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Lecture Overview

Lecture |
|) Langevin & Fokker-Planck equation

2) Stochastic calculus

Lecture 2
|) Heat & Work

2) Stochastic trajectory

Lecture 3
|) Entropy production

2) Thermodynamic Uncertainty Relations

Lecture 4
|) Eigenfunction of Fokker-Planck equation

2) Calculation of mean & variance of observables



BI"Ownian MOtion https://www.youtube.com/watch?v=ZNzoTGv_XiQ

: motion connecting mesoscopic and microscopic worlds




Brownian Motion: When Does It Occur?
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Motion is deterministic. [IIX I ! kinesin

RNA folding
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In microscopic scale, motion is not deterministic,
but random or stochastic.

YouTube: Myosin V molecular motor



Brownian Motion
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Wikipedia: Brownian motion

— treat the environmental interaction as a simple random
noise

J(—\

environmental
- Langevin equation (continuous state) random noise
- master equation (discrete state)



|. Langevin equation
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: phenomenological description of the interaction of N
environmental particles ‘ e °
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1) dissipation . e e
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velocity _
A my = —yv
Vo (m : mass, ¥ : dissipation coefficient)

L v(t) =v(0)e ™™y =0 in the long time limit?

time
2) random motion mv=—yv+of (&: white — Gaussian random noise)
D=0 = my)=-y)
ii) (&(1)&(r)) = o(r —t') (Markovian noise)
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|. Langevin equation

|) underdamped Langevin equation

X=v
X=v, mv=—0U0X) +fro—yv+of

force from the heat bath

(&) =0 E0E)) =6(—1)

V= 1 |—0, U4, %) + f,. — vv + o]
m

2) overdamped Langevin equation Schematic of a stochastic system
Velocity relaxation time: 7, = - <K Ty L, =Nty + 1y (ty=1)
- iy AT
oy = =) (1) -/‘\/\\ﬂ/\»x(@v)
— velocity is always in equilibrium x(1)

mp = =0 UG, %) +fro—yv + oF
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neglect inertia term =—rx

ri=— U +fo+ 08w &= [~0.UX) 4o+ of]
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|. Langevin equation

|) underdamped Langevin equation (I dm) z=A+B¢
XxX=v ex) overdamped
1 T=4X
V=— [—de(ﬂ,x) +f.—yv+ 05] 1 5
m A=—|-0 U0 +f.] B=—
Y N Y
2) overdamped Langevin equation (N dim) z =A, + 2 B£,
.1 J=1
X = ? [—OXU(/L X) + e + Of] ex) underdamped
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2. Langevin equation & Fokker-Planck equation
(I dim) z=A+B¢&
P(z,1t) : probability distribution of z at time ¢

Governing equation for P(z, t) : Fokker-Planck (FP) equation Risken, The Fokker-Planck equation

Gardiner, Stochastic Methods
0,P(z,t) = — 0,(A — 0,D)P(z,1) D = B2/2

Probability current J(z, t)

0,P(z,t) = —0,J(z, 1) J(z,t) = (A — 0,D)P(z, 1)

(exl) Write FP equation for yx = — kx + +/2kgyT¢



2. Langevin equation & Fokker-Planck equation

N
(Ndim) z =4+ ) B
j=1

P(z, 1) : probability distribution of z at time ¢ 2 =1(2,2, " 2y)

Governing equation for P(z, ?) : Fokker-Planck (FP) equation

N N N
1
0P ==Y 0 (A=) 0.D;|Pet)y D= ~BB"  Ji@n =4~ Y. 0.D;| P, 1)
i=1 j=1 Jj=1

(ex1) Write FP equation for yx = —kx + ey ++/2kgyT, 8, , vy =—ky+ox+,/2kgyT)¢,

. . . |
(ex2) Write FP equation for x=v, v = — [f(x, H—yv+ \/2kByT§]
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3. Stochastic Calculus
|) Wiener process: pure Brownian motion
:=A+B¢ (@=x, A=0, B=1)
> k=
r

Define W(¢) = x(t) — x(0) = J E(s)ds = J dW(s)
0 0

Autocorrelation of ¥(¢)
(W)W(t')) = min{t,1'}
(dW(t)dW(t)) = dt

S AEDED) — 1/dt
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3. Stochastic Calculus

2) Stochastic product
:=A+BE A=f(z@®), B=0)
— 2= f(z(1)

regular function product

(F(z0) 20) = (£ (2 + dD) 20) = <[f(z(t)) +0.f (a(0)) 2y z’(r)>

?

= z(1) + 2(¢)dt
= (F(z0) 10) + {01 (20) 2 ) a
fU0) = (1= a)f (2(t + dn)+af (2(0)) =0 (dt - 0 limit)
l (f(20) ©, 20) = (fD20)
Il —a a
] — = (1= ) {f (e +dD) 20 Y+a { (z0) 20)
f(z®) f(z(t + dp))

= ((z0) 20}
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3. Stochastic Calculus
2) Stochastic product
t=A+BE A=fz@®), B=1)
- z=fz0)+¢

Stochastic function product

(f(20) &0 ) = (f (zte+ dn) &)
(f(20) &0) = (f (20) }E@) = 0

(f (=t +dn) €) = < 7 (20) + 0. (20)) 2(0)c| §<r>>
= z(t) + 2(r)dt
= {Fz@T&0) + (0.1 (20) 2020 ) di

= (0,f (2 (z(0) E@) ) dt + 0.f (2()) {EX(1) ) dt
(0. () &0 3
= 0,f (2(0)
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3. Stochastic Calculus

2) Stochastic product
t=A+BE A=fz@®), B=1)
- z=fz0)+¢

Stochastic function product

(F(z0) €0) = (£ (a0 + ) €0 )
((20) &0) = ( (20) }E®) = 0
(f (ate+dn) &0 ) = 0.1 (z(0)

(f(z0) ©,60) = (1 = a){f (ztt+dn) & ) +a{f (D) €O = (1 = @£ (z(0)

Stratonovich: a =1/2 (e =0y ) e.g.f(z(t)) o &(1)
Ito:a=1 (¢e=0,) e.g.f(z) &)
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3. Stochastic Calculus

3) differentiation
t=A+BE A=fz@®), B=1)
— 2 =f(z(®) +¢&

df (z(0) =f (2@t + dn) — f (z(0) =f (20) + dz(®)) — f (2(0))
2
~f(2(0) + ﬂCd (t)+——fdz2(t) —f(2()
(P + 2fede + i
f 10

= | =—+——2dz| d O(dt* O(dr)
[az 2 022 Z] < (dt”)

1|0 0 0
= E [a—zf<Z(l+ dl)) +a—zf<Z(t))] dz = a_Zf(Z(t)> °dz

expansion should be Stratonovich!
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Revisit: Langevin equation & Fokker-Planck equation

(I dim) z=A+ B¢ — z=A@®) + Bz®)Eé

Ito? Stratonovich?

z=A@z@®)+ B(z(®) ¢ (Ito)
— z(t + dt) = z(t) + A(z(2))dt + B(z(1)dW(¢)

7 =A(z(t)) + B(z(t)) o £ (Stratonovich)
— z(t+ db) = z(H) + A(z(0))dt + % |B(z(t + dn)) + B(z(t))| dW(2)

- % |B(z(1)) + 0,Bdz(t) + B(z(1))| dW(¢)

= B(z())dW(¢) + %azde(t)dW(t)

= B(z(1)dW(1) + %aZB(AdtdW(t) + BdW(1))

| di
= B(0)dW(®) + =B, Bdr
— z(t+dt) = z(r) +

A(z(t)) + %BOZB dt + B(z(1))dW(t)
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Summary of Lecture |
|. Langevin & FP equation
Langevin (I dim): z=A+ B¢

FP (I dim): 0,P(z,t) = — 0(A—0,D)P(z,t) D = B?*/2

N
Langevin (N dim): z, = A, + Z B;¢;
j=1

N N
| !
FP (N dim): 0Pz 1) = = 0, [Ai -2 %Dly] P  D=_BB"

i=1 j=1

2. Stochastic calculus
Wiener process: (dW()dW()) =dt, (E@)ER)) — 1/dt

Function product:

(f(z0) ©,60) = (= a){f (2t +dn) &0 ) +a{f () €0 = (1 = @1 (z(0)

0
Differentiation: df (Z(l‘)) = a—zf(z(t)) odz
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