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Introduction to Polymers

A polymer is a large molecule (macromolecule)

' ?
What is a pOIVmer : composed of repeating structural units (monomer).
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Q 0 a Polymerization
Polymer
Monomers

3,

Polymeric materials form a large and important class of soft condensed matter.
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Natural Polymers

DNA, RNA Polynucleotides
Proteins Polypeptides
http://www.pdb.org
b h’ b Starch (Potatoes , Wheat)

Cellulose (Wood, Paper, Cotton) Polysaccharides
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What are polymers?
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Photo: L. Falk
Plastic, rubber, A Frisbee is a mixture Each polymer The monomer is
plexiglas, gels and of crystalline molecule consists of specific for every
textile fibres such as  (grdered) and linked basic units —polymer and
nylon and polyester amorphous called monomers. The determines the name
are all synthetic (disordered) polymer Nhumber of monomers  of the substance. A
materials made of structures. in a chain can be very Frisbee is made of
polymer molecules. This makes the large, from thousands polyethylene which
material both strong  to several millions. consists of linked
and flexible. The chains may be ethylene (CHZCH2)
entangled like
. monomers.
spaghetti (as above) H H
or be ordered in ]
crystalline formations. %?C}
H H/,

from http://nobelprize.org/nobel_prizes/physics/laureates/1991/illpres/polymers.html

Applications: plastics, paint, adhesives, fibers, fabrics, tires, flooring(vinyl and carpeting),
molding, packaging, automotive, pipes, valves, tanks, electronics, lubricants, sports goods,

shampoo, cosmetics, agriculture, optics, CD’s, etc.
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Synthetic Polymers

Polymers may be synthetic in origin; plastics such as polystyrene (PS) and polyethylene (PE) are polymers, as are the
components of many glues, fibers, and resins (== Al).
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The Variety of Polymeric Materials

A polymer is a giant molecule made up of many repeat units covalently joined together
in the form of a long chain.

In some long-chain, the objects, the subunits, are joined not by covalent bonds, but by
physical ones. Examples of this are the giant worm-like micelles formed in some
amphiphile solutions and the actin filaments.

Such objects are sometimes called living polymers and they can change their length in
response to changes in the environment. This contrasts with the more usual covalently
linked polymers, in which the length of the molecules is fixed during the polymerization
process.

In this lecture, we restrict our attention to covalently linked polymers, but even here we
find tremendous variety. For the time being, let us review this variety, before discussing
those polymer properties that are more universal.




Polymer Chemistry

The repeating units are called monomers.
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Polymer Chemistry

Polymer chemistry is a predominant branch of organic chemistry; most polymers are
based on carbon. But even with this distinction, there is a huge variety of possible
structures and the polymers follow different properties from the different structures.

Some examples are shown in the figure. the simplest chemical structure is a carbon
main chain with two hydrogen atoms per carbon—PE.

The main chain can incorporate atoms which are not carbon, i.e. nylon 6-10.

The main chain can involve loops, such as amylose, or it can be multiply connected,
forming a ladder structure, such as poly(dioctylfluorene).

Some polymers do not involve carbon in their main chain at all, such as poly(dimethyl
siloxane).

Here we don’t mention of the many synthetic routes by which polymers are made at all.
However, physicists should recognize the tremendous intellectual and practical
achievements of polymer chemists, who have devised synthetic routes allowing precise
control of polymer composition and architecture. Without these developments, few of
the advances in understanding made by polymer physics would have been possible.
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Sequence and Structural Isomerism

H CH; H H
H H H H
Example of sequence isomerism are shown C C C C
in the figure. /% \C/ \C/)/ /P \C/ \C
(head-to-head isomer and head-to-tail H H N/2 H H N2
isomer of polypropylene)
CH; H CH, CH,
Head-to-head polypropylene Head-to-tail polypropylene
Polymers that contain a double bond in their H H H H,C HZC\C
backbone can exhibit structural isomerism. \C _C/ \C _C/ "
Cis-, trans- and vinyl-polybutadiene are / - \ / - \ I
shown in the figure. — CH, H,C —CH, H \C/CH N
H,
cis trans vinyl
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Stereoisomerism

If a polymer has more than one type of chemical groups attached to each main chain carbon
atom, different arrangements of the groups are possible. The figure below shows three
possible arrangements of a simple carbon main chain polymer with two different groups per
carbon atom. For example, if X is a hydrogen atom and Y is CH,, this would be

polypropylene.

There are two regular arrangements of side groups:
these are called isotactic and syndiotactic. In these,
the similar side groups appear on the same side of
the chain or on alternate sides, respectively. If the
arrangement of the groups is random, then we have
an atactic polymer.

The importance of the atactic arrangement is that it
involves quenched disorder. The energy barriers to
rotation of the side groups are so large that once the
arrangement is set in place during the synthesis of
the polymer, no rearrangement of the groups occurs.
Thus even at absolute zero, there will still be
some residual disorder. The quenched disorder
inherent in atactic polymers means that these
molecules usually find it impossible to crystallize—
at low temperatures these materials form glasses.

12
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Structure of Polymers

branched polymer

« Linear Polymer
» Linear polymer consists of a long chain of skeletal atoms to
which are attached the substituent groups.
« Examples: PVC, PMMA, PE, Nylon u?jz

* Branch Polymers

 Linear polymers with branches.
linear polymer
* Network Polymers
» Chemical linkages exist between the chains.
« Star Polymers
« Have arms (3 or more) radiating from a common core. star polymer

« Ladder Polymers
* Consist of linear molecules in which two skeletal strands are

: : . ) network polymer
linked together in a regular sequence by crosslinking units. POLY

Ladder polymer
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Copolymers

In many polymers, the molecule is formed from a single type of repeat unit—such molecules are called homopolymers.

However, other polymers are composed of more than one type of repeat unit. They are called copolymers. Copolymer
molecules consist of two or more chemically distinct monomer units.

Molecules with strikingly different properties are obtained according to the way in which the different repeat units are arranged.

A purely random arrangement of repeat units gives a random copolymer. Once again, the random distribution of
groups gives a molecule with quenched disorder and this generally prevents these materials from crystallizing well.

Apart from this, the properties of such random copolymers are often found to be intermediate between the properties
of the two homopolymers formed from the two repeating units.

-—A'A\
AN B : B A
\ A B B B A
AAp A ABg A BBg A
h A‘AﬁA"‘AhﬁA A AHA—B’BMP{A \B A‘AﬁA‘AhﬁA
“A~p AN . -B~p oo \ . -B-p.
A ATTAAA A g A BApB A gBBBRE A
/ A\A 1 / B\ I / -s.A 1
A W A A B, B B W A
AR AB-AB’ AAA
Homopolymer AB Random Copolymer AB Diblock Copolymer
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Copolymers
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Homopolymer AB Random Copolymer

Dramatically new properties emerge if the different
repeating units are arranged in blocks. In such a block
copolymer, if the two (or more) types of repeating unit are
very different chemically, they may have a tendency to
phase-separate.

But because the blocks are covalently linked, complete
macroscopic phase separation is not possible. Instead, they
microphase separate into a wide variety of possible
complex morphologies (see later slides).
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+—A-A-A-A-A-A-A-A-A-A-A---
...~A-B-A-B-A-B-A-B—--- B B B
Alternating ];3’ B B
BB
B B B
...~A-A-B-A-B-B-B-A-A-B-A---- : : ;
Random Graft
...-.A~A-A-A-A-B-B-B-B-B-B—--  ----A-A-A-B-B—-- -B-B-A-A-A—--.
Diblock Triblock

....A~-A-B-B—.---B-B-A-A —.-—A-A-B-B —...-B-B-A-A — -
15 Multiblock




Copolymers

A final, very special class of copolymer is formed by the biopolymers DNA and proteins.

These are made up from repeating subunits of different chemical types which are arranged
in a strictly prescribed, but non-periodic sequence.

At first sight, such sequenced copolymers are similar to random copolymers, but there is a
profound difference.

The synthesis of a sequenced copolymer produces just one arrangement—a sequence that
has been selected by evolution to have a particular property.

In the case of many proteins, this property is the ability of a single molecule to self-
organize into a complex but well-defined three-dimensional structure.

16



Molecular Weight

According to the way in which they are synthesized, chains may be linear or branched. Examples of linear / IT' |T| \
polymers are high-density polyethylene and most simple proteins. C—C

] /

H n

Linear polymers are completely characterized by the number of repeat units present in the chain, the \ H
degree of polymerization, N. This is proportional to the relative molecular mass of the chain, M: the
mass of one mole of these molecules.

For example, a polyethylene molecule consisting of N = 1000 chemical monomers, each with molar mass
Mon = 28 gmol ™1, has a molar mass M = 28000 gmol~1. It is often stated that M = 28000 Da
(Daltons), where

1Da = 1.66053906892(52) x 10727 kg

20 2070 & O[5l ZA+E oligomer2t 2 2 &/ StH7| = SHC,
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Molecular Weight

Almost all synthetic polymers are made by processes that yield not a single degree of
polymerization, but a distribution. This distribution can be characterized by various
averages, of which the most important are the weight average and the number average.

The number average molecular mass M, is the ordinary arithmetic Z N;M;
mean of the molecular masses of the macromolecules. Assuming M, =
that for each i, the number of molecules of molecular mass M; is N;, Z N,

|

N .M ?

The mass average molar mass or weight average molar mass M, is M = Z.: -

calculated by w Z N.M.
i

Q. why do we care the latter?

A. It can be easily measured experimentally via static light scattering, small angle neutron
scattering, X-ray scattering, and sedimentation velocity.

18




Dispersity

The ratio of these two averages shows the broadness of the chain length distribution, and is
known as the dispersity D (previously called polydispersity index, PDI).

The dispersity of synthetic polymers, particular those that are commercially available in
large quantities, poses substantial difficulties in understanding their properties. Fortunately,
for the point of view of fundamental studies, chemists have been able to devise synthetic
routes to obtain polymers with narrow distributions.

If the polymers are monodisperse (all chains have the same length), the dispersity b = 1.
As the chain length distribution becomes broader, its value increases.

Problem: Consider a mixture containing number fraction 0.5 of chains with molar mass 10° gmol™~?!
and number fraction 0.5 of chains with molar mass 2 x 10> gmol~?. Calculate its dispersity D.

M, = 0.5 x (10°+2 x 10%) = 1.5 x 10° gmol ™!

0.5 X (101%+4 x 1019 : 9 9
w = 1T % 105 = 1.67 X 10° gmol

19




Both synthetic and natural polymers may be branched. For example, low-density
polyethylene contains many branches. Once again, these branched points introduce
quenched disorder and hinder the formation of crystals. The presence of branches also has

profound effects on their rheology as we see later.

As more and more branch points are introduced to a polymer system, one can create a
network that spans a macroscopic volume. In this case, the polymer molecule essentially
assumes macroscopic dimensions. Examples of such networks include vulcanized rubber
and cured epoxy resins. Curing is a chemical process producing toughening or hardening of

a polymer material by cross-linking of polymer chains.

20
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Polymeric Liquids

Polymer solution = polymer solute + solvent

Polymer solution 112 XH(polymer) 7t £ 0l (solvent)0f| =0 &
= oot =2¢t= 0|}

et ——
0| SH2 WL} AHSO0| BO) 2SI} LS EBSD] LALE AEf l >
2 ZRSHe A|AHOR DER0l sE0 BAIE, 8040 FF, | =
2% 50| w2t S53 22|X 4TS LEHTH POYMEN ——@) & &
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Polymeric Liquids

Single polymer molecule images
recorded using a MultiMode
microscope equipped with a fluid cell.

A sharp coil-to-globule transition of a
poly(2-vinylpyridine) molecule upon
pPH change has been observed in this
AFM images. (Roiter, Y. and Minko, S.,
J. Am. Chem. Soc. 2005)
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= Polymer melts : In the absence of solvent, polymers become
liquids above the melting temperature.

= They can be considered as incompressible fluids.
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Phase Transition and Melting Temperature
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Physical state

At a given temperature and processing route, polymeric materials can be found in a variety
of physical states.

Liquid

» Polymer melts and solutions are liquids, but they often are very viscous and show marked

viscoelastic properties. Dilute solvent and melt are fundamentally different.
Glass

» Because of the difficulty of crystallizing polymers, polymer glasses are very common. Familiar

examples include PS and PMMA.
Crystalline

« Polymers sometimes can crystallize, but usually, crystallization is not complete, owing to the
Kinetic limitations and the presence of quenched disorder.

* Insuch semi-crystalline materials, very small crystals exist in a matrix of amorphous material,
which can be in either a liquid-like or glassy state. Familiar examples of semi-crystalline
materials include synthetic polymers such as PE as well as natural materials like starch.

Liquid crystalline

« Some polymers are rather rigid molecules, which can line up to form liquid crystalline phases.

These can form the basis of very strong engineering materials, like Kevlar.
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Polymers

Linear chains

Branched chains
Dendrimers

Polyelectrolytes

* monomer;
* oligomer;

Dilute solution Semi-dilute Rubber Nematic L .
solution (Elatomer)  Elastomer p O lym € r'

26




Statistical Physics of Polymers

In order to understand the properties of
polymer, which is a large assembly of
molecules, we need to use statistical physics
to calculate the characteristics of an isolated
polymer.

A polymer molecules has many internal
degrees of freedom, for example the rotational
freedom about each C-C bond in the
polyethylene molecule, and so it can take on
many different configurations.

(a) (b)

Fig. 1.1 (a) The atomic structure of the polyethylene molecule. (b) An overall
view of the molecule. There is rotational freedom about each C-C bond, so
the molecule as a whole resembles a long, flexible piece of string.

27



How do we model and simulate polymers?

1. Consider all the atoms as particles with given interaction.
2. Throw in all the atoms in the box and do molecular dynamics (MD) or Monte Carlo(MC) simulation.

prp gl
y .\,5“(.;,\”‘5_ 4 ’;" * Ons 3ns 90 ns 420 ns
? PPN M‘ﬂ
IR LAY St “"R';uj::".,tv“;;'lh 3
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o Ay LBy 3 NalA o4 N AR
ﬂ,;"y’ e S e AR

b 5 o . 5 e o % o iRl . cal ¥ & = b KF‘-
‘-Jp },‘» b RN TG Ra & A R T ] S A e O O S /1 .~$‘
LR SR ‘3/—0 ﬁ" Y At PR s S Ao . Sy U 0 P TR e, 08 (e gy AR TR ‘»7‘?}" lipid 4
¢ P 3N & A RO B R ATE N E Y8 T B oBs s 0 e Bk SANE A DL SO RS B 14 1 842, Phospholipid §
» 5 3 2 o DY KAy sl 1‘ 4 (R f . ﬂ\‘_‘ 2¥°, e L £ X ,--/; e /"), 7. ‘\ ’“ i R A 4 ) ‘- g :lf
; ' 'v- ? J ¥ £y % o s ) ;\'.‘.'. ,"2“,‘> NS ".:u. VAR - «

All-atom MD simulation of water molecules (from Wikipedia) So-Hee Son et. al. Nature Comm., 13, 3612 (2022)

Possible Simulation Tools:
GROMACS, AMBER, CHARMM, OpenMM, in-house codes, etc.
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https://www.nature.com/articles/s41467-022-31400-6#auth-So_Hee-Son

Coarse-Graining of Polymers

2. Coarse grain the molecules (cow is spherical, right?), then perform simulations with “beads” and “springs”.

+++—CH—CH—CH,—CH—CH,—CH—" - - : —+CH,—CH-}-
» Major parameters
* N : Polymerization index (segment number)

* a: Segment length

= W.m * po 't Segment volume

One long polymer is a collection of many monomers. Each monomer can be
represented by a bead. Here, a green bead is used for one styrene monomer in a

polystyrene (PS) chain.

Possible Simulation Tools:
Usually, we collect a few monomers to call it a segment, and then, a polymer is HOOMD-Blue, LAMMPS,
a collection of N segments of statistical segment length a. and each segment in-house codes, etc.

has volume 1/p,.

When the discrete nature matters, a more convenient choice is to consider that
a chain consists of N + 1 segments connected by N equal bonds.

29




Coarse-Graining of Block Copolymers

» Diblock copolymers consist of two (A and B) distinct blocks joined together.
« fis used to represent the fraction of A in the polymer, 1- f is the fraction of B.
» N represents the incompatibility between blocks.

- 1T 7. Coarse-graining
*/ [ [
ocgie
= -“n L <M
Diblock Copolymer

*  Major parameters
000000000000 * N : Polymerization index (segment number)
. f . Volume fraction of A block
A a B o
¢N: Incompatibility between A and B block
_ _ _ _  a:Segment length
N=12, Npo=6, f= NA/N =05 *  po ! Segment volume

30




Freely Jointed Chain (FJC) Model
I

1

A \Q a=r-r, §(|R|—a)

a, a=a 9=

Only nonzero at the surface
of a sphere of radius a.

Arra’

I
Idea: In one polymer chain, there are N+1 segments. The segments can be treated as beads taking the mass of the polymer,
and the length between the beads is fixed; Essentially, the N+1 beads are connected by N rigid rods of length a. The
position of each bead is labeled as r; (i=0,1, ...,N).

Essentially, we are separating parts determining volume (beads) and length (rod).

We assume the rods are completely flexible so that the energy does not depend on the joint angle. You may think that this
model is unreasonable considering its chemical structure. The well-established universality of polymers allows one to fit a
long enough polymer to this model by adjusting N and segment length a.

Additional interaction between beads can be added later using a proper potential energy term.

If no such potential energy is given, it simply becomes 3D random walk problem.

31




Random walks and the dimensions of polymer chains

Let us find the universal behavior of polymers in terms of the overall dimensions of a
polymer chain, and how these are related to its degree of polymerization N. Here is an
extremely simple model quantitatively accounting for many properties of polymer chains
and provides the starting point for much of the physics of polymers. This model is that of an
ideal random walk, which is realized in the idealization of a freely jointed chain.

The freely jointed chain and its Gaussian limit

In this model we consider a chain with N links, each
of which has length a (hence there are N+1
segments). The different links have independent
orientations. Thus the path of the polymer in space is
a random walk. The end-to-end vector r is simply
the sum of the N jump vectors a; which represent the
direction and size of each link in the chain:

N
r=a,+a,+a,+-+a, =) a
i=1

The average of the end-to-end vector is zero. The
average of its square is

32




Picking out the N cases where i = j we have <r2> = <Z ai2>+ <Z:ai -aj>
i

i# ]

If the chain is freely jointed, the directions of different links are completely uncorrelated
and the cross-terms disappear when the average is taken. We recover the familiar random
walk result

(r)=Na® or Ry=(r')=N"a  a=[a|

The overall size of a random walk (the natural size of a polymer, R,) is proportional to the
square root of the number of steps.

What is distribution of possible end-to-end distances?
In the limit of large N, the probability distribution function P(r, N) is given by the
Gaussian function. (Proof in next slide)

3 " 3r2
P(r.N)= (ZnNazj exp[— 2Na2]

This expression is very important in understanding the physics of polymers. The
configurational entropy S(r) of a polymer chain as a function of its elongation is

2

S(r)=- 3k|\E|‘r2 + constant
a
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Central Limit Theorem for 3D FJC

J-th monomer of the freely jointed chain has uniform orientational distribution from the (j—1)-th monomer.

: 1 :
P(r,J):EJ‘an(r—an,J—l) f(r): 21 3Idkeik-rf(k)
This relationship can be recursively applied in the Fourier space, ( 7[)
. 1 —iak n . . . I
P(k,J)= E.‘-dne TPk, j-1) = j, (a|k|) P(k, ]-1) Jo(X) = SInx (Spherical Bessel function)
X
P(k,N)=[ J,(alk])]" P(k,0) P(r,0)=5(r), P(k,0)=1
1 icr [ N
P(r,N)= dke™"| j, (alk
(k)]
1 ik a 312
~ 3 Idkek 1- 6 _[dxex (—Ax2+b-x)—(£j ex i
(27[) I ] P = A P oy
1 (a|k|)2 : 3\ 3r?
~ dkexp| ———— N +ikr P(r,N)=~ —
(27[)3I p( 6 ’ (r:N) (ZﬂNazj =P 2Na’
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When we stretch a polymer chain, its entropy is lowered. (How can you do that? Maybe
one can use optical tweezers.) This results in an increase in the free energy F(r):

3K Tr? 3k T
F(r)= Iilaz +constant  f(r)=-VF(r)=- NZZ

r

A polymer chain behaves like a spring with spring constant —3kgT/Na?; if it is stretched
beyond its ideal random walk value there is a restoring force proportional to the extension.
This restoring force does not arise from an increase of internal energy of the polymer, as it
would for a spring. The origin of the force is entirely entropic. There are fewer possible
configurations of the polymer chain when it is stretched compared to the random walk state.
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https://en.wikipedia.org/wiki/Optical_tweezers

Beads — Spring Chain (BSC) Model

« Basic Idea: Again, the volume is contained in the N+1 beads.

» As the distance between two beads increases, there is higher entropy loss. This can be represented by a spring
potential. (Now the restoring force arises from an increase of internal energy of the polymer.)

V = fh(r —r)’ = Nz_li(r —r)°
— 2 1+1 1 — 2a2 1+1 I

By appropriately setting k = 3/2a?, we can make the RMS length of each bond to be a. By using
the potential as Boltzmann factor, the above bond function can be obtained.

o« DL OZEO| FIHMQl interaction energy FA| =20 HA ZH Aoz S + UL
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Central Limit Theorem for 3D BS Chalin

The probability distribution function of the end-to-end vector R of the chain consisting of N segments :

P(R,N)=[da, [da,-[day & R—ian)lﬁlﬂ(an) F’l‘”z(zfajm“p(‘%
n=1 n=1

Gaussian integral
ikr (refer to a book, Doi and Edwards, Appendix 2.1)

P(R,N):ﬁjdafda jda jdkexp[lk ijl
ik~Rjdaljda jda Hexp (-ik-a,)P(a,)

“#[ [ drexp(-ik-r)R(r) |

1 (3 2 32\ |
= dke*R| | d —ik-r———
(27)* (27razj I ° {J’ rexp( ! 2a’ H

N
1 i a’k?
= dke™*® exp[— j 3/2 )
(27) I { 0 jdx exp(—Ax* +b-x) = (%) exp(Z—A]
21,2
= (21)3 jdkexp(— Na6k +ik-Rj
T
3 312 3R? -~ End distance is also Gaussian
(ZnNa ) Pl 7 oNa? .




Real polymer chains—short-range correlations

The freely jointed chain model has the appearance of being rather unphysical. We know
from elementary chemistry that successive links in a polymer chain are not free to rotate,
but instead are constrained to have certain definite bond angles.

In this case, the cross-terms describing the correlations of neighboring bonds do not
disappear. The surprising and important result of more careful calculations is that the
presence of these short-range correlations does not alter the basic random walk
character of the polymer chain statistics. It simply leads to an altered effective step size.

Consider, for example, a model in which the bond (with size b) is free to rotate
(freely rotating chain model), but has a definite bond angle 6. Now, if we redo
the previous calculation we find the cross-terms to be,

a,-a,_,=b’cosd  (a-a_,)=b*cosd

What about the relation between a; and a;_,? The only correlation between the &
and a;_, that is transmitted down to the chain is the component of a; along the
bond vector a,_,. This value is b cos . Because the angle between a,_, and a;_, is P T

again 6, the leftover memory of a; when it reaches to a,_, is bcos?d. Generalizing o . ‘%;\ \
this, one can conclude that °© 4 o o

(a;-a; ,)=b*cos" 8

{
\
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Real polymer chains—short-range correlations

As cos 4 is always less than unity, the correlation dies away along the chain. The mean-
square end-to-end distance is now

(#)-Ton) -3 Slaca)ele)s 3 (aa)

i ] i—1 \ j=1 joi+l
B ) , N i-1 ) N—i )
=Nb*+b*>»"| > cos* 6+ cos* o
i=1 \ k=1 k=1

Assuming the chain is long enough so that for most cases the summation can be
replaced by the infinite summation as follows,

i( i1 cos" 9+NZ_:ICOSK 9] ~ ZiiCOSk 0 = 2N cosé
=1\ k=1 k=1

o 1-coséd

Finally, the mean-square end-to-end distance is

<r2>=Nb21+COSH=Na2 aEb\/l+c056’
1-coséd
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Real polymer chains—short-range correlations

Thus, at least for the R, calculation, we can regard that it is a freely-jointed chain with N bonds
each with statistical step length a (Kuhn length).

If one knows the chemical details of the polymer, the statistical step length may be calculated.

More practically, one can extract their values for a given polymer from experimental data on chain
dimensions.

There exist many other chain models such as “worm-like chain model”, “hindered rotation model”
and “rotational isomeric state model”. (See Rubinstein pages 57~60)

Whichever model we take, as long as the interaction is short-ranged, one can always conclude that
(r’)=C_,Nb*=Na*  a=,/C.b

with a proper constant C,, that depends on the model.

2 = short range self-interaction= &= C,, 0l S0 Ar2fX[Al =CH 13 2[0]0f| A short
range self-interaction= A 2| Lr2t0|H S HItA|Z &, A7t &2t universality classE HH X[ =
H=Cto g 4= Aot

s 1=
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Real polymer chains—short-range correlations

Kuhn 20|= & X D 2Xte| S&ot Z2A 72t 52 125t O|& S712| FicE R 2ot Z1t0|LCf,

-2 reference= 0| H| =3 2|0]2| 0| & persistence length(l,)E A& SH=E| O|4X QI T EX| B2 a = 21,0|Ct.

Table 2.2 Assumptions and predictions of ideal chain models: FJC, freely jointed chain;
FRC, freely rotating chain; HR, hindered rotation; RIS, rotational isomeric state

Models FJC FRC HR RIS
Bond length / Fixed Fixed Fixed Fixed
Bond angle ¢ Free Fixed Fixed Fixed
Torsion angle ¢ Free Free Controlled by U(y) tg+,8—
Next ¢ independent? Yes ‘1Yes o Yles NN ‘9> No

+ cos + cos CoS :
Coc : T—cosd (l — Ccos 6) (1 — (cos cp}) Specific

Here is another approach to understand the statistical behavior of polymers using a simplified model. We can conceive of
collecting g segments to create one large imaginary segment whose bond vector directions are practically uncorrelated.

Now there exists N’ = N/g large segments with volume 1/p", = g/p, and the effective statistical step length of each bond a’

IS given by
(r’)=Na’=Na” a'= a\/ﬁ a\/g
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N'Of| CHok SfLte| A4E40| EFE N 2L} R ZotLal Zot7|= A RSk CrEE oF XpA A2 2 gof
al

BHe 43p', = 10| E|A| Sl= Z0|Ct. US| NO| HFZ T+ Q| invariant degree of polymerization N N = a®piN
ol X2, 124t sk, 3 09| & Fa5HA 278 k[= FAHA A Q1 €40 T

N7l 2 A= et o 2 T 2Xt9| Z0|7F 20 25 F M(fluctuation) 7t 2F 1 N7t ZFOFX| M M fluctuation®| E&0| 7 T
Ch A0l ES AFESHE 12X N MAtE|= H =Y If7F BECE 7O 270 SCFTR &2 B d

(@]
SHO|20|1, @zaME Y8 4= U= L-FTSQ 22 A2 0|2 N =5000 B O|A0] &

One valuable question is if the actual polymer behavior can be properly described by these models (either N monomers with
size a or N’ monomers with size a’). The answer is not always yes, but the concept of universality established by de Gennes and
others suggest that many polymer properties can be explained by such simple models.

This simple example shows the typical way in which polymer physics tries to proceed: the long-range structure (in this case
the size of the chain specified by R,) is given by statistics and is universal (i.e. independent of the chemical details of the

polymer in question). All these chemical details go into a few parameters, which may be either calculated on the basis of
detailed theory at the atomic level, or extracted from experiments.
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Universality

2AUNO R BB DEA} AL
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o 1
= Lk S 0f O] 2 H7HE & W O| A A
ol 2|84 A| =0}

contact mteractlonEE ChEDtA A 2= E

At small N, things such as the range of the

interactions and the persistence length of the

polymer chains are important

At large N, the range of the interactions and
the persistence length become negligible
relative to the size of the molecules

Hint _ 7 7
KT = Zpojdr¢A (r)¢B (r)

Thus, all systems reduce to the standard
Gaussian chain model with contact
interaction in the limit of N - oo.




Excluded volume, the theta temperature, and coil-globule transitions

In the above analysis, we accounted for interactions between neighboring links of the chain,
but we neglected interactions between distant points on the chain.

It turns out that these interactions are important for an isolated chain, and the long-range
structure of the chain strongly depends on them.

At the simplest level, we know that the chain cannot intersect itself; the monomer units
have finite volume and two cannot be in the same place at the same time; i.e. we have a
self-avoiding walk.

The mathematics of self-avoiding walks is much more complicated than for simple random
walks; instead of (r2)12 = aN'2, self-avoiding walk results (r2)12 = aNv where the exponent
v > 0.5. The effect of excluded volume is to swell the polymer chain over the random walk

value.

True polymers will have long-ranged repulsion and attraction in addition to the short-
ranged correlations.

One may think that the exponent v is a complicated function of the details of the interaction

potential, but it turns out that for long enough chain, it only depends on the nature of the
overall interaction (repulsive or attractive) and the dimension of the polymer.
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Excluded volume, the theta temperature, and coil-globule transitions

We can estimate the exponent for the repulsive case using a very simple argument due to Flory.

We consider a polymer chain in solvent. the polymer molecule to be a gas of N segments confined

to a volume V ~ r3, where r is the radius of the polymer coil that we need to determine. The
concentration of segments, c, is now given by

c=N/V~N/r’

Consider a gas of N atoms confined to a volume V. If each atom occupies a volume v which is

Inaccessible to the other atoms, the entropy per atom is reduced by a factor of kgvN/2V. (Factor
1/2 is from the double counting.)

In our polymer coil there is a positive contribution to the free energy due to the excluded volume
Frep, Which we can write as

N* N*
Frep — kBTVW -~ kBTVF

In this way, segments within the chain repel each other as a result of the excluded volume effect,
and it tends to make the chain expand. But this expansion is opposed by the effect of
configurational entropy introduced earlier. Its free energy expression is
3k Tr?
I:eI = 2
2Na
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Excluded volume, the theta temperature, and coil-globule transitions

If we now minimize the total free energy (F, = F,+F) with respect to r, we find

r’ ~ N°va®
Thus, the optimum size of the real chain in the Flory theory is
R~ Y5525\ 35
F

Often one assume that the exclude volume v = a3 for simplicity. Then R_ ~aN 305

. 1/5
Thus, Flory’s argument suggests v = 3/5. The sizeof longreal R, (Vv N2
chains is much larger than that of ideal chains, aN 2

Regardless of the solvent quality (as long as it is good enough) and details of the polymer

_ v
chain, one gets a universal power law dependence of polymer size on the segment number, R~N
2 2
r N
In a more general theory in d-dimension, F ~ W + F
and its minimization leadsto R ~ N¥(4*?)
: 3
which suggests that v =
d+2

Atd =2,v=3/4,andatd = 4, v = 1/2. It recovers the ideal chain exponent at d > 4. At the
critical dimension, d. = 4, there are actually log correction such as R*~ N(log N)¢.
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Excluded volume, the theta temperature, and coil-globule transitions

The success of the Flory theory is due to the cancellation of errors.

1) Computer simulation of random walks with excluded volume show that the
number of contacts between monomers that are far apart along the chain does
not grow with N.

i) The elastic energy is also overestimated because the ideal chain conformational
entropy is assumed.

More sophisticated theories using renormalization group provides accurate scaling exponent
of the swollen chain in three dimension, v = 0.5877 ... (0.588 to three decimal places).

Experimentally, the chain dimensions of very dilute chains in good solvents are found to be
swollen in the way predicted (though available experimental precision can barely
distinguish between the Flory value of 3/5 and the more exact value).
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Excluded volume, the theta temperature, and coil-globule transitions

In the above argument, we have neglected any energetic interaction between neighboring polymer segments or between polymer
segments and neighboring solvent molecules.

Here is a simple way to introduce such interactions. We basically assume that the segment of a polymer and a solvent molecule
has the same volume, and they fill in the space while making contact with z neighbors.

Atol 207t &+

rot
o
full
rir
dH
Ot
=2
x

-
@)
o

HI

25| primitivest 22 = HO|ZX[2H 2O St EEHL S M215IH, 1
| F =Bt O| 20| exact?t ZutE =Lt M2ret = QUL

We take the energy of interaction between two neighboring polymer segments as ¢
and between a neighboring polymer and solvent segment as ¢,

opr DEtWeEeN two neighboring solvent segments as

SS’

If we assume that the polymer segments are uniformly distributed within the coil with a concentration ¢ = N/V, ¢ = ca’ =cv

Is the dimensionless density of the polymer in the coil, or the probability that a neighbor of a polymer segment turns out to
be another polymer segment.

Now we can estimate the number of contacts between different polymer segments N
between polymer and solvent segments N, as

N :%ZN¢ NpS:ZN (1_¢) Nss:Ngs_%ZN¢_ZN (1_¢)

pp

opr DEtween solvent segments N, and

where N is number of solvent-solvent contact when there was no polymer. Writing down the interaction energy, we obtain
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Excluded volume, the theta temperature, and coil-globule transitions

U =%2N¢gpp + 2N (1-¢) &, +355(Nfs —%ZN¢— zN (1—¢)j

~ N +%zN¢(gpp+gSS—25ps)+zN(8ps—€ss)

SS ™SS

We can combine the interaction energies into a single KT = 1 , (25 e g )
Interaction parameter y, given by X! = 2 ps  “pp  “ss

Now the interaction energy can be written as (¢ = cv = vN/V)

U. =-—yNk;Tcv +const = - ;(NkBTvg + const

int —

This equation has exactly the same functional form for the repulsive free energy due to
excluded volume. Combining the two terms, we have

E U =k kv N ckTv (-2
rep+ int — BVW_Z va_ BV(_ Z)W

Thus, according to the value of y, we have three different kinds of behavior:

1. y < 1/2: the repulsion is dominant and the polymer chain is expanded with a radius r ~

N3/, This is referred to as good solvent behavior. (More precisely, the exponent is 0.588.)
49




Excluded volume, the theta temperature, and coil-globule transitions

Experimental measurements of chain size

2. x = 1/2: the repulsive effect of excluded volume is exactly cancelled by 1000+
the attractive effect of the polymer/solvent interactions. The polymer chain f
makes an ideal random walk, with r ~ N2, This situation is known as the 1004
theta condition. E | 0.59 12
3. y > 1/2: the attractive effect of the polymer/solvent interaction out- = 10'?
weighs the repulsive excluded volume interaction, and the chain collapses i

to form a compact globule. The exponent for the globule is usually v = 1/3 I

- 5 e
in three dimension. (1/d in d-dimension.) 10 10> 10> 100 10
M, (g mol™)

Radius of gyration of polystyrene in a 8-solvent (cyclohexane at 34.5°C)
and in a good solvent (benzene at 25°C)

From Fetters et al., /. Phys. Chem. Ref Data 23, 619 (1994)

As the value of the interaction parameter y between a polymer and a solvent
Is changed, for example by changing the temperature, the polymer
undergoes a transition from an expanded chain, or coil, through the theta
temperature to a collapsed coil. This is known as the coil-globule transition.

Note that for typical polymers, its temperature — A4 E
dependence of y is experimentally known as B T

where A and B are some constants. The figure shows the case that pH controls the y parameter.
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Excluded volume, the theta temperature, and coil-globule transitions

At a special intermediate temperature, called the 6 temperature, chains are in nearly ideal conformations because the

attractive and repulsive parts of monomer-monomer interaction cancel each other.

Segment size a ~ 0.1nm

Number of Segments N ~ 102 - 100, Consider the case N = 106.

Long-range repulsion Good solvent 0-solvent
R~L=~aN Rx~aN?*° R ~aN?"?
B fom . amm i

Environment change

<3 E—
R ~400nm R ~100nm

R ~0.1mm

Poor solvent
R=aN"?

N ]

®

R ~10nm

Our treatment of excluded volume and the interaction energy is too crude to allow us to deduce the details of the shape of the
transition, but a more sophisticated treatment reveals that the transition is a thermodynamic phase transition in the limit
of long chains, N — oo; the transition may be first or second order according to the stiffness of the chains.
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Polymer Under Tension

In order to emphasize the difference between ideal and real chains, let us compare their behavior under tension.
Consider a polymer containing N monomers of size a, under tension in two different solvents:
i) a @ solvent and ii) an athermal (good) solvent with excluded volume v = a3.

A convenient tool for this type of problem is the blob picture.
Due to tension f, the long chain divides into linearly connected
blobs, and inside each blob, the monomers are practically
making random walks of the given nature.

Assuming a blob of size ¢ contains g monomers,

§ =~ agl/? ideal
&~ ag3® real

The extended size of the chain is

5/3
SN __Na’3 Rp

The free energy cost for stretching the chains is of order kgT per tension blob (so that the monomer statistics is unperturbed
inside a blob):
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Polymer Under Tension

2
N Rf Rf .
, ~ — = — = kgT (—) ideal
F(N,Ry) kBTg kgT : BT | 7, /
5/2
F(N,Rf) = kT — = krT =+ = krT | = real
(N,Ry) = kgT - ~ kgT L ~ kgT (£
The force necessary to stretch the chain to end-to-end distance

Ry can be estimated as

~ kgT ~ kgT Ry

f~——= ideal
'3 Ro Ro
3/2
f kel Lt (ﬁ> / real
¢ Rr \RF

The same result can be obtained by differentiation of the free energy with respect to Ry.

Ideal chains satisfy Hooke’s law with force f linearly proportional to elongation Ry. For

real chains the dependence is non-linear with the exponent 3/2 for v = 3 /5. This was first
derived by Pincus and tension blobs are often called Pincus blobs.

This type of blob analysis is very helpful in solving may polymer problems. Sometimes the
derivation of important physical laws using scaling theory looks like an art.
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Excluded volume, the theta temperature, and coil-globule transitions
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Chain statistics in polymer melts—the Flory theorem

Under good solvent environment, polymers do not follow random walk statistics in dilute
solution because the chain is swollen. What happens as we make the solution more
concentrated, ultimately arriving at the polymer melt? Counterintuitively, rather than
becoming more complicated, things become more simple: chains follow ideal random
walk statistics in melt!

Dilute

This was first realized in 1949 by Flory and put on a sound
theoretical footing by Edwards in 1966, when he introduced the
idea of screening. Here is a simple plausibility argument. Consider
schematic plots of the segment concentration ¢ across a section

Polymer segment
concentration

through space. For a dilute solution, chains are isolated and S '_d'lDistance
segments do not interact with segments from different chains.

The effect of the excluded volume interaction is to include an
unfavorable energy proportional to the probability of two segments

Polymer segment
concentration

Distance

being close together; that is, proportional to c2. This leads to a force
on the segments proportional to cdc/dx, which tends to make the

chain expand. Now as the concentration is increased chains start to
overlap; dc/dx is smaller and the repulsive force is reduced.

Polymer segment
oncentration

Finally, in the melt, the concentration of segments is essentially uniform; thus there is
no repulsive force between the segments and the chain follows ideal random walk
statistics. This result was confirmed by neutron scattering in the early 1970s.
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Measuring the size of polymer chains

The dimensions of polymer chains are most directly measured by scattering. This
method relies on the interference of waves scattered from different parts of an extended

scattering object. What a scattering experiment usually measure is the radius of gyration
R, which is formally defined as

1

2 N _ 2 _ 1 N
R = N+1§(ri £ fom = N+1§Iri

where r; is the position of the ith monomer. The radius of gyration can be written in the
alternative form.

One can see that this is essentially the same as the moment of inertia of an object.

Table 2.4 Square radii of gyration of rigid objects: uniform thin disc of radius R, uniform
sphere of radius R, thin rod of length L, and uniform right cylinder of radius R and length L

Rigid objects Disk Sphere Rod Cylinder

R R*/2 3RS L*/12 (R*/2) +(L*/12)

For a random walking polymer, it can be shown that R, = R,/\6 at large N limit. Here is the proof.
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Calculation of the Radius of gyration

When |n —m| is large, R, — R,, of an ideal chain has a Gaussian distribution with variance |n — m|a?

3/2
3 3(R -R_) 2 2
P(R,-R,)= exp| —————" (R,-R.)") =|n-m|a
(R, ~Ru) (ann—mlsz p( 2|n—m|a2) < > |
Therefore,
, 1 N N , 1 N N )
Ry = 2ZZ<(RH_Rm)>: 2zzln_m|a
2N n=1 m=1 2N n=1 m=1
For large N, the summation can be replaced by an integration
R = a’ deandm|n—m| “dnl d “dn[" d (N—-m=x)
9 N2 Jo 0 jo njo mln_ml_jo n.[n—N X|x]
2 N3 2" 2N 2 N2 3
'"Rgzz a2|\| =1Na2=1R§ —[Tan| 2 +Z —["dn| +(n N) _N°
2N 3 6 6 o 12|, 2| o ] 2 2 3
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Measuring the size of polymer chains

In deciding what kind of radiation to use for the scattering experiment, we have to consider two factors:

wavelength—the radiation must have a wavelength comparable to the size of the object, so that we can detect scattering

from the object;
contrast—the radiation must interact differently with the object than with the medium it is immersed in.

The possible types of radiation are as follows:

Visible light—nhere contrast is based on refractive index differences between the scattering object and its environment. The
relatively long wavelength compared to molecular sizes means that even quite large polymers scatter to wide angles.

X-rays—nhere the contrast is based on differences in electron density between the scattering object and its environment. This
means that the scattering object must contain atoms of relatively large atomic number compared to the surroundings. The
smaller wavelength than visible light means that objects with sizes typical of polymer molecules scatter at small angles.

Neutrons—here the contrast is based on differences in nuclear interactions. As it happens, the scattering of neutrons is
very different for hydrogen and deuterium, allowing one to distinguish a polymer molecule from a chemically very similar
environment by deuterium labeling. The wavelength of thermal neutrons is similar to X-rays.

Although neutron scattering is expensive, the fact that it can distinguish between hydrogen and deuterium means that it can
measure chain dimensions in concentrated solutions and melts—this cannot be done any other way. (Something very
easy in simulation can sometimes be extremely difficult in experiment.)
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Polymers at interfaces—adsorbed and grafted chains

Polymer chains bound to surfaces can profoundly modify the interactions between such
surfaces, giving a mechanism for the stabilization of colloidal dispersions. We are now in
a position to understand the physics underlying this steric stabilization in more detail.

(b}

Two important ways in which polymers can interact with a surface are illustrated in the
figure. In (a), adsorbed homopolymers, relatively weak interactions between an individual
segment and the surface anchor the chain firmly to the surface.

The conformation of the polymer chain must be perturbed by its interaction with the surface,
and more severely perturbed conformations are observed for higher energies of interaction.
However, it is a difficult subject to quantify the relationship between the adsorption energy
and the overall conformation of the whole chain.
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Polymer Brush

The situation in which chains are attached by one end to an interface turns out to be much more easily dealt with theoretically,
as well as being relevant to a number of practical situations. If the grafting density is high enough, the polymers are stretched
outwards, and we call it a polymer brush. There are two types of polymer brushes. The first type is a brush immersed in
solvents and the second type is a brush made by polymer melts.

Let us estimate the height h of the brush in solvents. Suppose we have polymers of degree of polymerization N, and their
grafting density is o; i.e. the average area for one chain is 1/¢. and the volume per chain is h/c. The stretching energy of a chain
Is estimated as

3 h?
F,=—k.T
el 2 B Naz
the combined excluded volume and interaction energy per chain is
N 2 N°c

Fep TUin = kBTV(l— ZZ)W =k,Ta’ (1— 2;() o

1/3
Finding the value of the brush height h that minimizes the total energy gives us h ~ [(1— 27) Gaz:| Na

This reveals that a chain end-grafted to a polymer surface at high enough densities is stretched—the chain dimensions vary not
as N3 but as a linear function of N.

For the polymer melt case, the brush height is more easily calculated. .
The volume of each chain is approximately Na® and this must be h~oNa
equal to h/g. Thus

60




Block Copolymers (BCPSs)

AB Block Copolymers PS-b-PMMA

O @)
s Two chemically distinct polymer blocks joined

together === AB block copolymer formation 'TI

C—C
I | n

H H

= -n

Incompressible melt of AB Diblock Copolymer Phase Behavior in Bulk PS PMMA

% The repulsion between A and B results in the formation of nanometer scale structures.

s Symmetric block copolymers form microstructure consisting of alternating
lamellae of thin A- and B-rich domains with period of D = 10 ~ 100 nm.

_ Other Microphases are available
10 ~ 100nm size
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Block Copolymers

Classical Phases

C)Qg@
9]
D%{j M. W. Matsen, 2006
Qb{j M. W. Matsen, J. Phys.:
DCr o Condens. Matter, 14, R21 (2002)

S

e N0 Microphase NS
<~ ( Separation I
D
s For adiblock copolymer, f is used to represent the fraction of A in the polymer, 1 —f is the
fraction of B.
¢ Depending on f and yN parameters, the domains tend to form highly-ordered periodic Major parameters
geometrics, of which the lamellar phase of alternating thin layers is the simplest. (¥ N : Polymerization index
represents the degree of repulsion between segments.) f - Volume fraction of A block
xN : Incompatibility between A and B block
< This ability to self-assemble into ordered nanoscale morphologies of different geometries | a : Statistical segment length

IS used to create nanostructures that are applicable for various high-tech applications.
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Phase diagram of AB diblock Copolymer Melts

Microphase Separation of Block Copolymers

 \Various microphases are experimentally observed and theoretically confirmed to be stable.
% Common phases: Lamellar (L), Cylindrical (C), Gyroid (G), Spherical (S). Other Microphases are available

What is a Phase Diagram?

A map of stable BCP phases. Statistical mechanics is a tool to investigate the phase behavior of polymers.
¢ This phase diagram obtained by Self-Consistent Field Theory (SCFT), Spectral Method.
s SCFT has provided a useful tool predicting the morphological behavior of polymer materials.

Lamellar Cylindrical

Spherical
P

disordered

L (b) SCFT, N =

0'...1‘..1...|...|A.‘
0.0 0.2 04 0.6 0.8 1.0

f
Phase diagram of PI-PS BCP (left), theoretical phase diagram using SCFT(right)

Matsen, M. W,; Beardsley, T. M.; Willis, J. D. Fluctuation-Corrected Phase Diagrams for Diblock
Copolymer Melts. Phys. Rev. Lett. 2023, 130 (24), 248101.
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Rubber Elasticity

The first statistical mechanical
theory of the mechanical properties
of a polymeric material was the
classical theory of rubber elasticity.
Chemical bonds between polymer
molecules are called “crosslinks”.

A rubber is a polymer melt in which
randomly placed cross-links bond
the chains together to form a
macroscopic network.

Sulphur can crosslink natural rubber. To observe “stretchiness”, the temperature should be
above T, for the polymer.

At a local level, the material behaves like a liquid; in particular the bulk modulus is rather
high and to a first approximation the material may be taken as incompressible. However,
the cross-links mean that macroscopic bulk flow cannot take place, and the material has a
finite shear modulus. The classic theory of rubber elasticity uses statistical mechanics to
calculate the shear modulus.

To calculate the modulus, we start by making an important assumption: when the rubber is
deformed each individual cross-link point moves in proportion to the deformation of the

whole sample. This is the assumption of affine deformation.
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X'X?

Thus if the initial dimensions of the sample are |,, I, and 1,, and after deformation these dimensions become 4
A, and 4,1, the position of a point at coordinates (x, y, z) transforms to (4,x, 4y, 4,2).

If we consider a single strand between two cross-link points, one of which is initially at the origin, and the other
is at the coordinates (X, y, z), we find its initial mean end-to-end distance is ry> = x? + y? + 72,

After deformation, the new mean end-to-end distance r,? = 4,°x* + 4,2y + /,%z%. Using the relation for the entropy
of a Gaussian chain given in Section 5.3.1, we find the change in entropy per strand on deformation, ASg;,.q, t0
be given by

oy = 2‘;‘;82 [(/13 —1)x°+ (A2 1)y +(47-1) zz]

If there are n strands per unit volume, we can use the relation (x?) = (y2) = (z%) = Na?/3 to write the total entropy
change per unit volume AS,,, that results from the deformation as

AS

_ _nkB

volume

AS

|AZ+A+22-3]

Let us take the simplest case of deformation, a simple elongation in the x direction, and assume that rubber is
incompressible, 4, = , 4, = 4, = N2, we find

AS = LS {/12 + 2_ 3} AF = KT {12 + 2_ 3}
2 A 2 A

volume volume
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This is simply the elastic work done during the deformation. From this, we can obtain the
relation between tensile stress z and strain e by noting that 4 =1+e, and = = dF/de. Thus

T = nkBT (1+e)—ﬁ

This is a non-Hookean stress/strain behavior, but we can expand for small strain to find that
7 =3nkgTe E=7/e=3nk;T

where E is the Young’s modulus. Once again assuming incompressibility (and thus a Poisson ratio = transverse
strain / axial strain of 0.5) this gives for the shear modulus G the very simple relation (proof not shown here)

G =nk,T

Another convenient way to express this result, which we will use later, is in terms of M,, the average relative
molecular mass between cross-links, and the density p:

G:'ORT
M

X

where R is the gas constant. This remarkable result indicates that the mechanical properties of a rubber are
functions only of the temperature and cross-link density. As long as the chains behave in a liquid-like way (i.e.

not glass-like) the chemistry of the polymer chains and the nature of the cross-links are not relevant.
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Viscoelasticity in polymers and the reptation model

Polymer melts are usually highly viscous, but they also show very marked viscoelastic
behavior. In this section we will review the basic phenomenology of polymer viscoelasticity,
before introducing a powerful and simple model that allows us to understand and make
quantitative predictions of polymer viscoelasticity from a molecular point of view. This
model is the theory of reptation.

Characterizing the viscoelastic behavior of polymers

Viscoelastic liquids can behave either elastically or viscously, depending on the timescale
over which they are deformed. Here we define measured functions that can characterize the
observed viscoelastic properties.

The creep compliance J(t) is defined with reference to an experiment in which a stress g, is
applied at time t = 0 and held constant, and the strain e(t) is followed as a function of time.
The creep compliance is then given by

e(t) = o,J (1) ! "
The form of this function for a typical
viscoelastic material is sketched in Fig. (a). \
After an initial fast, elastic response, the
sample slowly creeps before settling down : . A
to long-term viscous behavior in which the et ™ it
strain rate is constant. T

Stress

here here

67




() (b)

0 0

Time
Stress applied Strain applied
here here

Stress

Time

The stress relaxation modulus G(t) is defined by an experiment in which a strain e, is
applied at time t = 0 and held constant, and the stress o(t) followed as a function of time.
The stress relaxation modulus is then given by

o(t)=eG(t)

A typical shape for the stress relaxation modulus is sketched in Fig. (b). The initial response
Is elastic; as the material starts to flow the stress falls away to zero. An extremely important
type of deformation, both experimentally and for theoretical considerations, is an
oscillatory deformation at a certain frequency w. If an oscillatory strain of the form

e(t) =g, cos(mt)

Is applied, then (for small amplitudes) the resulting stress can be written as

68




o(t)=e,| G'(w)cosawt —G" (w)sin at |

where G*(w) = G'(w) + iIG"(w) is the complex modulus. The complex modulus G*(w) is
essentially the Fourier transform of the stress relaxation modulus G(t).

The complex modulus G™ thus tells us about both the elastic response and the viscous
response at any given frequency. The real part, G/, is the elastic component of the response,
and is known as the storage modulus. The imaginary part, G", is the viscous component of
the response and is known as the loss modulus.

This analysis is analogous to the damped harmonic oscillator or the optical system with
complex dielectric constant. The phase angle of the response, J, is given by tan 6 = G"/G". A

material with a tan ¢ greater than one will exhibit more damping than a material with a tan ¢
less than one.
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Linear viscoelasticity and the Boltzmann superposition principle

Stress
-
g

S

Input /l 6553
For small deformations one can assume
that each loading step makes an e
independent contribution to the total Response
loading history, and the final deformation
is simply the sum of the response to each
step, as illustrated in Fig. 5.6; i.e. we are
basically assuming the response is linear.

Strain

1! T T3 Time

Thus it follows that we can write the strain as an integral involving the creep compliance J(t)

da(r)

e(t)=[" I (t-r)do(r)=[ I(t-r)—

and, similarly, the stress as a function of time as an integral involving the stress relaxation
modulus G(t)

dr

o(t)=[ G(t-7) e
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In the special case where the shear rate is constant this recovers Newton’s law of viscosity
a(t) = nye and gives us a useful relationship between the viscosity 7, and the stress
relaxation modulus:

=] G(t-7)dr=["G(t)dt

The viscosity 7, is called the zero shear viscosity to emphasize that this relation relies on
the assumptions of linear viscoelasticity. It is common to go beyond the linear regime in
experiments, but the theory of non-linear viscoelasticity is extremely complex and beyond
the scope of this book.
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The temperature dependence of viscoelastic properties: time-temperature
superposition

We have seen that viscoelastic quantities are intrinsically a function of time. Experimentally,
one also finds that the viscoelastic properties of polymers are a strong function of
temperature; for example, a very viscous polymer solution or melt will become less viscous
on being warmed.

It turns out experimentally that the dependences of viscoelastic quantity on time and
temperature can be factorized. Taking the stress relaxation modulus as a function of time t
and temperature T, G(t, T) empirically follows

—Cl(T —TO)
C,+(T-T,)

where a; is a temperature-dependent shift factor.

G(t,T)=G(a;t,T,) loga; =

It is common to use the glass transition temperature as the reference temperature T, in
which case the constants C, and C, take values which are rather similar for many different
polymers. Taking the logarithm as being to base 10, as is usual in the polymer literature,
these quasi-universal values are C;9 = 17.4 and C,% = 51.6 K. This expression is known as
the WLF equation, after Williams, Landel, and Ferry.
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The fundamental significance of time-temperature superposition is that it tells us that in the
problem of viscoelasticity all the microscopic timescales scale in the same way with
temperature. We can anticipate that in any microscopic theory of viscoelasticity the
temperature will enter via a single temperature-dependent parameter.

The specific form of the WLF relation for the shift factor given in the previous page can be
shown to be equivalent to the statement that polymers have dynamics obeying the Vogel-
Fulcher law, like most other glass-forming liquids.

In addition to its theoretical significance, the principle of time-temperature superposition is
very useful experimentally, as it allows us to build up data sets covering very wide effective
ranges of timescales on instruments whose actual range of accessible times is much smaller.
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Viscoelasticity: experimental results for monodisperse linear polymer melts

Viscoelasticity is best understood for melts
of linear polymers in which the distribution ) )
of relative molecular masses is rather

narrow. For such materials the quantities l l
characterizing linear viscoelasticity show a

strong universal character. In the figure, the \ \
stress relaxation modulus G(t) is shown for

two chemically identical polymers with M N
different degrees of polymerization. Log(time)

Plateau

f——— modulus

Log(G(1)

2

At short times, the curve is independent of degree of polymerization. At intermediate times
there is a wide range of times for which the modulus is essentially constant—this is the
plateau modulus. The value of the plateau modulus does not depend on the degree of
polymerization. The plateau ends at a terminal time z;, which does depend strongly on
degree of polymerization, according to a power law z ~ N™, where the exponent m = 3.4.

74




o(t)=e,G(t)

e(t)=o,J (1)

In the plateau part of the curve, the polymer behaves like an elastic solid. In fact,
the numerical value of the modulus is comparable to that of a lightly cross-linked
rubber. After the terminal time the polymer flows in an essentially viscous manner; My = I:G(t)dt
here the creep compliance J(t) ~ t. The zero-shear viscosity 7, is related to the

terminal time and the plateau modulus G, as 7, ~ 7;G,.

As the plateau modulus is independent of - e
degree of polymerization, the molecular o T
weight dependence of the viscosity should
be the same as that of the terminal time.
Thus we expect 7, ~ N™, where the exponent
m ~ 3.4. This dependence of viscosity on
degree of polymerization is exactly what is
observed whenever the degree of 10? - -
polymerization is above a certain critical fﬁ 1

10° TN S U |

value NC' 103 10? 105 100

Relative molecular mass

10% - .

100 - .

1o* .

Zero shear viscosity Tjg (Pa s)

This is illustrated in the figure, which shows the dependence of zero shear viscosity on
relative molecular mass for polybutadiene. Very similar curves are found for all linear
polymers; below N, the viscosity is proportional to N, while above N, we find 7, ~ N34,
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Entanglements

The striking features of polymer viscoelasticity can be understood at a qualitative level by
the intuitively appealing notion of entanglement:

 Elastic property of rubber is from the permanent cross-links.
 Viscoelastic property of polymer melts is due to entanglement.

Polymer chains are linear objects which cannot pass through one another; it is easy to
imagine that in a melt of long interpenetrating chains, shearing the melt will lead to the
chains becoming tangled up with each other.

In this picture, one can interpret the rubber-like plateau in the shear modulus as indicating
that entanglements behave like temporary cross-links. We can use the theory of rubber
elasticity to estimate the density of entanglements. As the plateau modulus is independent
of degree of polymerization, this quantity is a material constant for a given polymer.
Adapting the earlier equation, we find

PRT

M

e

M,: average relative molecular mass
between entanglements
p. Its density
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These entanglements are not permanent—we imagine that they can disentangle with a
characteristic timescale comparable to the terminal time z. It is reasonable at a qualitative
level that long chains will take longer to disentangle than shorter chains, but can we make
this idea quantitative enough to explain the experimental result that z; ~ N34?

To make progress towards a quantitative theory of viscoelasticity we need to make the idea
of entanglements slightly more well defined. This has been achieved in the tube model and
the idea of reptation, due to Edwards, de Gennes and Doi.

Pierre Gilles de Gennes Samuel Edwards
(1932-2007) (1928-2015)

Masao Doi
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The tube model and the theory of reptation

How is the motion of one chain constrained by the presence of all the other chains with
which it is strongly entangled? The basic constraint is that no chains can cross each other’s
path. One can imagine that each chain is effectively restricted to a tube.

tube

The motion of a chain in a tube is severely constrained laterally, but it is still free to wriggle
along the length of the tube, like a snake moving through long grass (see the figure). This
type of motion is called reptation.

EntanglementEl 12 Xt2| dynamicsE & Hdt= CHE O|E = EXBHCL. Slip-link
2| 222 reptation & 21} competingdt= SAI0 25 25 Q A UCH
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We can now associate the terminal time with the time it takes the polymer to move
completely out of its original tube. We can estimate this by assuming that the motion is
purely viscous within the tube; i.e. if we were able to move a segment of the chain through
the tube it would feel a resistance force proportional to its velocity.

Thus we can define a segment mobility u.,. Here, the mobility is defined such that the
velocity v under viscous fluid Is given as v = ug, F. If we were to pull a chain with N
segments through the tube we would expect the viscous resistance felt by each segment to
be additive, so mobility of the whole chain would be Simply s 5e = f5e4/N-

Because the chain is an object in a viscous fluid, it will undergo constant Brownian motion;
the chain will randomly wriggle backwards and forwards within the tube until it has

completely escaped. Using Einstein's relation we can write down a diffusion coefficient
D,e t0 describe this Brownian motion:
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KeT
:kBTILl _ B /useg

tube

D

tube

The chain is doing what is essentially a one-dimensional random walk within the tube, so if
the length of the tube is L, the time taken to escape the tube, which we now identify with
the terminal time z; (reptation time), is given by

L2
T =
Dtube
Since the length of the tube is proportional to the degree of polymerization N, we thus find
that
T ~ N>

This is quite close(?) to the experimental result of 7, ~ N 34

We can also derive another testable prediction from this theory, for the variation of the self-
diffusion coefficient of a polymer chain in a polymer melt. Each chain has diffused a
distance comparable to its own end-to-end distance during the terminal time. Using the
random walk result for chain end-to-end distance, we find
Na’
Dself = D

4
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The experimental situation is illustrated in the figure.
Self-diffusion coefficients do obey a power law. A
more recent reevaluation of the data (Lodge 1999)

1077

&
Z% 1we 3
suggests that the exponent is slightly higher than 2; &
in fact the data seems to be best fitted by PR
§ 10719 F E
-2.30 g f '
Dself N § oy ; 3
o2 L : e NN
. . . 10° 1ot 10° 106
Modifications to reputation theory Relative molecular mass (g mol™)

Thus experimental data for viscosity, terminal time, and self-diffusion seems to be
reasonably consistent with a single scaling of the terminal time of z; ~ NG3-34) while the
simple reptation theory predicts 7; ~ N3. What is the cause of this discrepancy? It turns out
that the reptation prediction must be modified by the inclusion of two other ways in which
the tube constraint may be relaxed. These are:

1. Constraint release. In the tube model, it is assumed that the constraints that are described by the
tube are immobile. In fact these constraints are themselves chains which are also reptating, so the tube
must have a finite lifetime.

2. Contour length fluctuation. The length of the tube is defined, in effect, by the end-to-end distance
of the polymer chain given by aV N on average. As the chain undergoes Brownian motion, this end-to-
end distance will fluctuate. We can imagine the chain withdrawing into the tube, and then when it
expands back to its average size some of the original constraints on it will have relaxed.
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It is now believed that incorporation of these two corrections—
particularly contour length fluctuations—can account for the
discrepancy between experiment and the reptation prediction. The
most striking implication of these effects comes from a
consideration of the dynamics of non-linear polymers such as star
and branch polymers.

The importance of these non-reptative relaxation modes for non-
linear polymers is illustrated in the figure. A star molecule is
confined to a non-linear lube from which it cannot escape by
reptation. Instead, if one of the arms is retracted into its tube by a
contour length fluctuation, the tube can relax.

For this type of motion, one expects a relaxation time that is an
exponential function of the arm length N, rather than the power
law dependence of a linear molecule. This emphasizes the
importance of architecture in polymer physics.

A linear polymer and a set of branched polymers of similar overall
relative molecular mass, but with different degrees of branching, are
chemically almost identical, but their physical properties, such as
their melt viscosities, will be very different.
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Statistical Physics of Polymers

For the rest of this lecture, let us develop statistical physics of incompressible polymer melt system.
Some degree of coarse-grained picture is necessary, and thus we make two major assumptions.

1) Each chain is an infinitely flexible Gaussian chain. It means that any small fragment of the chain exhibit
Gaussian statistics.

2) There exists only contact interaction proportional to the polymer density at the position; i.e. the interaction
Hamiltonian for AB system can be written as

H

KI"F — ZpOIdF¢A (r)¢B (r)

where ¢;(r) is the i-type segment density at position r.
Both assumption are justified in the long chain limit where the universality is recovered.

Even the incompressibility and contact interaction conditions can be released in a generalized theory, and
other chain models such as FJC can also be used when discretized theory is adopted.
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Universality Hypothesis

L-FTS (N from 106 to 104

For long enough AB diblock copolymers, its mean field (SCFT) o | |
behavior is completely determined only by a few parameters: SN A
f = Nu/N is the A fraction (where N = N, + Ng) _ or \ ]
<
ax/ag is ratio of segment lengths (we assume it is 1 throughout this lecture) 12r
. . . . r () N = 10° disordered
xN is the Flory-Huggins interaction parameter Bt - o

In addition, N = a®p2N (where a? = faz + (1 — f)a3 is the average
segment length) controls the fluctuation corrections to SCFT

40 - = |
i 12 +
30 _ R (b) N = 10° disordered
80.2IIIIOTSIIIIOT4IIIIO.5
< 20} 1 Mark W. Matsen , Tom M. Beardsley and
i James D. Willis, Phys. Rev. Lett (2023) R T
10 F - i
I disordered I
- (b) SCFT, N =0 161
0.0 0.2 0.4 0.6 0.8 1.0 =~ | B Tl
f Ll 4
— e disordered T
As the invariant polymerization index N increases, N
the mean field approximation becomes more accurate. " B "

84




Particle- and Field-based Model

» Coarse Grained Particle-Based Simulation (PBS):
» Coarse grained model is commonly used in polymer physics.
« eXx) Monte Carlo (MC) and molecular dynamics (MD) simulations.
 Interaction between segments : effective pairwise potential such as Lennard-Jones potential.
» The physical and chemical details of polymers are embedded in the model.

« System size is limited by computational demands.

* Field-Based Calculation:

* Degree of freedom: Fields of local density.

Intermolecular interactions are indirectly represented by the fields.

Highly coarse-gained calculation requires only a few invariant parameters.

(i.e. yN, natural end-to-end distance of polymer aN'/?, invariant degree of polymerization N).

One good example is the self-consistent field theory (SCFT) which is a mean field theory.

Another example is the field-theoretic simulation (FTS) which can account for the fluctuation effects.
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Statistical Physics of Polymers

Consider a polymer chain having N segments each with statistical segment length a and s=0
segment volume 1/p,.
S

Let us assume that the chain is an infinitely thin string like material. Its path can be represented =1
by aspacecurvery,(s) (0<s<1)
s = 0 point is at one end. s = 1 at the other end. One may think the curve follows the backbone of the chain.
a : statistical
Segment density due to this chain is segment length
R N (1 N : degree of
Pa(r) = o j dsé(r —ry(s)) polymerization
070
po_ 1 segment
The above equation claims that the density must be zero everywhere except on the curve itself. volume

The prefactor can be explained by

N N

jdrcﬁa(r) = Jdr%jolds S(r—r,(s)) = %foldsjdrc?(r —1,(s)) = %folds =

It correctly represent the volume of one chain. (22 density= volume2| 01 & fraction=
D=2 K XKoot ) }=KE €4 == dimensionless numberO| Ct.)
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Statistical Physics of Gaussian Chains

Assuming the chain is an infinitely flexible Gaussian chain, the free energy of a segment [s,,S,]

is S:O/L/\\
E[rai51»52]=j2d5( > s=1

o ()1 + w(ra<s>>)

The first term represent the entropic penalty (Ct& & 2t0| = & Z) while the second term is the energy penalty
where w is the potential field acting on the ath chain.

Note that we use E instead of F, because i) F is reserved for the total free energy of the system. ii) One usually
forget that the origin of the first term is the entropy of chain stretching. (SBC2 €= £ 22 AFESIH O] term
Of &AM O X7t & M= RACE)

The partition function of a polymer segment of length sN, with its two ends fixed at r, and r is formally defined as

E[ry;0,s] with proper normalization,
C[(I‘, To, S) X f Dra exp <_ kBT ) 5(ra(0) — r0)5(ra(s) _ l‘) C[(l‘, ro, 0) — (aZN)3/25(r — 1‘0)

a : statistical
segment length

N : degree of
polymerization
po | : segment
volume

This is a functional integral over all polymer configurations whose weight is given by the Boltzmann factor and the two

ends are fixed by the delta functions.
At a glance it looks hopeless to calculate this directly. There is a simpler method to evaluate it.
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Entropic Penalty Due to Stretching

A0 22X 0| infinitely flexible®h ZO| NQI L2 XFO| end-to-end g _ nv2g
length2| rms4&| 2 Cr210F 410 1 2HEEE = 7HFA|QHO|CL °

TEXRO| Zo|2tsNO|2tH, R, (s)=(sN)"a

The probability of a Gaussian polymer segment of length sN, with its two ends fixed at ry and r is

1 3 \*/? 3|r — 1|2
P(r,ro,s)=(a2N)3/2 27s P\ " 225N

By confirming the following relations, one can show that it is indeed the Gaussian function

with the proper standard deviation.

IP(F,FO,S)dr =1 J.(r—ro)z P(r’ro’s)dr:SNaZ

Assume s is small. If the polymer is uniformly stretched so that after sN step, ol — 31°
r —r, = I, then the probability drop with respect to the case r —r, =0 is 2a°sN

Log of this expression must be the entropy decrease,

_AS = 3I° ( j This expression confirms the validity of
2a’sN ~ 2a’N

the free energy expression.

r@f
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Partition Function for Gaussian Chains

The probability of a Gaussian polymer segment of length sN, with its two ends fixed at ry and r is

1 3 \*/? 3|r — 1y |2
P(r,ro,s)=(a2N)3/2 27S “P\ " 242N

The partition function is proportional to the probability density. If the field is turned off, we
know the probability of a polymer segment of length sN, with its two ends fixed at r,and r.

(3 3/2 3|r — 1|2
q(r, xo, 5) = 21TS exp 2a%sN

The prefactor guarantees that g(r, ry, s) q(r,r,,0) = (agN )3/2 Sr—r))
' ’ - 0

Is a dimensionless quantity and

Real chains are in a complicated field w(r). (w is the energy penalty)

But at least, we know the short chain partition function in the field

3 \3/? 3|r — ry?
q(r,ry, &) = Y- exp SaZeN ew(r)

Here is another weapon we have. The partial partition function satisfies the recurrence relation.

CI(I',I'O,S + 8) = W

jdrgq(r, r+r.e)q(r+rgry,s)
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N : degree of
polymerization
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volume
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Recurrence Relation

Partial partition function, q(r,r,,s), can be rewritten in terms of the partition function of the
two shorter fragments. (recursive relation)

1 ! 4 !
q(r,r,,s) = (azN)slzjdr q(r,r',s—t) q(r’,r,,t) (0<t<s)

( proportionality constant makes q(r,r,,s) dimensionless.)

q(r,r’,s—t)

If we plug int=0,

, 1 : : :
s'=1 q(r,r,,s) = (aZN)B/ZIdr q(r,r’,s) q(r’,r,,0)

- (azlil)"’”z _[dr’q(r,r’,s)[(azN)g/2 5(ro—r’)}

ZQ(I’,I’O,S)

Note the similarity to the path integral formalism of quantum physics.
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Recurrence Relation

1 ! ! /
(22N jdr q(r,r’,s—t) q(r’,r,,t)

1 , E|r,;0,t , E|r,ts ,
=(a2N)3,ZIdeDraexp[— [LBT ]]5(ra(0)—ro)5(ra(t)—r)jprﬂexpﬁ— [kf;T ]j5(rﬂ(t)—r)5(rﬂ(8)—r)

By performing the r' integral,

- [or, exp(_ E[rka;TOﬁ]jg(ra(O)—ro)(s(r[,(s)_r):q(r,ro,s)

Those who are worried about the treating of the delta function at the joining point and the
normalization factor may confirm that there is no problem in its discretized version.

LAtAsto| ot ZAE| S0 Path Integral 2 7B 72| I H A4S Fdts Y H
= 7|5t U= Il =2 OF HOoIX|FHe| Li&0| 9 ' oAl =7HE AO|L}.

<XN ’tN |X1’t1> jdXN—1<XN ’tN |XN—1’tN—1>< N-1? —1|X1 >
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Partition Function for Gaussian Chains

3 V" 3%’
— | exp > 2Ng—gw(x)

a

q(X, Xy, S+ &) = 1lzfdx q(X, X+ X_,&)q(X+X_, X,, S) Fel &g 7t
@N ol o st

1 3 3x?
q(X’ XOlS+8) - Wj.dxg (2_j exp(_ 2a2|<|8 —SW(X)jq(X‘l‘ Xgl XO! S)

1 cHol o

q(X, X,,S+¢&) =

ol 74 )\Io| g

e

F12| partition functionZ Taylor series®2 T 7 StAL.

1 3 3x?
—— —|dx | — | exp|-— £ ew(x
aZN)”ZI 8(271'8) p( 2a’Ne ( )}

X 0 X 0" (X, X,,9)
1 N0 58X LA OR! 2 axzq 1 N0

&off HO|X[2, A& A= x 0f oot Ereot HZO[Ct,

—, —1=
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Partition Function for Gaussian Chains

q(X’XO’S+5) ~ (aZN)l/Z

exp(—ew(x)) ( 3

Of Altt2 fIoiA= M He ME0| 2o,
3

olct B= 0|z} &

= -y 2&2N€ | |-O|-I_/

exp(=sw(x))

HEoN ZOo{EH

a(x, X, S+¢) = (a®N)*2

|

2

27[8) [q(x, .5)

= exp(—ew(x)) (Q(X, X5:S) + -

Ng 02
yQ(X,Xo’S)

2a’°Ner
3

+0+

Jz

2a’Ne
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Partition Function for Gaussian Chains

O|HO = exp(=ewW(X)) & Taylor H2|E O|EslA EHSIH,

2

2
q(X, X, S + &) = (1 ew(x)) q(x, X, 8) + 2 g%q(x,xo,s)) eOf CHot 2Ktk 2 FA[THCY

a’Ne 0°
zﬁq(x,xo,s)+ 6qu(x,xo,s)—gw(x)q(x,xo,s))

OO 2% &S 59| e+2 H 1 Taylor H2|E O|$HCIHH,

q(X, X,,S+¢&) = (q(x, X, S) + g%q(x, Xy s)j

2 2
yq(xi X01 S) - EW(X)q(X’ XO’ S)

q(X, X,,S) +g%q(x, Xy:S) = (X, X,,S) + a

0l CHSt first order®h Hld & ™ partition functionO| BtE5H= O|2YAZ A2
7 UL o

0
gq(x,xo,5)= 5 aX2q(x,XO,S)—W(X)Q(X,XO,S)
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ALY Alo| f (]3| MY

Recursive Relation for the Partition Function The corresponding equation in quantum mechanics
1 .0 h°
CI(r, r01 S) = a3N 3/2 Idr1Q(r11 ro,t)CI(r, r]_’ S _t) |hal//(x,t) = —%VZW(X,t) +V (X)W(X,t)

Now let us build up partition function for a long chain from short chain fragments:

1
q(r,r,,s+¢) = RV jdrgq(r +r_,1,8)q(r,r+r_,¢)
Expand the second term using Taylor expansion:

q(r,ry,s+¢&)= 353,2 jdrgq(r,r+rg,g)[1+ r. -V+%rgrg :Vv}q(r,ro,s)
a

0
The left hand sideis d(F Fp,S+¢&) = {1"‘5&}1("’ s S)

The integral on the right hand side can be evaluated as (The
odd term cancels by symmetry)

2 2

q(r,r,,s+&) ~e " {1+ %gvz}q(r, r,,s) ~ {1+ a'N

gV° — gw(r)} q(r,r,,s)

a’N

6

Comparing the first order terms: g q(r,r,,s) = {
oS

V? —W(I’):| q(r,r,,s)
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Partition Function for Gaussian Chains

Now the partial partition function is shown to satisfy the partial differential equation:

0 a’N 2
a—Sq(r,rO,S) = TV —w(r)|q(r,10,5)

Integrating the previous partial partition equation with respect to r,

1 E[ry; 0,s] Partial partition function for a
q(r,s) = : ZN)%deOQ(r' o, 5) & JDra e §(re(s) = 1) chain fragment with a free end.
a
0 a’N _, 5 /Ljﬂ segments
&q(r, s) = TV —w(r)|q(r,s) Also by integrating the initial condition, q(r, 0) = 1. - r

. - . . . Elr ;S 1
The partition function of a chain segment starting gt e, s) J Dr,, exp (_ [re; s ]) 5(r(s) — D)8 (r,(1) —1y)

from the other end (with length (1—S)N) kgT
0 a’N
— T — |——vy2 _ T
—=—q'(r,1y,5) —[ v W(r)]q (r,1y,5) 1 E[ry; s, 1]
ds 6 gt(r,s) = Wjdrlcff(r, ry,S) « ]Dra exp| — kT 6(ry(s) —r)
0 . _ [a*N 02 ;
asq (r,s) = 6 w(r)|q'(r,s) qT(r, 1) =
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Partition Function for Gaussian Chains

Elr,; 0,
q(r,s) « fl)ra exp (— Lt S]) d(ry(s) —r)
kgT
Elr;s, 1
qT(r,s) o jDra exp <— [Fai s ]> S5(ry(s) —r)
kgT
Total partition function <1
1 =
W :—jdr r,s)q'(r,s
QW] = [dr a(r.)a'(r.s) S .,
(Hizot =2 12 SO0|M= Eold s=0 0
IVE BEHX| %2 BHE ALRBICH) s=1
r
— K
“Ar, $): 5=0 LA 6\60 _3
p&rtla / ’ S = O 0\0@\0 0/ 3) -
cWHbaffambbn SRARNY 0&‘66 o g ’e
sty Css ag, ?&",S\ A s
IOIIIg ¢ ef]d an Se 4 {&X‘b‘\Q e N 0\\'0
he Othe, ang "~ 8mey,, NG .\«\,&‘i&.@ g
GIId atl. «000‘5\(‘&
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Density Calculation for Polymer Field Theory

(20| EAE2| 22X 0|A < partition functionO] ZHE L= off H|#S}A | X2 polymer field theoryOl A

rir
=
B[

A 2R AL F=2[E 7|=0{0F 2Lt

DEX nZh7F 2O vE 2= homopolymer melt| D2AF L= HAZ sl EX}. v - N
HA field w(r) S0 A& D22 total partition function Cha 1t 20| A AHEIC Po
1 + 1 E[r,;0,1]
w] = derq(r,s)q (r,s) = Vji)ra exp| — kT
V n Ef{r ;0,1 Ef{r ;0,1
¢a(r)oc—_"2)ra¢a(r)exp(— %, ]]_ _[ dstr r— ra(s))exp[—uj
BT TERLO| YA BWF DX} Qlw] T ) QW kT
A Chgnt 20| EHEC) NV
= = ¢,(r)= | dsq(r.s)a'(r.s)
QW]
[ |:-|| SEA A 2]l A O] See “Numerical Implementation of Pseudo- tral Method
Continuous verS|on01| A-I EJ-%TQ_J_ 7H__._|_9|- prefactor Ol = Eﬂ == T N\El- in Self-consistent I\/Il)ean Field Theory for Di?c):(re:t(;aPoI;me?
Discrete cha|n01| I:HO._l' j’;':”'E|EQE %.I'O._l OH EE olgl AIO| 78%?0}[}. Chains”, So Jung Park, Daeseong Yong, Yeongyoon Kim,
and Jaeup U. Kim*, J. Chem. Phys. 150, 234901 (2019).

B E chain®| contributionS G s}H

NV 1 1 et
p(r)=——c [ dsa(r,s) q'(r,s) == [ dsa(r.s) q'(r.s) s
poQ[W]J Q! q3a<r>=pﬁ0 j ds&(r — 1y (s))

0
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Density Calculation for Polymer Field Theory

=
2% 13

Qlwl] =7

1 ¢/ ;
NOEE jo ds q(r, ) (1, s)

>I
-
=2
> 1
1oF
>
|__JI'
Hr 0
Ral
|_Ou>
ug

O| AB diblock copolymer2| 82| D1 EAXQ| = AlLr4l2 Ch=24F H LT

1 1
jdr q(r,s)qT(r,s) « Vj Dr, exp (‘

HFY segment’| &7
o =L

1
drga(r) = =
Jaroue =g [ar],
+5 2E ST0IM M 210, A D20l 2]}
Uz st BY YT} opL 2t &2

1 1
NORP jf ds q(r,)q" (r, s)

X rof &S 2EO0|CH 2= Asegment (0<s<f,)0fl CHal O] =
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Density Calculation for Polymer Field Theory
E[ry; 0,1])

1 1
Q[w] = Vfdrq(r,s)q*(r,s) = vfl)ra exp (— kT

Total partition function Q2| M Zk|= &2, &8 X[ E 0| sNHM segment?} =X 2
E0|B 2 ™MK Z7t0f o H235tH, Of segmentZt 7 O £l 7+ =X =HE 0| H]
4| St= 440| =ICt.

O E 2 QO 4f2 sOf| 250 Of oLt A X 2 numerical oA Al AHS SHCFEH, Q
20| sOf| mief ZaX #ots 887t d7|=0, 1 8% 12X 1e| &2 M & HotH
MBI 8o vt 2% HefRIch
See “Finite volume method for self-consistent
F 2+l 5} field theory of polymers: Material conservation

O| 213t mass conservation error H|IAE = ZTZ 10| YAHO 2 ZF5I=X| 1 theory "
L = Qs HE Z=o| &lLio|C and application ”, Daeseong Yong and Jaeup U.
= TR S E 2 SHHOIL Kim, Phys. Rev. E, 96, 063312 (2017).

O[X| ZHI& w(r)0| HBH 2F ==X €Ot= =A{O|L}.

When there is no material, there is no potential. The potential is generated by the presence of the material.
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Polymer Field Theory
Statistical mechanics of single polymer

Many-Body Problem chain in external fields

,\%

Decoupling interactions using the field transformation

Our purpose of field transform is to develop an effective Hamiltonian of AB diblock copolymer melt as
a functional of two fluctuating fields, W, and W._.

Single chain partition function

EWA + Wg)/2,

% ‘@ln QIW_, W, D+pg J dr (@—\V{G) Ws)/2.
exchange field Flory-Huggins

segment
pressure field  # of polymers de?]sity interaction parameter
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Polymer Field Theory

= The interaction a polymer chain experiences in a sea of other chains is replaced by
a field in the polymer field theory.

= The canonical partition function of incompressible AB diblock copolymer melt is
given as follows

Z——l_[fi)r exp( BH,|r )X(S[pA+pB 1]

O 7|0 M Hy[r, ] 2t chain®| pathOi| (2 | HX| EE= Rr70lLH X[ 2] & ¢l

particle based HamlltonlanOI C}. (chain stretchlng entropy penaltny segment=7H2| L H l
M ES E'c‘sk)

=2 o= [
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Polymer Field Transform

= Let us consider a system with n incompressible diblock copolymers. Its partition function is given by

Z= “_[D A LCET TR A jd a)Pa(0) + 5 ijldmz
a=

= Just to make life simpler, we absorb the last integral into the functional integral definition so that

1 (1T 2] A 2 S ) ) ) ) N
z=—| Q@fa exp (— ,(B—”T) S(1=62) =m0 [dramds) =222 [ ar (Baw) + Gm) = (82 - o) = X2 [arc1 - 2
= Note that the delta function should be understood as a functional version f DYS(d — )] = f|P]

- - - A2 1/2 )
Let us now start from the introduction of W_ field. [ dzexp( az +jzj:(2?ﬂj eXp(zj_aJ

The one dimensional Gaussian integral is given as
r,. path of ay, chain
o _ _ e 2'Az (27r)N/2 JTA $;: density of i type segments
= Multivariable version of this equation is Lodz exp _T+J z :W Y N : polymerization index
( et ) a . segment length
_ _ . o _ _ po! :segment volume
where A is a symmetric and positive definite N X N matrix, and J is a real-valued vector. n: total number of polymers
x - Flory-Huggins interaction parameter
I . system volume
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Polymer Field Transform

Assume that the functional integral is defined so that the denominator is equal to 1.

By using Hubbard-Stratonovich identity,

[ DW_ exp (— %f dr (W)‘:]gr) + ¢_(rW_ (I‘)))

exp (’% | drc/32<r)) -

Now it’s time to introduce the Wy field.

The one dimensional Fourier

transform of delta function is 6(k) =

Its functional version is §(1—-¢4) = fDW# exp <—i%jdr(q§+(r) — 1)W#(r)>

[Dw_ exp( pofer (r))

¥N

1 (0]
j dz exp(—ikz)

21 ) _

From this formula

o —az’ 272\ j?
j dz exp( — jz] =(—j exp(—j
o 2 a 2a

set a=—2, ji=¢ (r), W ="—
XPo Lo

The last variable change will introduce
additional factors in the functional integral, but
we assume that such factors are all absorbed
while setting the denominator to be 1.

Again, any missing proportionality factor is absorbed in the definition of the functional integral. r,: path of a, chain

We finally have a field theoretic version of the partition function:

(Note the functions Wy and W_ are real)
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¢;: density of i type segments

N : polymerization index

a . segment length

po! :segment volume

n: total number of polymers

x - Flory-Huggins interaction parameter
I . system volume




Polymer Field Transform

Z= f —[ Dr, fDW# jDW_ exp (—%J dr (W;Isr) + d_(OW_(r) + i, (DWe(r) — iWu(r) + TN) —In n!)
r)

:jr;DfafDW#fDW_exp(—%fd ( X(

a=

+ A (iWe (D) + W (D)) + $s(®) (Wi (r) — W_()) — iW,(r) + XTN) - 1nn!)

. . . f 1
By setting iWy + W_ = W,, iWy —W_ =Wz and ¢ = ija exp (—%(j dsWy (ry(s)) +.[ dsWB(ra(s))>>
0 f

(This equation requires some time to digest. Because of this conversion, the (seemingly arbitrarily
named) fields W, and Wy gains the physical meaning of fields acting on A and B type segments.

poV Po W2(r) XN j j Hy Still, some non-trivial factor is floating and
2 _l—lInn!
( ) JDW# JDW exp( N j dr( xN — () + 4 n DWy | DW- exp kB they are absorbed into the functional integral.

Now the field-theoretic Hamiltonian H, becomes,
r,. path of ay, chain

2 ¢;: density of i type segments

Hf[W_' Wil = —nln poV@Q +lnn!+ Po j (W‘ (r) — iWu(r) + X_N> dr N : polymerization index
kgT N N XN 4 a . segment length
poVQ Po w2(r) xN p;' : segment volume

= —n <ln N1 + 1) N J < YN iWy(r) + 4 dr n: total number of polymers

x - Flory-Huggins interaction parameter
I . system volume
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Polymer Field Transform

We finally have

2
Hy W=, Wy =-n(lnQ+1)+ @j (W_ (r) — iWu(r) + X—N) dr

kgT N XN 4
. - - - - - See “Characteristics of the Complex Saddle Point of
The SCFT (mean field) solution of Wy is a purely imaginary function. It must be Polymer Field Theory”, Wonjun Kang, Daeseong Yong, and
so because iWy is the mean potential field enforcing the total segment density Jaeup U. Kim; Macromolecules, 57, 3850-3861 (2024).
and “Complex Implications of Translational Invariance in
¢, to become 1 everywhere. (At least people believed that for 30 years.) Polymer Field Theory”, Jaeup U. Kim, Mark W. Matsen,

David C. Morse, and James D. Willis; Macromolecules, 57,
9900-9910 (2024).

Thus, we often define W, = ilW, so that

Also see P7 symmetric system in Quantum Physics.
Hf [W—) W+] y y Q y

keT

2
=-n(nQ +1)+ %j (W)‘(Isr) — W,.(r) +XTN> dr

r,. path of ay, chain

¢;: density of i type segments

N : polymerization index

a : segment length

po! : segment volume

n; . i-type polymer number

n: total number of polymers

x - Flory-Huggins interaction parameter
V : system volume
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Self-Consistent Field Theory (SCFT)

= For more than two decades, self-consistent field theory (SCFT) has w_ = (wy —wp)/2
become a standard tool of the field-based simulation.

= By using the saddle-point approximation for both W, and W_ fields, we
look for the self-consistent mean field solution.

H He[W,, W. a
——> 2= |ow, [ow. exp( f>~exp(— il ]> Hf[W'W+]——n(an+1)+pOJ(Wz(r)—W+(r)+X—N)dr

kaT kgT kT N\ TN 4
SHy 0 gilw_,wi () = p w_,wy](r) =1 =0, Incompressibility condition
oW, W= B produces two equations 2w_(T1) Equation showing how polymer

¢_[w_,wy]|(r) + =0 density field produces exchange

XN potential proportional to yN¢_.
= From now on, the pressure and exchange fields satisfying these two conditions are denoted as lower case w. ().
= One may feel it weird that W, is introduced as a purely imaginary field, but we discuss saddle points on the real axis.

= |tis somewhat analogous to the integral of function on the real axis, which is essentially determined by the poles of its
analytic continuation far from the real axis.
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Field-Based Simulations: SCFT

= In SCFT, it is more common to use A and B notation instead w_ = (wp —wp)/2
of + and —. Then, the self-consistency equations become

da(r) + ¢ppr) =1
wa(r) = yNeg(r) + &(r), wg(r) = YN, (r) + &(r)

where, £(r) is the implicitly determined pressure field that enforces the first equation.

The field-theoretic Hamiltonian Hr now becomes the SCFT free energy. It is common to use the following expression.

F

@:—IogQ—lJr\% [dr (2N, (1) (1) =W (1) (1) =i (1) s (1)

= To find the self-consistent solution, iterations are necessary.
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Problem Solving Strategy

1.  Assume an initial potential field, because we do not know the true field until the last step.

2.  Solve the diffusion equations for the two partition functions.
3. Calculate the polymer concentration, and hence the output fields. Total partition function:
1
0 :\7j drq(r,s) q'(r,s)

V: The system volume

(0=, 6909919

4.  Compare the input and output fields. From the given result, create a new input field.

5.  Go back to step 1 and continue iterations until the field equations and the incompressibility
equation (@ + @5 = 1) are self-consistently satisfied.

The exact mean-field polymer configuration and its energy is now obtained

There are two important tasks in this process.

1. For an unbiased research, one may feel like to use random initial fields. However, there are certain BCP morphologies
that one can never find without an educated guess. Making a proper guess is one important part of the research.

2. For the creating of a new input field, the simplest approach is the steepest descent method.
There are many established approaches to make a better guess for the next field. W = (1- )W, + AW,
Even Deep Learning is used nowadays.
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Problem Solving Strategy (Gaussian Chain Model)

Diffusion equation
. q(r,s)
\ 4

%q(r,s){ 6'\' vZ—w(r))q(r,@

1=, 8509 4'(5)

b= ], 500 9',9)

Find partition function 1

Q= [dra(rs)q'(r,s)

a’N

_ 0 ot &) —
asq (F.s) ( 6

v’ —w(r)qu(F,S)

w,, (1)

Set input field ¢ ( r)

(first randomly) Find segment density

nkFBT =—logQ —1+\%jdr(zN¢A(r)¢B(r) — W, () a () — Wy (N (1))

To find self consistent
mean field solution

Simple mixing method OUt ( )

Wi = (L= )W, + AW, Find output field
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¢A(r)+¢B(r) =1
W, (r) = ¥Ngg(r) +£(r)
Wg(r) = xN@, (r) +£(r)




SCFT Phase Diagram

40 ——— _
30 - 30 F N
i 20 - i 20 ]
aisordered i
10 - - 10 F J
[ (a) PL-PS diblocks, N = 1.1 x 10° ] () SCFT. B R
0...1...1..11..-Innn- 0-...I...I...I...I...
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
/ Classical Phases
Phase diagram of PI-PS BCP (left) 0.0
theoretical phase diagram using SCFT(right) g%g
Matsen, M. W,; Beardsley, T. M.; Willis, J. D. Fluctuation-Corrected Phase DQ;DD
Diagrams for Diblock Copolymer Melts. Phys. Rev. Lett. 2023, 130 (24), 248101. Dr::} @]
S
As the invariant polymerization index N increases +G ; : Complex Phases
(i.e. as the chain length increases), the mean field S NN
approximation becomes more accurate. M. W. Matsen, J. Phys.:
Condens. Matter, 2002,
14, R21-R47
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Field-Based Simulations: CL-FTS

Hw,, W] b+ = dp+dp
o f f exp< kgT )DW+DW_ ¢— = ¢p — ¢n
= (W + Wp)/2
. . . . . _ E (Wp — Wp)/2
= Although field-theoretic representation of the partition function  oW_ (r, 2') oH
cannot be calculate exactly, it is possible to simulate it. Py =-A W
= [n Complex Langevin (CL)-FTS, both fields are permitted oW, (I’QT) _ 5_H+ iN Gaussian noise
to sample the entire complex plane. (t is the fictitious time.) or T SW +?

20

18 |

=
= With the advance of computer hardware and software, it is becoming shor ]
manageable, but the computational demand is still enormous. " ot ]
= Also, it is known that instabilities can be significant even at PO MmN T
intermediate invariant polymerization index N regime. (This parameter 02 04 f 0.6 08

determines the level of fluctuation.) CL-FTS based block copolymer phase diagram
K. T. Delaney and G. H. Fredrickson,

112 J. Phys. Chem. B (2016)




CL-FTS and SCFT

35

25

15

0.5

\

Real Saddle Point
(SCFT solution)

Traditional viewpoint for CL-FTS

exists

What CL-FTS actually does

113

Block copolymer,
random copolymer mixture
(85%:15%)

Fluctuating Field Configuration
Around the Read Saddle Point




Field-Based Simulations: L-FTS

See T. M. Beardsley and M.W. Matsen, Polymers, 2437 (2021), for the details of L-FTS.

In Langevin field-theoretic simulation (L-FTS), the

saddle point approximation is applied only for W, 2 X IDW— exp(—=H[w,, W_])

It means we iteratively find the solution satisfying the incompressibility condition for polymer melts,

g+ IW_,wil(r) = ¢, [W_,w, ](x) —1=0 (P4 = Pa + PB)
The pressure field that satisfies the incompressibility condition is denoted as lower case w. (r).

Exchange fields W_ evolves according to Langevin equation, and it is always a real function.

@ — (Gaussian noise

W.|. =Wy

oW_(r;7) \ oH
ot B oW_

Langevin Equation

« Discretized equation using simple Euler method is At ¢ Fictitious time step

N (0, 0): Gaussian noise with

W_ (I‘; T+ AT) = W_ (l‘; T) — - [W_, W+] (I‘)AT + N(O, 0') . zero mean and deviation o.

We later use predictor-corrector method or Leimkuhler-Matthews 7= \/ 207/ (8xyA2p0)
(LM) method when applying deep learning. A, : grid size along a-axis

« InL-FTS, the most time consuming task is to find w, for the given W_ iteratively in each Langevin step.
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Field-Based Simulations: L-FTS

« Here is a snapshot of the simulation after an equilibrium is reached (~100,000 Langevin time steps are required).
Fluctuation around the mean field is now visible.

Disordered xN Ordered

 For the calculation of physical quantities, we need to perform ensemble
average of them after a long simulation (up to a million time steps).
» The ensemble average composition and two-point correlation is given by
2N28(r—r1')
XPo '

“ 2 ~ ~ 4
(p-(0) = )—((W_(r)), (P-(p_(r") = )?(W_(F)W_(r’)) -

 In addition, we need to perform calibration of bare y, N to renormalized yN.
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Examples of SCFT and L-FTS results

SCFT phase diagram LF

I ~ disordered
- (b) SCFT, N =0

. - P 16 F

) S U I R R
0.0 0.2 0.4 0.6 0.8 1.0 D AT e e %

GV ey WL I
f ) S Bl W S 2r
Mark W. Matsen , Tom M. Beardsley and NN 2 g7 [ (© ¥ =10

James D. Willis, Phys. Rev. Lett (2023) ‘ A\ 75 g -
116 K | - f '




Deep Learning Boosted L-FTS

« The key point of our L-FTS acceleration is the use of DL
for the reduction of partial saddle point computation
time through improved estimation of w,.

e Our NN (DeepLab) is based on NN models for the
semantic segmentation, which are fully convolutional.
PyTorch-Lightning is used as the DL framework.

- Inputs are W_ and g, rescaled by ¢(g.) which is the standard deviation of g.. The ground truth is Aw{™a! which
Is iteratively computed by Anderson mixing method. The loss function is the mean square error function. Output is
AW, .

« For this supervised learning, training data are gathered in the first stage of L-FTS (during 1 x 10* time steps)
without using DL.
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Architecture of Neural Network

= The architecture of our DNN is shown here.

Output
Middle Block
+ (Atrous-Cascade)
Convolution +
kernel=1x1x1, feature=1 .
\ (kernel=1x1x1, feature=1) J Convolution Block
4 (kernel=3x3x3,
f Convolution Block | feature=32, dilation=8) |
(kernel=3x3x3, feature=>32) Y .
~ X ‘ —— Atrous Convolution
[ Convolution Block | (kernel=3x3x3,
(kernel=3x3x 3, feature=32) feature=32, dilation=4) |
Middle Block .
. ) Convolution Block
[ Convolution Block | - +
L(kernel=3><3 %3, feature=32, dilationz?)‘ Mish
f Convolution Block i - * .
{ (kernel=3x3x3, feature=32) ] Batch Normalization
f Convolution Block 1 - *
| (kernel=1x1x1, feature=32) | Convolution
+ . + »
Input

118 Example of Semantic Segmentation. https://pytorch.org/



Accelerating Langevin Field-Theoretic Simulation of Polymers with Deep Learning Also see Macromolecules,

ReSU ItS Daeseong Yong, Jaeup U. Kim*; Macromolecules, 55, 65056515 (2022) 54, 11304-11315 (2021)

* We developed a method to train deep neural network (DNN) that can boost the simulation. The prediction of DL is
almost same as the ground truth, whereas single iteration of conventional method is quite different from the ground truth.

Ad. () 1 Iteration
¢4 (r Ground Truth Deep Learning Conventional Method

.!Xﬂ)s . . . )
!x103

« After the training, DL assisted L-FTS is

performed by using predictor-corrector method. Morphology | Speedup Iterations Reduction
_ _ _ _ _ Spheres 5.97 9.09
« We achieve speedup of factor 6 including the inference time. Cylinders 6.19 937
https://github.com/yongdd/langevin-fts Gyroid 6.19 8.64
https://github.com/yongdd/deep-langevin-fts Lamellae 5.99 8.44

* Open source library for SCFT and L-FTS (utilizing Deep Learning).

119
L


https://github.com/yongdd/langevin-fts
https://github.com/yongdd/deep-langevin-fts

Lamella-Forming Diblock Copolymer Thin Film

Segment density of di

# ' ,?. ‘ .> ‘,'\‘ AN sj

N = 100000

f=05
XbN =18
AtN = 0.8

—\

Langevin time steps 1 x 10°

0.50




Lamella-Forming Diblock Copolymer Thin

Discrete chain model

1 XNy = 15, YN = 14.3355, f; = 0.50
q Ax = 0.1689,
0.95 [Ly Ly, L,] = [18.24,18.24,2.02665] ~ [12R0, 12Ry, 4/ Ro]
ds =0.01,N = 10°

0.85

0.8

—-0.75

0.7

0.65

0.6

0.55

0.5
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Multi Species Polymer Mixture System

In a system composed of two or more polymer species, the effective total number of polymers, n, is defined to ensure consistency with
systems containing a single polymer species. For a polymer species i, the number of polymers is denoted as n;. Assuming that the monomer
volume is identical for all polymer species, n can be defined as

n=an+an, +azng+ -

«a; is the length of the polymer chain of species i

Performing the field transform, the partition function of the system becomes

_ 1 PoV Q1 " PoV Q- " poV Q3 " _ 1 ny ny n3
Z_nllnz!ns!"'( N ) ( N ) ( N ) m_nllnz!ns!'"(an) (nQ2)™(nQ3)™3 -

Q; is total partition function of the polymer chains for species i

By using the Stirling approximation, the free energy of the system is
T = In(n,!) + In(n,!") + In(ng) + -+ —nyInQ; —n,InQ, —n3InQ; +
B
)i tonfoi )
~ng|In—— ny|In——m-— nz|ln——
! Qin ’ Q2n > Qzn

The free energy of system per effective number of polymers can be expressed in terms of ®; = a;n;/n, the global volume
fraction of polymer species i,

F N4 N4 ) n, ( n, ) N3 ( N3 ) D, ( D, ) D, ( D, ) O ( O )
= In——-1 n—-1|+—|In—-1]+- = In —1|+—|In -1+ In -1+
nkgT n < Qin Q2n n Q3n 251 a1Q1 a3 azQ: a3 a3Qs3
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Multi Species Polymer Mixture System: BCPsS + HPS

Qp,: the total partition function of the HP chain

For a binary mixture of AB BCPs and A HPs, the system’s free energy is expressed as (a, = 1): @y, the global volume fraction of HPs
ay,: the length of the HP chain

F b, @, ), 1 j
kT o (ln 0. 1) + ) (ln 0 1) 7 dr [YNpa(r)¢p(r) — wa(r)da(r) — we(r)¢g(r)]
The partition function of the HP chain is given as
1 f
0 =7 [ 9aj@ s)ar
If the HPs are made of A-type segments, the modified diffusion equation for partial partition function is
9 a’N It is easy to confirm that
_ — . y2 _
ds qr(r; S) 6 % qh(r' S) WA(r)qh(r; S) q;‘l(r, S) — Clh(l'; 1 — S)

The density of A and B blocks, incorporating contributions from both BCPs and HPs, are

f a o, (t
o) =5 [ a9l ods + o [ M oaaads o =5 | awmodlmods
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Multi Species Polymer Mixture System: A+B HPS

@;: the global volume fraction of | type HPs
For the binary mixture of A-type and B-type HPs, the free energy can be expressed as: a;: the length of the i type chain

F o b b b 1
_ A(ln A —1>+—B<ln ; —1)+— [ dr LN A@Po () — wa(IPa00) = wa ()P0

nkgT —ap\ aaQa ag \  apUg 4
1 ; 1 ;
0n =5 [ 4 )af e, s)ar 05 = [ as(r,)af(r,s)ar
The partial partition functions g, (r, s) and gg(r, s) are calculated by the following modified diffusion equations,
0 a’N G, a’N
a_qu(r’ s) = TVZCIA(P; s) — wa(r)ga(r,s) &CIB (r,s) = TVZCIB(I'; s) —wg(r)gp(r, s)

The densities of A and B segments are calculated as

O, [T
Sa(r) = —2 j aa(r,9)q 1 (r, 5)ds
0

ap0Qa

O [OE
() = —F j a5 (r, 9)q} (r, 5)ds
0

ag(p
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Phase Separation of A and B Mixture

Let us consider the mixture of incompressible A and B homopolymers which have the same length, ay = ag = 1.

() () 1
= Oy (ln—A — 1) + ®p <1n—B - 1) + del' XNPA(M)pp(r) — wa(r)Pa(r) — wg(r)pg(r)]

nkgT Qa !

If they form a homogeneous mixture with A fraction ¢ (and of course B fraction is 1 — ¢). We can easily find a trivial self-
consistent solution, wa (r) = wg(r) = 0, which makes g5 (r,s) = qg(r,s) = Qo= Qg = 1.

We now have a free energy expression,

kel d(nd —1) + (1 — d)(In(l— @) — 1) + yNo(1 — )

This is the famous expression for the material mixture model. You probably have seen its derivation starting from a toy model
with a cubic lattice and pair interaction. Such a simplified model can produce an exact(!) result in the long chain limit,
where the universality conquers in the end.

For the analysis of the phase, we can drop out some linear terms:

Finix .
e =9I+ (1= @) In(l = §) + xNG(1 - )
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Phase Separation of A and B Mixture

F mix

leBT

The free energy of polymer mixing

=¢Ingp+(1-@)In(1-9¢)+xNe(1—¢)

We can understand the phase behavior of our mixture by looking at the way the shape of the
curves of free energy against composition change with varying values of yN.

For negative and small positive values of yN, the curve has
a single minimum at ¢, = ¢g = 0.5. For values of yN > 2,
we find two minima, and a (local) maximum at ¢, = ¢g =
0.5. To understand the physical significance of this, we must
look at the two possible situations in more detail.

per site /kT

%x=25

Free energy of mixing

\x=2.0
\x=0

=10

0 0.2 0.4 0.6 0.8 1

Volume fraction
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Phase Separation of A and B Mixture

Suppose we have a volume V, of mixture whose starting volume fraction of A'is ¢,. (All
volume fractions refer to A) Now assume this mixture separates into a volume V; with
volume fraction ¢, and a volume V, with volume fraction ¢,. To conserve the total amount
of Aand B, ¢,V, = ¢,V,+¢,V,. We can also write

O =mb+m,0,  n+n,=1

where 7, (=V,/V,) and », (=V,/V,) are the relative proportions of the two phases. The total
energy of the phase-separated system is

G —¢ ¢ —9
|:sep = 771Fmix (¢1) + 772 |:mix (¢2) — ¢O B ¢2 |:mix (¢1) + ¢1 _¢0 |:mix (¢2)
1 2 1 2
This equation is best interpreted graphically. In the figure, Free

an initial composition ¢, phase separates into two phases ¢,  cnerey
and ¢,. The total free energy of these two phases, F, can
be read off the straight line joining F(¢#,) and F(¢,) where

the volume fraction takes the value ¢, o | <

Fy qJ —_— |
For the concave curve, the free energy resulting from phase | |
separation into any pair of volume fractions ¢, and ¢, is I
always higher than the free energy of the starting | ! |
composition F,, so the mixture is stable. @ % %
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Phase Separation of A and B Mixture

On the other hand, if there is any region in which the curve is convex, as  Free
shown in the figure, then there are some starting compositions which, if ~ €nerg¥

they phase separate, can lead to a lowering of free energy. The limiting F, —

compositions which bound this region of phase separation are those
compositions joined by a common tangent, ¢, and ¢,.

These compositions are known as the coexisting compositions, and the

sep

locus of these compositions as the temperature, and thus the interaction | | |

parameter, is changed, is known as the coexistence curve or the binodal.

Free
energy

Volume fraction

07 N 1))

If we look in more detail at the free
energy curve for compositions that
fall within the coexistence curve, we
find another important distinction:
the curvature of the free energy
function, d?F/d¢? may be either
positive or negative.

At a composition ¢, phase separation to two compositions close to ¢, results in a lowering of free energy
from F, to F',. At this composition, the system is unstable with respect to small fluctuations in
composition, and will immediately begin to phase-separate. This composition is unstable.
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Phase Separation of A and B Mixture

However, at composition ¢,, a similar small change in composition leads to an increase in free energy from F, to
F',; the system is locally stable with respect to such small composition fluctuations. It is still globally unstable
with respect to separation into the two coexisting phases. There is an energy barrier the system must overcome to
achieve the global energy minimum associated with phase separation. This composition is metastable.

The limit of local stability is defined by the condition that the curvature d2F/d¢? = 0; the locus of these points is
known as the spinodal.

Finally, we note that a critical yN (or temperature in most experiment) usually separates the two types of situation
for which mixtures are always stable and situations for which there are compositions which will phase separate.

In the former, the curvature is always positive, while in the latter d2F/d¢? is negative within a certain range of ¢.
The critical point is thus defined by the condition that d?F/d¢? = d3F/d¢3 = 0, and it is the point at which the
coexistence curve and spinodal line meet.

F ix
Let us apply this analysis for our free energy  f(¢p) = nlranT =¢pnedp+ (1 —¢)In(1—¢)+ xyNp(1 — )

A solubility gap occurs when there exists a region that its second derivative becomes negative. Calculating the
second derivative,
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Phase Separation of A and B Mixture

2
d f(¢):_le+1+—l and 1+—1 >4

dg’ ¢ 1-¢ 6 1-¢

If xN is negative or less than 2 (it usually happens when T > T_ in many experimental systems), the second
derivative is positive at any ¢ value. If yN is larger than 2 (or T < T,) there exists a region with the solubility gap.
Because it is a symmetric case, the coexistence curve is determined by the following condition.

df d
450 d_¢(¢|09¢+(1_¢)|09(1_¢)+ZN¢(1—¢))=0
logg—log(1-¢)+ xN(1-2¢)=0 N = _2¢1_1 log (ﬁj

Analytic expression is not available for ¢, but the solution is shown o _
in the figure. The spinodal line is obtained by solving sl J

N\Meta- Unstable .-':Mﬂ’m' |
L1,y l1f2
¢ 1-¢ 2 2\ x

stable "-_- ._-"s tuble
It is also shown in the figure. The critical point shown in the figure I
is¢ =0.5and (yN), = 2. Stable

0 1 1 L i
0 0.2 0.4 0.6 0.8 !

Composition ¢4

\ Coexistence

Critical point curve

Interaction parameter Y
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