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• Field-level inference of σ8 (left) and BAO scale (right)

What my original talk title was about

4

assumes Gaussian noise [Eq. (5)]. Thus our bispectrum
model does not contain a contribution from non-Gaussian
(skewed) noise, or from a density-dependent noise vari-
ance. In the Supplementary Material, we compare our
fiducial SBI P+B analysis with a variant that includes
both additional stochastic contributions, but employs a

restricted bias parameter set (see Supplementary Mate-
rial). This variant matches current standard P+B anal-
yses [51, 52]. We find broad consistency between both
SBI P+B analyses.
Inference summary:—Explicitly, our target posteriors

are
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for FBI [Eq. (7)] and SBI P+B [Eq. (8)], where {bO}
consists of all bias parameters up to third order. We
explicitly list the bias parameters {bO} and the priors
P (↵, {bO}, {�✏}) in the Supplementary Material.

Results.—Our main results are shown in Fig. 2, where
we compare ↵ posteriors between FBI and SBI P+B. All
analyses recover the ground-truth ↵ = 1 within 68%CL.
Specifically, at kmax = 0.1 (0.12)hMpc�1, FBI analy-
ses constrain ↵ = 0.976 ± 0.056 (↵ = 1.013 ± 0.033),
a 5.9% (3.6%) constraint on ↵. This corresponds to a
factor of 3.5 (5.2) improvement over the SBI P+B con-
straints, which are ↵ = 1.014±0.200 (↵ = 0.872±0.170).
An increase in the improvement of field-level constraints
over low-order summary statistics with the analysis cut-
o↵ scale kmax is expected, since the information gain is
due to the nonlinearities in the forward model, whose
significance increases with wavenumber.

Both FBI and SBI P+B results show consistent pos-
teriors between the two kmax values for each inference
method. Their results are further consistent with each
other within 0.2-� (0.8-�). The consistency between the
two analyses (at both kmax) stems from their common
forward model, LEFTfield. The level of consistency
further underlines the precision of LEFTfield on these
scales.

To verify whether the above conclusions generalize,
we analyze an external sample from the publicly avail-
able Uchuu simulation. Fig. 3 shows that the answer
is a�rmative: the FBI analysis yields a factor of 1.9
(2.5) improvement over that obtained with SBI P+B.
Specifically, the FBI constraints are ↵ = 0.941 ± 0.090
(↵ = 0.993 ± 0.053) versus the ↵ = 1.018 ± 0.168
(↵ = 0.900± 0.136) constraints by SBI P+B, at kmax =
0.1 (0.12)hMpc�1, in excellent agreement within 0.4-�
(0.6-�).

In the variant SBI case, which resembles current
standard P+B analyses, the improvement factors be-
tween FBI and SBI P+B constraints on ↵ at kmax =
0.1 (0.12)hMpc�1 are 3.5 (5.2) for the SNG halo sample
and 2.3 (3.5) for the Uchuu halo sample.

Summary and discussion.—In this Letter, we have pre-
sented the first �8 constraints from field-level inference

FIG. 2. Constraints on ↵ = �8/�8,true, from the SNG sample
(see text), at kmax = [0.10, 0.12]hMpc�1. Vertical bands
indicate the 68% limits of the posteriors. The ratios of the
1-� constraints between FBI (blue) and SBI P+B (yellow)
are shown in the upper right corners.

on fully nonlinear biased tracers, specifically N-body ha-
los. Our constraints are based on the validity of the
EFTofLSS on quasilinear scales, and rigorously marginal-
ize over fully nonlinear scales.
We compare these with a simulation-based inference

based on summary statistics, namely the power spec-
trum and bispectrum. Using the same field-level for-
ward model in both analyses, we demonstrate that the
field-level approach significantly outperforms the sum-
mary statistics [Figs. 2 and 3]. Our results show that,
even on quasilinear scales, there is significant cosmologi-
cal information beyond the power spectrum and bispec-
trum. The next question is: where does this information
reside [36, 53]? In future work, we will explore whether
there are other low-dimensional summaries that could ex-
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1Figure 10: Inferred error bar �PS(�) on the BAO scale using pre- and post-reconstruction
power spectrum, relative to that in the field-level inference �F, in the case of Mock A. This
mock was generated (and sampled, in case of field-level inference) using Lagrangian bias.
Pre-reconstruction results are depicted using squares, whereas post-reconstruction results
are represented by stars. It is evident that, even comparing to power spectrum after BAO
reconstruction, the field-level BAO scale inference is more precise, by up to a factor of 1.4,
corresponding to a ⇠ 2 times larger survey volume. [FS: ;-)]

Figure 11: Inferred error bar �PS(�) on the BAO scale from the post-reconstruction power
spectrum, relative to that in the field-level inference �F, in the case of Mock B. Blue points
indicate the scenario where the Lagrangian bias is used in the field level inference, while
orange points correspond to the Eulerian case. The field-level error bar is consistently smaller,
regardless of which bias basis is used in the field-level inference.

7 Discussion and Conclusions499

In this paper, we have presented the outcomes of jointly inferring the BAO scale together500

with the initial conditions, bias and stochastic parameters via the LEFTfield code applied501

to mock data. The mock datasets were created using bias parameters taken from a fixed502

initial condition (FixedIC) analysis on halo catalogues, but at a substantially higher cuto↵503

(or resolution) than those used in the inference. By introducing model misspecification in this504
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• Rapid slowdown in 
single-field inflation 
can lead to enhanced 
curvature 
perturbations ζ on very 
small scales


• If ζ >~ 0.5 over a given 
Hubble volume, that 
volume is expected to 
collapse to a PBH


• Collection of such PBH 
behaves as cold dark 
matter (but see later)


• Alternative / addition 
to WIMPs 

Primordial black holes (PBH)

Choudhury, Panda, Sami (2023)
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Figure 15. Observationally excluded region (shaded) and schematic pictures of am-
plification of the primordial power spectrum P⇣ (black). The individual constraints are
due to CMB and LSS observations (purple [145]), CMB spectral µ- and y-distortion
(red [146, 147]) acoustic reheating (AR) (green [148]; see also References [149, 150]),
induced gravitational waves (orange [151–153]; see also Section VIIA), and PBH over-
production (blue dotted; see also Section VIH). The power spectrum is well determined
on large scales (⇠ Mpc) but the constraints on smaller scales are weak and perturbations
can be enhanced as represented by black plain or dot-dashed lines (these are schematic
forms in the flat-inflection and multi-phase inflation models, respectively). The upper
ticks indicate the horizon mass (VII.1) at horizon reentry of the corresponding comoving
mode as a rough indicator of the primordial black hole mass.

metric extension of the Standard Model of particle physics for example (see the
first papers [156, 157]). There, the inflaton is understood as a supersymmetric
flat direction and its potential is only lifted by a non-renormalisable term in the
superpotential,
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• I don’t know about any of these, so please don’t 
ask…

Constraints on PBH abundance
Primordial Black Holes
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Figure 37. Constraints on the primordial black hole dark matter fraction fPBH for a
monochromatic mass function. The individual bounds are from evaporation (red), lens-
ing (blue), gravitational waves (GW) (grey), dynamical e�ects (green), accretion (light
blue), CMB distortions (orange) and large-scale structure (purple). The evaporation lim-
its come from the extragalactic �-ray background (EGB), the Voyager positron flux (V)
and annihilation-line radiation from the Galactic centre (GC). The lensing constraints de-
rive from microlensing of supernovæ (SN) and of stars in M31 by Subaru (HSC), the
Magellanic Clouds by the Expérience pour la Recherche d’Objets Sombres (EROS) and Mas-
sive Compact Halo Object (MACHO) collaborations (EM), and the Galactic bulge by the Op-
tical Gravitational Lensing Experiment (OGLE) (O). The dynamical bounds are from wide
binaries (WB), star clusters in Eridanus II (E), halo dynamical friction (DF), galaxy tidal
distortions (G), heating of stars in theGalactic disk (DH) and the cosmicmicrowave back-
ground dipole (CMB). The large-scale structure (LSS) limits are due to the requirement
that various cosmological structures do not form earlier than observed. The accretion con-
straints derive from X-ray binaries (XB) and Planck measurements of cosmic microwave
background distortions (PA). Finally, the incredulity limits (IL) correspond to one PBH
per relevant environment (galaxy, cluster, Universe). Note that these are actually lower
bound. The four mass windows (A, B, C, D) indicate regions in which PBHs could have
an appreciable density, assuming the validity of the mentioned constraints. Figure from
Reference [8] (see also Figure 10 of Reference [9] for a more detailed representation of
monochromatic PBH abundance constraints).
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• We start with a radiation-dominated epoch of the 
Universe, where the subdominant CDM component is 
made up of discrete PBH with M ~ 10 Msun


• PBH are locally Poisson-distributed, modulated by 
large-scale adiabatic density perturbations


• Subsequent evolution is just gravity!


• Goal: fully solve for evolution of structure from a 
collection of PBH


• “Full UV theory” of CDM: no effective fluid treatment 
or softening

Structure formation with PBH
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Figure 1: Linear dark matter power spectrum for our PBH scenario. We show the dimen-
sionless form, P(k) ⌘ [k3

/(2⇡
2)]P (k), at z = 102. The Poissonian spatial distribution of

the PBHs manifests itself as an isocurvature white-noise P / k
3 contribution to the power

spectrum (dotted line), which dominates over the standard adiabatic power (dashed curve)
for k & 40 Mpc�1. Scales approximately to the right of the vertical line are represented in
the simulation.

The outline of the paper is as follows. In section 2, we describe the setup of the simu-
lation and the methods used. Section 3 explores how cosmic structure forms and evolves in
the presence of collisional PBH interactions. Section 4 discusses the formation and evolution
of binary PBHs and the gravitational radiation that results from their mergers. Our findings
are summarized in section 5.

2 Simulating primordial black hole dark matter

We adopt a cosmology in which all of the dark matter is in the form of PBHs of average
mass m̄ = 16.487 M�. More precisely, we assume a lognormal mass distribution such that
the PBHs have di↵erential number density

dnPBH

d ln m
=

⇢̄DM
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e�[ln(m/m0)]
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p
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(2.1)

per logarithmic interval in the PBH mass m, and we set m0 = 10 M� and �ln = 1. Here ⇢̄DM '

33 M�kpc�3 is the cosmological mean dark matter density. Forming in causally disconnected
patches of the early Universe, the PBHs have an independent random (Poissonian) spatial
distribution that gives rise to an isocurvature contribution

Piso(k) =
[Diso(a)]2

⇢̄
2

DM

Z 1

0

dm

m

dnPBH

d ln m
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2 (2.2)

to the matter power spectrum at the scale factor a, where Diso(a) ' 2094a
0.901 is the isocur-

vature growth function deep in matter domination (see Appendix A.1; we define a = 1 today).
Figure 1 shows the matter power spectrum associated with this PBH scenario. During the
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• “Full UV theory” of CDM: no effective fluid treatment 
or softening


• Difference to particle CDM (WIMPs, axions, …):


• Collisional effects due to finite N in N-body


• Formation of binary, triple, … systems


• Mergers of PBH: BH kicks and gravitational-wave 
emission


• Accretion onto PBH

Structure formation with PBH



• Consider slightly overdense spherical region within 
volume of ~100 kpc (comoving)


• This region contains ~106 PBH drawn from a 
lognormal mass function (<M> = 16 Msun)


• Initialize at a=3*10-12, actual formation time

Initial conditions
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• Evolution through 
radiation 
domination with 
high-precision-
tuned Gadget4 
(no softening) 
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• Collisional PBH 
simulation 

• Bifrost code

Three simulations
• Collisionless 

PBH simulation 

• Gadget4 
(softened) from 
PBH ICs

• Particle dark 
matter 
simulation 

• Standard CDM 
ICs from same 
adiabatic 
realization
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• Direct-summation N-body code written by Antti Rantala


• 4th-order symplectic integrator, 


• regularization for close encounters and hard bound 
systems (LogH)


• BH spin is followed


• including post-Newtonian corrections (in regularized 
regime) up to order 3.5 (v7), including GW radiation 
reaction


• Out-state of binary BH mergers described by fitting 
formulae derived from numerical-relativity simulations

Bifrost
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[17] D. Inman and Y. Ali-Häımoud, Early structure formation in primordial black hole cosmologies,
Phys. Rev. D 100 (2019) 083528 [1907.08129].

[18] B. Liu, S. Zhang and V. Bromm, E↵ects of stellar-mass primordial black holes on first star
formation, Mon. Not. Roy. Astron. Soc. 514 (2022) 2376 [2204.06330].

[19] S. Zhang, V. Bromm and B. Liu, How do Primordial Black Holes change the Halo Mass
Function and Structure?, 2405.11381.

[20] A. Rantala, T. Naab, F.P. Rizzuto, M. Mannerkoski, C. Partmann and K. Lautenschütz,
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• But:


• Bifrost uses physical coordinates


• Vacuum boundary conditions


• Hence, choice of isolated overdense region for our 
simulation
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Figure 2: Early evolution (from top to bottom) of the simulation volumes. We show the
projected density with a logarithmic color scale; lighter is denser. Due to their initial Pois-
son clustering, the PBH volumes fragment into halos long before any structure is visible in
the particle dark matter volume (left). However, the collisionless PBH simulation (middle)
artificially forms too much structure compared to the collisional simulation (right).
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Collisional vs collisionless PBH simulations

collisionless, z = 417 collisionless, z = 51 collisionless, z = 5.5

collisional, z = 417 collisional, z = 51 collisional, z = 5.5

Figure 5: PBH distribution in a 5.3 comoving kpc box centered on the largest halo. We
compare the collisionless (top) to collisional (bottom) simulations at several times (from left
to right). Each point represents a PBH; their drawn sizes depend on the time shown, but
are the same between simulations. Collisional dynamics represented in the lower panels lead
to a lower density, much lower substructure abundance, and a halo of lower mass (although
this e↵ect is partially artificial, as we discuss in the text).

evaporation is more e�cient for clusters of fewer PBHs, so it could have been important
during the early stages of halo growth, even for halos that would later become too large to
evaporate significantly. Another possible explanation is that many-body PBH interactions
can be important, as we will see in section 3.2.

In figure 5, we show a zoomed-in picture of the largest halo. Further trends are visible
here. Compared to the collisionless simulation, the PBH halo in the collisional simulation
is more di↵use. While the halo in the collisionless simulation has a significant subhalo pop-
ulation, its counterpart in the collisional simulation almost completely lacks substructure.
The absence of substructure in the collisional halo agrees with the results of N -body sim-
ulations of star cluster assembly; in that context, almost all cluster substructure is erased
on a timescale of order 10 Myr [22]. Finally, the collisional dynamics appear to delay the
growth of the halo, resulting in a significantly less massive system at each time (an e↵ect
already visible in the mass functions in figure 4; see also figure 11). However, the last e↵ect
is partially artificial, as we demonstrate next.

The left-hand panel of figure 6 shows how the overall density of the simulation volume
evolves. Due to the selection of the initial conditions, the density within the inner 10.6 kpc
in comoving radius (half that of the full volume) rises significantly over the course of the
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A plethora of multi-body interactions
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Figure 7: Representative sample of the dynamics that lead to ejection of PBHs from the
simulation volume (see figure 6). In each panel, the black PBH is selected arbitrarily from
those that were initially within the comoving radius 10.6 kpc but escaped beyond 21.1 kpc
by z = 99. We depict approximately the time and location of the event that resulted in
its ejection. In each case, we show the three-dimensional PBH trajectory (in comoving
coordinates) over the time range that is indicated, and we include other PBHs (di↵erent
colors) only if they were at any time the nearest or second-nearest to the subject (black)
PBH. Circular markers are evenly spaced in time at intervals of 1/20 the full time range, and
the direction of motion is indicated by the marker’s presence at the ending time and absence
at the starting time. We indicate on each panel the duration and approximate proper length
scale depicted (although the length scale does not have a precise definition). Line and marker
sizes scale appropriately with distance from the viewer. It is clear that ejection results from
many-body (as opposed to two-body) dynamics, except in one case (lower right), where it
results from an asymmetrical PBH merger. Often, other PBHs are also ejected.
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Figure 11: Comparison of halo evolution between the collisional PBH simulation (solid
curves) and the collisionless version (dashed curves). The left-hand panel shows the mass
accretion history of the largest halo in the simulation volume, while the right-hand panels
show the internal structure for a range of times (di↵erent colors, corresponding to the tick
marks in the left-hand panel). From bottom to top, we show the density profile (scaled
by r

2 to reduce the dynamic range), the velocity dispersion �, and the velocity anisotropy
parameter �. Each is averaged over snapshots covering a factor of about 1.2 in the scale factor
a and plotted up to the radius R200 enclosing average density 200 times the cosmological mean
dark matter density. For the collisional simulation, we plot down to a minimum radius that
encloses 100 PBHs across all (⇠ 100-1000) snapshots included in the time average, which
typically encloses an average of a few PBHs. For the collisionless simulation, we plot down
to 3 times the softening length, since this is about the distance below which forces become
artificially non-Newtonian.

relaxation as

trel(r) ⌘
N(r)

8 ln N(r)

s
r3

GM(r)
(3.4)

(e.g. [67]), which we take to be a function of radius r within the halo. Here M(r) and N(r)
are the mass and PBH count, respectively, enclosed within the radius r. The interpretation
is that over the time trel(r), two-body encounters are expected to e↵ect O(1) changes in the
velocities of PBHs below the radius r. In figure 12 (lower left panel), for a range of times,
we compare trel(r) to the age of the Universe.

The evolution of the halo density profile in the collisional simulation, shown in figure 12,
can be interpreted as follows. The vertical lines indicate for each time the radius r at
which the age of the Universe tage equals the relaxation time trel(r). Apparently, collisional
relaxation requires around an order of magnitude longer than the relaxation time, i.e. tage &
10trel(r), to significantly reduce the halo density at the radius r. We also mark the same
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Figure 4: Comparison of halo mass functions between the collisional PBH simulation (solid
curves) and the collisionless version (dashed curves) at a range of times (di↵erent colors). The
left-hand panel shows the cumulative mass function. As a function of M , we plot the fraction
of PBH mass that resides in halos of at least the mass M . The right-hand panel shows the
di↵erential mass function, i.e., the fraction of mass in halos of mass M per logarithmic mass
interval. Here we use a Gaussian kernel of width 0.3 e-folds. Collisional dynamics appear
to suppress the abundance of low-mass halos by a factor of a few. The growth of the most
massive halos is also delayed by collisional heating, which we explore in section 3.2.

of PBHs already by z ⇠ 1000. In contrast, the particle dark matter volume does not form
significant structure until z ⇠ 10. For the particle dark matter, some artifacts of the initial
grid are visible (i.e., the diagonal patterns).

3.1 Halo mass functions and substructure

Figure 4 shows the halo mass functions in the PBH simulations. We identify these halos
using the friends-of-friends algorithm [63] (as implemented in Gadget-4) with the linking
length 0.2n̄

�3, where n̄ is the cosmological mean number density of PBHs. Only halos of
32 or more PBHs are considered. We evaluate the M200 masses of these halos, i.e., the
masses of the spheres enclosing average mass density 200 times the cosmologically averaged
density in PBHs. For the collisionless PBH simulation, these spherical-overdensity masses are
evaluated by centering on the most gravitationally bound particle, as is natively implemented
in Gadget-4. For the collisional simulation, however, the minimum of the potential can be
entirely disconnected from the center of the halo, since it can indicate a binary system or
close encounter instead. Therefore, in this case we simply use the center of mass of the
friends-of-friends group.

The mass functions in figure 4 quantify the halo abundance trends that were visible in
the density fields. Halos of at least 32 PBHs begin to form around z ⇠ 1000 and comprise
more than 10 percent of the mass by z ⇠ 400. We show the mass function only down to
redshift z = 51 because at later times, the mass is dominated by a few large halos. Compared
to the (artificial) collisionless PBH simulation, collisional dynamics suppress the abundance
of halos below ⇠ 3 ⇥ 104 M�, i.e. halos of fewer than about 2000 PBHs, by a factor of 2
to 3. This suppression of the halo population is much more serious than what standard star
cluster evaporation arguments would predict (e.g. [64]). One possible explanation is that
unlike star clusters, PBH halos grow gradually over cosmological time scales. Collisional
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Figure 12: Collisional evolution of the largest halo in the simulation volume. The upper left
panel shows the density profile for a range of times, similarly to figure 11. Below it, for the
same range of times, we compare the collisional relaxation time to the age of the Universe.
Relaxation-induced formation of a finite-density core becomes significant when the age of
the Universe is around an order of magnitude longer than the relaxation time scale. The
upper right panel shows the number of PBHs within each radius in the halo, while the lower
right panel shows the average mass of PBHs below each radius. Collisional mass segregation
becomes significant already when the age of the Universe equals the relaxation time scale
(vertical lines).

tage = trel(r) radius with tick marks (only for z  55) in figure 11, which shows the velocity
distribution. This confirms that major di↵erences in the velocity structure of the collisional
halo, compared to the collisionless version, appear outside the regime where relaxation is
important, suggesting that they are indeed due to binaries.

Mass segregation is another important consequence of collisional dynamics. Two-body
collisions tend to transfer energy from heavier to lighter PBHs, making the heavier PBHs
sink to the center of the system while the lighter PBHs are elevated. On the right-hand
side of figure 12, we show how the PBH count N(r) and the average PBH mass m̄(r) vary
as a function of the enclosing radius r. Both quantities begin to evolve significantly, with
N decreasing and m̄ increasing, when tage & trel(r). That is, mass segregation becomes
important over a time scale of order trel, even though significant changes in the overall
density take an order of magnitude longer.

Figure 13 shows a broader picture of the collisional evolution of the PBH halos in our
simulation. We consider all gravitationally self-bound clumps of at least 20 PBHs, identified
using the subfind algorithm (as implemented in Gadget-4), and we show their distribution
in total bound mass M and half-mass radius rh (which encloses mass M/2).4 For comparison,

4
For the collisional PBH simulation, we properly take the gravitational softening length to be 0 for this

analysis. Since self-potentials diverge without softening, we modified Gadget-4 to ensure that self-potentials

are never evaluated. To avoid inappropriately centering on a hard binary, the half-mass radius is evaluated

about the center of mass instead of the potential minimum.
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Figure 8: Distribution of peculiar velocities (weighted by PBH mass), comparing the colli-
sional PBH simulation (solid curves) to the collisionless version (dashed curves). The upper
panels show the instantaneous velocities, while the lower panels remove the contribution from
short-period orbits by considering the average velocity over about 15 percent of a Hubble
time. From left to right, each panel corresponds to a later time. Evidently, collisional dynam-
ics significantly alter the overall velocity distribution, creating a very-high-velocity tail. At
early times, this tail is mostly associated with orbital motion within hard binaries. However,
at late times, the lower right panels indicate that a significant portion of the tail is associated
with long-distance streaming.

3.3 Backreaction onto large-scale dynamics

The presence of such a hot population of PBHs can a↵ect structure formation at scales
much larger than what we are able to simulate. Hot dark matter suppresses structure in
the perturbative regime because it streams out of overdense (or underdense) regions. With
less gravitating mass remaining in the density perturbations, they grow in amplitude more
slowly. Particles of peculiar velocity v suppress perturbation growth on mass scales smaller

than about the Jeans mass, M ' 2.92v
3
G

�3/2
⇢̄

�1/2

m a
3/2 (e.g. [67]), corresponding to that

velocity. Here ⇢̄m ' 39.5 M� kpc�3 is the present-day cosmological mean matter density, so
⇢̄ma

�3 is the mean matter density at scale factor a. Consequently, the streaming of particles
with peculiar velocities v exceeding

v & 0.7G
1/2

M
1/3

⇢̄
1/6

m a
�1/2 (streaming) (3.2)

suppresses structure growth on the mass scale M . Additionally, hot PBHs would escape from
(or not accrete onto) virialized structures. The escape velocity from a system of mass M and
radius R is around v =

p
2GM/R, but for a virialized halo, M = 4⇡

3
R

3�vir⇢̄ma
�3, where

– 14 –

High-velocity tail from 3-body 
interactions & kicks

-> W/HDM component is 
generated dynamically!

Lower panel:

Attempt to remove 
binary velocities



• Distinguish between binaries formed during radiation 
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formation (late)
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Figure 16: Distributions of initial orbital elements of PBH binaries. We show the dimen-
sionless angular momentum j (upper left), eccentricity e (upper right), semi-major axis ra

(lower left), and scale factor af of binary formation (lower right), all evaluated when the
binary is first identified in the simulation. For the j and e distributions, the dashed blue
lines show the expected values for a thermal distribution. For the af distribution, the darker
red color indicates early binaries identified at af < 10�5. The spike in binary formation at
af = 10�5 is due to the di↵erent criteria used to identify binaries before and after this time
– and we note that the formation time of binaries should be treated as approximate, as it is
dependent on the (somewhat) arbitrary criteria used.

tion (4.3) closely resembles the mass ratio distribution for early binaries in the simulation.
In contrast, the members of late binaries tend to have more equal masses, likely due to the
expulsion of all low-mass PBHs from the cores of the PBH clusters.

4.2 Initial distribution of binary orbits

We now turn our attention to the distribution of binary orbits, shown in figure 16. We
evaluate the orbital elements at the time that each binary was first identified in the simulation,
although binary orbits evolve over time, as we will see later. We also show the distribution
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• Current LIGO/Virgo/Kagra limit:


• Apparently provides very tight constraint on PBH 
mass fraction, but needs a more careful calculation…
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Figure 21: Energy density ⇢GW in gravitational radiation compared to the mass density ⇢̄DM

of the PBHs. At late times, the ratio is steady at about ⇢GW/⇢̄DM ' 2⇥10�4. Extrapolating
this behavior up to z = 0 (dotted line) leads to an energy density parameter of ⌦GW ' 5⇥10�5

today. More conservative extrapolations (dashed lines) lead to ⌦GW ⇠ 10�6 or 10�5 by
neglecting radiation produced after z = 30 or z = 5.5, respectively.

figure 1). Thus, we e↵ectively study a rare region in which the adiabatic modes are small. A
larger simulation volume is needed to assess the impact of the large-scale adiabatic structure
on the PBH dynamics that lead to gravitational radiation. For example, halos of much larger
mass than those in our simulation would begin to form around z ⇠ 30, when the adiabatic
modes start to become nonlinear.

However, we can consider a very conservative assumption that the production of gravi-
tational waves stops at z = 30. As we show in figure 21, this assumption leads to ⌦GW ⇠ 10�6

today. This energy density parameter still vastly exceeds the LVK limit – but only if enough
of the radiation produced at these redshifts lies within the appropriate frequency range. In a
followup paper, we will characterize more precisely the gravitational radiation produced by
the PBH mergers.

5 Summary

We have presented the first simulation of cosmological structure formation out of PBH dark
matter that consistently incorporates few-body dynamics as well as relativistic e↵ects. The
simulation volume is of comoving size ⇠ 40 kpc and contains of order 100,000 PBHs of mean
mass 16.5 M�. We have carefully constructed the initial conditions, including initializing the
simulations with a population of early-formed binaries. Our main findings can be summarized
as follows.

The random initial spatial distribution of the PBHs gives rise to a white-noise (Poisson)
isocurvature contribution to the power spectrum, leading to significant halo formation by
z ⇠ 400. However, we find that collisional dynamics suppress the abundance of these halos.
Collisional dynamics also decrease the internal density of PBH halos over time, in contrast to
a collisionless case where the high initial density of early-forming halos is roughly preserved.
Inside a PBH halo, collisional relaxation causes mass segregation on a time scale of order the
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But the prediction is wrong, and figure 19 shows that numerous late binaries did merge dur-
ing the simulation. This may be evidence that mergers of late binaries are dominantly driven
by interactions with other PBHs, not primarily through gradual collisional hardening of the
semi-major axis, but instead because each collisional interaction results in a new random
eccentricity e (drawn from the thermal distribution with f(e) / e). Due to the extremely
strong sensitivity of the coalescence time in equation (4.9) to the binary eccentricity, coa-
lescence can occur rapidly when a su�ciently high e is drawn. This stochastic mechanism
was noted by ref. [89] to be an important channel for mergers of binary black holes in star
clusters, and it was also considered by ref. [90] as a possible driver of black-hole mergers
in systems of lower density. It would naturally predict a very poor correlation between a
binary’s orbit and the timing of its future coalescence.

We conclude therefore that, for large PBH fractions (in this case, fPBH = 1), while we
can make a good prediction for the initial abundance of binaries and their orbital parameters,
these provide an extremely poor estimate for the times at which the binaries coalesce, and
therefore also the merger rate. This outcome agrees with the results of RSVV, who found
that their analytical framework is not accurate when fPBH & 0.1. The reason for the large
disagreement between the initial predicted and observed coalescence times in the simulation
is the interaction of binaries with other nearby PBHs, which strongly perturb the orbit of
the binary. Further study in order to calculate accurate constraints on the PBH abundance
arising from the observed LVK merger rate is therefore recommended. A more detailed
study of the formation and evolution of binary systems, and the merger rate (and resulting
gravitational wave signals) in the simulation, will follow in a second paper.

4.5 Stochastic gravitational-wave background

Although we postpone a detailed study of binary mergers to a second paper, we can estimate
the abundance of gravitational radiation based on the results of section 3.3. Recall that
approximately 0.1 percent of the PBH mass was converted into gravitational radiation by
the end of the simulation at z ' 5.5. We can consider the fraction fconv(a) ⌧ 1 of the initial
total PBH mass that has been converted into radiation by the scale factor a (black curve in
figure 10). The energy density of the radiation is then

⇢GW(a) = ⇢̄DM(a)

Z a

0

da1

dfconv(a1)

da1

a1

a
, (4.10)

where ⇢̄DM(a) is the mean mass density in PBHs at a. Figure 21 shows the evolution of ⇢GW.
By the end of the simulation, the relative energy density in gravitational radiation is fairly
steady at a value of ⇢GW ' 2 ⇥ 10�4

⇢̄DM.
If continued PBH mergers were to maintain the same relative level of gravitational

radiation up to z = 0, the energy density parameter of the gravitational radiation would
be ⌦GW ' 5 ⇥ 10�5 today. Alternatively, neglecting all gravitational-wave production after
the end of the simulation leads to ⌦GW ' 10�5 today. LVK limits on a gravitational-wave
background [91] are frequency-dependent but generally lie around ⌦GW . 10�8 per e-fold in
frequency. Thus, even if only a small fraction of the gravitational radiation were to lie in the
LVK frequency range, the PBH scenario that we consider would be ruled out.

This conclusion assumes that the simulated region is typical. As we noted in section 2,
our simulation region is somewhat special because it is centered on a 3� density excess in
104 PBHs (about 105 M�). More importantly, the simulation volume is small enough that
it excludes most of the standard adiabatic contributions to the matter power spectrum (see
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• The universe might well contain a population of 
primordially formed BH


• Constraints on PBH <=> constraints on primordial 
curvature perturbations on scales (k ~ 106 Mpc-1) 
that cannot be probed directly otherwise


• First fully consistent simulations of structure formation 
with PBH yield a multitude of interesting dynamical 
effects and observational consequences


• Expect tight constraint from GW background limits!


• Future: consider mixture of PBH and particle DM

Conclusions
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