but with Δxmin=16 kpc

➡  189 clusters identified at z=0
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• Identifying protocluster regions using the spherical collapse theory


1. Finding the sphere of radius Rsc that meets the top-hat 
overdensity       predicted by the SC theory


2. Assuming a sphere as a protocluster region if


• Einstein-de Sitter (EdS) universe (Ωm,0=1.0)


• The flat universe with non-zero Λ                            

8 Lee et al.

Figure 4. Galaxy distribution of protoclusters or cluster candidates in HR5 at z = 0.63 � 4.5. Blue, yellow and red dots mark
the locations of galaxies in the protoclusters with stellar mass of logM?/M� = 9� 10, 10� 11, and > 11, respectively.

Figure 5. Radius that encloses 95% of the stellar mass of the
progenitors of the FoF halos identified at z = 0 as a function
of the total mass of the FoF halos. The radius is measured
from the most massive galaxy in the group of progenitor
structures. The red dashed and sold lines mark 16th � 84th

percentiles and the median of R95 at given final mass. Pro-
genitors are widespread at high redshift but they are gradu-
ally assembled with decreasing redshifts.

et al. 2016):
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� 1. (8)

On the other hand, the spherical collapse model does
not have an exact analytic solution in a flat universe of
a non-zero cosmological constant ⌦m+⌦⇤ = 1. We thus
numerically solve the second order non-linear di↵erential
equation given in Pace et al. (2010):
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3
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where a is an expansion factor and E(a) = H(a)/H0 =p

⌦m,0/a
3 + ⌦⇤,0. The density parameters of ⌦m,0 =

0.3 and ⌦⇤,0 = 0.7 are adopted in this calculation. We
numerically search for the initial conditions of �i and
�̇i at a = 10�3 that result in � ! 1 when a ! 1.
We find that a sphere contracts to R ⇠ 0 at z = 0
with (�i, �̇i) = (2.26⇥ 10�3

, 2), but one can numerically
find other numerous initial conditions that satisfy the
collapsing condition. Any sets of (�i, �̇i) make the same
evolution history of overdensity � once they satisfy the
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Figure 3. Relation between the total mass of the main pro-
genitors (z = 0.625) of the clusters found at z = 0 in HR5-Low

and the total mass of their counterparts in HR5. Halo A is the
one that is identified as two separate structures in HR5-Low

while a smaller one already becomes a substructure of the
halo in HR5. Halo B is the opposite case. The halos in HR5

are ⇠ 9% less massive than their counterparts in HR5-Low

because their small neighboring structures are not well re-
solved in HR5-Low.

4. IDENTIFICATION OF PROTO-STRUCTURES

In this section, we describe the identification schemes
of the proto-structures of the cluster candidates defined
in Section 3. We find the bona-fide proto-structures by
tracing their merger trees in Section 4.1 and, based on
the result, we suggest a systematic approach to iden-
tify the candidate regions enclosing protoclusters from
galaxy distribution in a snapshot, without diachronic
information, in Section 4.2.

4.1. Identification of Proto-structures using Merger
Trees

We can search for the bona-fide protocluster of a clus-
ter candidate by tracing backward its merger history. As
described in Section 2.2, merger trees are constructed
across snapshots based on the branches of progenitors
and descendants. This approach enables us to find all
the structures that will finally form clusters by z = 0.
We assume that the entire progenitors of a cluster candi-
date identified at a specific redshift are the protocluster
galaxies. We define the most massive one among the pro-
genitors in a snapshot as the central galaxy. It is worth-
while to note that the central galaxy is not fixed across
redshift because the central galaxy of a protocluster may
change with time, depending on the mass evolution of
individual galaxies, by definition.

Figure 4 shows distribution of galaxies in cluster can-
didates (z = 0.625) and their progenitors being traced
with merger trees. Red, yellow, and blues dots mark
the positions of galaxies with M? > 1011 M�, M? =
1010 � 1011 M�, and M? = 109 � 1010 M�, respectively.
Protoclusters are spatially widespread at z > 2 but they
form massive galaxies and clumpy structures as collaps-
ing into the local dense regions at z = 1 and 0.625. The
three redshifts above z = 2 are especially the target red-
shifts of the ODIN survey for LAEs at z = 2.4, 3.1, and
4.5 (Ramakrishnan et al. 2022). To estimate the spher-
ical size of a protocluster, we measure the radius (R95)
which encloses 95% stellar mass of the progenitor galax-
ies of a massive cluster halo of M0

tot > 1013 M� at z = 0.
Figure 5 shows the distribution of R95 as a function of
final halo mass. Progenitors of more massive structures
tend to have larger R95. As seen in Figure 4, the progeni-
tor galaxies of a cluster spread out overR ⇠ 10�30 cMpc
at z > 1, but the spatial distribution gradually shrinks
with time.

4.2. Identification of Proto-structures using Matter
Overdensity

The proto-structure identification scheme used in Sec-
tion 4.1 is available only in the numerical simulations
that has diachronic information of entire structures. In
this subsection, we propose a systematic way for iden-
tifying the regions enclosing protoclusters from galaxy
distribution.

4.2.1. Proto-structure Overdensity Predicted by Spherical

Collapse Models

Protoclusters essentially develop in overdense regions
in the early universe. We first compute the overdensity
of the regions that will collapse at z = 0, using the
spherical collapse (SC) model. In the Einstein de-Sitter
(EdS) universe with ⌦m,0 = 1, the outermost radius R

of a sphere of mass M evolves over time t as follows:

R̈ = �GM

R2
, (6)

where G is the gravitational constant. This equation has
the cycloidal solution:

t =
tmax

⇡
(✓ � sin ✓), R =

Rmax

2
(1� cos ✓), (7)

where tmax is the time when the sphere reaches a max-
imum radius Rmax. A homogeneous sphere reaches its
maximum radius at z = 0.59 with �m = 4.55 in the EdS
universe if the sphere is assumed to collapse at z = 0.
In this solution, the radius contracts to zero at the col-
lapse time tc = 2tmax and the matter overdensity can be
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Figure 4. Galaxy distribution of protoclusters or cluster candidates in HR5 at z = 0.63 � 4.5. Blue, yellow and red dots mark
the locations of galaxies in the protoclusters with stellar mass of logM?/M� = 9� 10, 10� 11, and > 11, respectively.

Figure 5. Radius that encloses 95% of the stellar mass of the
progenitors of the FoF halos identified at z = 0 as a function
of the total mass of the FoF halos. The radius is measured
from the most massive galaxy in the group of progenitor
structures. The red dashed and sold lines mark 16th � 84th

percentiles and the median of R95 at given final mass. Pro-
genitors are widespread at high redshift but they are gradu-
ally assembled with decreasing redshifts.
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On the other hand, the SC model does not have an
exact analytic solution in a flat universe of a non-zero
cosmological constant ⌦m+⌦⇤ = 1. We thus numerically
solve the second order non-linear di↵erential equation
given in Pace et al. (2010):
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We find that a sphere contracts to R ⇠ 0 at z = 0
with (�i, �̇i) = (2.26 ⇥ 10�3

, 2), but one can find other
numerous initial conditions that satisfy the collapsing
condition. Any pairs of (�i, �̇i) make the same evolution
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given in Pace et al. (2010):

�̈ +

 
3

a
+

Ė(a)

E(a)

!
�̇ � 4

3

�̇
2

1 + �
� 3

2

⌦m,0

a5E2(a)
�(1 + �) = 0,

(9)
where a is an expansion factor and E(a) = H(a)/H0 =p

⌦m,0/a
3 + ⌦⇤,0. The density parameters of ⌦m,0 =

0.3 and ⌦⇤,0 = 0.7 are adopted in this calculation. We
numerically search for the initial conditions of �i and
�̇i at a = 10�3 that result in � ! 1 when a ! 1.
We find that a sphere contracts to R ⇠ 0 at z = 0
with (�i, �̇i) = (2.26 ⇥ 10�3

, 2), but one can find other
numerous initial conditions that satisfy the collapsing
condition. Any pairs of (�i, �̇i) make the same evolution

where
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• Does the SC theory work?


• Overdensity within the radius enclosing z=0 cluster mass agrees well with 

➡ The SC theory reasonably predicts cluster mass at z=0

Identification of Protoclusters Lee et al.

Figure 4. Top: Matter overdensity inside the radius en-
closing the final mass of protoclusters (M0

tot > 1014 M�)
as a function of redshift. Dots are the medians, and scatter
bars show 16th � 84th percentile distributions. Dashed line
is the critical matter overdensity �scm for collapse at z = 0
predicted by the spherical top-hat collapse model in the
⇤CDM universe. Bottom: Ratio of stellar mass to total mass
within the protocluster regions whose mean overdensity is
equal to the critical value �scm of the ⇤CDM cosmology. Open
circles show the ratios computed from entire stellar mass,
and open diamonds are calculated from the galaxies with
Mgal,? > 2⇥ 109 M�. The dotted curves are the fitting func-
tions given in Equation 2.

with Mgal,? > 2 ⇥ 109
M� are used, and open circles

are those when all stars are taken into consideration.
We provide a fitting formula for the stellar-total mass
relation in the following form:

log M?/Mtot = ↵(1 + z)� + �. (2)

This formula can fit the ratio well as a function of red-
shift with (↵, �, �) = (�0.055, 1.903, �1.915) when the
galaxies of Mgal,? > 2 ⇥ 109

M� are used (shown as
the dotted curve fitting the diamonds in the bottom
panel of Figure 4). When all stellar components are used
(open circles), the best fit is made with the parameter

set (�0.057, 1.755, �1.855). We note that the stellar-to-
total mass relation is insensitive to mass in the case of
the proto-objects of M

0
tot > 1013

M�. This is because
the region having the mean overdensity �

sc
m is typically

so large that the ratio converges to a value at a given
redshift. The stellar-to-total mass ratio relation can be
changed if the parameters of subgrid physics regulating
star formation activities are changed. Therefore, the re-
lation needs to be calibrated based on observations.

The protocluster identification starts with finding the
candidate regions that enclose protoclusters. At a given
epoch, we visit galaxies starting from the most massive
ones, and inspect the spherical volume centered at the
galaxy. The radius of the sphere is increased until the
overdensity drops to the critical value �

sc
m at that epoch.

If the total mass contained within the sphere exceeds
1014

M�, the galaxy can be assumed as a candidate for
the center of a protocluster. The fitting formula in Equa-
tion 2 is used to convert the observed stellar mass to the
total mass.

The central candidate galaxies do not always locate
at the density peak of each sphere. Thus, we compute
the center of mass (CM) from all the galaxies with
Mgal,? > 2⇥109

M� located inside the spherical regions.
To find the most representative center of galaxy distri-
bution, we iterate the identification process until the CM
converges to |~xi�1 � ~xi| < ✏,, where ~xi is the CM at i

th

iteration. In this study, we adopt ✏ = 0.25 cMpc for e�-
cient searching since a smaller ✏ does not notably a↵ect
the results. A sphere is selected as a region enclosing
protoclusters when it finally has Mtot � 1014

M� after
the iteration process.

In dense environment, the separations between the
centers of the protocluster candidates can be very small.
We combine a protocluster candidate region i with an-
other one j if Dij/Ri < 1.0 or Dij/Rj < 1.0, where Dij

is the distance between the centers and Ri and Rj are
the radii of the spheres within which the mean overden-
sity meets �

sc
m. In this case, we define the most massive

sphere as the central one, and accordingly, Mtot of the
central one is set as the estimated total mass of a spher-
ical region group (SRG).

3.2.4. Reliability of the Protocluster Identification Scheme

We assume that the objects in the spherical regions
of protoclusters identified based on the SC model even-
tually form cluster-scale objects by z = 0. We evaluate
the reliability of this approach by comparing the total
mass of an SRG (MSRG

tot ) at a redshift z with the mass
M

0,SRG
tot that ends up being inside clusters at z = 0. The

latter is estimated using the final total mass weighted by
the stellar mass of the cluster progenitor galaxies found
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The protocluster identification starts with finding the
candidate regions that enclose protoclusters. At a given
epoch, we visit galaxies starting from the most massive
ones, and inspect the spherical volume centered at the
galaxy. The radius of the sphere is increased until the
overdensity drops to the critical value �
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If the total mass contained within the sphere exceeds
1014

M�, the galaxy can be assumed as a candidate for
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tion 2 is used to convert the observed stellar mass to the
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at the density peak of each sphere. Thus, we compute
the center of mass (CM) from all the galaxies with
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M� located inside the spherical regions.
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iteration. In this study, we adopt ✏ = 0.25 cMpc for e�-
cient searching since a smaller ✏ does not notably a↵ect
the results. A sphere is selected as a region enclosing
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M� after
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m. In this case, we define the most massive

sphere as the central one, and accordingly, Mtot of the
central one is set as the estimated total mass of a spher-
ical region group (SRG).

3.2.4. Reliability of the Protocluster Identification Scheme

We assume that the objects in the spherical regions
of protoclusters identified based on the SC model even-
tually form cluster-scale objects by z = 0. We evaluate
the reliability of this approach by comparing the total
mass of an SRG (MSRG

tot ) at a redshift z with the mass
M

0,SRG
tot that ends up being inside clusters at z = 0. The

latter is estimated using the final total mass weighted by
the stellar mass of the cluster progenitor galaxies found
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Overdensity within the z=0 mass radius

of the HR5 protoclusters

Good agreement!
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• Protocluster identification process


1.Finding the spherical regions that 
meet               relative to every galaxies               


2. Selecting the spherical region of                   


              


3. Finding the center of galaxy mass in 
the spherical regions and find the radii 
of               again


✓ Iterating this step until the CM of 
galaxies converges


4. Removing non-cluster scale spheres 
or those embedded in or overalpped 
with larger ones
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• Finding Rsc from galaxies using the stellar-to-total mass relation10 Lee et al.

groups of logM0
tot/M� = 13 � 14 (blue) at the four

redshifts. The black dashed and dotted curves indicate
the overdensity evolution predicted by the SC model in
the EdS and ⇤CDM universe, respectively. The matter
overdensity �m[R(M0

tot)] is slightly higher in the proto-
structures of massive groups (M0

tot = 1013 � 1014 M�)
compared to that of the proto-clusters (M0

tot > 1014 M�)
since more massive structures are assembled from far-
ther structures. A notable feature is that the overden-
sity of the SC model �scm well agrees with �m[R(M0

tot)]
of the proto-clusters in the ⇤CDM universe at all the
target redshifts. This indicates that the practicability of
the overdensity predicted by the SC model in identifying
proto-cluster regions from matter distribution.

4.2.3. Identification of the spherical regions enclosing

protoclusters

Motivated by the theoretical predictions of the SC
model and its good agreement to the overdensity of
proto-clusters in HR5 demonstrated in the upper panel of
Figure 7, we suggest a methodology to find the regions
enclosing protoclusters. To make the approach available
in observations, we derive the mean mass of entire mat-
ter in a spherical region using the ratio of the stellar
mass to total mass. The bottom panel of Figure 7 shows
the stellar-to-total mass ratios f

sc
? at a variety of red-

shifts ranging from z = 6 down to z = 0.625 for the
entire stellar mass (filled circles with solid 16th � 84th

scatter bars) and the galaxies of M? > 2⇥109 M� (open
circles with dotted 16th � 84th scatter bars) within the
radius Rsc at which the spherical top hat overdensity
meets �

sc
m . The di↵erence between the two ratios of en-

tire stellar mass and that above the galaxy mass cut
becomes insignificant with decreasing redshift as mas-
sive galaxies mostly account for the stellar mass budget
of protoclusters. The proto-structures of massive groups
(blue) has the ratio slightly lower than that of the proto-
clusters (red) at z < 3, but the trend is reversed, being
consistent with the downsizing trend. The di↵erence is
however not significant across the redshift, and thus the
ratio of the protoclusters (red) is adopted to derive the
total mass from galaxy distribution within Rsc.
The identification process starts with finding the

galaxies that are centered at the spherical regions of
M

sc
tot = Mtot(Rsc) � 1014 M�. We construct a galaxy

stellar mass density profile from the distribution of
neighbouring galaxies of a central candidate galaxy, con-
vert it to total mass density profile using f

sc
? , and find

the radius at which top hat matter overdensity meets
�
sc
m . This process is conducted only for the galaxies with
M? > 2 ⇥ 109 M�. Since �

sc
m does not have an analytic

form in the ⇤CDM universe, we find the fitting formula
as a function of redshift for the case collapsing at z = 0:

�
sc
m(z) =

0.0224 exp (5.39 z�0.246)

(1 + z)0.294
, (12)

which fits the solution of Equation 9 within 0.3% accu-
racy in z = [0.5, 6.0]. We also provide the fitting formula
for f sc

? as a function of redshift in the following form:

log f sc
? (z) = ↵(1 + z)� + �, (13)

where (↵,�, �) = (�0.057, 1.755,�1.855) for entire stel-
lar components (orange dashed curve in the bottom
panel of Figure 7) and (�0.055, 1.903,�1.915) for the
galaxies in M? > 2 ⇥ 109 M� (orange dotted curve in
the bottom panel of Figure 7).
We then visit the galaxies centered at the spheres of

M
sc
tot � 1014 M� in the order of their stellar mass from

the largest one. We compute the center of mass from the
entire galaxies located inside the spherical regions and
iterate the identification process of Rsc from the center
of mass until the center of mass converges to |~xi�1 �
~xi| < 0.25 cMpc, where ~xi is the location of the center
of mass at i

th iteration. A spherical region is assumed
to be a candidate enclosing protoclusters when it finally
has M sc

tot � 1014 M� after the iteration.
In dense environments, the central galaxy candidate of

a protocluster sometimes closely neighbors other spher-
ical regions. In this case, the center of mass can eventu-
ally approach the core of the neighboring sphere by the
iteration process. When two spheres i and j overlap each
other, we merge one region to another if Dij/Ri < 1.0
or Dij/Rj < 1.0, where Dij is the distance between the
centers of the spheres, and Ri and Rj are the radius
of the spheres. We define the most massive sphere of
a group of spherical regions (GSRs) as the central one.
Note that, in this case, M sc

tot does not change since the
mass is computed from the distribution of all galaxies
above the mass cut.

4.2.4. Evaluating and refining the identification scheme

The total mass in a protocluster candidate sphere
M

sc
tot is the mass collapsing into a point at z = 0 in

the SC model. Thus, a sphere of M sc
tot � 1014 M� is as-

sume to form a cluster-scale structure by z = 0 in this
theoretical definition. To evaluate the reliability of this
approach, we estimate the final mass of an GSR j M

0,est
tot,j

contributed by bona-fide clusters as follows:

M
0,est
tot,j =

nX

i=0

M(Gj \ Pi)/M(Pi)⇥M
0
tot,i, (14)

where Gj is the set of galaxies found in an GSR j, and
Pi is the set of galaxies in a bona-fide protocluster i,
M(X) is the mass sum of the elements in a set X, and
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groups of logM0
tot/M� = 13 � 14 (blue) at the four

redshifts. The black dashed and dotted curves indicate
the overdensity evolution predicted by the SC model in
the EdS and ⇤CDM universe, respectively. The matter
overdensity �m[R(M0

tot)] is slightly higher in the proto-
structures of massive groups (M0

tot = 1013 � 1014 M�)
compared to that of the proto-clusters (M0

tot > 1014 M�)
since more massive structures are assembled from far-
ther structures. A notable feature is that the overden-
sity of the SC model �scm well agrees with �m[R(M0

tot)]
of the proto-clusters in the ⇤CDM universe at all the
target redshifts. This indicates that the practicability of
the overdensity predicted by the SC model in identifying
proto-cluster regions from matter distribution.

4.2.3. Identification of the spherical regions enclosing

protoclusters

Motivated by the theoretical predictions of the SC
model and its good agreement to the overdensity of
proto-clusters in HR5 demonstrated in the upper panel of
Figure 7, we suggest a methodology to find the regions
enclosing protoclusters. To make the approach available
in observations, we derive the mean mass of entire mat-
ter in a spherical region using the ratio of the stellar
mass to total mass. The bottom panel of Figure 7 shows
the stellar-to-total mass ratios f

sc
? at a variety of red-

shifts ranging from z = 6 down to z = 0.625 for the
entire stellar mass (filled circles with solid 16th � 84th

scatter bars) and the galaxies of M? > 2⇥109 M� (open
circles with dotted 16th � 84th scatter bars) within the
radius Rsc at which the spherical top hat overdensity
meets �

sc
m . The di↵erence between the two ratios of en-

tire stellar mass and that above the galaxy mass cut
becomes insignificant with decreasing redshift as mas-
sive galaxies mostly account for the stellar mass budget
of protoclusters. The proto-structures of massive groups
(blue) has the ratio slightly lower than that of the proto-
clusters (red) at z < 3, but the trend is reversed, being
consistent with the downsizing trend. The di↵erence is
however not significant across the redshift, and thus the
ratio of the protoclusters (red) is adopted to derive the
total mass from galaxy distribution within Rsc.
The identification process starts with finding the

galaxies that are centered at the spherical regions of
M

sc
tot = Mtot(Rsc) � 1014 M�. We construct a galaxy

stellar mass density profile from the distribution of
neighbouring galaxies of a central candidate galaxy, con-
vert it to total mass density profile using f

sc
? , and find

the radius at which top hat matter overdensity meets
�
sc
m . This process is conducted only for the galaxies with
M? > 2 ⇥ 109 M�. Since �

sc
m does not have an analytic

form in the ⇤CDM universe, we find the fitting formula
as a function of redshift for the case collapsing at z = 0:

�
sc
m(z) =

0.0224 exp (5.39 z�0.246)

(1 + z)0.294
, (12)

which fits the solution of Equation 9 within 0.3% accu-
racy in z = [0.5, 6.0]. We also provide the fitting formula
for f sc

? as a function of redshift in the following form:

log f sc
? (z) = ↵(1 + z)� + �, (13)

where (↵,�, �) = (�0.057, 1.755,�1.855) for entire stel-
lar components (orange dashed curve in the bottom
panel of Figure 7) and (�0.055, 1.903,�1.915) for the
galaxies in M? > 2 ⇥ 109 M� (orange dotted curve in
the bottom panel of Figure 7).
We then visit the galaxies centered at the spheres of

M
sc
tot � 1014 M� in the order of their stellar mass from

the largest one. We compute the center of mass from the
entire galaxies located inside the spherical regions and
iterate the identification process of Rsc from the center
of mass until the center of mass converges to |~xi�1 �
~xi| < 0.25 cMpc, where ~xi is the location of the center
of mass at i

th iteration. A spherical region is assumed
to be a candidate enclosing protoclusters when it finally
has M sc

tot � 1014 M� after the iteration.
In dense environments, the central galaxy candidate of

a protocluster sometimes closely neighbors other spher-
ical regions. In this case, the center of mass can eventu-
ally approach the core of the neighboring sphere by the
iteration process. When two spheres i and j overlap each
other, we merge one region to another if Dij/Ri < 1.0
or Dij/Rj < 1.0, where Dij is the distance between the
centers of the spheres, and Ri and Rj are the radius
of the spheres. We define the most massive sphere of
a group of spherical regions (GSRs) as the central one.
Note that, in this case, M sc

tot does not change since the
mass is computed from the distribution of all galaxies
above the mass cut.

4.2.4. Evaluating and refining the identification scheme

The total mass in a protocluster candidate sphere
M

sc
tot is the mass collapsing into a point at z = 0 in

the SC model. Thus, a sphere of M sc
tot � 1014 M� is as-

sume to form a cluster-scale structure by z = 0 in this
theoretical definition. To evaluate the reliability of this
approach, we estimate the final mass of an GSR j M

0,est
tot,j

contributed by bona-fide clusters as follows:

M
0,est
tot,j =

nX

i=0

M(Gj \ Pi)/M(Pi)⇥M
0
tot,i, (14)

where Gj is the set of galaxies found in an GSR j, and
Pi is the set of galaxies in a bona-fide protocluster i,
M(X) is the mass sum of the elements in a set X, and

for total stellar mass

for galaxies with  M★>2×109M⊙

galaxies
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Figure 4. Top: Matter overdensity inside the radius en-
closing the final mass of protoclusters (M0

tot > 1014 M�)
as a function of redshift. Dots are the medians, and scatter
bars show 16th � 84th percentile distributions. Dashed line
is the critical matter overdensity �scm for collapse at z = 0
predicted by the spherical top-hat collapse model in the
⇤CDM universe. Bottom: Ratio of stellar mass to total mass
within the protocluster regions whose mean overdensity is
equal to the critical value �scm of the ⇤CDM cosmology. Open
circles show the ratios computed from entire stellar mass,
and open diamonds are calculated from the galaxies with
Mgal,? > 2⇥ 109 M�. The dotted curves are the fitting func-
tions given in Equation 2.

with Mgal,? > 2 ⇥ 109
M� are used, and open circles

are those when all stars are taken into consideration.
We provide a fitting formula for the stellar-total mass
relation in the following form:

log M?/Mtot = ↵(1 + z)� + �. (2)

This formula can fit the ratio well as a function of red-
shift with (↵, �, �) = (�0.055, 1.903, �1.915) when the
galaxies of Mgal,? > 2 ⇥ 109

M� are used (shown as
the dotted curve fitting the diamonds in the bottom
panel of Figure 4). When all stellar components are used
(open circles), the best fit is made with the parameter

set (�0.057, 1.755, �1.855). We note that the stellar-to-
total mass relation is insensitive to mass in the case of
the proto-objects of M

0
tot > 1013

M�. This is because
the region having the mean overdensity �

sc
m is typically

so large that the ratio converges to a value at a given
redshift. The stellar-to-total mass ratio relation can be
changed if the parameters of subgrid physics regulating
star formation activities are changed. Therefore, the re-
lation needs to be calibrated based on observations.

The protocluster identification starts with finding the
candidate regions that enclose protoclusters. At a given
epoch, we visit galaxies starting from the most massive
ones, and inspect the spherical volume centered at the
galaxy. The radius of the sphere is increased until the
overdensity drops to the critical value �

sc
m at that epoch.

If the total mass contained within the sphere exceeds
1014

M�, the galaxy can be assumed as a candidate for
the center of a protocluster. The fitting formula in Equa-
tion 2 is used to convert the observed stellar mass to the
total mass.

The central candidate galaxies do not always locate
at the density peak of each sphere. Thus, we compute
the center of mass (CM) from all the galaxies with
Mgal,? > 2⇥109

M� located inside the spherical regions.
To find the most representative center of galaxy distri-
bution, we iterate the identification process until the CM
converges to |~xi�1 � ~xi| < ✏,, where ~xi is the CM at i

th

iteration. In this study, we adopt ✏ = 0.25 cMpc for e�-
cient searching since a smaller ✏ does not notably a↵ect
the results. A sphere is selected as a region enclosing
protoclusters when it finally has Mtot � 1014

M� after
the iteration process.

In dense environment, the separations between the
centers of the protocluster candidates can be very small.
We combine a protocluster candidate region i with an-
other one j if Dij/Ri < 1.0 or Dij/Rj < 1.0, where Dij

is the distance between the centers and Ri and Rj are
the radii of the spheres within which the mean overden-
sity meets �

sc
m. In this case, we define the most massive

sphere as the central one, and accordingly, Mtot of the
central one is set as the estimated total mass of a spher-
ical region group (SRG).

3.2.4. Reliability of the Protocluster Identification Scheme

We assume that the objects in the spherical regions
of protoclusters identified based on the SC model even-
tually form cluster-scale objects by z = 0. We evaluate
the reliability of this approach by comparing the total
mass of an SRG (MSRG

tot ) at a redshift z with the mass
M

0,SRG
tot that ends up being inside clusters at z = 0. The

latter is estimated using the final total mass weighted by
the stellar mass of the cluster progenitor galaxies found

8
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RTA of protoclusters can temporarily decrease and �
TA
m

can jump up when they undergo close encounters with
neighbors. In order to mitigate the impact of such tem-
poral events, we choose to use the lower boundary (bot-
tom 5%) of the distribution of �

TA
m shown in Figure 10 for

the threshold overdensity corresponding to RTA. When
protoclusters have close neighbors, the radius found with
the lower boundary will be somewhat larger than the ac-
tual turnaround radius directly measured, and the pro-
tocluster regions are allowed to overlap. The bottom 5%
of the distribution of �

TA
m are 4.96, 5.04, 5.30, and 6.55

at z = 4.5, 3.1, 2.4, and 1.0, respectively. The median
and 1� dispersion are 5.63 (� = 0.58), 5.98 (1.01), 6.17
(1.07), and 7.71 (1.91), respectively.

Like RTA/Rvir, �
TA
m also weakly evolves over time,

with small scatter for protoclusters. It should be noted
that �

TA
m hardly depends on RTA or the final cluster mass

of the protoclusters (large dots). On the other hand, �
TA
m

of the low mass structures with relatively small RTA

shows stronger evolution. The scatter of �
TA
m at small

RTA emerges when the field of interest is disturbed by
neighbouring structures.

Figure 11 illustrates the evolution of four HR5 proto-
clusters representing di↵erent total mass scales at z = 0.
Dotted circles mark the turnaround radii, and properties
shown are stellar mass density and age, gas density and
metallicity. Similar to Figure 6, Figure 11 again shows
that the volume within the turnaround radius does en-
compass the interesting large-scale structures connected
to the protocluster cores. It can be noticed in Figure 11
that RTA is not always larger for the protoclusters with
larger mass. It is also possible for RTA to decrease tem-
porarily when mergers happen. This is a desirable nature
of RTA as it is supposed to define the member galaxies
of protoclusters and separate them from approaching
nearby objects. However, during close interactions with
neighbors, RTA becomes smaller and �

TA
m tends to in-

crease. The upward scatter of the proto-objects in Fig-
ure 10 can be attributed to such events.

4.4. Stellar mass to total mass conversion within
Turnaround radius

We define the outer boundary of protoclusters as RTA,
which is the turnaround radius enclosing the thresh-
old overdensity given by Equation 7 below. We will
use an empirical relation between the total mass and
stellar mass within RTA so that the definition can be
applied to observations. Figure 12 shows the redshift
evolution of �

TA
m of the HR5 protoclusters (top) and the

stellar-to-total mass ratio within the turnaround radius,
M

TA
? /M

TA
tot , averaged over the HR5 protoclusters. The

stellar mass is obtained from all stars (red open circles)

Figure 12. Top: Redshift evolution of the overdensity within
RTA (�TA

m ) for the protoclusters of M0
tot > 1014 M� that is

measured in HR5-Low. The open circles indicate the bottom
5% overdensity measured from the HR5 protoclusters and the
dashed and solid lines are the fits to the median and bottom
5%. Bottom: ratio of stellar to total mass within RTA as a
function of redshift. The red and blue open circles denote
the ratios measured from all stars and from galaxies with
Mgal,? > 2 ⇥ 109M�, respectively. The dashed curves are
the fits based on Equation 2 with fitting parameters given in
section 4.4.

or only for the galaxies with Mgal,? > 2 ⇥ 109
M� (blue

open circles).
The overdensity �

TA
m delineating the bottom 5% of the

distribution at z can be fit well by the following formula:

�
TA
m (z) =

a exp (b (1 + z)c)

(1 + z)d
, (7)

where (a, b, c, d) = (0.168, 4.068, �0.381, �0.734), which
is shown as the solid line in the top panel of Figure 12.
The error of the fit is smaller than 0.9%. As shown in
Section 4.3, �

TA
m monotonically increases with time on

average, and reaches a finite maximum at z = 0. The
evolution of �

TA
m is weak at z > 2, but becomes rapid
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groups of logM0
tot/M� = 13 � 14 (blue) at the four

redshifts. The black dashed and dotted curves indicate
the overdensity evolution predicted by the SC model in
the EdS and ⇤CDM universe, respectively. The matter
overdensity �m[R(M0

tot)] is slightly higher in the proto-
structures of massive groups (M0

tot = 1013 � 1014 M�)
compared to that of the proto-clusters (M0

tot > 1014 M�)
since more massive structures are assembled from far-
ther structures. A notable feature is that the overden-
sity of the SC model �scm well agrees with �m[R(M0

tot)]
of the proto-clusters in the ⇤CDM universe at all the
target redshifts. This indicates that the practicability of
the overdensity predicted by the SC model in identifying
proto-cluster regions from matter distribution.

4.2.3. Identification of the spherical regions enclosing

protoclusters

Motivated by the theoretical predictions of the SC
model and its good agreement to the overdensity of
proto-clusters in HR5 demonstrated in the upper panel of
Figure 7, we suggest a methodology to find the regions
enclosing protoclusters. To make the approach available
in observations, we derive the mean mass of entire mat-
ter in a spherical region using the ratio of the stellar
mass to total mass. The bottom panel of Figure 7 shows
the stellar-to-total mass ratios f

sc
? at a variety of red-

shifts ranging from z = 6 down to z = 0.625 for the
entire stellar mass (filled circles with solid 16th � 84th

scatter bars) and the galaxies of M? > 2⇥109 M� (open
circles with dotted 16th � 84th scatter bars) within the
radius Rsc at which the spherical top hat overdensity
meets �

sc
m . The di↵erence between the two ratios of en-

tire stellar mass and that above the galaxy mass cut
becomes insignificant with decreasing redshift as mas-
sive galaxies mostly account for the stellar mass budget
of protoclusters. The proto-structures of massive groups
(blue) has the ratio slightly lower than that of the proto-
clusters (red) at z < 3, but the trend is reversed, being
consistent with the downsizing trend. The di↵erence is
however not significant across the redshift, and thus the
ratio of the protoclusters (red) is adopted to derive the
total mass from galaxy distribution within Rsc.
The identification process starts with finding the

galaxies that are centered at the spherical regions of
M

sc
tot = Mtot(Rsc) � 1014 M�. We construct a galaxy

stellar mass density profile from the distribution of
neighbouring galaxies of a central candidate galaxy, con-
vert it to total mass density profile using f

sc
? , and find

the radius at which top hat matter overdensity meets
�
sc
m . This process is conducted only for the galaxies with
M? > 2 ⇥ 109 M�. Since �

sc
m does not have an analytic

form in the ⇤CDM universe, we find the fitting formula
as a function of redshift for the case collapsing at z = 0:

�
sc
m(z) =

0.0224 exp (5.39 z�0.246)

(1 + z)0.294
, (12)

which fits the solution of Equation 9 within 0.3% accu-
racy in z = [0.5, 6.0]. We also provide the fitting formula
for f sc

? as a function of redshift in the following form:

log f sc
? (z) = ↵(1 + z)� + �, (13)

where (↵,�, �) = (�0.057, 1.755,�1.855) for entire stel-
lar components (orange dashed curve in the bottom
panel of Figure 7) and (�0.055, 1.903,�1.915) for the
galaxies in M? > 2 ⇥ 109 M� (orange dotted curve in
the bottom panel of Figure 7).
We then visit the galaxies centered at the spheres of

M
sc
tot � 1014 M� in the order of their stellar mass from

the largest one. We compute the center of mass from the
entire galaxies located inside the spherical regions and
iterate the identification process of Rsc from the center
of mass until the center of mass converges to |~xi�1 �
~xi| < 0.25 cMpc, where ~xi is the location of the center
of mass at i

th iteration. A spherical region is assumed
to be a candidate enclosing protoclusters when it finally
has M sc

tot � 1014 M� after the iteration.
In dense environments, the central galaxy candidate of

a protocluster sometimes closely neighbors other spher-
ical regions. In this case, the center of mass can eventu-
ally approach the core of the neighboring sphere by the
iteration process. When two spheres i and j overlap each
other, we merge one region to another if Dij/Ri < 1.0
or Dij/Rj < 1.0, where Dij is the distance between the
centers of the spheres, and Ri and Rj are the radius
of the spheres. We define the most massive sphere of
a group of spherical regions (GSRs) as the central one.
Note that, in this case, M sc

tot does not change since the
mass is computed from the distribution of all galaxies
above the mass cut.

4.2.4. Evaluating and refining the identification scheme

The total mass in a protocluster candidate sphere
M

sc
tot is the mass collapsing into a point at z = 0 in

the SC model. Thus, a sphere of M sc
tot � 1014 M� is as-

sume to form a cluster-scale structure by z = 0 in this
theoretical definition. To evaluate the reliability of this
approach, we estimate the final mass of an GSR j M

0,est
tot,j

contributed by bona-fide clusters as follows:

M
0,est
tot,j =

nX

i=0

M(Gj \ Pi)/M(Pi)⇥M
0
tot,i, (14)

where Gj is the set of galaxies found in an GSR j, and
Pi is the set of galaxies in a bona-fide protocluster i,
M(X) is the mass sum of the elements in a set X, and
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Figure 19. Bottom: Final mass of SRGs estimated from the final mass of bona-fide protoclusters (those identified based on
merger trees) embedded in the SRGs (M0,SRG

tot ) as a function of the total mass of SRGs (MSRG
tot ). Color code denotes D1/RSRG.

Colored dots mark all the SRGs sample and black concentric circles indicate the SRGs with MSRG
tot > 1014.15 or D1/RSRG < 2.5.

As also seen in Figure 4, most protoclusters have D1/RSRG . 4. We note that M0,SRG
tot is an estimated mass to examine the

prediction accuracy of MSRG
tot . Top: Purity (blue) and completeness (red) of the bona-fide protoclusters in the spherical regions

found by the SC model as a function of MSRG
tot . The purity is the number fraction of the SRGs enclosing bona-fide protoclusters to

the entire SRGs above a given mass. The completeness is the number fraction of the authentic protoclusters which are recovered
by SRGs and more massive than a given mass.

In the EdS universe a homogeneous density sphere that collapses at z = 0 reaches its maximum radius at z = 0.59
with �

sc
m = 9⇡

2
/16 � 1 ' 4.55. For comparison, the linear theory predicts overdensity �

lin
m ' 1.062 at tmax in the EdS

universe.
Figure 18 shows the overdensity evolution in a homogeneous sphere that collapses at z = 0 in the EdS (blue) and

⇤CDM (red) universe. The two filled stars indicate the overdensities at the epochs of maximum radius. Because dark
energy counteracts gravitational collapse and the growth of overdensity is relatively slower, the sphere should have
higher overdensity in the universe with ⌦⇤ > 0 than in the EdS universe, to be able to collapse by z = 0.

D. PERFORMANCE OF THE PROTOCLUSTER IDENTIFICATION SCHEME BASED ON THE SC MODEL

Figure 19 demonstrates the completeness and purity of our protocluster identification scheme (top) and the relation
between M

0,SRG
tot and M

SRG
tot (bottom). We define the purity as the number fraction of the SRGs enclosing bona-

fide protoclusters (those identified based on merger trees) to the all SRGs more massive than a given mass. The
completeness is the number fraction of the authentic protoclusters enclosed by SRGs above a given mass. In these
statistics, we assume that an SRG recovers a protocluster when the most massive galaxy of the SRG is the member
of the protocluster and half the galaxy mass of the protocluster is enclosed by the SRG. In this scheme, an SRG can
be associated with only one protocluster. Color code in the bottom panels indicates the D1/RSRG parameter. Colored
dots show the distribution of all the SRGs sample and black concentric circles mark the SRGs with M

SRG
tot > 1014.15

or D1/RSRG < 2.5. These two di↵erent mass definitions are overall in good agreement, particularly at z < 4. Their
correlation becomes tighter with decreasing redshift as structures form and develop further. The completeness and
purity show that more than 80% of protoclusters can be recovered by our scheme with ⇠ 60% purity at z ⇠ 2� 3. The
purity increases to 80% in M

SRG
tot � 2 ⇥ 1014

M�. At z = 4.5, however, these statistics are inevitably poorer than at
lower z, because galaxies have not had time to develop yet. We note that the purity and completeness are enhanced
by ⇠ 10% if an SRG is allowed to associate with all the protoclusters in which half their galaxy mass is enclosed by
the SRG.

E. REDSHIFT SPACE DISTORTION EFFECT ON THE PROTOCLUSTER IDENTIFICATION

RTA

• Performance of the scheme


• Purity - Fraction of the spherical regions enclosing bonafide protoclusters   


• Completeness - Fraction of the bonafide protoclusters recovered by the scheme

Purity Completeness

Matter mass enclosed by Rsc ≈ z=0 Mtot

z=
0 

to
ta
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as

s
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Figure 15. A schematic diagram presenting the definition of galaxy protoclusters and clusters. Clusters are groups of galaxies
with Mvir currently greater than 1014M�. Protoclusters are those with Mvir < 1014M� currently but will have Mvir � 1014M�
by z = 0. The future virial mass is estimated from the total mass within the region having the critical overdensity given by the
spherical tophat theory. The physical volume of protoclusters is defined to be the region within the turn-around radius RTA.

galaxies, and that the cluster progenitor galaxies can be
spread out to much larger radii at high redshifts.

Our protocluster identification method is summarized
as follows:

1. Visit galaxies starting from the most massive ones,
and measure the mean total mass density within radius
R. The total mass is obtained from the stellar mass by
using the conversion relation in Equation 8.

2. Find the radius where the mean density drops to
the threshold density given by the SC model. Equation
7 is a useful fit to the threshold overdensity �

sc
m.

3. Adopt the galaxy (or nearby density peak) as a
protocluster center candidate if the total mass included
within the radius is greater than 1014

M�. Group the
spherical regions if their separation is less than their
radii. Protocluster centers are now identified.

4. The protocluster region is defined as the spher-
ical volume from the protocluster center up to the
turnaround radius. The turnaround radius is the radius
where the mean overdensity drops to the threshold value
given by Equation 12. The stellar mass to total mass
conversion is made using Equation 8, with the parame-
ters given in section 4.4.

HR5 used in this paper adopts a flat ⇤CDM cosmol-
ogy with ⌦m = 0.3 and ⌦⇤ = 0.7. As the threshold
density given by the spherical tophat collapse model is
used to find the protocluster centers, it will be useful
to check how sensitive the threshold is to the cosmol-

Figure 16. The critical overdensity for complete collapse at
z = 0 given by the spherical tophat collapse model in the
Einstein-de Sitter universe (EdS, red) and the flat ⇤CDM
universe with three di↵erent matter density parameters.

ogy adopted. We examine how �
sc
m changes depending

on the matter density parameter while keeping the ge-
ometry of the universe flat and fixing the dark energy
equation of state parameter to �1. Our choice of HR5 is
based on the Planck data (Planck Collaboration et al.
2016). This is close to the recent measurement of Dong et
al. (2023) who used the extended Alcock-Paczyński test
to obtain ⌦m = 0.285+0.014

�0.009. In Figure 16 �
sc
m for four
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• Turnaround radius (RTA) - Characteristic boundary of protoclusters 


• Surface on which gravitational infall counterbalances the Hubble flow


• Galaxies within RTA are falling into a common environment, having some degree of conformity



• Matter overdensity within RTA


• Matter overdensity hardly evolves within RTA at z>2                              with small scatter


➡ Reasonable parameter to find RTA

(       ~5-6 at z>2)
<latexit sha1_base64="DiN185zzWfBpdi1cegqLxCRNH1E=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqoSxGsssDAWqS+pCZHjOK1VO4lsB6mKsvArLAwgxMpnsPE3uGkGaDnS1T06517Z9/gJo1JZ1rdRWVpeWV2rrtc2Nre2d8zdva6MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PHt1O89EiFpHLXVJCEuR8OIhhQjpSXPPHACwhTyMkdwyPOHorevc8+sWw2rAFwkdknqoETLM7+cIMYpJ5HCDEk5sK1EuRkSimJG8pqTSpIgPEZDMtA0QpxINysOyOGxVgIYxkJXpGCh/t7IEJdywn09yZEayXlvKv7nDVIVXrkZjZJUkQjPHgpTBlUMp2nAgAqCFZtogrCg+q8Qj5BAWOnMajoEe/7kRdI9bdgXjfP7s3rzpoyjCg7BETgBNrgETXAHWqADMMjBM3gFb8aT8WK8Gx+z0YpR7uyDPzA+fwCRupZm</latexit>

�TAm

4.4. Conversion of Stellar Mass to Total Mass within
Turnaround Radius

We define the outer boundary of protoclusters as RTA, which
is the turnaround radius enclosing the threshold overdensity

given by Equation (7) below. We will use an empirical relation
between the total mass and stellar mass within RTA so that the
definition can be applied to observations. Figure 12 shows the
redshift evolution of m

TAd of the HR5 protoclusters (top) and the
stellar-to-total mass ratio within the turnaround radius,
M MTA

tot
TA, averaged over the HR5 protoclusters. The stellar

mass is obtained from all stars (red open circles) or only for the
galaxies with Mgal,å> 2× 109Me (blue open circles).
The overdensity m

TAd delineating the bottom 5% of the
distribution at z can be fit well by the following formula:

z
a b z

z
exp 1

1
, 7m

c

d
TA( ) ( ( ) )

( )
( )d =

+
+

where (a, b, c, d)= (0.168, 4.068, −0.381, −0.734), which is
shown as the solid line in the top panel of Figure 12. The error
of the fit is smaller than 0.9%. As shown in Section 4.3, m

TAd
monotonically increases with time on average and reaches a
finite maximum at z= 0. The evolution of m

TAd is weak at z> 2
but becomes rapid at z< 1.5 owing to a decrease of the Hubble
parameter and disturbance by neighboring structures.
The stellar-to-total mass ratio within the turnaround radius

can be also fit well by Equation (2) with (α, β, γ)= (−0.0092,
2.027, −1.962) when all stellar mass is counted, or with
(−0.0128, 1.882, −2.017) when only the stellar mass in the
galaxies with Mgal,å> 2× 109Me is used. We use this fitting
formula to derive the total mass from the stellar mass within a
radius from each protocluster center, and we find the radius
within which the mean total mass density reaches the predicted

m
TAd at the given redshift (i.e., Equation (7)). This gives the
estimated turnaround radius.
Figure 13 compares the directly measured RTA with RTA

est

estimated from stellar mass. They correlate quite well for both
cases when all stellar mass is counted in RTA

est or only the stellar
mass in the galaxies with Mgal,å> 2× 109Me is used. RTA

est

tends to be larger than RTA as expected, particularly for
relatively lower mass protoclusters, because we use the bottom
5% m

TAd . At z= 4.5, when protoclusters have only a few
galaxies above our stellar mass threshold, the correlation
breaks. This necessitates including the low-mass galaxies with
Mgal,å< 2× 109Me at z 4 for accurate estimation of RTA and
reliable identification of protocluster environment.

5. Summary and Discussion

In this paper we have proposed a practical method to find
galactic protoclusters in observational data and demonstrated
its validity to the protoclusters in the cosmological hydro-
dynamical simulation HR5. We first define “protoclusters” as
galaxy groups whose total mass within Rvir is currently less
than 1014 Me at their epochs but would exceed that limit by
z= 0. Conversely, “clusters” are the groups of galaxies whose
virial mass currently exceeds 1014Me. Therefore, there can be
a mixture of clusters and protoclusters at z> 0. The extent of a
protocluster is defined as the spherical volume within the
turnaround radius or the zero-velocity surface. The future mass
that a protocluster would achieve at z= 0 is estimated using the
spherical top-hat collapse model. The whole concept is
schematically visualized in Figure 2.
Our protocluster identification method is summarized as

follows:
1. Visit galaxies, starting from the most massive ones, and

measure the mean total mass density within radius R. The total

Figure 10. Matter overdensity within the turnaround radius of proto-objects at
the four redshifts. Protoclusters ( M M10tot

0 14 at z = 0 , measured in HR5-
Low) are marked by large filled circles, and non-protocluster objects are
marked by small circles. The color code presents the final total mass of proto-
objects. The dashed and solid arrows indicate the medians and bottom 5% of

m
TAd of protoclusters, respectively. The matter overdensity of protoclusters only
weakly increases from 5.0m

TAd » (bottom 5%) at z = 4.5 to 5.3m
TAd » (bottom

5%) at z = 2.4 (see the text and Figure 12).
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monotonically increases with time on average and reaches a
finite maximum at z= 0. The evolution of m

TAd is weak at z> 2
but becomes rapid at z< 1.5 owing to a decrease of the Hubble
parameter and disturbance by neighboring structures.
The stellar-to-total mass ratio within the turnaround radius

can be also fit well by Equation (2) with (α, β, γ)= (−0.0092,
2.027, −1.962) when all stellar mass is counted, or with
(−0.0128, 1.882, −2.017) when only the stellar mass in the
galaxies with Mgal,å> 2× 109Me is used. We use this fitting
formula to derive the total mass from the stellar mass within a
radius from each protocluster center, and we find the radius
within which the mean total mass density reaches the predicted

m
TAd at the given redshift (i.e., Equation (7)). This gives the
estimated turnaround radius.
Figure 13 compares the directly measured RTA with RTA

est

estimated from stellar mass. They correlate quite well for both
cases when all stellar mass is counted in RTA

est or only the stellar
mass in the galaxies with Mgal,å> 2× 109Me is used. RTA

est

tends to be larger than RTA as expected, particularly for
relatively lower mass protoclusters, because we use the bottom
5% m

TAd . At z= 4.5, when protoclusters have only a few
galaxies above our stellar mass threshold, the correlation
breaks. This necessitates including the low-mass galaxies with
Mgal,å< 2× 109Me at z 4 for accurate estimation of RTA and
reliable identification of protocluster environment.

5. Summary and Discussion

In this paper we have proposed a practical method to find
galactic protoclusters in observational data and demonstrated
its validity to the protoclusters in the cosmological hydro-
dynamical simulation HR5. We first define “protoclusters” as
galaxy groups whose total mass within Rvir is currently less
than 1014 Me at their epochs but would exceed that limit by
z= 0. Conversely, “clusters” are the groups of galaxies whose
virial mass currently exceeds 1014Me. Therefore, there can be
a mixture of clusters and protoclusters at z> 0. The extent of a
protocluster is defined as the spherical volume within the
turnaround radius or the zero-velocity surface. The future mass
that a protocluster would achieve at z= 0 is estimated using the
spherical top-hat collapse model. The whole concept is
schematically visualized in Figure 2.
Our protocluster identification method is summarized as

follows:
1. Visit galaxies, starting from the most massive ones, and

measure the mean total mass density within radius R. The total

Figure 10. Matter overdensity within the turnaround radius of proto-objects at
the four redshifts. Protoclusters ( M M10tot

0 14 at z = 0 , measured in HR5-
Low) are marked by large filled circles, and non-protocluster objects are
marked by small circles. The color code presents the final total mass of proto-
objects. The dashed and solid arrows indicate the medians and bottom 5% of

m
TAd of protoclusters, respectively. The matter overdensity of protoclusters only
weakly increases from 5.0m

TAd » (bottom 5%) at z = 4.5 to 5.3m
TAd » (bottom

5%) at z = 2.4 (see the text and Figure 12).
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• Essential ingredients to finding RTA from galaxy distribution
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RTA of protoclusters can temporarily decrease and �
TA
m

can jump up when they undergo close encounters with
neighbors. In order to mitigate the impact of such tem-
poral events, we choose to use the lower boundary (bot-
tom 5%) of the distribution of �

TA
m shown in Figure 10 for

the threshold overdensity corresponding to RTA. When
protoclusters have close neighbors, the radius found with
the lower boundary will be somewhat larger than the ac-
tual turnaround radius directly measured, and the pro-
tocluster regions are allowed to overlap. The bottom 5%
of the distribution of �

TA
m are 4.96, 5.04, 5.30, and 6.55

at z = 4.5, 3.1, 2.4, and 1.0, respectively. The median
and 1� dispersion are 5.63 (� = 0.58), 5.98 (1.01), 6.17
(1.07), and 7.71 (1.91), respectively.

Like RTA/Rvir, �
TA
m also weakly evolves over time,

with small scatter for protoclusters. It should be noted
that �

TA
m hardly depends on RTA or the final cluster mass

of the protoclusters (large dots). On the other hand, �
TA
m

of the low mass structures with relatively small RTA

shows stronger evolution. The scatter of �
TA
m at small

RTA emerges when the field of interest is disturbed by
neighbouring structures.

Figure 11 illustrates the evolution of four HR5 proto-
clusters representing di↵erent total mass scales at z = 0.
Dotted circles mark the turnaround radii, and properties
shown are stellar mass density and age, gas density and
metallicity. Similar to Figure 6, Figure 11 again shows
that the volume within the turnaround radius does en-
compass the interesting large-scale structures connected
to the protocluster cores. It can be noticed in Figure 11
that RTA is not always larger for the protoclusters with
larger mass. It is also possible for RTA to decrease tem-
porarily when mergers happen. This is a desirable nature
of RTA as it is supposed to define the member galaxies
of protoclusters and separate them from approaching
nearby objects. However, during close interactions with
neighbors, RTA becomes smaller and �

TA
m tends to in-

crease. The upward scatter of the proto-objects in Fig-
ure 10 can be attributed to such events.

4.4. Stellar mass to total mass conversion within
Turnaround radius

We define the outer boundary of protoclusters as RTA,
which is the turnaround radius enclosing the thresh-
old overdensity given by Equation 7 below. We will
use an empirical relation between the total mass and
stellar mass within RTA so that the definition can be
applied to observations. Figure 12 shows the redshift
evolution of �

TA
m of the HR5 protoclusters (top) and the

stellar-to-total mass ratio within the turnaround radius,
M

TA
? /M

TA
tot , averaged over the HR5 protoclusters. The

stellar mass is obtained from all stars (red open circles)

Figure 12. Top: Redshift evolution of the overdensity within
RTA (�TA

m ) for the protoclusters of M0
tot > 1014 M� that is

measured in HR5-Low. The open circles indicate the bottom
5% overdensity measured from the HR5 protoclusters and the
dashed and solid lines are the fits to the median and bottom
5%. Bottom: ratio of stellar to total mass within RTA as a
function of redshift. The red and blue open circles denote
the ratios measured from all stars and from galaxies with
Mgal,? > 2 ⇥ 109M�, respectively. The dashed curves are
the fits based on Equation 2 with fitting parameters given in
section 4.4.

or only for the galaxies with Mgal,? > 2 ⇥ 109
M� (blue

open circles).
The overdensity �

TA
m delineating the bottom 5% of the

distribution at z can be fit well by the following formula:

�
TA
m (z) =

a exp (b (1 + z)c)

(1 + z)d
, (7)

where (a, b, c, d) = (0.168, 4.068, �0.381, �0.734), which
is shown as the solid line in the top panel of Figure 12.
The error of the fit is smaller than 0.9%. As shown in
Section 4.3, �

TA
m monotonically increases with time on

average, and reaches a finite maximum at z = 0. The
evolution of �

TA
m is weak at z > 2, but becomes rapid

14

Identification of Protoclusters Lee et al.

RTA of protoclusters can temporarily decrease and �
TA
m

can jump up when they undergo close encounters with
neighbors. In order to mitigate the impact of such tem-
poral events, we choose to use the lower boundary (bot-
tom 5%) of the distribution of �

TA
m shown in Figure 10 for

the threshold overdensity corresponding to RTA. When
protoclusters have close neighbors, the radius found with
the lower boundary will be somewhat larger than the ac-
tual turnaround radius directly measured, and the pro-
tocluster regions are allowed to overlap. The bottom 5%
of the distribution of �

TA
m are 4.96, 5.04, 5.30, and 6.55

at z = 4.5, 3.1, 2.4, and 1.0, respectively. The median
and 1� dispersion are 5.63 (� = 0.58), 5.98 (1.01), 6.17
(1.07), and 7.71 (1.91), respectively.

Like RTA/Rvir, �
TA
m also weakly evolves over time,

with small scatter for protoclusters. It should be noted
that �

TA
m hardly depends on RTA or the final cluster mass

of the protoclusters (large dots). On the other hand, �
TA
m

of the low mass structures with relatively small RTA

shows stronger evolution. The scatter of �
TA
m at small

RTA emerges when the field of interest is disturbed by
neighbouring structures.

Figure 11 illustrates the evolution of four HR5 proto-
clusters representing di↵erent total mass scales at z = 0.
Dotted circles mark the turnaround radii, and properties
shown are stellar mass density and age, gas density and
metallicity. Similar to Figure 6, Figure 11 again shows
that the volume within the turnaround radius does en-
compass the interesting large-scale structures connected
to the protocluster cores. It can be noticed in Figure 11
that RTA is not always larger for the protoclusters with
larger mass. It is also possible for RTA to decrease tem-
porarily when mergers happen. This is a desirable nature
of RTA as it is supposed to define the member galaxies
of protoclusters and separate them from approaching
nearby objects. However, during close interactions with
neighbors, RTA becomes smaller and �

TA
m tends to in-

crease. The upward scatter of the proto-objects in Fig-
ure 10 can be attributed to such events.

4.4. Stellar mass to total mass conversion within
Turnaround radius

We define the outer boundary of protoclusters as RTA,
which is the turnaround radius enclosing the thresh-
old overdensity given by Equation 7 below. We will
use an empirical relation between the total mass and
stellar mass within RTA so that the definition can be
applied to observations. Figure 12 shows the redshift
evolution of �

TA
m of the HR5 protoclusters (top) and the

stellar-to-total mass ratio within the turnaround radius,
M

TA
? /M

TA
tot , averaged over the HR5 protoclusters. The

stellar mass is obtained from all stars (red open circles)

Figure 12. Top: Redshift evolution of the overdensity within
RTA (�TA

m ) for the protoclusters of M0
tot > 1014 M� that is

measured in HR5-Low. The open circles indicate the bottom
5% overdensity measured from the HR5 protoclusters and the
dashed and solid lines are the fits to the median and bottom
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Figure 4. Final total mass M0,SRG
tot as functions of distance to the nearest spherical region group (SRG) D1 (normalized

by RSRG) and its total mass MSRG
tot at each redshift. Dots indicate SRGs, and their color represents their final mass M0,SRG

tot

measured as in Equation 9. Larger dots are the SRGs with cluster-scale mass (M0,SRG
tot � 1014 M�). The black solid, dotted,

and dashed curves delineate the region of average final mass of M0,SRG
tot = 1014, 1014.25, and 1014.5 M�, respectively. The SRGs

in the upper left corner demarcated by red lines are discarded as protocluster candidates.

fication prescription applicable to observations it is nec-
essary to also define the relation between the total mass
and stellar mass at the cluster mass scale. The bottom
panel of Figure 3 shows the stellar-mass to total-mass
ratio M

sc
? /M

sc
tot, where M

sc
? and M

sc
tot are the stellar and

total masses, respectively, within the region having the
critical overdensity of �

sc
m. Diamonds are the ratio when

only the stars within the galaxies with M? > 2⇥109
M�

are used, and circles are those when all stars are in-
cluded. We will use the relation for the galaxies with
M? > 2⇥109

M� that are typically composed of ⇠ 1000
stellar particles.

We provide a fitting formula for the stellar-total mass
relation in the following form:

log M?/Mtot = ↵(1 + z)� + �. (5)

This formula can fit the ratio M
sc
? /M

sc
tot(⇡ M?/M

0
tot

in the HR5 protoclusters) well with (↵, �, �) =
(�0.055, 1.903, �1.915) for the galaxies with M? > 2 ⇥
109

M� (shown as the dotted curve in the bottom panel
of Figure 3). When all stellar components are used, the
fitting parameters are (�0.057, 1.755, �1.855) (dashed
curve). We note that the stellar-to-total mass relation
is insensitive to mass in the case of the proto-objects
of M

0
tot > 1013

M�. This is because the region hav-
ing the mean overdensity �

sc
m is typically so large that

the ratio converges to a value at a given redshift. The
stellar-to-total mass ratio relation can be changed if the
parameters of subgrid physics regulating star formation
activities are changed.

The protocluster identification starts with finding the
candidate regions that might enclose protoclusters. At
a given epoch we visit galaxies starting from the most

massive ones, and inspect the spherical volume centered
at the galaxy. The radius of the sphere is increased until
the overdensity drops to the critical value �

sc
m at that

epoch. If the total mass contained within the sphere ex-
ceeds 1014

M�, the galaxy can be adopted as a candidate
for the center of a protocluster. The fitting formula in
Equation 8 is used to convert the observed stellar mass
to the total mass.

However, the central candidate galaxies do not always
locate at the density peak of each sphere. Thus, we com-
pute the center of mass (CM) from all the galaxies with
M? > 2 ⇥ 109

M� located inside the spherical regions.
To find the most representative center of galaxy distri-
bution, we iterate the identification process until the CM
converges to |~xi�1 � ~xi| < ✏,, where ~xi is the CM at i

th

iteration. In this study, we adopt ✏ = 0.25 cMpc for e�-
cient searching since a smaller ✏ does not notably a↵ect
the results. A sphere is selected as a region enclosing
protoclusters when it finally has M

sc
tot � 1014

M� after
the iteration process.

In dense environment, the separations between proto-
cluster center candidates can be very small. We connect
a protocluster center candidate i to another one j if
Dij/Ri < 1.0 or Dij/Rj < 1.0, where Dij is the dis-
tance between the centers and Ri and Rj are the radii
of the spheres within which the overdensity is equal to
�
sc
m. In this case, we define the most massive sphere as

the central one, and accordingly, Mtot of the central one
is set as the estimated total mass of a spherical region
group (SRG).

3.2.4. Reliability of the Protocluster Identification Scheme

for total stellar mass

for galaxies with

  M★>2×109M⊙
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Figure 11. Top: Redshift evolution of the overdensity within
RTA (�TA

m ) for the protoclusters of M0
tot > 1014 M� that is

measured in HR5-Low. The open circles indicate the bottom
5% overdensity measured from the HR5 protoclusters and the
dashed and solid lines are the fits to the median and bottom
5%. Bottom: ratio of stellar to total mass within RTA as a
function of redshift. The red and blue circles denote the ratios
measured from all stellar components and from galaxies with
M? > 2 ⇥ 109M�, respectively. The dashed curves are the
fits based on Equation 5

stellar mass density and age, gas density and metallic-
ity. Similarly to Figure 7, Figure 10 again shows that
the volume within the turnaround radius does encom-
passes the interesting large-scale structures attached to
the protocluster cores. It can be noticed in Figure 10
that RTA is not always larger for the protoclusters with
larger mass. It is also possible for RTA to decrease tem-
porarily when mergers happen. This is a desirable nature
of RTA as it is supposed to define the member galaxies
of protoclusters and separate them from approaching
nearby objects. However, during close interactions with
neighbors, RTA becomes smaller and �

TA
m tends to in-

crease. The upward scatter of the proto-objects in Fig-
ure 9 can be attributed to such events.

4.4. Stellar mass to total mass conversion within
Turnaround radius

We define the outer boundary of protoclusters as RTA,
which is the turnaround radius enclosing the threshold
overdensity given by Equation 12 below. We will use
an empirical relation between the total mass and stel-
lar mass within RTA so that the definition can applied
to observations. Figure 11 shows the redshift evolution
of �

TA
m of the HR5 protoclusters (top) and the stellar

mass to total mass ratio within the turnaround radius,
M

TA
? /M

TA
tot , averaged over the HR5 protoclusters. The

stellar mass is obtained from all stars (red open circles)
or only for the galaxies with M? > 2 ⇥ 109

M� (blue
open circles).

The overdensity �
TA
m delineating the bottom 5% of the

distribution can be fit well by the following formula:

�
TA
m (z) =

a exp (b (1 + z)c)

(1 + z)d
, (10)

where (a, b, c, d) = (0.168, 4.068, �0.381, �0.734), which
is shown as the solid line in the top panel of Figure 11.
The error of the fit is less than 0.9%. As shown in Sec-
tion 4.3, �

TA
m monotonically increases with time on av-

erage, and reaches a finite maximum at z = 0. The evo-
lution of �

TA
m is weak at z > 2, but becomes rapid at

z < 1.5 due to decrease of the Hubble parameter and
disturbance by neighboring structures.

The stellar-to-total mass ratio within the turnaround
radius, M

TA
? /M

TA
tot , can be also fit well by Equation 5

with (↵, �, �) = (�0.0092, 2.027, �1.962) when all stel-
lar mass is counted, or with (�0.0128, 1.882, �2.017)
when only the stellar mass in the galaxies with M? >

2 ⇥ 109
M� are included. We use this fitting formula

to convert the stellar mass to total mass within a ra-
dius from each protocluster center, and find the radius
where the mean total mass density inside reaches the
predicted �

TA
m at the given redshift (i.e. Eq. 12). This

gives the estimated turnaround radius.
Figure 12 compares the directly measured RTA with

R
est
TA estimated from stellar mass. They correlate quite

well for both cases when all stellar mass is counted
in R

est
TA or only the stellar mass in the galaxies with

M? > 2⇥ 109
M� is used. RTA tends to be smaller than

R
est
TA as expected particularly for relatively smaller mass

protoclusters. The case at z = 4.5 when protoclusters
have only a few galaxies above our mass threshold is an
exception. Therefore, it is necessary to count the small
mass galaxies with M? < 2 ⇥ 109

M� at z & 4 for ac-
curate estimation of RTA and reliable identification of
protocluster environment.

5. SUMMARY AND DISCUSSION
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lution of �

TA
m is weak at z > 2, but becomes rapid at

z < 1.5 due to decrease of the Hubble parameter and
disturbance by neighboring structures.

The stellar-to-total mass ratio within the turnaround
radius, M

TA
? /M

TA
tot , can be also fit well by Equation 5

with (↵, �, �) = (�0.0092, 2.027, �1.962) when all stel-
lar mass is counted, or with (�0.0128, 1.882, �2.017)
when only the stellar mass in the galaxies with M? >

2 ⇥ 109
M� are included. We use this fitting formula

to convert the stellar mass to total mass within a ra-
dius from each protocluster center, and find the radius
where the mean total mass density inside reaches the
predicted �

TA
m at the given redshift (i.e. Eq. 12). This

gives the estimated turnaround radius.
Figure 12 compares the directly measured RTA with

R
est
TA estimated from stellar mass. They correlate quite

well for both cases when all stellar mass is counted
in R

est
TA or only the stellar mass in the galaxies with

M? > 2⇥ 109
M� is used. RTA tends to be smaller than

R
est
TA as expected particularly for relatively smaller mass

protoclusters. The case at z = 4.5 when protoclusters
have only a few galaxies above our mass threshold is an
exception. Therefore, it is necessary to count the small
mass galaxies with M? < 2 ⇥ 109

M� at z & 4 for ac-
curate estimation of RTA and reliable identification of
protocluster environment.

5. SUMMARY AND DISCUSSION
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RTA of protoclusters can temporarily decrease and �
TA
m

can jump up when they undergo close encounters with
neighbors. In order to mitigate the impact of such tem-
poral events, we choose to use the lower boundary (bot-
tom 5%) of the distribution of �

TA
m shown in Figure 10 for

the threshold overdensity corresponding to RTA. When
protoclusters have close neighbors, the radius found with
the lower boundary will be somewhat larger than the ac-
tual turnaround radius directly measured, and the pro-
tocluster regions are allowed to overlap. The bottom 5%
of the distribution of �

TA
m are 4.96, 5.04, 5.30, and 6.55

at z = 4.5, 3.1, 2.4, and 1.0, respectively. The median
and 1� dispersion are 5.63 (� = 0.58), 5.98 (1.01), 6.17
(1.07), and 7.71 (1.91), respectively.

Like RTA/Rvir, �
TA
m also weakly evolves over time,

with small scatter for protoclusters. It should be noted
that �

TA
m hardly depends on RTA or the final cluster mass

of the protoclusters (large dots). On the other hand, �
TA
m

of the low mass structures with relatively small RTA

shows stronger evolution. The scatter of �
TA
m at small

RTA emerges when the field of interest is disturbed by
neighbouring structures.

Figure 11 illustrates the evolution of four HR5 proto-
clusters representing di↵erent total mass scales at z = 0.
Dotted circles mark the turnaround radii, and properties
shown are stellar mass density and age, gas density and
metallicity. Similar to Figure 6, Figure 11 again shows
that the volume within the turnaround radius does en-
compass the interesting large-scale structures connected
to the protocluster cores. It can be noticed in Figure 11
that RTA is not always larger for the protoclusters with
larger mass. It is also possible for RTA to decrease tem-
porarily when mergers happen. This is a desirable nature
of RTA as it is supposed to define the member galaxies
of protoclusters and separate them from approaching
nearby objects. However, during close interactions with
neighbors, RTA becomes smaller and �

TA
m tends to in-

crease. The upward scatter of the proto-objects in Fig-
ure 10 can be attributed to such events.

4.4. Stellar mass to total mass conversion within
Turnaround radius

We define the outer boundary of protoclusters as RTA,
which is the turnaround radius enclosing the thresh-
old overdensity given by Equation 7 below. We will
use an empirical relation between the total mass and
stellar mass within RTA so that the definition can be
applied to observations. Figure 12 shows the redshift
evolution of �

TA
m of the HR5 protoclusters (top) and the

stellar-to-total mass ratio within the turnaround radius,
M

TA
? /M

TA
tot , averaged over the HR5 protoclusters. The

stellar mass is obtained from all stars (red open circles)

Figure 12. Top: Redshift evolution of the overdensity within
RTA (�TA

m ) for the protoclusters of M0
tot > 1014 M� that is

measured in HR5-Low. The open circles indicate the bottom
5% overdensity measured from the HR5 protoclusters and the
dashed and solid lines are the fits to the median and bottom
5%. Bottom: ratio of stellar to total mass within RTA as a
function of redshift. The red and blue open circles denote
the ratios measured from all stars and from galaxies with
Mgal,? > 2 ⇥ 109M�, respectively. The dashed curves are
the fits based on Equation 2 with fitting parameters given in
section 4.4.

or only for the galaxies with Mgal,? > 2 ⇥ 109
M� (blue

open circles).
The overdensity �

TA
m delineating the bottom 5% of the

distribution at z can be fit well by the following formula:

�
TA
m (z) =

a exp (b (1 + z)c)

(1 + z)d
, (7)

where (a, b, c, d) = (0.168, 4.068, �0.381, �0.734), which
is shown as the solid line in the top panel of Figure 12.
The error of the fit is smaller than 0.9%. As shown in
Section 4.3, �

TA
m monotonically increases with time on

average, and reaches a finite maximum at z = 0. The
evolution of �

TA
m is weak at z > 2, but becomes rapid
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Please see

Lee+24 (2024, ApJ, 960, 132) 

for details

• Essential ingredients to finding RTA from galaxy distribution


1.         at given redshift


2.                  within RTA      
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• Summary


• We propose an approach to identify protocluster regions based on the spherical collapse 
theory and the turnaround radius (RTA) as the characteristic radius of a protocluster


• This scheme is verified using a cosmological hydrodynamical simulation HR5


• Protoclusters are successfully recovered from galaxy distribution using the scheme


• RTA can be estimated from galaxies by finding radius that meets         


• We are investigating the properties of protocluster galaxies as a function of RTA - Please stay 
tuned!
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