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Abstract
In this lecture I will give a brief introduction to the quantum theory of 
magnetism in real materials, especially, consisting of transition metal 
elements and their compounds. Starting from the Stoner theory of 
magnetism, we discuss several basic aspects of ferromagnetism and 
further expand the discussion into other models like Hubbard model, 
Anderson impurity model, and Kondo model as a way to understand 
the mechanisms behind such complex magnetic phenomena in real 
materials. We will also look into the theory of non-collinear 
magnetism, arising from spin-orbit coupling, which brings up 
multiferroic physics and topological properties of electronic states as 
well. If time permits, I will discuss a connection between magnetism 
and superconductivity in high Tc superconductors. 
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Outline
• What is all about condensed matter physics? 
• Magnetic phenomena in real materials 
• A quantum mechanical view of magnets:  

Pauli exclusion principle and Coulomb interactions 
• Effective hamiltonians and phenomenological theory 

• Stoner theory 
• Hubbard model 
• Heisenberg model 
• Anderson impurity model 
• Kondo model 

• Non-collinear magnetic ordering 
• Berry phase and topological effects 
• Magnetism and superconductivity
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What is all about condensed matter physics?
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1. What is all about condensed matter physics?
... How do we understand the physical properties of single particle systems in a classical

or quantum sense? In other words, what do we measure or observe?

O

x

p

Ψ ?

... In classical dynamics, the state of a single particle is determined by the observables {x(t),p(t)}. It can

be extended to the system with many particles where the state of the system is described by the set of

observables {xi(t),pi(t)|i = 1, 2, ..., N}. However, when N ⇠ 1025, it is practically impossible to trace

the orbits of all, even the part of, the particles. Here it is the point where the statistical physics comes into

playing a role. Instead of following each individual particles, we measure a quantity by an (ensemble or

time) average of the given quantities adopted in classical dynamics. In addition, now we have to deal with

new observables such as entropy, temperature, ....

The same thing applies for the case of quantum systems. The only difference is the dynamics state of the

quantum system is determined by a state vector | (x, t)i for a single particle and | (x1,x2, ...,xN , t)i.
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Macroscopic vs microscopic objects
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1.1. Macroscopic vs. microscopic objects
• Observables for the macro object consisting of more than ⇠ 1020 particles:

� specific heat cv  � entropy, temperature

� bulk modulus or compressibility  � pressure P

� polarization P, magnetization M � electro-magnetic field E, B

� reflectivity, color, conductivity, ... etc.
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For an example, what physical property of the cube (or disk) makes this happen, i.e., a
cube float over a magnet against gravitation?

(Hint: This is the phenomenon called magnetic levitation, which is mainly at-
tributed to the “Meisner effect” of superconductors.)
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Observables for the micro or nano object of order ⇠ 102 particles:

• conductance G / electron tunneling current I

• force F

• magnetic Flux �

• charge density distribution, electron cloud (bonding), ... etc.
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an AFM image an STM image a LEED image

What do we really see in these images?
What physical quantities do they represent?

An example of the SEM System:
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Most condensed matter systems are  
quantum mechanical by nature! 
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Most condensedmatter systems are quantumme-
chanical by nature!
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• Unfortunately, however, there is no quantum mechanical solution available ex-
cept for free (i.e., non-interacting) particle systems.

• An example of exactly solvable models:

H = ~!(a+
a +

1
2
)

a
+
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How do we approach to the condensed matter system 
to understand the physics of a “black box”? 
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1.3. How do we approach the condensed matter system in order to understand
the physics of a “black box”?

• Experimental Methods:
By disturbing the black box by phtons, phonons, electrons, and/or neutrons, try to get a
hint on elementary excitations in the system.

• Theoretical Methods:
By guessing possible elementary excitations and working out the QM equation of mo-
tions, see if we can predict the physics of the system. If wrong, correct the model for
the elementary excitations for the better description.

• How to disturb the “black box”?
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Question: Measuring the dc resistance is a way of disturbing the system? What really
happens inside the black box when we apply a bias voltage?

� Current-Voltage curve of a YBCO high Tc superconductor
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Question: What happens when we shine a light on the matter?

Light scattering experiment: (Photoemission / IR spectroscopy)
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1.4. Particle zoo in the condensed matter systems
“elementary excitations in solids”

• quasi-particles: electrons, holes, polarons, excitons, Cooper pairs, ...

• collective excitations: phonons, magnons, zero-sound, plasmons, ...
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Energy scale 
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Energy scale
The condensed matter system is merely a collection of atoms, where each
atom consists of electrons and a nucleus (me ⌧ mN ).
From the uncertainty principle �x�p ⇠ ~,

�p =
p

2meE ⇡
p

3mkBT

Thus, practically, the size of atom ⇡ the size of electrons.

Energy scale
The condensed matter system is merely a collection of atoms, where each
atom consists of electrons and a nucleus (me ⌧ mN ).
From the uncertainty principle �x�p ⇠ ~,

�p =
p

2meE ⇡
p

3mkBT

Thus, practically, the size of atom ⇡ the size of electrons.

• atomic unit: ~ = e
2 = me = 1

�x ⇡ aB =
~2

me2
= 0.529177Å (Bohr radius)

EB = �
1
2

e
2

aB
= �

me
4

2~2
= �13.6058eV = �1Ry

In atomic unit, aB = 1, EB = �1/2, c = 1/↵ ⇡ 137,
kB ⇡ 3⇥ 10�6 , ...
(↵ = e

2
/~c: fine structure constant)
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• energy of an electron in a box of size L:

�x ⇠ L �! �p ⇡
~
L

Eo =
p
2

2m
⇡

1
2L2

• speed of electrons in a box:

ve ⇠
1
L
⇠

↵c

L

• electrons in solid

– Fermions: Pauli exclusion principle

– Degenerate Electrons: lowest possible excitations near the Fermi energy
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Quiz
• Estimate the scale in atomic unit:
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Homework #1
(due: Tuesday, 9 March 2004)

Estimate the scale in atomic unit:

(a) ground state energy of an electron in a cube of length 1 nm.

(b) energy and momentum of a photon with � = 104 Å.

(c) energy of an electron in a magnetic field of 1 T.

(d) thermal wave length of an electron and a neutron in a thermal bath of 300 K.

(e) Fermi energy of a degenerate electron (neutron) gas with its density 1022 cm�3

respectively.
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Hypothetical Hydrogen Solid 
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Hypothetical Hydrogen Solid
A solid, or, a condensed matter system in general, can be visualized as

a mere collection of atoms. In this chapter, let us try to image what form of
matter one can possibly get out of the collection of “hypothetical hydrogen”
atoms as a function of temperature and density.
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Basic assumptions 
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Basic assumption
• The hypothetical hydrogen has a single electron-proton bound state with an en-
ergy of �1/2 a.u., which is equivalent to the 1s state of the hydrogen atom.

• Two hypothetical hydrogen atoms can also have a single bound state of an en-
ergy �1/10 a.u. and the mean separation between the atoms is about 3 a.u.,
leading to a H2 hydrogen molecule.

2

1
10
-

R

U(R)

• The hypothetical H2 molecules, interacting with each other through the van der
Waals interaction, are assumed to have a single bound state of energy �1/102

a.u. and the mean distance between the atoms is about ⇠ 10.
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In the limit of low density and low temperature 
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In the limit of low density and low temperature
First, consider a regular array of the hypothetical atoms, for an example,

in a cubic lattice. Suppose that the system is at T = 0 and the mean spacing
between the atoms is relatively large, i.e., a� 1.

T = 0

a� 1 �! n =
1
a3
⌧ 1
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Question: Is this cubic lattice stable or not? 
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Question: Is this cubic lattice stable or not?

• What is a general criterion for the stability of a system?
In classical mechanics, a particle in its equilibrium with restoring forces is called
“stable”. In other words, any displacement u from the equilibrium position has to
be described by the equation of motion:

d2u

dt2
= �!2

ou

where !2
o needs to be positive, i.e, !2

o > 0. If !2
o < 0, then it becomes unstable.

In general, we can consider the energetics in its configuration space in order to
identify the stability condition.

• Energy curve:

E = E({xo
i }) + (xi � xo

i ) · rxE|xo
i
+

1
2
(xi � xo

i )(xi � xo
i ) · r2

xE
��
xo

i

• If this system is not stable, what can cause such instability?
For examples, one can consider external perturbations, quantum fluctuations, etc.
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Question: Can you guess what the final form of the matter will be in its
ground state? What kind of lattice structure will it have? Just try to make a
wild, but reasonable, guess.

For an example, the inert gases form a close-packed lattice such as fcc or hcp structures.
How does it apply for the case of hypothetical H2 molecules? Could you also guess the
density of such matter?
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In the limit of high density and low temperature 
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In the limit of high density and low temperature
Now, starting from the solid form of hypothetical hydrogen atoms, e.g.,

H2 molecular solids, where the mean spacing between the atoms is about
a ⇠ 10, let us apply an external pressure on the solid so that the mean
spacing a becomes shorter and shorter as the pressure arises. Here we
assume that the system is at T = 0.
As the mean separation decreases and becomes less than the size of

molecules, we can imagine that each electron attached to the hydrogen atom
or molecule will be squeezed into a box of size a3. As a result, the electrons
will gain a kinetic energy

EK ⇠ ↵
~

2ma2
⇠ ↵

2a2

Thus, if the kinetic energy of the electrons exceeds the binding energy of
H2 molecules due to the van der Waals interaction,

EK > 1/102

the solid form of H2 molecules will not be stable any more.

ln EK

aln

100

10
-1

10-2

10110
0

H atom bound state

H  bound state

H -H  bound state

2

2 2
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Magnetic phenomena in real materials
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2. Magnetism in Real Materials

Magnets
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Solenoid vs. Bar Magnet
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Origin of Magnetic Moments

Magnetic permeability / origin of magnetic moments?
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Magnetic Diagram
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MFM (Magnetic Force Microscopy) Image of Nanomagnet Array
(C. A. Ross, MIT)
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A quantum mechanical view of magnets:  
Pauli exclusion principle and Coulomb interactions

• Source of magnetic moments
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3. A quantum mechanical view of magnets:
Pauli exclusion principle and Coulomb interactions

3.1. Sources of Magnetic Moments
• Magnetic moment: M = gµBJ

proportional to the angular momentum J = L+ S

� Spin moment S
� Orbital moment L
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Localized state: atomic state
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Localized State

• Since the rotational symmetry is preserved, it has the quantum eigenstates |jmi:

J
2
|jmi = j(j + 1)|jmi

where
J = L+ S

• If the spherical symmetry is broken, e.g., inside a lattice, the orbital moment can be
quenched due to the lack of rotational symmetry, i.e.,

hLi = 0
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Localized State

• Since the rotational symmetry is preserved, it has the quantum eigenstates |jmi:

J
2
|jmi = j(j + 1)|jmi

where
J = L+ S

• If the spherical symmetry is broken, e.g., inside a lattice, the orbital moment can be
quenched due to the lack of rotational symmetry, i.e.,

hLi = 0
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Hund’s rule
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Hund’s Rule

1. Maximum total S = maxSz with Sz =
P

i
msi

Obeying the Pauli exclusion principle

2. Maximum total L = maxLz with Lz =
P

i
mli

Minimizing the Coulomb interaction energy

3. Spin-orbit interaction:

J =

⇢
|L+ S| if less than half-filled
|L� S| if more than half-filled
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3.2. Magnetic Moment of an Atom

s

p

d

m=0 m=1 m=2m=-1m=-2
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Exchange energy
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Exchange Energy

• Pauli exclusion principle: anti-symmetric two-particle wavefunction

| (r1 "; r2 ")i =
1
p
2
[�a(r1)�b(r2)� �b(r1)�a(r2)] | "i| "i

• Coulomb interaction
VC(r1 � r2) =

e2

|r1 � r2|

EC2 = <  (1, 2)|VC | (1, 2)i

=

Z
dr1dr2VC(r1 � r2)|�a(r1)|

2
|�b(r2)|

2
�

Z
dr1dr2VC(r1 � r2)�

⇤
a
(r1)�

⇤
b
(r2)�a(r2)�b(r1)

= Uab � Jab
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Exchange density
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Exchange Density

φ (r)a
* φ (r)

b

φ (r)a

φ (r)
b

) Gaining more (negative) exchange energy by aligning spins:
Hund’s 1st rule
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Overlap and Exchange Integrals of the atomic p-orbitals
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Hund’s 2nd rule
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Minimization of Coulomb Energy Term Uab

) by letting ⇢(r) be separated: Hund’s 2nd rule

Ylm(✓,�) = (�1)mY ⇤
l�m

(✓,�)
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Configuration of 3d Transition Metal Ions

L S

0

1

2

3

0 2 4 6 8 10
d
n
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Spin-orbit coupling
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Spin-Orbit Coupling

) determined by the sign of the coupling constant

�L · S

where
� ⇠ �

dV (r)

dr

L S
SL

high spin low spin

Jaejun Yu |   Jaejun Yu |   2017 KIAS-SNU Physics Winter Camp, 2017.12.17-20

Magnetic moments in solids
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3.3. Magnetic Moments in Solids
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Cubic lattice: broken spherical symmetry
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Cubic Lattice Symmetry: Broken Spherical Symmetry

) Crystal Field Splitting:

l=2

eg

t2g

|egi = {|x2
� y2i, |z2 � r2/3i}

|t2gi = {|xyi, |yzi, |zxi}
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Delocalized state

34
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Delocalized State

• A free electron state such as |ki may not be an eigenstate of the angular momentum
operator L.

• Only |smsi may contribute to the magnetic moment.

k

• Exception: Diamagnetic shielding current in a superconducting state.
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Kinetic energy vs Coulomb energy
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Kinetic Energy vs. Coulomb Energy

• Uncertainty Principle:

�p ⇡
~
�x

• Kinetic Energy:

EK =
p2

2m
⇡

~2
2m

1

(�x)2

• Coulomb Exchange Energy:

EC ⇡ �A
e2

�x

where A ⇠ 0.1, an order of magnitude smaller than the direct Coulomb interaction
energy.

When �x � 1, the Coulomb energy dominates over the kinetic energy.
) Wigner solid: frozen localized electrons
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Wigner crystal: metal-insulator transition
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Wigner Crystal: Metal-Insulator Transition

x∆

x∆

x

x

Result of the competition between kinetic and Coulomb energy!
� Here we dropped the interaction term between electrons and background positive charge.

What is it?
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Delocalized state: 
Molecular or Band state
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Delocalized State:
Molecular / Band State

hA hB

εo
φA Bφ

t=

εo

φA VAB Bφ

Ho = hA + hB + VAB

Ho =

✓
"o t
t "o

◆
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Single-particle eigenstates and eigenvalues:

| ±i =
1
p
2
(|�Ai± |�Bi) "± = "o ± t

εo εo

εo+t

εo- t

2t

εo+t

εo- t

2tεo

εo+t

εo- t

2tεo

Corresponding two-particle state:

 2i =
1
p
2
[| +, "i| +, #i � | +, #i| +, "i]

) Spin-singlet ground state with single-particle molecular states | ±i
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Energy Curve for a Hydrogen Molecule
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Consider two hydrogen atoms separated by a distance d. What are the ground states of
this system in the limits of d ! 0 and d ! 1? What is the dominating factor in each limit?
Try to make a qualitative argument in describing the physics.
What about a lattice of hydrogen atoms with a lattice constant d? Discuss the possible phys-
ical properties of the lattice with varying d from 1 to 0.
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Three-Sites Molecular States

εo εo

εo+t

εo- t

2t

εo+t

εo- t

2tεo

εo+t

εo- t

2tεo
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N -Sites States: Tight-Binding Energy Band

εo εo

εo+t

εo- t

2t

εo+t

εo- t

2tεo

εo+t

εo- t

2tεo

These delocalized molecular state is stable when the Coulomb interaction energy U is
smaller than the kinetic energy gain W = 2t.

U = h 2|VC(1, 2)| 2i ⇡

Z
dr1dr2VC(r1 � r2)⇢A(r1)⇢A(r2)

: on-site Coulomb interaction energy
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Pauli paramagnetism
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Pauli Paramagnetism

� the change of the Density-of-states due to the Zeeman coupling:

D(") =
dN(")

d"
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Pauli Paramagnetic Susceptibility

�N" =

Z
EF

�µBB

1

2
D(E + µBB)dE �

Z
EF

0

1

2
D(E)dE =

1

2
µBBD(EF )

�N# =

Z
EF

µBB

1

2
D(E � µBB)dE �

Z
EF

0

1

2
D(E)dE = �

1

2
µBBD(EF )

M = µB(�N" ��N#) = µ2
B
D(EF )B =

3Nµ2
B

2kBTF

B =) �s =
3Nµ2

B

2kBTF

Substracting the Landau diamagnetic contribution �L = �
Nµ

2
B

2kBTF
, we have the Pauli Para-

magnetic Susceptibility:

�P =
Nµ2

B

kBTF
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Effective hamiltonians and phenomenological theory

• Stoner theory 
• Hubbard model 
• Heisenberg model 
• Anderson impurity model 
• Kondo model
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Stoner theory: 
How can a metal be a ferromagnet? 
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Band structure of ferromagnetic Fe metal
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Electronic structure of ferromagnetic iron: Band structure and optical properties
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A theoretical study of the band structure, density of states, and the optical properties of ferromag-
netic iron is presented. The interpolation scheme parameters are those from our previous paper
[Phys. Rev. B 32, 6424 ((985)]. The results are compared with other theoretical and experimental
results. Upon comparing them with the recent angle-resolved photoemission data, we find the band
structure to be fairly good. The resulting optical properties show a very good agreement with the
experimental results.

I. INTRODUCTION

There are successful calculations of Fermi surface and
optical properties of Cu, ' Pd, and Pt (Ref. 3) using the
interpolation scheme. Ferromagnetic iron has d bands
crossing the Fermi level and therefore has much more
complicated band structure. %'e apply interpolation
scheme to study the Fermi surface and optical properties,
in this paper, of ferromagnetic iron to check its validity in
case of transition metals having complicated band struc-
ture. In our previous paper on ferromagnetic iron, we
developed a Fermi surface model and worked out a set of
interpolation scheme parameters which yielded a suffi-
ciently good estimation of the extremal orbit areas. We
chose the interpolation scheme because it is fast and sim-
ple. Our results have the best agreement with the experi-
mental Fermi surface as compared to other theoretical re-
sults. We also focused our attention on the interference4

orbits which were otherwise untouched theoretically. Our
results on the interference orbit areas were in agreement
with the experimental results though we are unable to ob-
tain the fifth interference orbit (see Ref. 4), because the
hole arms along HN get pinched off in our Fermi surface
model. This does not seem to be very serious in view of
the present ambiguity existing for the shape of the Fermi
surface near symmetry point N in ferromagnetic iron.
While working out the problem of parametrizing the

Fermi surface, it becomes essential to keep in mind the
energy band structure and related features, or else the fit-
ted Fermi surface may result into a wholly absurd band
structure. This is so because the Fermi surface, by its def-
inition, is the locus of k points on a constant energy (EF)
surface. In this paper we study the band structure and
optical properties of ferromagnetic iron. We are interest-
ed in finding out if our Fermi surface model can yield a
good representation for optical properties the evaluation
of which involves band-level energies below as well as
above Fermi energy. Availability of the experimental data
for optical properties of ferromagnetic iron makes the
task quite meaningful. Our calculations of optical proper-
ties involve the method of special directions for Brillouin

zone integrations, hence our work is a good check of the
accuracy of the special-direction method. We find that
the calculations are in better agreement with the experi-
ment as compared with other previous calculations in
terms of peak positions and peak heights for the optical
conductivity cri(co).
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FIG. 1. Band structure of ferromagnetic iron. Solid (dashed)
curves indicate majority (minority) spin bands.

II. RESULTS
A. Band structure

The energy eigenvalues we obtain are plotted along
symmetry lines in Fig. 1. Table I presents the values at
points of high symmetry. In a qualitative sense there is a
general agreement in the overall shape of the bands with
the other band calculations. However, there is a strik-
ing difference between our calculations and those of Cal-
laway and Wang when the arrangement of energy bands6

at symmetry point X is considered. In our case, the level
X&(() has an energy lower than the Fermi energy conse-
quently, the hole arms (II) along HE direction get
pinched off whereas Callaway and Wang get an energy

Cc) 1986 The American Physical Society
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0, P„and X. This is due to the mixing or hybridization
of different bands. The hybridization removes a number
of band crossings. Most of the degeneracies are resolved
by spin-orbit coupling. We have used the atomic value of
spin-orbit coupling parameter.
The exchange splitting in our model varies from 0.02 to

0.13 Ry. The splitting is small where the bands are
predominantly sp like. A comparison of exchange split-
tings at various symmetry points with the experimental
data' and other theoretical calculations ' '" is presented
in Table III. Our calculations are in good agreement with
the experiment at Hi2, I'4, and Xz. A slightly lower
value is obtained at I z5. It is interesting to note that our
calculations give a better overall agreement with the ex-
periment in comparison with other theoretical calcula-
tions. When compared to exchange splitting for Ni, ' we
find that E, and Ed for Ni (0.005 and 0.032 Ry, respec-
tively) are very small as compared to those for iron
(0.0207 and 0.130 Ry, respectively), which is indicative of
stronger exchange interaction in ferromagnetic iron.
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TABLE III. Exchange splitting at symmetry points. All
values are in eV.

2.08+0. 10 1.30+0.30
1.77 1.67
2.05 2.17

vBH 1.82 1.51
Callaway' KSG 2.30 1.86

e =0.64 2.17 1.74

Experiment"
This work
Jansen'

'Reference 10.
"Reference 7.
"Reference 6.

1.3520. 10
1.28
1.43
1.34
1.64
1.51

1.60+0. 15
1.76
1.84
1.65
2.08
1.96

B. Density of states

We used the method of special directions' to perform
the integrations over the Brillouin zone. For best results
in terms of computer time and accuracy, 50 k points and
66 special directions were taken. In the earlier work on
Pt and Pd, 66 directions were found to be sufficient to get
a good representation of density of states (DOS). The
DOS for spin-up and spin-down electrons was separately
calculated by neglecting spin-orbit couphng. The calcu-
lated DOS for spin-up and spin-down bands is shown in
Figs. 2(a) and 2(b), respectively. From these figures we
observe that the DOS curves for both types of bands are
quite similar in nature although the width of the d band is
slightly different for the two.
For the calculation of total DOS, we include the spin-

orbit coupling. The total DOS, shown in Fig. 3, has two
sharp peaks corresponding to the high DOS of d bands of
the two spins in those regions of energy. The DOS for the
ferromagnetic iron shows a sharp peak about 0.6 eV below
the Fermi energy EF which is in good agreement with the
value of 0.58 eV estimated by Pessa et al. ' from observa-
tions of their photoemission experiments, and with the
calculation of Callaway and Wang. We get a second
peak in DOS 2.6 eV below EF which is found to be

40-0
Q

Co 32
L

O
UJ

'4
C3
C3

7 8
Energy I ev &

(0 BF t3 14

present at about 2.4 eV below FF by experimental-
ists. However, perhaps the agreement between our15—17
calculations and the experimental results may be im-
proved by changing the parameters of the band structure
slightly.
Our DOS curve displays small peaks at about 3.2 and

4.25 eV belo~ EF which may also be observed in other
DOS calculations. We obtain another prominent peak at
about 1.2 eV above E~, thus a separation of about 1.8 eV
between the two main peaks in the DOS. This separation
between these two main peaks is representative of our ex-
change splitting parameter Ed (1.8 eV) between the d
bands of opposite spins. Callaway and Wang obtain this
second peak at about 1.52 eV above Ez thus obtaining a
larger value of E~ (2.18 eV). This peak is not observed in
any of the experimental DOS since these are from. photo-
emission measurements which give energy distribution of
valence bands (i.e., occupied states) only.
Experimental studies by Blodgett and Spicer' reveal

maxima in the valence-band optical DOS at 0.35, 2.4, and
5.5 eV below EF. Two dominant peaks are resolved at 0.5
and 1.1 eV below Ez in the experimental work of East-

FIG. 2. (a) Density of states for spin-up (majority) electrons.
Spin-orbit coupling has been neglected. (b) Same for spin-down
(minority) electrons.

http://dx.doi.org/10.1103/PhysRevB.34.2299
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ETH solid state theory lecture by M. Sigrist 
http://www.itp.phys.ethz.ch/education/fs14/sst/slides/magnetism.pdf 

Ferromagnetic metals 

Stoner model 

kinetic energy contact interaction 
note: exchange hole 

mean field treatment 
mean density of 

electron with spin s 

spin polarization mean field  
exponent 

spontaneously 
broken symmetries 

 O(3) 
K 

rotation 

time reversal 

kinetic energy 
versus 

exchange energy 

1 
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ETH solid state theory lecture by M. Sigrist 
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Ferromagnetic metals 

0 
0 

1 

FM 
ferromagnet 

PM 
paramagnet Stoner criterion for FM 

quantum  
phase transition 

exchange energy 
kinetic energy 

large 

3d-transition metals   Fe Co Ni 
4f-rare earths    Gd Tb Dy Ho Er Tm 

Ni 
Cu 

3d 
4s 

high 
mobility 

good 
magnet 

2 
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Generalized spin susceptibility
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ETH solid state theory lecture by M. Sigrist 
http://www.itp.phys.ethz.ch/education/fs14/sst/slides/magnetism.pdf 

Generalized spin susceptibility 

Hamiltonian: system in spatial/time dependent magnetic field 

3 
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ETH solid state theory lecture by M. Sigrist 
http://www.itp.phys.ethz.ch/education/fs14/sst/slides/magnetism.pdf 

Generalized spin susceptibility 

in x-y-direction 

first goal 
field-induced magnetization: 

equation of motion (U=0): 

with 

4 
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Generalized spin susceptibility 

linear order: 

analog to 
Lindhard function 

5 
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Generalized spin susceptibility 

feedback effect through interaction: 

approximation 

6 
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Generalized spin susceptibility 

RPA form of 
spin susceptibility 

spin order instabilities:    

Stoner instability: uniform ferromagnet  

7 

1 =
U

2µ2
B

�0 =
UN(✏F )

2


1� ⇡2

6
(kBTC)

2⇤2
1

�
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Generalized spin susceptibility 

spin density wave instability  
with wavevector 

 

Fermi surface nesting: 

8 
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3.5. Transition Metal Oxides

∆x

Cu

O

Cu

The larger �x, the smaller t, i.e., W =) more localized!
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3.5. Transition Metal Oxides

∆x

Cu

O

Cu

The larger �x, the smaller t, i.e., W =) more localized!
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Why Transition Metals (TM) and TM Compounds?
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Why Transition Metals (TM) and TM Compounds

r

rR(r)

0

3d
4p

4s

) both 3d and 4f electron wavefunctions are extremely localized:
no node in radial wavefunctions
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A Model for the Exchange Interactions in Solids 
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3.4. A Model for the Exchange Interactions in Solids
When U � W , the localized states of | oi becomes stable relative to the band (molecular)
state | 2i:

| oi =
1
p
2
[|�↵, s1i|��, s2i � |��, s2i|�↵, s1i]

which is a combination of the localized orbitals |�A,Bi instead of the molecular states | ±i.
Here the starting Hamiltonian Ho include the interaction term of Û :

Ho = hA + hB + Û

and the hopping term VAB should be considered as a perturbation.
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Many-Particle Excited States

Two-particle excited states:

| o(s1, s2)i = |�A, s1i|�B, s2i

| A(", #)i = |�A, "i|�A, #i

| B(", #)i = |�B, "i|�B, #i

Ho|�oi = 2"o| oi

Ho|�Ai = (2"o + U)| Ai

Ho|�Bi = (2"o + U)| Bi
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Anti-ferromagnetic Superexchange Interactions 
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hA hB

εo
φA Bφ

εo

εo+U2
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Only remaining degrees of freedom of the ground state | oi are

spins!
| p(s1, s2)i = |s1, s2i

Energy Correction via the Perturbation Theory with H1 = VAB

• First-order correction:
hs1, s2|H1|s1, s2i = 0

Pauli exclusion prohibits the double occupancy at the same site:

|�A, "i|�A, "i = 0

That is,
|�A, s1i|�A, s1i = 0
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• Second-order correction:

h", # |H1|�Ai = h", # |H1|�Bi = t

h", " |H1|�Ai = h", " |H1|�Bi = 0

E(2)
"," = �

X

n

0 |h", " |H1|�ni|
2

En � Eo

= 0

E(2)
",# = �

X

n

0 |h", # |H1|�ni|
2

En � Eo

= �
2t2

U
= �JAF
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• Second-order correction:

h", # |H1|�Ai = h", # |H1|�Bi = t

h", " |H1|�Ai = h", " |H1|�Bi = 0

E(2)
"," = �

X

n

0 |h", " |H1|�ni|
2

En � Eo

= 0

E(2)
",# = �

X

n

0 |h", # |H1|�ni|
2

En � Eo

= �
2t2

U
= �JAF
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Anti-Ferromagnetic Superexchange Interactions

He↵ = +JAF~�A · ~�B
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Ferromagnetic Superexchange Interactions 
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Ferromagnetic Exchange Interactions

What happens if additional degenerate (or almost degenerate) states exist at each atom
while U � W?

hA hB
εo φA Bφ

εo

ε1 ε BφφA

oo

1 11
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Now additional excited states become available:

|�A(", ")i = |�Ao , "i|�A1 , "i

and
h�o(", ")|H1|�A(", ")i 6= 0

Ho|�A(", ")i = ("o + "1 + U � J)|�A(", ")i = EA(", ")|�A(", ")i

If the exchange energy is larger than the difference |"o � "1|, i.e.,

J > |"o � "1|

we have
EA(", ") < EA(", #)

Therefore,

E(2)
"," = �

X

n

0 |h", " |H1|�ni|
2

En � Eo

⇡ �
2t2

U � J
< E(2)

",# = �
2t2

U
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Ferromagnetic Exchange Interaction

He↵ = �|JFM |~�A · ~�B
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FM Metal and AF Insulator 
• depending on band-filling  

controlled by band degeneracy or by doping 
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FM Metal and AF Insulator

n=
Ne
2N0 1/2 1

T

FM FM

AF

Band-filling controlled by band
degeneracy or by doping
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Heisenberg model
• A mean field solution 
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4. Effective Hamiltonian and Phenomenological Theory

4.1. Heisenberg Model: Mean Field Solution

H = �

X

hiji

JijSi · Sj + gµBH ·

X

i

Si

Introducing an effective field He↵ ,

H = �

X

hiji

JijSi · Sj + gµBH ·

X

i

Si = gµB

X

i

Si ·He↵

where the effective mean field

He↵ = H�
1

gµB

X

j

JijSj

and the average magnetization

hSii =
V

N

M

gµB

He↵ = H+ �M

� =
V

N

Jo
(gµB)2

M = �
N

V

@F

@H
= Mo(

He↵

T
)
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• For the case of H = 0,
one can fine the magnetization M by solving the equation:

M(T ) = Mo(
�M

T
)

�o(T ) =

✓
@Mo

@H

◆

H=0

=
M

0
o(0)

T

where the Curie’s constant is determined to be Co = M
0
o(0).

• For the case of H 6= 0,

� =
@M

@H
=

@Mo

@He↵

@He↵

@H
= �o(1 + ��)

� =
�o

1� ��o

=
Co

T � Tc

where the critical temperature Tc becomes

Tc =
N

V

(gµB)2

3kB
S(S + 1)� =

S(S + 1)

3kB
Jo
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4.2. Order Parameters: Description of Phase Transition
T > Tc T < Tc Symmetry

Supercondutor  s(r) = 0  s(r) 6= 0 U(1)
Magnets Ms(r) = 0 Ms(r) 6= 0 O(3)
Ferroelectrics Ps(r) = 0 Ps(r) 6= 0 O(3)
Liquid/Gas-Solid ⇢(G) = 0 for G 6= 0 ⇢(G) 6= 0 for G 6= 0 TR

Order-disorder ⌘ = 0 ⌘ 6= 0 Z2

⌘ = hnAiA � hnBiA
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Bragg-Williams Theory 
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4.3. Bragg-Williams Theory
Consider the Ising model with the spin � = | "i or | #i. The order parameter m = h�i is the
average of the spin:

m = (N" �N#)/N

• Entropy S:
S = lnCN

N"
= lnCN

N(1+m)/2

S

N
= s(m) = ln 2�

1

2
(1 +m) ln(1 +m)�

1

2
(1�m) ln(1�m)

• Average Energy E:

E = �J
X

hiji

m2 = �
1

2
JNzm2

where z is the number of nearest neighbor sites.

• Bragg-Williams free energy f(T,m):

f(T,m) = (E � TS)/N = �
1

2
Jzm

2 +
1

2
T [(1 +m) ln(1 +m) + (1�m) ln(1�m)]� T ln 2
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• The equation of state under an external field h:

@f

@m
= �zJm+

1

2
T ln[(1 +m)/(1�m)] = h

�zJm+ T tanh�1
m = h

) m = tanh[(h+ Tcm)/T ]

Note that he↵ = h+ Tcm.
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• The equation of state under an external field h:

@f
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= �zJm+

1

2
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• Mean field solutions for h = 0:

� near T ⇡ 0:
m = tanh(Tcm/T ) ⇡ 1� 2e�2zJ/T
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• Mean field solutions for h = 0:

� near T ⇡ 0:
m = tanh(Tcm/T ) ⇡ 1� 2e�2zJ/T
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� near T ! T�
c

:

m ⇡ (Tc/T )m�
1

3
(Tc/T )

3m3
⇡ (Tc/T )m�

1

3
m3

m = ±[3(Tc � T )/T ]1/2
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4.4. Ginzburg-Landau Functional

Free energy near Tc

s(m) = ln 2�
1

2
m

2
�

1

12
m

4 + ...

f(m) =
1

2
(T � Tc)m

2 +
1

12
m

4
� T ln 2 + ...

where Tc = zJ

Assuming �(r) as a local order parameter,

F =

Z
drf(T,�(r)) +

Z
dr

1

2
c |r�(r)|2

where f can be expanded by

f(T,�) =
1

2
r�

2
� w�

3 + u�
4 + ...

where r = a(T � Tc)

Symmetry properties of the free energy functional F !
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Second-Order Phase Transition 
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4.5. Second-Order Phase Transition

f(T,�) =
1

2
r�2 + u�4

The equation of state:
r�+ 4u�3 = h

• For h = 0,

� =

⇢
0 if T > Tc

±(�r/4u)1/2 if T < Tc
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� ⇠ (Tc � T )�

where � = 1/2.

• Susceptibility �

[r + 12u�2]
@�

@h
= 1

� =
@�

@h
=

⇢
1/r ifT > Tc

1/(2|r|) ifT < Tc

� ⇠ |T � Tc|
��

with � = 1.

• Free energy density f

f =

⇢
0 ifT > Tc

�r2/(16u) ifT < Tc

• Specific heat cv
cv = �T

@2f

@T 2
=

⇢
0 ifT > Tc

Ta2/(8u) ifT < Tc
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correlation length 
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4.6. correlation length

��1(r, r0) =
�2F

��(r)��(r0)
= (r + 12u�2

� cr2)�(r� r
0)

�(q) =
1

r + 12u�2 + cq2

�(q) =
�

1 + (q⇠)2
=

1

c

⇠2

1 + (q⇠)2

where
⇠ = c1/2[r + 12u�2]�1/2 =

⇢
(c/r)1/2 ifT > Tc

c1/2/(�2r)1/2 ifT < Tc

and the correlation length ⇠ ⇠ |T � Tc|
�⌫ with ⌫ = 1/2.

⇠0 =

✓
c

r(T = 0)

◆1/2

=

✓
c

aTc

◆1/2
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Stoner vs Heisenberg vs Hubbard models
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Magnetism: from Stoner to Hubbard 5.3

Fig. 1: Schematic view of different models of magnetism: Stoner model for itinerant weakly
correlated electrons, Heisenberg model for localized magnetic moments and Hubbard model
for the spin-fluctuations model of correlated electrons.

exchange interaction. In Fig. 3 the solution of the two-site Hubbard model for the many-body
sector with one spin-up and one spin-down electron is shown, which results in the famous An-
derson kinetic exchange interaction [1]. Finally, one can show that the mean-field solution of
the Hubbard model with band energies modified via infinitesimal spin-rotations results in the
same effective exchange interactions of a classical Heisenberg model (Fig. 4). In this case we
used the so-called “local force theorem” which was originally formulated for density functional
theory [2] and will be proven later (Sec. 6) using the Baym-Kadanoff approach. This theo-
rem gives a simple recipe to obtaine the total energy difference for a small perturbation of the
charge- or spin-density as a change from the non-selfconsistent band energy for corresponding
perturbation. In our case the energy of the infinitesimal spin-rotation in the two-site mean-field
rotationally invariant Slater (spin-polarized LDA) model have been calculated and compared
with the corresponding classical Heisenberg model (Fig. 4). We can see that both schemes give
exactly the same effective exchange parameter.

3 From LDA to DMFT

The calculation of thermodynamic properties and excitation spectra of different magnetic mate-
rials is one of the most important problems of the microscopic theory of magnetism. We intro-
duce a general functional approach which will cover density-functional theory (DFT), dynami-
cal mean-field theory (DMFT) and Baym-Kadanoff (BK) theories [3]. Let us start from the full
many–body Hamiltonian describing the electrons moving in the periodic external potential V (r)

of the ions with chemical potential µ and interacting via the Coulomb law U(r�r0) = 1/|r�r0|.
We use atomic units ~ = m = e = 1. In the field-operator representation the Hamiltonian has
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Anderson impurity model

• Magnetic impurity in a metal 
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3.6. Magnetic Impurity in a Metal

low temperature: singlet ground state

before

after

high temperature,
spin-flip scattering 
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3.6. Magnetic Impurity in a Metal

low temperature: singlet ground state

before

after

high temperature,
spin-flip scattering 
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Formation of local magnetic moment in metals

• How does the magnetic moment of a magnetic impurity survive in a 
metallic environment?  

• How does it affect the properties of the host metal? 
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A Localized State Coupled to Delocalized States?

, An impurity atom in a metal

kσ kσ
dσ

Formation of a Local Moment) Broken Symmetry State!
Anderson Impurity Model

A localized state coupled to delocalized states?
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Puzzles: 
Resistivity of copper, gold, silver and many other metals with 
small amount of magnetic impurities at low temperatures. 

73

Resistance minimum? Early puzzles

First experiments in Leiden (1934): de 
Haas et al discovered a “resistance 
minimum” that develops in the resistivity 
of copper, gold, silver and many other 
metals at low temperatures.

The phonon contribution becomes 
smaller as temperature decreases as        

bu t , somehow, the res is t iv i ty 
increases as low temperatures. 
What is going on?

R(T ) ⇠ T 5

Ramón Aguado ICMM-CSIC

Early puzzles

Such anomalous behavior of the electrical resistivity as 
a function of temperature challenged theorists for 
decades. The resistivity increases logarithmically 
as temperature decreases!!!

Ramón Aguado ICMM-CSIC

Early puzzles

�

TT ⇤

1

T ⇤

CuriePauli

•Big puzzle: band theory (very 
successful at that time) could not 
explain these observations. 

•The question was: what a magnetic 
moment in a metal means?

Ramón Aguado ICMM-CSIC

Logarithmic  behavior as T ➝ 0?

Magnetic susceptibility? 
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An early phenomenological theory: 
identifying magnetic moment as a source of puzzles

74

Early puzzles

�

Also, Owen, Browne, Knight and Kittel, Phys. Rev. 102, 1501 (1956)
Yosida, Phys. Rev. 106, 893 (1957), etc.

X

k�

"knk� + J ~S.~sFirst models describing 
magnetic impurities in 
metallic hosts appear in 
the 1950’s.
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Early puzzles

�

Also, Owen, Browne, Knight and Kittel, Phys. Rev. 102, 1501 (1956)
Yosida, Phys. Rev. 106, 893 (1957), etc.

X

k�

"knk� + J ~S.~sFirst models describing 
magnetic impurities in 
metallic hosts appear in 
the 1950’s.

Ramón Aguado ICMM-CSIC

Owen, Browne, Knight and Kittel, Phys. Rev. 102, 1501 (1956). 
K. Yosida, Phys. Rev. 106, 893 (1957), 
and others
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Anderson impurity model (AIM)
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•The final ingredient in the Anderson model is a spin-conserving coupling between the 
impurity level and the band states in the metal, described by a matrix element            
this interaction causes a hybridization of the band states and the impurity level. The 
final Anderson hamiltonian reads:

Local magnetic moments in metals: basic 
phenomenology

Vk,d

H =
X

k,�

"ka
†
k�ak� +

X

�

"dnd�

+
X

k,�

Vkd(a
†
k�ad� + a

†
d�ak�) + Und"nd#

nd� = a†d�ad� is the number operator for a localized spin �

Ramón Aguado ICMM-CSIC
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Hartree-Fock solution of AIM
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Physics of the Anderson model

H =
X

k,�

"ka
†
k�ak� +

X

�

"dnd�

+
X

k,�

Vkd(a
†
k�ad� + a

†
d�ak�) + Und"nd#

Hartree-Fock solution
Und"nd# ! Und"hnd#i+ Uhnd"ind# � Uhnd"ihnd#i

Ramón Aguado ICMM-CSIC

Anderson, Phys. Rev. 124, 41, 1961

P. W. Anderson, Phys. Rev. 124, 41(1961)

Physics of the Anderson model
Hartree-Fock solution

Und"nd# ! Und"hnd#i+ Uhnd"ind# � Uhnd"ihnd#i

H =
X

k,�

"ka
†
k�ak� +

X

�

Ed�nd�

+
X

k,�

Vkd(a
†
k�ad� + a

†
d�ak�)

Ed� = "d + Uhnd��i effective level

Ramón Aguado ICMM-CSIC

Anderson, Phys. Rev. 124, 41, 1961

Physics of the Anderson model
Hartree-Fock solution

Ed� = "d + Uhnd��i effective level

The exact Green’s function of the problem can be solved formally as:

Gr
�(!) =

1

! � "d � Uhnd��i � ⌃r(!)

⌃r(!) =
X

k

|Vk|2

! � "k + i⌘

Ramón Aguado ICMM-CSIC

Anderson, Phys. Rev. 124, 41, 1961
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Hartree-Fock solution of AIM
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P. W. Anderson, Phys. Rev. 124, 41(1961)

Physics of the Anderson model

Gr
�(!) =

1

! � "d � Uhnd��i � ⌃r(!)

hnd��i = � 1

⇡

Z
d!ImGr

��(!)fFD(!)

⌃r(!) =
X

k

|Vk|2

! � "k + i⌘
=

Z
⇢(✏)

|V (✏)|2

! � ✏+ i⌘

Ramón Aguado ICMM-CSIC

Anderson, Phys. Rev. 124, 41, 1961

ICMM-CSIC Lecture by Ramon Aguado 
http://www.icmm.csic.es/emergence/Kondoeffect-Aguado1.pdf
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Hartree-Fock solution of AIM
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P. W. Anderson, Phys. Rev. 124, 41(1961)

ICMM-CSIC Lecture by Ramon Aguado 
http://www.icmm.csic.es/emergence/Kondoeffect-Aguado1.pdf

Physics of the Anderson model

Z
⇢(✏)

|V (✏)|2

! � ✏+ i⌘
= P

Z
⇢(✏)

|V (✏)|2

! � ✏
� i⇡�(!)|V (!)|2

⌃r(!) =
X

k

|Vk|2

! � "k + i⌘
=

Z
⇢(✏)

|V (✏)|2

! � ✏+ i⌘

⌃r(!) ⇡ �

⇡

Z D

�D

1

! � ✏
� i� = ��

⇡
ln|D + !

D � !
|� i�

level shift width

Ramón Aguado ICMM-CSIC

Anderson, Phys. Rev. 124, 41, 1961
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Impurity levels of AIM
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ICMM-CSIC Lecture by Ramon Aguado 
http://www.icmm.csic.es/emergence/Kondoeffect-Aguado1.pdf

As a result of quantum fluctuations the energy levels of the impurity become broadened. the 
width of these levels is governed by �

"d + U

"d

"F

Physics of the Anderson model

|f2i

|f1i

Ramón Aguado ICMM-CSIC

Physics of the Anderson model

"d + U

"d

"F

2�

As a result of quantum fluctuations the energy levels of the impurity become broadened. the 
width of these levels is governed by �

Physics of the Anderson model

Minimal realization of the 
Hubbard “bands” discussed 
in the first lectures by Leni

|f1i

|f2i

Ramón Aguado ICMM-CSIC
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Self-consistent “broken symmetry” solutions
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ICMM-CSIC Lecture by Ramon Aguado 
http://www.icmm.csic.es/emergence/Kondoeffect-Aguado1.pdf

Mean field phase diagram of the Anderson 
model

hnd�i = � 1

⇡

Z
d!ImGr

�(!)fFD(!)

hnd"i =
1

⇡
cot�1(

"̃+ Uhnd#i

�
)

hnd#i =
1

⇡
cot�1(

"̃+ Uhnd"i

�
)

hnd�i ⇡
Z 0

�1

d!

2⇡

2�

(! � "̃� Uhnd��i)2 + �2

{selfconsistent 
solution

Ramón Aguado ICMM-CSIC

Mean field phase diagram of the Anderson 
model

hnd"i =
1

⇡
cot�1(

"̃+ Uhnd#i

�
)

hnd#i =
1

⇡
cot�1(

"̃+ Uhnd"i

�
)

magnetic non-magnetic

�"d
U

hnd"i 6= hnd#i

hnd"i = hnd#i

1

⇡�

U

1

⇡�

U
< 10.5

Criterion for local moment formation at 
half-filling
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Mean field phase diagram of the Anderson 
model
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Mean field phase diagram of the Anderson 
model

hnd"i =
1

⇡
cot�1(

"̃+ Uhnd#i

�
)

hnd#i =
1

⇡
cot�1(

"̃+ Uhnd"i

�
)

magnetic non-magnetic

�"d
U

hnd"i = hnd#i

1

U⇢("F ) > 1

⇡�

U

1

Similar to Stoner’s criterion for 
ferromagnetism

hnd"i 6= hnd#i

0.5

Criterion for local moment formation in 
general

Ramón Aguado ICMM-CSIC
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Phase shift by impurity scattering
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ICMM-CSIC Lecture by Ramon Aguado 
http://www.icmm.csic.es/emergence/Kondoeffect-Aguado1.pdf

Deep physical meaning

G�
kk0 =

�kk0

! � "k + i⌘
+

Vk

! � "k + i⌘
Gr

�(!)
V ⇤
k0

! � "k0 + i⌘

T-matrix

ImT �
kk(!) = �⇡|Vk|2⇢�(!)

Phase shift induced by the impurity

��(!) = cot�1(
"d + Uhnd��i � !

�
)

T �
kk0(!) = VkG

r
�(!)V

⇤
k0 ⇠ e2i�

�(!) � 1

Ramón Aguado ICMM-CSIC
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Phase shift by impurity scattering
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ICMM-CSIC Lecture by Ramon Aguado 
http://www.icmm.csic.es/emergence/Kondoeffect-Aguado1.pdf

Deep physical meaning
��(!) = cot�1(

"d + Uhnd��i � !

�
)

hnd#i =
1

⇡
cot�1(

"̃+ Uhnd"i

�
) =

�#(0)

⇡

hnd"i =
1

⇡
cot�1(

"̃+ Uhnd#i

�
) =

�"(0)

⇡

Friedel’s sum rule that relates the occupancy of the impurity site and the phase 
shifts of conduction electrons at the Fermi energy scattering on the impurity. This 
phase shift arises solely from non-spin flip scattering. The role of spin-flip 
scattering will become evident in the Kondo regime.
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scattering will become evident in the Kondo regime.
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Anderson impurity model
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Physics of the Anderson model

doubly occupied regime

local moment regime

mixed valence regime

mixed valence regime

empty orbital regime

0-U
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Kondo model
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The basic idea is the following: second-order virtual processes in the Anderson model that 
lead to scattering of a conduction electron with a local moment. Such processes have 

amplitudes

H =
X
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†
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+
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k,�

Vkd(a
†
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H =
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"knk� + J ~S.~s

initial intermediate

Vkd
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Quenching of local moments: Kondo’s calculation
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Spin-flip scattering process …

85

virtual

"d

"d + U

initial final

Spin-flip.
"k

"k0

"k ⇡ "k0 ⇡ 0
we have exchanged two fermions
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Quenching of local moments: Kondo’s calculation
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Schrieffer-Wolff transformation
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Such processes can be formally traced out by a unitary transformation (Schrieffer-Wolff)
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Kondo showed that a logarithmic correction appears in a perturbative 
expansion in terms of J (Prog. Theor. Phys. 32, 37, 1964).

HK =
X

k,�

"knk,� �
X

k,k0

Jkk0

~2 ( †
k0S k).( 

†
dS d)

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation

HK =
X

k,�

"knk,� �
X

k,k0

Jkk0

~2 ( †
k0S k).( 

†
dS d)

Conduction electrons

Impurity

 k =

✓
ak"
ak#

◆
 d =

✓
ad"
ad#

◆

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation

ICMM-CSIC Lecture by Ramon Aguado 
http://www.icmm.csic.es/emergence/Kondoeffect-Aguado1.pdf



Jaejun Yu |   Jaejun Yu |   2017 KIAS-SNU Physics Winter Camp, 2017.12.17-20

Kondo's contribution to resistivity

87

HK =
X

k,�

"knk,� �
X

k,k0

Jkk0

~2 ( †
k0S k).( 

†
dS d)

Remember: the goal was to calculate the resistivity minimum.
Linear response theory tells us that we need essentially the T-matrix of the problem
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1st order contribution
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2nd order corrections
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2nd order corrections  
      ↦ logarithmic divergence
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Resistivity diverges as T➝ 0!
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Friedel Sum Rule 
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2005 KIAS-SNU Physics Winter Camp: Lectures on Magnetism Jaejun Yu, <jyu@snu.ac.kr>

Friedel Sum Rule
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Scattering Phase Shift and Change of Density-of-State 
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2005 KIAS-SNU Physics Winter Camp: Lectures on Magnetism Jaejun Yu, <jyu@snu.ac.kr>

Scattering Phase Shift and Change of Density-of-State
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Kondo Resonance 
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Kondo Resonance
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Kondo effect

• Spin-flip scattering between the free electrons of a 
metal and the local moment of a magnetic impurity  
➡ Kondo effect.  

• Highly correlated ground state where the conduction 
electrons form a spin-polarized “cloud” around the 
magnetic impurity.  

• Below “Kondo temperature”, ➡ a narrow resonance at 
the Fermi energy: Kondo resonance. 
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Non-collinear magnetic ordering

• frustration: lattice symmetry and interactions 
• spin-orbit coupling
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frustration
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“Frustrated Spin Systems”, Ed. H.T. Diep (World Scientific 2004)  
“Introduction to Frustrated Magnetism”, Eds. C. Lacroix, P. Mendels, F. Mila, Springer Series in Solid-State Sciences 164 (Springer 2011) 

? ?
Topological origin Extended range interaction

For classical spins, one cannot minimize independently 
                             all bond (AF) interactions

? ?
Topological origin Extended range interaction

For classical spins, one cannot minimize independently 
                             all bond (AF) interactions

By Fourrier transform: 

Minimize J(k)

By Fourrier transform: 

Minimize J(k)
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Sprial ordering 
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Spiral configuration (non-collinear – coplanar)

July 9, 2013 Folie 15 

Magnetic groundstates and spin spirals 

Manuel dos Santos Dias m.dos.santos.dias@fz-juelich.de 

Noncollinear magnetism: L.M. Sandratskii, Adv. Phys. 47, 91 (1998) 

!   Spin spirals: 

!   Generalized Bloch theorem 

!   May need constraining fields 

!   Comparison of total energies 
of spin spirals with force theorem 
calculations checks assumptions 
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4.4 Dzyaloshinsky-Moriya interaction

There can be many other terms in the spin-spin interaction, which are of higher order or of more complicated
form. They can be calculated similarly to the ones already discussed but the presence or absence of a certain
term can be determined based solely on the crystal symmetry.

We only discuss the important example of the Dzyaloshinsky-Moriya interaction, which is of the form

HDM = D12 · (S1 × S2) (4.37)

with the time-independent but possibly spatially inhomogeneous vector D12 associated with the bond be-
tween S1 and S2. When is this term allowed by symmetry? We have to consider all symmetry operations of
the crystal that leave the center point C on the bond between the two spins fixed.

D

S S
C

1
2

12

The whole Hamiltonian and in particular HDM must remain the same if we apply any of these symmetry
operations.

If C is an inversion center i of the crystal, i interchages the two spins but does not otherwise change
them (spins are pseudovectors). Thus

S1 × S2
i→ S2 × S1 = −S1 × S2. (4.38)

Thus H is only invariant if D12= 0. In this case there cannot be a Dzyaloshinsky-Moriya term.
If the symmetry is lower, the term is possible. Moriya has given rules for the allowed directions of D12.

We consider one example, a two-fold rotation axis C2 through C perpendicular to the bond.

z

S S

C2

C

1
2

y
x

The mapping is

S1x
C2←→−S2x,

S1y
C2←→−S2y,

S1z
C2←→+S2z. (4.39)

HDM reads

HDM = D12x(S1yS2z − S1zS2y) +D12y(S1zS2x − S1xS2z) +D12z(S1xS2y − S1yS2x). (4.40)

Herein, the underlined term changes sign under C2, the others do not. Thus H is invariant only if D12z = 0.
Therefore, D12 must be perpendicular to the C2 symmetry axis, i.e., the z -axis. To find its orientation in
the xy-plane we have to actually calculate it.
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8th of June, 2005 Aharonov-Bohm 2

What is the Aharonov-Bohm-
Effect?

• interference pattern in a double-slit
experiment when the enclosed 
flux B equals zero

• when a magnetic flux is turned
on, the interference pattern gets
shifted

8th of June, 2005 Aharonov-Bohm 2

What is the Aharonov-Bohm-
Effect?

• interference pattern in a double-slit
experiment when the enclosed 
flux B equals zero

• when a magnetic flux is turned
on, the interference pattern gets
shifted

FB = 0

FB 6= 0

yQ = y1 +y2 = e�ig1f1

⇣
1+(f2/f1)ei(e/h̄)FB

⌘

FB = (g1 � g2)/(e/h̄) =
I

C1�2
A ·dl

Question: 
geometric or  
topological effect?
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Fiber bundles, connection, curvature, … and topology

• Holonomy:  

• Connection: 

• Curvature: 

• Topology

��C = �(s2) � �(s1)
�(s1)

�(s2)

A(r)

��C = �2 � �1 +
q
~

Z

C1!2

A(r) · dl

A(r)

Fµ⌫

C =
I

S

~F · ds = e
~

I

S
r ⇥ A(r) · ds

~F = e
~
r ⇥ A(r)
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Anholonomy in quantum mechanics: 
Berry phase

H (r,p; R,P)
slow variables

fast variables

| (t)i = ei�n (R)e�i/~
R t

0 dt en (R(t )) |n; Ri

�̇n (t) = ihn|ṅi
�n (C) = i

I

C

*
n| @n
@R

+
· dR =

I

C
A · dR

A(R) = i
*
n| @n
@R

+
( Berry connection

�n (C) = i
Z

S

*
@n
@R
| ⇥ | @n
@R

+
· d2R =

Z

S

~F · d2R

~F (R) = rR ⇥ A(R) ( Berry curvature
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Quantum Hall effect: 
Dynamics of Bloch electrons in an electric field

13

consider a concrete example: a one-dimensional dimer-
ized lattice model described by the following Hamiltonian

H =
X

j

(
t

2
+ (�1)j

�

2
)(c†

j
cj+1 + h.c.) + �(�1)jc†

j
cj ,

(2.32)
where t is the uniform hopping amplitude, � is the dimer-
ization order, and � is a staggered sublattice poten-
tial. It is the prototype Hamiltonian for a class of one-
dimensional ferroelectrics. At half-filling, the system is a
metal for � = � = 0, and an insulator otherwise. Rice
and Mele (1982) considered this model in the study of
solitons in polyenes. It was later used to study ferroelec-
tricity (Onoda et al., 2004b; Vanderbilt and King-Smith,
1993). If � = 0 it reduces to the celebrated Su-Shrie↵er-
Heeger model (Su et al., 1979).

Assuming periodic boundary condition, the Bloch rep-
resentation of the above Hamiltonian is given by H(q) =
h(q) · �, where

h = (t cos
qa

2
,�� sin

qa

2
,�) . (2.33)

This is the two-level model we discussed in Sec. I.C.3. Its
energy spectrum consists of two bands with eigenenergies
"± = ±(�2 + �2 sin2 qa

2
+ t2 cos2 qa

2
)1/2. The degeneracy

point occurs at

� = 0 , � = 0 , q = ⇡/a . (2.34)

The polarization is calculated using the two-point for-
mula (2.28) with the Berry connection given by

Aq = @q�A� + @q✓A✓ = sin2
✓

2
@q� , (2.35)

where ✓ and � are the spherical angles of h.
Let us consider the case of � = 0. In the parameter

space of h, it lies in the xy-plane with ✓ = ⇡/2. As q
varies from 0 to 2⇡/a, � changes from 0 to ⇡ if � < 0
and 0 to �⇡ if � > 0. Therefore the polarization di↵er-
ence between P (�) and P (��) is ea/2. This is consistent
with the observation that the state with P (��) can be
obtained by shifting the state with P (�) by half of the
unit cell length a.

Figure 2 shows the calculated polarization for arbi-
trary � and �. As we can see, if the system adiabatically
evolves along a loop enclosing the degeneracy point (0, 0)
in the (�, �) space, then the polarization will be changed
by ea, which means that if we allow (�, �) to change in
time along this loop, for example, �(t) = �0 sin(t) and
�(t) = �0 cos(t), a quantized charge of e is pumped out of
the system after one cycle. On the other hand, if the loop
does not contain the degeneracy point, then the pumped
charge is zero.

III. ELECTRON DYNAMICS IN AN ELECTRIC FIELD

The dynamics of Bloch electrons under the perturba-
tion of an electric field is one of the oldest problems in

-0.5

0.5

0

FIG. 2 (color online). Polarization as a function of � and � in
the Rice-Mele model. The unit is ea with a being the lattice
constant. The line of discontinuity can be chosen anywhere
depending on the particular phase choice of the eigenstate.

solid state physics. It is usually understood that while
the electric field can drive electron motion in momentum
space, it does not appear in the electron velocity; the
latter is simply given by (for example, see Chapter 12 of
Ashcroft and Mermin, 1976b)

vn(q) =
@"n(q)
h̄@q

. (3.1)

Through recent progress on the semiclassical dynamics of
Bloch electrons, it has been made increasingly clear that
this description is incomplete. In the presence of an elec-
tric field, an electron can acquire an anomalous velocity
proportional to the Berry curvature of the band (Chang
and Niu, 1995, 1996; Sundaram and Niu, 1999). This
anomalous velocity is responsible for a number of trans-
port phenomena, in particular various Hall e↵ects, which
we study in this section.

A. Anomalous velocity

Let us consider a crystal under the perturbation of a
weak electric field E, which enters into the Hamiltonian
through the coupling to the electrostatic potential �(r).
However, a uniform E means that �(r) varies linearly
in space and breaks the translational symmetry of the
crystal so that Bloch’s theorem cannot be applied. To go
around this di�culty, one can let the electric field enter
through a uniform vector potential A(t) that changes in
time. Using the Peierls substitution, the Hamiltonian is
written as

H(t) =
[p̂ + eA(t)]2

2m
+ V (r) . (3.2)

This is the time-dependent problem we have studied in
last section. Transforming to the q-space representation,
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If h(R) depends on a set of parameters R, then

⌦R1R2 =
1
2
@(�, cos ✓)
@(R1, R2)

. (1.19)

Several important properties of the Berry curvature
can be revealed by considering the specific case of h =
(x, y, z). Using Eq. (1.19), we find the Berry curvature
in its vector form

⌦ =
1
2

h

h3
. (1.20)

One recognizes that Eq. (1.20) is the field generated by
a monopole at the origin h = 0 (Dirac, 1931; Sakurai,
1993; Wu and Yang, 1975), where the two energy levels
become degenerate. Therefore the degeneracy points act
as sources and drains of the Berry curvature flux. Inte-
grate the Berry curvature over a sphere containing the
monopole, which is the Berry phase on the sphere; we
find

1
2⇡

Z

S2
d✓d�⌦✓� = 1 . (1.21)

In general, the Berry curvature integrated over a closed
manifold is quantized in the units of 2⇡ and equals to the
net number of monopoles inside. This number is called
the Chern number and is responsible for a number of
quantization e↵ects discussed below.

D. Berry phase in Bloch bands

In the above we have introduced the basic concepts
of the Berry phase for a generic system described by a
parameter-dependent Hamiltonian. We now consider its
realization in crystalline solids. As we shall see, the band
structure of crystals provides a natural platform to inves-
tigate the occurrence of the Berry phase e↵ect.

Within the independent electron approximation, the
band structure of a crystal is determined by the following
Hamiltonian for a single electron:

H =
p̂2

2m
+ V (r) , (1.22)

where V (r + a) = V (r) is the periodic potential with
a being the Bravais lattice vector. According to Bloch’s
theorem, the eigenstates of a periodic Hamiltonian satisfy
the following boundary condition 5

 nq(r + a) = eiq·a nq(r) , (1.23)

an eigenstate. The phase accumulated by such a state along the
loop defined by ✓ = ⇡/2 is � = 2⇡(� � 1

2 ), which seems to imply
that the Berry phase is gauge-dependent. This is because for an
arbitrary � the basis function |ui is not single-valued; one must
also trace the phase change in the basis function. For integral
value of � the function |ui is single-valued along the loop and
the Berry phase is well-defined up to an integer multiple of 2⇡.

5 Through out this article, q refers to the canonical momentum
and k is reserved for mechanical momentum.

where n is the band index and h̄q is the crystal momen-
tum, which resides in the Brillouin zone. Thus the sys-
tem is described by a q-independent Hamiltonian with
a q-dependent boundary condition, Eq. (1.23). To com-
ply with the general formalism of the Berry phase, we
make the following unitary transformation to obtain a
q-dependent Hamiltonian:

H(q) = e�iq·rHeiq·r =
(p̂ + h̄q)2

2m
+ V (r) . (1.24)

The transformed eigenstate unq(r) = e�iq·r nq(r) is just
the cell-periodic part of the Bloch function. It satisfies
the strict periodic boundary condition

unq(r + a) = unq(r) . (1.25)

This boundary condition ensures that all the eigenstates
live in the same Hilbert space. We can thus identify the
Brillouin zone as the parameter space of the transformed
Hamiltonian H(q), and |un(q)i as the basis function.

Since the q-dependence of the basis function is inherent
to the Bloch problem, various Berry phase e↵ects are
expected in crystals. For example, if q is forced to vary
in the momentum space, then the Bloch state will pick
up a Berry phase:

�n =
I

C

dq · hun(q)|irq|un(q)i . (1.26)

We emphasize that the path C must be closed to make
�n a gauge-invariant quantity with physical significance.

Generally speaking, there are two ways to generate a
closed path in the momentum space. One can apply a
magnetic field, which induces a cyclotron motion along a
closed orbit in the q-space. This way the Berry phase can
manifest in various magneto-oscillatory e↵ects (Mikitik
and Sharlai, 1999, 2004, 2007), which have been observed
in metallic compound LaRhIn5 (Goodrich et al., 2002),
and most recently, graphene systems (Novoselov et al.,
2005, 2006; Zhang et al., 2005). Such a closed orbit is
possible only in two or three-dimensional systems (see
Sec. VII.A). Following our discussion in Sec. I.C, we can
define the Berry curvature of the energy bands, given by

⌦n(q) = rq ⇥ hun(q)|irq|un(q)i . (1.27)

The Berry curvature ⌦n(q) is an intrinsic property of
the band structure because it only depends on the wave
function. It is nonzero in a wide range of materials, in
particular, crystals with broken time-reversal or inversion
symmetry. In fact, once we have introduced the concept
of the Berry curvature, a closed loop is not necessary be-
cause the Berry curvature itself is a local gauge-invariant
quantity. It is now well recognized that information of
the Berry curvature is essential in a proper description of
the dynamics of Bloch electrons, which has various e↵ects
on transport and thermodynamic properties of crystals.

One can also apply an electric field to cause a linear
variation of q. In this case, a closed path is realized when
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consider a concrete example: a one-dimensional dimer-
ized lattice model described by the following Hamiltonian

H =
X

j

(
t

2
+ (�1)j

�

2
)(c†

j
cj+1 + h.c.) + �(�1)jc†

j
cj ,

(2.32)
where t is the uniform hopping amplitude, � is the dimer-
ization order, and � is a staggered sublattice poten-
tial. It is the prototype Hamiltonian for a class of one-
dimensional ferroelectrics. At half-filling, the system is a
metal for � = � = 0, and an insulator otherwise. Rice
and Mele (1982) considered this model in the study of
solitons in polyenes. It was later used to study ferroelec-
tricity (Onoda et al., 2004b; Vanderbilt and King-Smith,
1993). If � = 0 it reduces to the celebrated Su-Shrie↵er-
Heeger model (Su et al., 1979).

Assuming periodic boundary condition, the Bloch rep-
resentation of the above Hamiltonian is given by H(q) =
h(q) · �, where

h = (t cos
qa

2
,�� sin

qa

2
,�) . (2.33)

This is the two-level model we discussed in Sec. I.C.3. Its
energy spectrum consists of two bands with eigenenergies
"± = ±(�2 + �2 sin2 qa

2
+ t2 cos2 qa

2
)1/2. The degeneracy

point occurs at

� = 0 , � = 0 , q = ⇡/a . (2.34)

The polarization is calculated using the two-point for-
mula (2.28) with the Berry connection given by

Aq = @q�A� + @q✓A✓ = sin2
✓

2
@q� , (2.35)

where ✓ and � are the spherical angles of h.
Let us consider the case of � = 0. In the parameter

space of h, it lies in the xy-plane with ✓ = ⇡/2. As q
varies from 0 to 2⇡/a, � changes from 0 to ⇡ if � < 0
and 0 to �⇡ if � > 0. Therefore the polarization di↵er-
ence between P (�) and P (��) is ea/2. This is consistent
with the observation that the state with P (��) can be
obtained by shifting the state with P (�) by half of the
unit cell length a.

Figure 2 shows the calculated polarization for arbi-
trary � and �. As we can see, if the system adiabatically
evolves along a loop enclosing the degeneracy point (0, 0)
in the (�, �) space, then the polarization will be changed
by ea, which means that if we allow (�, �) to change in
time along this loop, for example, �(t) = �0 sin(t) and
�(t) = �0 cos(t), a quantized charge of e is pumped out of
the system after one cycle. On the other hand, if the loop
does not contain the degeneracy point, then the pumped
charge is zero.

III. ELECTRON DYNAMICS IN AN ELECTRIC FIELD

The dynamics of Bloch electrons under the perturba-
tion of an electric field is one of the oldest problems in
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FIG. 2 (color online). Polarization as a function of � and � in
the Rice-Mele model. The unit is ea with a being the lattice
constant. The line of discontinuity can be chosen anywhere
depending on the particular phase choice of the eigenstate.

solid state physics. It is usually understood that while
the electric field can drive electron motion in momentum
space, it does not appear in the electron velocity; the
latter is simply given by (for example, see Chapter 12 of
Ashcroft and Mermin, 1976b)

vn(q) =
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h̄@q

. (3.1)

Through recent progress on the semiclassical dynamics of
Bloch electrons, it has been made increasingly clear that
this description is incomplete. In the presence of an elec-
tric field, an electron can acquire an anomalous velocity
proportional to the Berry curvature of the band (Chang
and Niu, 1995, 1996; Sundaram and Niu, 1999). This
anomalous velocity is responsible for a number of trans-
port phenomena, in particular various Hall e↵ects, which
we study in this section.

A. Anomalous velocity

Let us consider a crystal under the perturbation of a
weak electric field E, which enters into the Hamiltonian
through the coupling to the electrostatic potential �(r).
However, a uniform E means that �(r) varies linearly
in space and breaks the translational symmetry of the
crystal so that Bloch’s theorem cannot be applied. To go
around this di�culty, one can let the electric field enter
through a uniform vector potential A(t) that changes in
time. Using the Peierls substitution, the Hamiltonian is
written as

H(t) =
[p̂ + eA(t)]2

2m
+ V (r) . (3.2)

This is the time-dependent problem we have studied in
last section. Transforming to the q-space representation,
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we have

H(q, t) = H(q +
e

h̄
A(t)) . (3.3)

Introduce the gauge-invariant crystal momentum

k = q +
e

h̄
A(t) . (3.4)

The parameter-dependent Hamiltonian can be simply
written as H(k(q, t)). Hence the eigenstates of the time-
dependent Hamiltonian can be labeled by a single pa-
rameter k. Moreover, because A(t) preserves the transla-
tional symmetry, q is still a good quantum number and is
a constant of motion q̇ = 0. It then follows from Eq. (3.4)
that k satisfies the following equation of motion

k̇ = � e

h̄
E . (3.5)

Using the relation @/@q↵ = @/@k↵ and @/@t =
�(e/h̄)E↵@/@k↵, the general formula (2.5) for the ve-
locity in a given state k becomes

vn(k) =
@"n(k)
h̄@k

� e

h̄
E ⇥⌦n(k) , (3.6)

where ⌦n(k) is the Berry curvature of the nth band:

⌦n(k) = ihrkun(k)|⇥ |rkun(k)i . (3.7)

We can see that, in addition to the usual band disper-
sion contribution, an extra term previously known as
an anomalous velocity also contributes to vn(k). This
velocity is always transverse to the electric field, which
will give rise to a Hall current. Historically, the anoma-
lous velocity has been obtained by Adams and Blount
(1959); Karplus and Luttinger (1954); Kohn and Lut-
tinger (1957); its relation to the Berry phase was realized
much later. In Sec. V we shall rederive this term using a
wavepacket approach.

B. Berry curvature: Symmetry considerations

The velocity formula (3.6) reveals that, in addition
to the band energy, the Berry curvature of the Bloch
bands is also required for a complete description of the
electron dynamics. However, the conventional formula,
Eq. (3.1), has had great success in describing various elec-
tronic properties in the past. It is thus important to know
under what conditions the Berry curvature term cannot
be neglected.

The general form of the Berry curvature ⌦n(k) can
be obtained via symmetry analysis. The velocity for-
mula (3.6) should be invariant under time reversal and
spatial inversion operations if the unperturbed system
has these symmetries. Under time reversal, vn and k
change sign while E is fixed. Under spatial inversion,
vn, k, and E change sign. If the system has time re-
versal symmetry, the symmetry condition on Eq. (3.6)
requires that

⌦n(�k) = �⌦n(k) . (3.8)
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FIG. 3 (color online). Fermi surface in (010) plane (solid
lines) and the integrated Berry curvature �⌦z(k) in atomic
units (color map) of fcc Fe. From Yao et al., 2004.

If the system has spatial inversion symmetry, then

⌦n(�k) = ⌦n(k) . (3.9)

Therefore, for crystals with simultaneous time-reversal
and spatial inversion symmetry the Berry curvature van-
ish identically throughout the Brillouin zone. In this case
Eq. (3.6) reduces to the simple expression (3.1). However,
in systems with either broken time-reversal or inversion
symmetries, their proper description requires the use of
the full velocity formula (3.6).

There are many important physical systems where
both symmetries are not simultaneously present. For
example, in the presence of ferro- or antiferro-magnetic
ordering the crystal breaks the time-reversal symmetry.
Figure 3 shows the Berry curvature on the Fermi surface
of fcc Fe. As we can see, the Berry curvature is negligi-
ble in most areas in the momentum space and displays
very sharp and pronounced peaks in regions where the
Fermi lines (intersection of the Fermi surface with (010)
plane) have avoided crossings due to spin-orbit coupling.
Such a structure has been identified in other materials as
well (Fang et al., 2003). Another example is provided by
single-layered graphene sheet with staggered sublattice
potential, which breaks inversion symmetry (Zhou et al.,
2007). Figure 4 shows the energy band and Berry cur-
vature of this system. The Berry curvature at valley K1

and K2 have opposite signs due to time-reversal symme-
try. We note that as the gap approaches zero, the Berry
phase acquired by an electron during one circle around
the valley becomes exactly ±⇡. This Berry phase of ⇡
has been observed in intrinsic graphene sheet (Novoselov
et al., 2005; Zhang et al., 2005).
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under what conditions the Berry curvature term cannot
be neglected.

The general form of the Berry curvature ⌦n(k) can
be obtained via symmetry analysis. The velocity for-
mula (3.6) should be invariant under time reversal and
spatial inversion operations if the unperturbed system
has these symmetries. Under time reversal, vn and k
change sign while E is fixed. Under spatial inversion,
vn, k, and E change sign. If the system has time re-
versal symmetry, the symmetry condition on Eq. (3.6)
requires that

⌦n(�k) = �⌦n(k) . (3.8)
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If the system has spatial inversion symmetry, then

⌦n(�k) = ⌦n(k) . (3.9)

Therefore, for crystals with simultaneous time-reversal
and spatial inversion symmetry the Berry curvature van-
ish identically throughout the Brillouin zone. In this case
Eq. (3.6) reduces to the simple expression (3.1). However,
in systems with either broken time-reversal or inversion
symmetries, their proper description requires the use of
the full velocity formula (3.6).

There are many important physical systems where
both symmetries are not simultaneously present. For
example, in the presence of ferro- or antiferro-magnetic
ordering the crystal breaks the time-reversal symmetry.
Figure 3 shows the Berry curvature on the Fermi surface
of fcc Fe. As we can see, the Berry curvature is negligi-
ble in most areas in the momentum space and displays
very sharp and pronounced peaks in regions where the
Fermi lines (intersection of the Fermi surface with (010)
plane) have avoided crossings due to spin-orbit coupling.
Such a structure has been identified in other materials as
well (Fang et al., 2003). Another example is provided by
single-layered graphene sheet with staggered sublattice
potential, which breaks inversion symmetry (Zhou et al.,
2007). Figure 4 shows the energy band and Berry cur-
vature of this system. The Berry curvature at valley K1

and K2 have opposite signs due to time-reversal symme-
try. We note that as the gap approaches zero, the Berry
phase acquired by an electron during one circle around
the valley becomes exactly ±⇡. This Berry phase of ⇡
has been observed in intrinsic graphene sheet (Novoselov
et al., 2005; Zhang et al., 2005).
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The parameter-dependent Hamiltonian can be simply
written as H(k(q, t)). Hence the eigenstates of the time-
dependent Hamiltonian can be labeled by a single pa-
rameter k. Moreover, because A(t) preserves the transla-
tional symmetry, q is still a good quantum number and is
a constant of motion q̇ = 0. It then follows from Eq. (3.4)
that k satisfies the following equation of motion
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We can see that, in addition to the usual band disper-
sion contribution, an extra term previously known as
an anomalous velocity also contributes to vn(k). This
velocity is always transverse to the electric field, which
will give rise to a Hall current. Historically, the anoma-
lous velocity has been obtained by Adams and Blount
(1959); Karplus and Luttinger (1954); Kohn and Lut-
tinger (1957); its relation to the Berry phase was realized
much later. In Sec. V we shall rederive this term using a
wavepacket approach.
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If the system has spatial inversion symmetry, then

⌦n(�k) = ⌦n(k) . (3.9)

Therefore, for crystals with simultaneous time-reversal
and spatial inversion symmetry the Berry curvature van-
ish identically throughout the Brillouin zone. In this case
Eq. (3.6) reduces to the simple expression (3.1). However,
in systems with either broken time-reversal or inversion
symmetries, their proper description requires the use of
the full velocity formula (3.6).

There are many important physical systems where
both symmetries are not simultaneously present. For
example, in the presence of ferro- or antiferro-magnetic
ordering the crystal breaks the time-reversal symmetry.
Figure 3 shows the Berry curvature on the Fermi surface
of fcc Fe. As we can see, the Berry curvature is negligi-
ble in most areas in the momentum space and displays
very sharp and pronounced peaks in regions where the
Fermi lines (intersection of the Fermi surface with (010)
plane) have avoided crossings due to spin-orbit coupling.
Such a structure has been identified in other materials as
well (Fang et al., 2003). Another example is provided by
single-layered graphene sheet with staggered sublattice
potential, which breaks inversion symmetry (Zhou et al.,
2007). Figure 4 shows the energy band and Berry cur-
vature of this system. The Berry curvature at valley K1

and K2 have opposite signs due to time-reversal symme-
try. We note that as the gap approaches zero, the Berry
phase acquired by an electron during one circle around
the valley becomes exactly ±⇡. This Berry phase of ⇡
has been observed in intrinsic graphene sheet (Novoselov
et al., 2005; Zhang et al., 2005).
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Berry curvature of the conduction band (bottom panel) of
a graphene sheet with broken inversion symmetry. The first
Brillouin zone is outlined by the dashed lines, and two inequiv-
alent valleys are labeled as K1 and K2. Details are presented
in Xiao et al., 2007b.

C. The quantum Hall e↵ect

The quantum Hall e↵ect was discovered by Klitzing
et al. (1980). They found that in a strong magnetic field
the Hall conductivity of a two-dimensional electron gas is
exactly quantized in the units of e2/h. The exact quan-
tization was subsequently explained by Laughlin (1981)
based on gauge invariance, and was later related to a
topological invariance of the energy bands (Avron et al.,
1983; Niu et al., 1985; Thouless et al., 1982). Since then
it has blossomed into an important research field in con-
densed matter physics. In this subsection we shall focus
only on the quantization aspect of the quantum Hall ef-
fect using the formulation developed so far.

Let us consider a two-dimensional band insulator. It
follows from Eq. (3.6) that the Hall conductivity of the
system is given by

�xy =
e2

h̄

Z

BZ

d2k

(2⇡)2
⌦kxky

, (3.10)

where the integration is over the entire Brillouin. Once
again we encounter the situation where the Berry curva-
ture is integrated over a closed manifold. Here �xy is just
the Chern number in the units of e2/h, i.e.,

�xy = n
e2

h
. (3.11)

Therefore the Hall conductivity is quantized for a two-
dimensional band insulator of non-interacting electrons.

Historically, the quantization of the Hall conductivity
in a crystal was first shown by Thouless et al. (1982) for
magnetic Bloch bands (see also Sec. VIII. It was shown
that, due to the magnetic translational symmetry, the

phase of the wave function in the magnetic Brillouin zone
carries a vortex and leads to a nonzero quantized Hall
conductivity (Kohmoto, 1985). However, it is clear from
the above derivation that for the quantum Hall e↵ect to
occur the only condition is that the Chern number of
the bands must be nonzero. It is possible that in some
materials the Chern number can be nonzero even in the
absence of an external magnetic field. Haldane (1988)
constructed a tight-binding model on a honeycomb lat-
tice which displays the quantum Hall e↵ect with zero net
flux per unit cell. Another model is proposed for semi-
conductor quantum well where the spin-orbit interaction
plays the role of the magnetic field (Liu et al., 2008; Qi
et al., 2006) and leads to a quantized Hall conductance.
The possibility of realizing the quantum Hall e↵ect with-
out a magnetic field is very attractive in device design.

Niu et al. (1985) further showed that the quantized
Hall conductivity in two-dimensions is robust against
many-body interactions and disorder (See also (Avron
and Seiler, 1985)). Their derivation involves the same
technique discussed in Sec. II.B.2. A two-dimensional
many-body system is placed on a torus by assuming pe-
riodic boundary conditions in both directions. One can
then thread the torus with magnetic flux through its
holes (Fig. 5) and make the Hamiltonian H(�1,�2) de-
pend on the flux �1 and �2. The Hall conductivity is
calculated using the Kubo formula

�H = ie2h̄
X

n>0

h�0|v1|�nih�n|v2|�0i � (1 $ 2)
("0 � "n)2

,

(3.12)
where �n is the many-body wave function with |�0i the
ground state. In the presence of the flux, the veloc-
ity operator is given by vi = @H(1,2)/@(h̄i) with
i = (e/h̄)�i/Li and Li the dimensions of the sys-
tem. We recognize that Eq. (3.12) is the summation for-
mula (1.13) for the Berry curvature ⌦12 of the state
|�0i. The existence of a bulk energy gap guarantees that
the Hall conductivity remains unchanged after thermo-
dynamic averaging, which is given by

�H =
e2

h̄

Z
2⇡/L1

0

d1

Z
2⇡/L2

0

d2 ⌦12 . (3.13)

Note that the Hamiltonian H(1,2) is periodic in i

with period 2⇡/Li because the system returns to its orig-
inal state after the flux is changed by a flux quantum h/e
(and i changed by 2⇡/Li). Therefore the Hall conduc-
tivity is quantized even in the presence of many-body
interaction and disorder. Due to the high precision of
the measurement and the robustness of the quantization,
the quantum Hall resistance is now used as the primary
standard of resistance.

The geometric and topological ideas developed in the
study of the quantum Hall e↵ect has a far-reaching im-
pact on modern condensed matter physics. The robust-
ness of the Hall conductivity suggests that it can be used
as a topological invariance to classify many-body phases
of electronic states with a bulk energy gap (Avron et al.,
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In the presence of a statistical force, there are two
ways for a Hall current to occur. The asymmetric scat-
tering will have an e↵ect on the distribution g(r, q),
which is obtained from the Boltzmann equation (Berger,
1972). This results in a transverse current in the first
term of Eq. (4.23). In addition to that, there is an
intrinsic contribution comes from the orbital magneti-
zation, which is the second term of Eq. (4.23). Note
that the spatial dependence enters through T (r) and
µ(r) in the distribution function. It is straightforward to
verify that for the intrinsic contribution to the anoma-
lous thermoelectric transport, both the Einstein relation
and Mott relation still hold (Onoda et al., 2008; Xiao
et al., 2006b). Hence, the measurement of this type
of transport, such as the anomalous Nernst e↵ect, can
give further insight of the intrinsic mechanism of the
anomalous Hall e↵ect. Great experimental e↵orts have
been put along this line. The intrinsic contribution has
been verified in CuCr2Se4�xBrx (Lee et al., 2004a,b),
La1�xSrxCoO3 (Miyasato et al., 2007), Nd2Mo2O7 and
Sm2Mo2O7 (Hanasaki et al., 2008), Ga1�xMnx (Pu et al.,
2008).

Equation (4.23) is not limited to transport driven by
statistical forces. As we shall show later, at the micro-
scopic level the mechanical force generally has two e↵ects:
it can drive the electron motion directly, and appears in
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FIELDS

In last section we discussed the construction and gen-
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A. Equations of motion
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H =
[p + eA(r)]2

2m
+ V (r)� e�(r) , (5.1)

where V (r) is the periodic lattice potential, and A(r)
and �(r) are the electromagnetic potentials. If the length
scale of the perturbations is much larger than the spatial
spread of the wavepacket, the approximate Hamiltonian
that the wavepacket “feels” may be obtained by lineariz-
ing the perturbations about the wavepacket center rc as

H ⇡ Hc + �H , (5.2)

Hc =
[p + eA(rc)]2

2m
+ V (r)� e�(rc) , (5.3)

�H =
e

2m
{A(r)�A(rc),p}� eE · (r � rc) , (5.4)

where {, } is the anticommutator. Naturally, we can then
construct the wavepacket using the eigenstates of the lo-
cal Hamiltonian Hc. The e↵ect of a uniform A(rc) is to
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|W (kc, rc)i = e�ie/h̄A(rc)·r|W0(kc, rc)i , (5.5)

where |W0i is the wavepacket constructed using the un-
perturbed Bloch functions.

The wavepacket dynamics can be obtained from the
time-dependent variational principles (Kramer and Sara-
ceno, 1981). The basic recipe is to first obtain the Lan-
gragian from the following equation,

L = hW |ih̄ @

@t
�H|W i (5.6)

then obtain the equations of motion using the Euler
equations. Using Eq. (4.5) we find that hW |ih̄ @

@t
|W i =

eȦ · Rc � h̄ @

@t
arg w(kc, t). For the wavepacket energy,

we have hW |�H|W i = �m(k) · B. This is expected as
we already showed that the wavepacket carries an orbital
magnetic moment m(k) that will couple to the magnetic
field. Using Eq. (4.5), we find the Langragian is given
by, up to some unimportant total time-derivative terms
(dropping the subscript c on rc and kc),

L = h̄k · ṙ � "M (k) + e�(r)� eṙ · A(r, t) + h̄k̇ · An(k) ,
(5.7)

where "M (k) = "0(k) � B · m(k) with "0(k) being the
unperturbed band energy. The equations of motion is

ṙ =
@"M (k)

h̄@k
� k̇ ⇥⌦(k) , (5.8a)

h̄k̇ = �eE � eṙ ⇥B . (5.8b)

Compared to the conventional equations of motion for
Bloch electrons (Ashcroft and Mermin, 1976b), there are
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1983): states with di↵erent topological orders (Hall con-
ductivities in the quantum Hall e↵ect) cannot be adia-
batically transformed into each other; if that happens, a
phase transition must occur. It has important applica-
tions in strongly correlated electron systems, such as the
fractional quantum Hall e↵ect (Wen and Niu, 1990), and
most recently, the topological quantum computing (for a
review, see Nayak et al., 2008).

D. The anomalous Hall E↵ect

Next we discuss the anomalous Hall e↵ect, which refers
to the appearance of a large spontaneous Hall current in
a ferromagnet in response to an electric field alone (For
early works in this field see Chien and Westgate, 1980).
Despite its century-long history and importance in sam-
ple characterization, the microscopic mechanism of the
anomalous Hall e↵ect has been a controversial subject
and it comes to light only recently (for a recent review
see Nagaosa et al., 2010). In the past, three mechanisms
have been identified: the intrinsic contribution (Karplus
and Luttinger, 1954; Luttinger, 1958), and the extrinsic
contributions from the skew (Smit, 1958) and side-jump
scattering (Berger, 1970). The latter two describe the
asymmetric scattering amplitudes for spin-up and spin-
down electrons. It was later realized that the scattering-
independent intrinsic contribution comes from the Berry-
phase supported anomalous velocity. It will be our pri-
mary interest here.

The intrinsic contribution to the anomalous Hall ef-
fect can be regarded as an “unquantized” version of the
quantum Hall e↵ect. The Hall conductivity is given by

�xy =
e2

h̄

Z
dk

(2⇡)d
f("k)⌦kxky

, (3.14)

where f("k) is the Fermi-Dirac distribution function.
However, unlike the quantum Hall e↵ect, the anomalous
Hall e↵ect does not require a nonzero Chern number of
the band; for a band with zero Chern number, the local
Berry curvature can be nonzero and give rise to a nonzero
anomalous Hall conductivity.

Let us consider a generic Hamiltonian with spin-orbit
(SO) split bands (Onoda et al., 2006b)

H =
h̄2k2

2m
+ �(k ⇥ �) · ez ���z . (3.15)

where 2� is the SO split gap in the energy spectrum "± =
h̄2k2/2m ±

p
�2k2 + �2, and � gives a linear dispersion

in the absence of �. This model also describes spin-
polarized two-dimensional electron gas with Rashba SO
coupling, with � being the SO coupling strength and �
the exchange field (Culcer et al., 2003). Obviously the
� term breaks time-reversal symmetry and the system
is ferromagnetic. However, the �-term alone will not
lead to a Hall current as it only breaks the time-reversal
symmetry in the spin space. The SO interaction is needed
to couple the spin and orbital part together. The Berry
curvature is given by, using Eq. (1.19),

⌦± = ⌥ �2�
2(�2k2 + �2)3/2

. (3.16)

The Berry curvatures of the two energy bands have oppo-
site sign, and is highly concentrated around the gap (In
fact, the Berry curvature has the same form of the Berry
curvature in one valley of the graphene, shown in Fig. 4).
One can verify that the integration of the Berry curva-
ture of a full band, 2⇡

R
1

0
qdq ⌦±, is ±⇡ for the upper

and lower bands, respectively. 9

Figure 6 shows the band dispersion, and the intrin-
sic Hall conductivity, Eq. (3.14), as the Fermi energy
sweeps across the SO split gap. As we can see, when
the Fermi energy "F is in the gap region, the Hall con-
ductivity reaches its maximum value (about �e2/2h). If
"F < ��, the states with energies just below ��, which
contribute most to the Hall conductivity, are empty. If
"F > �, contributions from upper and lower bands cancel
each other, and the Hall conductivity decreases quickly
as "F moves away from the band gap. It is only when
�� < "F < �, the Hall conductivity is resonantly en-
hanced (Onoda et al., 2006b).

1. Intrinsic vs. extrinsic contributions

The above discussion does not take into account the
fact that, unlike insulators, in metallic systems electron
scattering can be important in transport phenomena.
Two contributions to the anomalous Hall e↵ect arises
due to scattering: (i) the skew scattering that refers to
the asymmetric scattering amplitude with respect to the
scattering angle between the incoming and outgoing elec-
tron waves (Smit, 1958), and (ii) the side jump which is

9 Since the integration is perfomed in an infinite momentum space,
the result is not quantized in the unit of 2⇡.
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Dirac Strings and Magnetic Monopoles
in the Spin Ice Dy2Ti2O7
D. J. P. Morris,1* D. A. Tennant,1,2* S. A. Grigera,3,4* B. Klemke,1,2 C. Castelnovo,5 R. Moessner,6
C. Czternasty,1 M. Meissner,1 K. C. Rule,1 J.-U. Hoffmann,1 K. Kiefer,1 S. Gerischer,1
D. Slobinsky,3 R. S. Perry7

Sources of magnetic fields—magnetic monopoles—have so far proven elusive as elementary particles.
Condensed-matter physicists have recently proposed several scenarios of emergent quasiparticles
resembling monopoles. A particularly simple proposition pertains to spin ice on the highly frustrated
pyrochlore lattice. The spin-ice state is argued to be well described by networks of aligned dipoles
resembling solenoidal tubes—classical, and observable, versions of a Dirac string. Where these tubes end,
the resulting defects look like magnetic monopoles. We demonstrated, by diffuse neutron scattering, the
presence of such strings in the spin ice dysprosium titanate (Dy2Ti2O7). This is achieved by applying a
symmetry-breaking magnetic field with which we can manipulate the density and orientation of the
strings. In turn, heat capacity is described by a gas of magnetic monopoles interacting via a magnetic
Coulomb interaction.

Despite searching within the cosmic radi-
ation, particle colliders, and lunar dust,
free magnetic monopoles have not been

observed (1, 2). This is particularly disappointing
given that unification theories have predicted
their existence. Dirac’s original vision for mono-
poles involves a string singularity carrying mag-
netic flux, the ends of which act as north and
south monopoles. We report the observation of
analogous strings and magnetic monopoles in
spin ice, magnetic compound Dy2Ti2O7 with
a pyrochlore lattice structure. This is a real-
ization of magnetic fractionalization in three
dimensions, a separation of north and south
monopoles.

Dysprosium titanate contains magnetic 162Dy
ions in the highly frustrated pyrochlore lattice
that have ferromagnetic exchange and dipolar
interactions between the spins. The pyrochlore
lattice is a three-dimensional (3D) structure built
from corner-sharing tetrahedra (Fig. 1A). Spin ice is
realized on this lattice when spins placed on the
vertices are constrained to point radially into or out of
the tetrahedra and are coupled ferromagnetically—
or, as in the case of Dy2Ti2O7, through dipolar
coupling (3). This leads to the lowest-energy spin
configurations obeying the “ice rules” of two spins
pointing into, and two out of, each tetrahedron.
This is equivalent to the physics of the proton

arrangement in ice, where two protons sit close to
each oxygen and two far away—and indeed spin
ice exhibits the Pauling ice entropy S≈ (R/2) ln(3/2)
per spin (4, 5), reflecting a huge low-energy den-
sity of states in zero magnetic field.

Each spin can be thought of as a small dipole
or solenoid channelingmagnetic flux into and out
of a tetrahedron. The ice rules are too weak to
impose magnetic long-range order, but they do
induce dipolar power-law correlations resulting
in characteristic pinch-point features in neutron
scattering (6–10).

A spin flip violates the ice rule in two
tetrahedra, at a cost of ~2 K per tetrahedron in
Dy2Ti2O7. It was proposed that to a good
approximation this can be viewed as the for-
mation of a pair of monopoles of opposite sign in
adjacent tetrahedra (11). These monopoles are
deconfined (Fig. 1A); they can separate and
move essentially independently. Thus, the equi-
librium defect density is determined not by the
cost of a spin flip but by the properties of the gas
of interacting monopoles. In Fig. 1B, we com-
pare themeasured heat capacity toDebye-Hückel
theory (12), which describes a gas of monopoles
with Coulomb interactions. This theory is appro-
priate to low temperatures, where the monopoles
are sparse, and it captures the heat capacity quan-
titatively. At higher temperatures, spin ice turns
into a more conventional paramagnet and the
monopole description breaks down (13). Together
with a recent analysis of dynamic susceptibility
(14), this lends strong support to the monopole
picture of the low-temperature phase of spin ice.

Monopole deconfinement is reflected in the
spin configurations: As the two monopoles of
opposite sign separate, they leave a tensionless
string of reversed spins connecting them. These
strings of reversed flux between the monopoles
can be viewed as a classical analog of a Dirac
string. In the theory of Dirac (15), these are
infinitely narrow, unobservable solenoidal tubes
carrying magnetic flux density (B-field) emanat-
ing from themonopoles. Here, the strings are real
and observable thanks to the preformed dipoles
of the spins; strings can change length and shape
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Fig. 1. Gas of deconfined magnetic monopoles. (A) The Ising
spins are constrained to point along the direction connecting the
centers of the two tetrahedra they belong to. The lowest energy

for a tetrahedron is obtained for a two-in-two-out configuration, as illustrated. There are six such
configurations with net ferromagnetic moments along one of the six equivalent 〈100〉 directions. The
noncollinearity of the Ising axes is the source of the frustration in spin ice. In Dy2Ti2O7 the “Ising” crystal
field doublet is separated from other levels by more than 100 K. Applying a field, B || [001], results in a
preference for aligning the tetrahedral magnetization with the applied field direction (arrow). In the 3D
pyrochlore lattice, Dirac strings of flipped spins terminate on tetrahedra where magnetic monopoles
reside. (B) The measured heat capacity per mole of Dy2Ti2O7 at zero field (open squares) is compared with
a Debye-Hückel theory for the monopoles (blue line) and the best fit to a single-tetrahedron (Bethe lattice)
approximation (red line). The ice-blue background indicates the spin-ice regime; the yellow background
indicates the paramagnetic regime.

www.sciencemag.org SCIENCE VOL 326 16 OCTOBER 2009 411

REPORTS

Dirac Strings and Magnetic Monopoles
in the Spin Ice Dy2Ti2O7
D. J. P. Morris,1* D. A. Tennant,1,2* S. A. Grigera,3,4* B. Klemke,1,2 C. Castelnovo,5 R. Moessner,6
C. Czternasty,1 M. Meissner,1 K. C. Rule,1 J.-U. Hoffmann,1 K. Kiefer,1 S. Gerischer,1
D. Slobinsky,3 R. S. Perry7

Sources of magnetic fields—magnetic monopoles—have so far proven elusive as elementary particles.
Condensed-matter physicists have recently proposed several scenarios of emergent quasiparticles
resembling monopoles. A particularly simple proposition pertains to spin ice on the highly frustrated
pyrochlore lattice. The spin-ice state is argued to be well described by networks of aligned dipoles
resembling solenoidal tubes—classical, and observable, versions of a Dirac string. Where these tubes end,
the resulting defects look like magnetic monopoles. We demonstrated, by diffuse neutron scattering, the
presence of such strings in the spin ice dysprosium titanate (Dy2Ti2O7). This is achieved by applying a
symmetry-breaking magnetic field with which we can manipulate the density and orientation of the
strings. In turn, heat capacity is described by a gas of magnetic monopoles interacting via a magnetic
Coulomb interaction.

Despite searching within the cosmic radi-
ation, particle colliders, and lunar dust,
free magnetic monopoles have not been

observed (1, 2). This is particularly disappointing
given that unification theories have predicted
their existence. Dirac’s original vision for mono-
poles involves a string singularity carrying mag-
netic flux, the ends of which act as north and
south monopoles. We report the observation of
analogous strings and magnetic monopoles in
spin ice, magnetic compound Dy2Ti2O7 with
a pyrochlore lattice structure. This is a real-
ization of magnetic fractionalization in three
dimensions, a separation of north and south
monopoles.

Dysprosium titanate contains magnetic 162Dy
ions in the highly frustrated pyrochlore lattice
that have ferromagnetic exchange and dipolar
interactions between the spins. The pyrochlore
lattice is a three-dimensional (3D) structure built
from corner-sharing tetrahedra (Fig. 1A). Spin ice is
realized on this lattice when spins placed on the
vertices are constrained to point radially into or out of
the tetrahedra and are coupled ferromagnetically—
or, as in the case of Dy2Ti2O7, through dipolar
coupling (3). This leads to the lowest-energy spin
configurations obeying the “ice rules” of two spins
pointing into, and two out of, each tetrahedron.
This is equivalent to the physics of the proton

arrangement in ice, where two protons sit close to
each oxygen and two far away—and indeed spin
ice exhibits the Pauling ice entropy S≈ (R/2) ln(3/2)
per spin (4, 5), reflecting a huge low-energy den-
sity of states in zero magnetic field.

Each spin can be thought of as a small dipole
or solenoid channelingmagnetic flux into and out
of a tetrahedron. The ice rules are too weak to
impose magnetic long-range order, but they do
induce dipolar power-law correlations resulting
in characteristic pinch-point features in neutron
scattering (6–10).

A spin flip violates the ice rule in two
tetrahedra, at a cost of ~2 K per tetrahedron in
Dy2Ti2O7. It was proposed that to a good
approximation this can be viewed as the for-
mation of a pair of monopoles of opposite sign in
adjacent tetrahedra (11). These monopoles are
deconfined (Fig. 1A); they can separate and
move essentially independently. Thus, the equi-
librium defect density is determined not by the
cost of a spin flip but by the properties of the gas
of interacting monopoles. In Fig. 1B, we com-
pare themeasured heat capacity toDebye-Hückel
theory (12), which describes a gas of monopoles
with Coulomb interactions. This theory is appro-
priate to low temperatures, where the monopoles
are sparse, and it captures the heat capacity quan-
titatively. At higher temperatures, spin ice turns
into a more conventional paramagnet and the
monopole description breaks down (13). Together
with a recent analysis of dynamic susceptibility
(14), this lends strong support to the monopole
picture of the low-temperature phase of spin ice.

Monopole deconfinement is reflected in the
spin configurations: As the two monopoles of
opposite sign separate, they leave a tensionless
string of reversed spins connecting them. These
strings of reversed flux between the monopoles
can be viewed as a classical analog of a Dirac
string. In the theory of Dirac (15), these are
infinitely narrow, unobservable solenoidal tubes
carrying magnetic flux density (B-field) emanat-
ing from themonopoles. Here, the strings are real
and observable thanks to the preformed dipoles
of the spins; strings can change length and shape
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Fig. 1. Gas of deconfined magnetic monopoles. (A) The Ising
spins are constrained to point along the direction connecting the
centers of the two tetrahedra they belong to. The lowest energy

for a tetrahedron is obtained for a two-in-two-out configuration, as illustrated. There are six such
configurations with net ferromagnetic moments along one of the six equivalent 〈100〉 directions. The
noncollinearity of the Ising axes is the source of the frustration in spin ice. In Dy2Ti2O7 the “Ising” crystal
field doublet is separated from other levels by more than 100 K. Applying a field, B || [001], results in a
preference for aligning the tetrahedral magnetization with the applied field direction (arrow). In the 3D
pyrochlore lattice, Dirac strings of flipped spins terminate on tetrahedra where magnetic monopoles
reside. (B) The measured heat capacity per mole of Dy2Ti2O7 at zero field (open squares) is compared with
a Debye-Hückel theory for the monopoles (blue line) and the best fit to a single-tetrahedron (Bethe lattice)
approximation (red line). The ice-blue background indicates the spin-ice regime; the yellow background
indicates the paramagnetic regime.
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where Qa denotes the total magnetic charge at site a in the diamond
lattice, and rab is the distance between two sites. The finite ‘self-
energy’ u0/2 is required to reproduce the net nearest-neighbour inter-
action correctly. Equation (2)—which is derived in detail in the
Supplementary Information—is equivalent to the dipolar energy
equation (1), up to corrections that are small everywhere, and vanish
with distance at least as fast as 1/r5.

We consider first the ground states of the system. The total energy
is minimized if each diamond lattice site is net neutral, that is, we
must orient the dumbbells so that Qa 5 0 on each site. But this is just
the above-mentioned ice rule, as illustrated in Fig. 2. Thus, one of the
most remarkable features of spin ice follows directly from the dumb-
bell model: the measured low-T entropy agrees with the Pauling
entropy (which follows from the short-distance ice rules), even
though the dipolar interactions are long-range.

We now turn to the excited states. Naively, the most elementary
excitation involves inverting a single dipole / dumbbell to generate a

local net dipole moment 2m. However, this is misleading in a crucial
sense. The inverted dumbbell in fact corresponds to two adjacent
sites with net magnetic charge Qa 5 6qm 5 62m/ad—a nearest-
neighbour monopole–antimonopole pair. As shown in Fig. 2e, the
monopoles can be separated from one another without further viola-
tions of local neutrality by flipping a chain of adjacent dumbbells. A
pair of monopoles separated by a distance r experiences a Coulombic
interaction, {m0q2

m

!
4prð Þ, mediated by monopolar magnetic fields,

see Fig. 3.
This interaction is indeed magnetic, hence the presence of the

vacuum permeability m0, and not 1/e0, the inverse of the vacuum
permittivity. It takes only a finite energy to separate the monopoles
to infinity (that is, they are deconfined), and so they are the true
elementary excitations of the system: the local dipolar excitation
fractionalizes.

By taking the pictures from the dumbbell representation seriously,
we may be thought somehow to be introducing monopoles where
there were none to begin with. In general, it is of course well known
that a string of dipoles arranged head to tail realizes a monopole–
antimonopole pair at its ends17. However, to obtain deconfined
monopoles, it is essential that the cost of creating such a string of
dipoles remain bounded as its length grows, that is, the relevant string
tension should vanish. This is evidently not true in a vacuum (such as
that of the Universe) where the growth of the string can only come at
the cost of creating additional dipoles. Magnetic materials, which
come equipped with vacua (ground states) filled with magnetic
dipoles, are more promising. However, even here a dipole string is
not always a natural excitation, and when it is—for example, in an
ordered ferromagnet – a string of inverted dipoles is accompanied
by costly domain walls along its length (except, as usual, for one-
dimensional systems18), causing the incipient monopoles to remain
confined.

The unusual properties of spin ice arise from its exotic ground
states. The ice rule can be viewed as requiring that two dipole strings
enter and exit each site of the diamond lattice. In a typical spin-ice
ground state, there is a ‘soup’ of such strings: many dipole strings
of arbitrary size and shape can be identified that connect a given pair
of sites. Inverting the dipoles along any one such string creates a
monopole–antimonopole pair on the sites at its ends. The associated
energy cost does not diverge with the length of the string, unlike in
the case of an ordered ferromagnet, because no domain walls are
created along the string, and the monopoles are thus deconfined.

We did not make reference to the Dirac condition19 that the fun-
damental electric charge e and any magnetic charge q must exhibit the
relationship eq 5 nh/m0 whence any monopoles in our universe must
be quantized in units of qD 5 h/m0e. This follows from the monopole
being attached to a Dirac string, which has to be unobservable17. By
contrast, the string soup characteristic of spin ice at low temperature

a b

c

e

d

Figure 2 | Mapping from dipoles to dumbbells. The dumbbell picture
(c, d) is obtained by replacing each spin in a and b by a pair of opposite
magnetic charges placed on the adjacent sites of the diamond lattice. In the
left panels (a, c), two neighbouring tetrahedra obey the ice rule, with two
spins pointing in and two out, giving zero net charge on each site. In the right
panels (b, d), inverting the shared spin generates a pair of magnetic
monopoles (diamond sites with net magnetic charge). This configuration
has a higher net magnetic moment and it is favoured by an applied magnetic
field oriented upward (corresponding to a [111] direction). e, A pair of
separated monopoles (large red and blue spheres). A chain of inverted
dipoles (‘Dirac string’) between them is highlighted in white, and the
magnetic field lines are sketched.
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Figure 3 | Monopole interaction. Comparison of the magnetic Coulomb
energy {m0q2

m

!
4prð Þ (equation (2); solid line) with a direct numerical

evaluation of the monopole interaction energy in dipolar spin ice (equation
(1); open circles), for a given spin-ice configuration (Fig. 2e), as a function of
monopole separation.
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Figure 4. Dynamical anomalous Hall conductivity of SrRuO3 in the terahertz region. The
theoretical fittings are by the simple model of the anti-crossing near the Fermi energy. Adapted
from Shimano et al. [19]. (Online version in colour.)

3. Berry phase in the spin textures

The analysis in k-space mentioned earlier is justified when the magnetic unit cell
is small compared with the mean free path ℓ. In this case, the Berry phase in real
space is translated to that in k-space. In the other limit, i.e. when ℓ is shorter than
the size of the spin texture x, the Berry phase acts as the r-space magnetic field
directly. This situation is realized in the spatially slowly varying spin textures,
and the recently discovered skyrmion crystals in non-centrosymmetric magnets
with B20 structure give an ideal example of this case [20,21]. This system is
described by the Hamiltonian equation (1.3) with the magnetic field energy
−B · M added.

The so-called A-phase in the T–B phase diagram (T : temperature, B: magnetic
field) of MnSi has been a mystery. Recent neutron-scattering experiments [20]
identified this A-phase as a triangular crystal of skyrmions. A theoretical analysis
concluded that while the conical state with the spins tilted and q-vector being
along the external magnetic field is the stable state in most of the phase diagram,
the thermal fluctuation stabilizes this skyrmion crystal in a narrow region near the
critical temperature Tc. Compared with this three-dimensional case, on the other
hand, when one reduces the thickness of the sample smaller than the wavelength
of the spiral, the conical state becomes energetically higher than the skyrmion
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the nearest neighbour sites on the Kagome lattice. (a) The case of real transfer matrix, and (b)
the case with flux f (−2f ) penetrating the triangle (hexagon). Adapted from Ohgushi et al. [7].
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Let us examine more carefully the mechanism of how the finite Chern number
is produced by the flux f. When we focus on one of the band crossings at f = 0
at the corners of 1st BZ, the electronic states near this crossing can be described
by the 2 × 2 Dirac Hamiltonian as

H = kxsx + kysy + msz (2.5)

with the appropriate scaling and the mass m is proportional to sin f. It is well
known that the Hall conductivity of the Hamiltonian equation (2.5) when the
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at the corners of 1st BZ, the electronic states near this crossing can be described
by the 2 × 2 Dirac Hamiltonian as
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known that the Hall conductivity of the Hamiltonian equation (2.5) when the

Phil. Trans. R. Soc. A (2012)

 on February 5, 2014rsta.royalsocietypublishing.orgDownloaded from 

5810 N. Nagaosa et al.

chemical potential is within the gap is

sxy = e2

2 h
sign(m) (2.6)

in the context of ‘parity anomaly’ [11], and also formulated based on a
thermodynamic identity by Strĕda [12]. One can consider the three-dimensional
space of k = (kx , ky , m) and calculate the Berry curvature distribution in
this k-space to obtain [9]

bn(k) = ± k
2|k|3 , (2.7)

which is exactly that of a magnetic (anti)monopole sitting at the origin. The
Hall conductivity is the integral of the flux over the plane kz = m = fixed, and
has the discontinuous change of e2/h when the plane crosses the (anti)monopole.
Therefore, the lesson here is that the divergence of the momentum space magnetic
field bn(k) can be non-zero in sharp contrast to the usual electromagnetic field,
and the band crossings correspond to the magnetic (anti)monopoles.

Then, the next question is whether any real materials show this scenario
of Hall effect or not. We will discuss below that the anomalous Hall effect
(AHE) in Nd2Mo2O7 (hereafter we denote it as NMO) with pyrochlore structure
fits well to this story [13]. Pyrochlore lattice can be regarded as the three-
dimensional generalization of the Kagome lattice, i.e. it contains the Kagome
lattices and triangular lattices normal to the [111] direction. In the material
NMO, there are two interpenetrating sublattices composed of the tetrahedrons
of Nd and Mo atoms shifted along the c-axis as shown in figure 2a [13].
The conduction electrons are in the d-orbitals of Mo atoms, whereas the Nd
atoms have localized spins with strong easy-axis anisotropy in the direction
connecting the centre of the tetrahedron and Nd atom. This results in the non-
coplanar spin configurations of Nd spins, which are coupled to the conduction
electron spins antiferromagnetically through Jdf . This transmits the scalar spin
chirality of Nd spins to conduction electrons (figure 2b). In figure 2c is shown the
temperature dependence of the Hall resistivity rH. rH shows a steep increase as
the temperature is lowered corresponding to the increase of the ordering of Nd
spins and associated increase in the exchange field and spin chirality acting on the
conduction electrons. The absolute value of the low temperature rH is consistent
with the tight-binding calculation, taking into account the tilting angle of the Mo
spins estimated from the neutron scattering experiment [13]. Here, we used the
generalized expression of the Hall conductivity for the metallic case:

sxy = e2

2ph̄

∑

nk

f (3n(k))bnz(k). (2.8)

Note that this corresponds to the intrinsic contribution of the AHE [5].
In addition, the experimental observation of the sign change in sxy under the
external magnetic field along [111] direction [14] supports this scenario, i.e. the
sign of the spin chirality changes due to the [111] magnetic field.

The earlier-mentioned scenario for the magnetic monopoles in momentum
space is not limited to the case of non-coplanar spins, but is more general. Even
in the usual collinear ferromagnet, the effect of the SOI can be regarded as the
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Figure 2. Anomalous Hall effect in Nd2Mo2O7. (a) The two interpenetrating networks of
tetrahedrons of Nd and Mo atoms, which are coupled antiferromagnetically with Jfd. The strong
single-axis spin anisotropy of Nd spins makes the non-coplanar configuration with scalar spin
chirality at low temperature. (b) The solid angle subtended by the Nd spins is partially transferred
to that of Mo conduction electrons. (c) The Hall resistivity as a function of the magnetic field at
several temperatures. It shows the rapid increase as the temperature is lowered (inset). Adapted
from Taguchi et al. [13]. (Online version in colour.)

complex phase associated with the transfer of the electrons. This can be seen
when we write the SOI as

HSOI = l(p × VV ) · s = l(VV × s) · p = ASO · p, (2.9)

where the first line gives the interpretation that the SOI can be regarded as the
effective momentum-dependent Zeeman magnetic field, whereas the second line
says that the spin-dependent vector potential ASO is acting on the electrons. In
the magnetically ordered state, s can be regarded as the c-number, and hence
the electron is subject to a constant effective magnetic field. It should be noted
that again the total magnetic flux in the magnetic unit cell is zero owing to the
periodicity, and the multi-band effect is essential for the non-zero Hall effect.

Concerning this issue, a simple two-dimensional three-band model made from
t2g orbitals with uniform magnetization and SOI was studied [15]. In this model,
the non-zero Chern number for each band is realized similar to the case discussed
earlier. In the absence of the SOI, the two spin components are decoupled and
shifted to each other by the exchange energy splitting, and there occur several
band crossings. The Chern numbers are zero in this case because each spin
band does not feel any effect of the time-reversal symmetry breaking. The SOI
lifts the degeneracies and generates the mass term m as discussed earlier, and
produces the finite Chern numbers. This means that the SOI gives essentially a
non-perturbative and topological effect.

This story has been confirmed both in the first-principles band calculation
and in the experiment in a metallic ferromagnet SrRuO3 [16]. Figure 3 shows
the magnetic and transport properties of SrRuO3. Figure 3a–d shows the
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characterized by n = M/|M| satisfy the Landau–Lifshitz–Gilbert equation [25]

ṅ = h̄g

2e
[j · V]n − g

[
n × dHS

dn

]
+ a[ṅ × n], (3.1)

where j is the conduction electron current and a is the Gilbert damping
coefficient. On the other hand, the conduction electrons are subject to the effective
electromagnetic field as

ei = −via0 − 1
c
ȧi = h̄

2e
(n · vin × ṅ)

and hi = [V × a]i = h̄c
2e

diz(n · vxn × vyn).

⎫
⎪⎪⎬

⎪⎪⎭
(3.2)

Especially, because the skyrmion carries the effective magnetic flux, its motion
will induce db/dt and hence e due to the electromagnetic induction. This e field
leads to the additional Hall effect to the topological AHE due to static b as
discussed above. Many other effects are predicted from equations (3.1) and (3.2)
such as a new mechanism for the damping of the skyrmion motion, and the motion
of the skyrmion transverse to the current (skyrmion Hall effect) [25].

4. Spin textures due to magnetic dipolar interaction

As mentioned in §1, the magnetic dipolar interaction in ferromagnetic thin films
combined with the magnetic anisotropy would produce the non-collinear spin
configurations. Garel & Doniach [4] showed that the phase diagram in the T–B
plane consists of the three phases, i.e. the striped phase, triangular bubble array
and the ferromagnetic states. Their model treats only the z-component of the
magnetization, and based on the GL expansion of the free energy. Taking into
account also the x- and y-components of the magnetization, the bubble turns
out to be a skyrmion. In this section, we report some recent new developments
on the spin textures in a ferromagnet film with dipolar interaction, which shows
richer structures than the helimagnet with DM interaction discussed above [26].
Figure 6a is the experimental phase diagram in the T–B plane and figure 6b–f
show the Lorentz TEM images of magnetic structures in Sc-doped hexaferrite thin
film. The magnetic field B is perpendicular the film, i.e. along z-direction. There
are a variety of spin structures appearing, i.e. (i) the longitudinal conical spin
structure (C) with the wavevector q along the z-axis, where the magnetization
is mostly in-plane except the small z-component induced by B, (ii) the stripe
structure (S), where the wavevector q is within the plane and the magnetization
is rotating within the spin plane perpendicular to q, and (iii) the magnetic bubble
structure (B) essentially the same as the skyrmions discussed above. The star
symbols in figure 6a correspond to the values of (T , B) for the TEM images in
figure 6b–f, respectively. Figure 6b is for the conical state, and the magnetization
is mostly uniform in the xy-plane, figure 6c for the mixture of the conical and
bubble structures, and figure 6f for the periodic array of the bubbles. Note that
the black and while colours of the bubble correspond to the chirality of the
in-plane component of the magnetization, which is the unique feature of the
skyrmions owing to the dipolar interaction compared with that of the DM
interaction. Namely, the chirality degrees of freedom are determined by the sign
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Levitating magnetic bar on a superconducting bed

Magnetic shielding by the superconducting current
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Perfect Diamagnetism: Superconductivity

SC

• Inside the superconductor:
B = 0

• Supercurrent induced by the current of Cooper pair electrons:

Js(r) = ⇤ ·A(r)
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6. Magnetism and superconducitivity:
High Tc superconductivity

What happens when the half-filled AF insulator is being doped?
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Phase Diagram of High Tc Superconductors:
Doped Cu-oxides Systems
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Anti-Ferromagnetic Spin Correlation vs. BCS State

• Spin-order Ground State of an Anti-Ferromagnet:

| AFi =
Y

i

c+(2i)"c
+
(2i+1)#|Oi

• BCS State of a Superconductor:

| BCSi =
Y

k

(uk + vkc
+
k"c

+
�k#)|Oi

• t-J Model for the High Tc Superconductivity:

He↵ = �

X

hiji�

c+
i�
cj� + J

X

hiji

si · sj
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